Using Retiming to Minimize
Timothy W. O'Neil

Computer ScienceDept.
University of Akron

Akron, OH 44325-4002

Abstract

Since data dependencies greatly decrease instruction
level parallelism, minimizing dependenciesbecomesa cru-
cial part of the processof parallelizing sequerial code.
Eliminating all unnecessaryhazards leads to the more ef-
cient use of resources, fewer processorstalls and easily
maintainable code. In [8] we proposed a novel approach
for eliminating redundant data dependenciesfrom code.
In this paper, we review this method and show how this
elimination techniqgue may be combined with retiming so
asto parallelize code even further.
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1 Intro duction

The age of parallel computing brought with it the
need for compilers that examine sequettial code and
optimize it to execute on parallel machines. Since
loops are typically the most expensive part of a pro-
gram in terms of execution time, an optimizing com-
piler must explore the parallelism hidden in loops.
They must be able to identify those loops whoseit-
erations can run simultaneously and schedule them to
execute in parallel. This requires the use of sophis-
ticated tests for detecting data dependenciesin pro-
grams during compilation, and possibly advanceplan-
ning and analysis prior to compilation.

A variety of methods exists for discovering data de-
pendenciedn programs. Onceuncovered,the compiler
must enforcesuch restrictions by explicit synchroniza-
tions within the optimized code, thusensuringthat the
order of memory accessesemains satis ed. However,
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such a synchronization would be unnecessaryif the
dependencerelation it enforceswere satis ed by other
dependencies. Therefore, discovering and eliminating
redundant data dependenciesbecomesan important
priorit y in our compiler. In [8], we proposedone such
approadc for nding redundant dependencies.

In addition, a great deal of researt has beendone
concerningthe examination and manipulation of code
in order to enhanceparallelism. One of the most use-
ful ideashas beento model a program as a weighted
graph, then transform this graph into an optimized
equivalent. This altered model then correspondsto a
new version of the original program which performs
the sametask but doesso more e cien tly. Typically
the focushasbeenon minimizing executiontime, with
it implied that dependenciesamong statemerts were
being maneuweredin a bene cial way. There hasbeen
little saidabout the explicit e ect of graph transforma-
tion on the data dependenciesof the depicted program.
In this paper, we will considerone of the most popular
graph transformation techniques (retiming) and out-
line how it can be usedin conjunction with previous
ideasto reducerequired data hazards.

Much work has been completed regarding the op-
timization of code through transformation techniques.
Wolf and Lam [12] consideredrestructuring techniques
like loop interchange, reversal, skewing and tiling [11]
which could be performed on the original code with-
out translation to and from a graphical model. Graph
transformation techniques like retiming [6] and un-
folding [10] have been considered extensively [9] for
extracting the underlying parallelism from code, re-
sulting in an optimal parallel schedule [2]. Howewer,
noneof this work consideredthe explicit e ect of graph
transformation on the data dependencieswithin code.
To this point, the idea of modeling a loop nest in
graphical form, manipulating the graph via retiming,
and producing an enhancedversionof the code speci -
cally to facilitate the elimination of redundant hazards
has not beenexplored.

In this paper we review our original method from [8]



for expressingand studying loop-carried dependencies.

We demonstrate that not all dependenciesin a pro-
gram need considered and present an approac for
eliminating those that are unnecessary Finally, we
combine our e orts with the establishedmethod of re-
timing soasto parallelize code even further.

2 Eliminating Redundant Data De-

pendencies

We wish to begin by reviewing not only the concept
of data dependenceand the terminology used in its
study, but also our reduction techniques. All of this
material has appearedelsewher¢[3,8,11].

The key to maximizing parallelism in a program is
to study the data dependenciesin the program. We
shall say that a data depndene or read-after-write
(RAW) hazad occurs when one instruction requires
the output of a previous instruction in order to exe-
cute. In other words, let I be the operation executed
at time k. Then |; is data dependert on |; if either
Ii producesa result usedby I;, or |; is data depen-
dent on I (according to the above de nition) and I
is data dependert on I;. The only way to solve this
dependenceis to require that |; complete its execu-
tion beforel; erters the \op erand read" stage of the
pipeline, which means reducing pipeline throughput
and parallelism.

When a dependenceexists between instructions in
the sameiteration of a loop, the dependenceis intr a-
iteration; otherwiseit is a loop-carried dependence.If
a loop-carried dependenceexists between instruction
li in iteration x of aloop and|; in alater iteration y of
the sameloop, the distance of the dependenceisy x.
(Trivially , intra-iteration dependencieshave distance
0.) We will refer to a dependenceA from I; to I;
having distance d using the notation A : (I; ! 1;;d).

For example consider our code fragment from Fig-
ure 1 below. Referringto ead instruction by the num-
ber contained in the commerts to the right of the code,
we derive four intra-iteration RAW hazards quickly:
@' 20,@2!' 40),((R2!' 50),and (3! 30).
Similarly, to nd the loop-carried dependenciedor the
samecode fragment, we unroll the loop by replicating
the loop body multiple times, taking care to adjust
the indices when necessary By doing this, we nd 7
more RAW hazards: (2! 1;1),(5! 4;1),(5! 5;1),
G! 1,2,@!' 42),4! 52 and 4! 1,3).
However, we will demonstrate that many of these are
redundant and neednot be consideredwhen we sched-
ule the code fragment to executein parallel.

DO i=1,N
X =a[i]+b[i] /*1*/
afi+1]=x 1*2%
b[i] =b[i+1 /*3%
a[fi+3]=afi+1]-1 /* 4 */
afi+2]=a[i+1]+1 /* 5 */
ENDDO

Figure 1: An example.

In our example of Figure 1, we saw that we had an
intra-iteration dependencebetweenlines 2 and 4, and
another betweenlines 2 and 5. Howevwer, if | assume
that this code is being executed serially, then | am
also assuming an implicit dependencefrom line 4 to
line 5. My dependence(2 ! 5;0) would be unneces-
sary in this scenario;it is the combination of my other
dependencies(2! 4;0) and (4! 5;0). Thus, when|
parallelize this code, | canignore (2! 5;0) and focus
on satisfying the other dependencieswhich cannot be
dismissedin this fashion. | am reducing the number of
constraints that bind me and, in the process,making
the parallelization of my code much easier.

Givenan instruction | in my program, let (I) rep-
resent the time at which | executes.As discussedear-
lier, if | have a data dependencefrom I; to I, it can
only be resolved if 1; completes execution before | ;
in other words, if (1;) < (Ij), or (I) (1) > 0.
When this is true, we will say that the dependence

(Ii ' Ij,;d) is satised. Throughout this paper we
will assumethat instruction |; is executedat time i,
simplifying our notation sothat (I; ! 1;;d) is satis ed

ifandonly ifj i>0.

As pointed out above, if (2! 4;0) is satised in
our program, then (2 ! 5;0) is automatically also
satis ed. Whenewer the satisfaction of a dependence
A guaranteesthe satisfaction of another dependence
B, we will say that A subsumesB and denote it by
A B. (In our examplewe would write (2! 4;0)
2! 50.)IfA BandA B, wewil say that A
equals B, which we will of coursedenoteby A = B.

With this terminology in mind, it is very easyto
show the translation property of data dependencies,
asin [8]:

Corollary 2.1 Letd be an iteration distance, and let
A:(li! Ij;d)andB @ (Im ! Is;d) be two data
dependencies. Then A=B ifi j=m n.

Becauseof the translation property, the dependence
relation (I; ! 1;;d) is the sameas (l; j ! lo;d), so
we needonly keeptrack of the di erence in start times
between the two instructions of a data dependence.
This di erence, which we will designate , is called the
characteristic value of the data dependence. Because



of this, we will henceforth refer to the dependenceA :
(it lj;d)yasA:( a;d)ywhere o =i j.

As in [8], we can now show that, given an itera-
tion distance d and data dependenciesA : ( a;d) and
B:(g;d, A Bifandonlyif a . With
this in mind, considernow all data dependencieshav-
ing a given iteration distance d. Becauseof this idea,
the dependencefrom this set having the largest char-
acteristic value will subsumeevery other dependence
in the set. This \maximal" dependenceis called the
characteristic data degendene for distance d and is
denoted by ( 4;d) where 4 = maxf : (; d)isa
data depg. Returning to our example from Figure
1, recall that we had 11 data dependencies. Because
of this conceptwe can immediately cut this list down
to the four characteristic dependencies: (0;0), (1;1),
(4;2) and (3; 3). Better still, dueto our assumption of
serial execution, we can ignore intra-iteration depen-
denciesat this point and concenrate on loop-carried
dependencies.

So far, we have seenthat dependencieswhich are
subsumed by other dependenciescan be dismissed
from consideration as we attempt to maximize paral-
lelism. Similarly, if a dependenceis subsumedby some
combination of other dependencies,it should also be
removed. For example, in Figure 1, the dependence
(3;3) is subsumedby three properly-placed copies of
(1;1). Specically, (4! 1,;3)issubsumedby the com-
bination of (4! 3;1) plus (3! 2;1) plus (2! 1;1).
We will now dewelop this casewhereindi erent depen-
denciesare combined to subsumesome other depen-
dence.

The problem lies in decomposing a distance as a
sum of other distancesand studying all resulting sums
of characteristic dependencies.Consider the set of all
dependenciesfor a given distance formed by adding
characteristic dependencieshaving varying distances.
We will adopt the languageof [7] and informally de-
ne the dominant data dependene for distance d to
be that dependencefrom this set which subsumesall
other dependenciesin this set. As before, it su ces
to choosethat dependencewith the largest character-
istic value. Thus, the dominant data dependencefor
distanced is tréeodata dependlence( d;d) Wherg

< X X =

d=max_@ ii+1A 1: ij=d_

j=1 j=1 ’
It is clear that the calculation of all such sumswould
take far too long if d gets very large. Fortunately we
can greatly decreaseour work load via our method
of [8], wherewe calculate 4 inductively from the val-
uesof 1, 2,.., 4 1. Finally, it is clear that all

data dependencieshaving iteration distance d can be
eliminated if and only if 4> 4.

All of this leads to the formalized elimination
method given as Algorithm 1 below. It is divided
into two phases.First, for ead iteration distance, we
nd the maximum characteristic value among all the
dependencieshaving the given distance. The depen-
dence which has this maximum is retained while all
others are removed from further consideration. Next
we explore redundancy acrossdistancesvia dynamic
programming. For ead iteration distance d, we rst
nd the largest sum of dominant dependencieswhose
distancesadd to d. We then comparethis number to
the value of the characteristic dependencefor d. If the
characteristic value is the larger of the two gures, the
dependenceremains in our set. Otherwise it is elim-
inated. Applying this polynomial-time algorithm to
our dependenciesfor Figure 1 reducesour initial set
to f(1;1); (4; 2)g, as we have seen.

Algorithm
dencies
Input: A set S of data dependencies for a given program, the
maxim um iteration distance D
Output:  The set S with all redundant dependenciesremoved
/* Eliminate redundancy for eadc iteration distance */
for i= 1to D do
[i] 1
for all data dependencies(; i) do
if > [i]then
if [i]> 1 then
delete the data dependence ([ i];i) from S
end if
[ ]
else
delete the data dependence(; i) from S
end if
end for
end for
/* Eliminate redundancy for multiple distances */
[1] [1]
for i=2to D do

1 Eliminating Redundart Data Depen-

M1 _
for j=1t 4 do
if M < [jl+ [i j]+ 1lthen
M Lil+ [1 jl+1
end if
end for
if [i] M then
[i] M
delete the data dependence ([ i];i) from S
else
i1 [l
end if
end for




3 The Eect of Retiming

Retiming [6] is a transformation technique which
rebuilds iterations of a loop nest by redistributing in-
structions. Each instruction 1; isretimed by someinte-
gral amount r(l;) O represening the o set between
Ii's original iteration and its iteration following retim-
ing. Sinceretiming movesinstructions forward in the
execution ow of a program, it alters the distances
of any dependenciesinvolving said instructions. Thus
we may be able to further reducethe loop-carried de-
pendenciesof a program by retiming the code by a
properly selectedfunction before applying our previ-
ous elimination technique.

As an example, consider the sample loop in Fig-
ure 1. Its ow of execution is pictured at the top of
Figure 3. If we begin by retiming instruction 1 once,
we shift ead occurrence of instruction 1 forward by
one iteration, as seenby the secondline of Figure 3.
In doing so, we reorder instructions so that instruc-
tion 1 movesfrom the head of the repeating nest to
the tail. This shifting alsotakesthe very rst occur-
rence of instruction 1 out of the repeating loop nest
ertirely and makesit a code section all its own, to
be executedbefore beginning the repeated iterations.
This new section is called the prologue of the sched-
ule. Similarly, shifting removesthe last occurrence of
instruction 1 from the nal iteration, leaving us with
an incomplete iteration to executeafter our repeating
loop terminates. This nal section is called the epi-
logue Figure 2(a) illustrates our revised code at this
point, with oneiteration of the loop nestremoved and
divided between prologue and epilogue.

x  =a[l]+b[1] *1iter 1%
af2] =x /*2iter 1*/
X =a[2]+b[2] I* Liter 2%/
DO i=1,N-2
bli] =b[i]+1 /*3iteri  =1"%
afi+3]=a[i+1]-1 [*4iteri =2'*
x - =a[l]+b[1] ra afi+2]=afi+1]+1 I*5iteri =3'%
DOi=1,N-1 o afi+2]=x [ 2iter i+l = 4' %/
ali+apx 2 X =a[2l+bfi+2] 1iteri+2 = 5%
b[i] =b[i]+1 1*3* ENDDO
Mo My BN 3N
X a[i+1pbfi+1] 14 a[N+2]=a[N]-1 "4 |Fer N-1 %/
ENDDO a[N+1]=a[N]+1 x5 |t.er N-1%
a[N+1]=x 2% a[N+1]=x 12 iter N */
b[N] =b[N]+1 1%3% b[N] =b[N]+1 I*3iter N */
a[N+3J=a[N+1]-1  /<4% a[N+3]=a[N+1]-1 I+ 4 iter N */
alN+2]=a[N+1]+1  /*5% a[N+2]=a[N+1]+1 I* 5 iter N */

(@ (b)
Figure 2: Fig. 1: (a) after retiming instruction 1 once; (b)
after retiming is completed.

We may now proceedin a similar fashionto retime
instruction 2, resulting in the pattern seenin the third

line of Figure 3. Each copy of instruction 2 movesfor-
ward an iteration, with the rst copy moving to the
prologue and the last leaving the epilogue. We may
alsoretime instructions within our nest. For example,
retime instruction 1 a secondtime, asin the last line
of Figure 3. The e ect is to pick eat copy of instruc-
tion 1 up out of the middle of its old iteration and
append to the end of the previous iteration as shown.
Retiming instruction 1 this secondtime also leavesus
with two incomplete iterations at the end of our ex-
ecution, which are mergedto form the new epilogue.
(In general,asnoted in [1], there arer(l;) copiesof in-
struction I; in the prologue and max; r(l;) r(l)
copiesin the epilogueonceretiming is complete.) This
nal ow pattern from Figure 3 gives us the needed
information for constructing a retimed version of our
initial example, which is seenin Figure 2(b).

To this point, we have discussedhe e ect of retim-
ing on code. Typically, however, retiming is viewed
solely as an operation on directed graphs which rep-
resert cortrol ow within code. These graphs, called
data- ow graphsor DFGs, model aloop nestby assign-
ing a vertex to ead instruction of the loop nest and
represerniing dependencies between relations by di-
rected edgesbetweennodes. Theseedgesare weighted
by delayswhich indicate what we have dubbed the de-
pendencedistance. For example, the DFG in Figure
4(a) modelsthe behavior of the loop nestin Figure 1.
Each RAW hazard with non-zero characteristic value
found earlier corresponds to a weighted edgein this
graph; we have excluded dependencieswith value zero
from this represenation for reasonswe will indicate
shortly.

Retiming can now be viewed as pulling delays from
a node's incoming edgesand pushing them onto the
node's outgoing edges. (Thus retiming will not af-
fect the delay count of an edgefrom a node to itself,
making the represenation of zero-characteristic-value
dependenciesin a DFG a uselessexercisewhich only
cloudsthe issue.) For example, let (i; j) represen the
directed edgefrom vertex i to vertex j . Retiming node
1 by 1 pulls a delay in from ead of the edges(4;1),
(5;1) and (2; 1) and deposits a delay onto edge(1;2).
Retiming node 2 by 1 then draws this delay from (1;2)
in and pushesit onto edges(2;1), (2;4) and (2;5).
Thus there are enoughdelays to retime vertex 1 once
more, resulting in the retimed DFG of Figure 4(b). It
is well-known that the e ect of retiming by a function
r is to alter the delay count of edgee: u! v from
d(e) to d(e) + r(u) r(v). (This retimed delay count
is denoted d; (e).) Sincean edgecannot be assigneda
negative number of delays, we must haved, (e¢) 0O for
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Figure 3: Alteration of execution ow pattern by retiming.

all edgese in order for a retiming to be legal

@) (b)

Figure 4: The DFG for Fig. 1: (a) before retiming; (b)
after retiming.

While retiming doesnot changethe data dependen-
ciesin a program, the sliding of instructions forward
will changehow a dependenceis represerted in our no-
tation and thus may aid our elimination strategy. As
pointed out above, retiming changesthe distance of
ead dependence(l; ! |j;d) fromdtod+r(li) r(lj).
However, sinceretiming also reordersthe instructions
of the loop nestin a manner not easyto predict, it is
not possibleat this time to formalize the complete ef-
fect that retiming hason a dependence'scharacteristic
value. Therefore, in order to derive the retimed char-
acteristic values,we must simply translate eac depen-
dencefrom the original to the retimed code. This is
done for our initial examplein Table 1.

We now apply our elimination method from [8] in

order to reduce our set of loop-carried dependencies,

rst to f(2;1);(0;2)g, then nally to the singleton set
f(2;1)g. By reducing the distances(and possibly by
altering the characteristic values)of certain dependen-
cies, retiming has rede ned them to the point where
they may be subsumedby other elemeris of the set.
The costis that we have intro ducedmany more depen-
denciesinto our overall code, namely those involving
the prologue and epilogue. Howewer, any such new
restrictions must be dealt with only once. The ben-
et of simplifying the repeated execution of our loop

nest will more than o set this problem if a sucient
number of iterations are executed.

From this exercise,it appears that in general we
want to retime our DFG in such a way asto better
distribute delays, reducing the delay counts on edges
which are too heavily weighted while slightly increas-
ing delay cournts on other lighter edgesn an attempt to
\evenout" all delay assignmets. In short, we wish to
minimize the standard deviation of the retimed edge
weights, a very dicult problem. However, let be
this standard deviation, with  thg mean of the re-
timed weights. We note that JEj 1sinceall
retimed edgeweights must be zero or larger. Thus it
appears that a reasonablealternativ e is to minimize
the mean of the edge weights. This is equivalert to
minimizing the overall delay count of a retimed DFG
by the de nition of the mean. As in [6], we can see
that

X

dr(e) =

e2E

d(e)
e2E |
X !
+ r(u) outdegegu)

u2vVv !
r(v) indegregv)

v2V
We note that the rst of thesesummationsis xed for
any DFG. Since our retiming must still be legal, we
must alsohave 0 d;(e) = d(e) + r(u) r(v) for all
edgese : u ! v. Thus the general problem may be
expressedas the linear programming problem

Min;gnize
r(v) (outdegregv)
v2V

subject to r(v)
e:u! vinE.

indegreg(V))

r(u) d(e) for all edges

As noted in [6], the dual of this problem can now
be cast asa minimum-cost network- o w problem and
solved via methods such asthose outlined in [4] or [5].



| Org.Dep. | Ret.Dep. [ Org. Dep. | Ret. Dep. | Org. Dep. | Ret. Dep. |
@' 20=( 1,0 | 6° 4%1n=(;1 || @' 1;1)=@;1) | @¢° 5%0=( 1;0) B! 1,2)= (4;2) 3% 5%0)=( 2,0
@! 40=( 20 | ¢° 2%D=@1 | G! 4= @11 | @°! 2%1)= (11 @! 42=0;2 | (° 2%2)=(0:2)
2! 50=( 30 | 4% 3%1)=@;1) || 5! 51) =(0;1) (3°1 3%1) = (0;1) (4! 52 =( 12 | (2° 3%2)=( 1,2
3! 30)=(0;0 | @° 1%0) = (0;0) 4! 1;,3)=(3;3) | % 5%1)=( 31

Table 1: Dependenciesof Fig. 1 translated to Fig. 2(b).

Tollustrate our point, considerthe above example.
The in- and outdegreesof most nodesin the DFG in
Figure 4(a) match, soin order to nd a retiming for
this graph, we must minimize 2(r(l,) r(l1)) subject
to the constraints

r(ly) r(lz) 1 r(ls) r(l2) O
r(lz) r(la) O r(ls) r(la) 2
r(ty) r(la) 3 r(la) r(ls) 1
r(ls) r(lz) O r(la) r(ls) 2

The rst twoinequalities of the left column tell usthat

1 r(l2) r(ly) 0, sowe can achieve our mini-
mum by setting r(l2) r(l1) = 1. Assumingthat all
other retimings will be zero,the nal constraint in the
right column yields two possibleanswers: r(l;) = 1
andr(lz) = 0,orr(ly) = 2and r(l) = 1. At this
stage, the only way to tell which of theseis preferable
is to retime Figure 4(a) by ead, compute the standard
deviation of the retimed edgeweights for both, and se-
lect the function which results in the smaller number.
The reader can verify that we should retime by the
secondof these functions for this reason, leading to
the retimed DFG of Figure 4(b) and the retimed data
dependenciesof Table 1.

In summary, retiming aloop nest may be bene cial
in that a properly chosenretiming alters the distances
of certain dependencies,which may in turn expedite
elimination by our method. The distanceschangein a
consistent, predictable pattern but it remainsan open
problem to derive a general formula for the charac-
teristic valuesresulting from retiming. While we are
essetially seekingto minimize the sum of the retimed
dependencedistances,the set of constraints which re-
strict how we do this appearsincomplete, in that we
have demonstrated via an example that two answers
may be derived by our current method, one of which
is clearly superior to the other upon closerscrutiny.

4 Conclusion

In this paper we have reviewed our original method
from [8] for expressingand studying loop-carried de-

pendencies. We have demonstrated that not all de-
pendenciesin a program need considered and have
preseried an approach for eliminating those that are
unnecessary We then concludedby combining our ef-
forts with the establishedmethod of retiming soasto
parallelize code even further.
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