
Chapter 4

Nondestructive Missing

In this chapter nonparametric problems with missing data that allow a consistent estimation
are considered. By missing we mean that some cases in data (you may think about rows in a
matrix) are incomplete and instead of numbers some elements in cases are missed (empty).
In R language missed elements are denoted by a logical flag “NA” which stands for “Not
Available,” and this is why we are saying that some elements in a case are available (not
missed) and others not available (missed); we may similarly say that a case is complete (all
elements are available) or incomplete (when some elements are not available).

With missing data, on the top of all earlier discussed issues with nonparametric estima-
tion, we must address the new issue of dealing with incomplete cases. Of course, using the
E-estimation methodology converts the new problem into proposing a sample mean Fourier
estimator based on missing data. As we will see shortly, for some settings incomplete cases
can be ignored (and this may be also the best solution) and for others a special statistical
procedure, which takes into account the missing, is necessary for consistent estimation.

Let us recall that if for a missing data a consistent estimation is possible, then we refer
to the missing as nondestructive. The meaning of this definition is that while a nondestruc-
tive missing may a↵ect accuracy (quality) of estimation via increasing the MISE and other
nonparametric risks, at least it allows us to propose a consistent estimator. Some types of
missing may destroy all useful information contained in an underlying (hidden) data and
hence make a consistent estimation impossible. In this case the missing is called destructive
and then some extra information is needed for a consistent estimation; destructive missing
is discussed in the next chapter. Traditional examples of nondestructive missing are settings
where observations are missed completely at random (MCAR) when the probability of an
observation to be available (not missed) does not depend on its value. Another example is
settings with missing at random (MAR) when the probability of an observation to be avail-
able (not missed) depends only on value of another always observed (never missed) random
variable. In some special cases missing not at random (MNAR), when the probability of a
variable to be available depends on its value, also implies a nondestructive missing.

In this chapter we often encounter Bernoulli and Binomial random variables. Let us
briefly review basic facts about these random variables (more can be found in Section 1.3).
A Bernoulli random variable A may be equal to zero (often coded as a “failure”) with the
probability 1 � w or 1 (often coded as a “success”) with the probability w. Parameter w,
the probability that A is equal to 1, describes this random variable. In short, we can say
that A is Bernoulli(w). The mean of A is equal to w, that is E{A} = w, and the variance of
A is equal to w(1�w). The sum N :=

Pn
l=1

Al of n independent and identically distributed
Bernoulli(w) random variables has a binomial distribution with P(N = k) = [n!/(k!(n �
k)!)]wk(1 � w)n�k, k = 0, 1, . . . , n. In short, we can write that N is Binomial(n,w). The
mean value of N is nw (indeed, E{N} = E{

Pn
l=1

Al} =
Pn

l=1

E{Al} = nE{A} = nw), and
the variance of N is nw(1�w) (it is the sum of variances of Al). Another useful result about
a Binomial distribution is that for large n it can be approximated by a Normal distribution
with the same mean and variance. The rule of thumb is that if min(nw, n(1 � w)) � 5 or
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n � 30, then the distribution of N is Normal with the mean nw and the variance nw(1�w).
Hoe↵ding’s inequality states that for any positive constant t,

P
⇣N

n
� w < �t

⌘

 e�2nt2 , P
⇣

|N
n

� w| > t
⌘

 2e�2nt2 . (4.0.1)

In its turn, Hoe↵ding’s inequality yields that for any constant � 2 (0, 1],

P
⇣

N/n < w �
p

ln(1/�)/(2n)
⌘

 �. (4.0.2)

In this and the following chapters, a Bernoulli(w) random variable A describes an un-
derlying missing mechanism such that if A = 1 (the success) then a hidden observation is
available (this is why we use the letter A which stands for “Availability”) and if A = 0
(the failure), then the hidden observation is not available. Also recall our explanation that
in R and some other statistical softwares the logical flag NA is used to indicate a missed
(not available) value. The probability w of the success may be referred to as the availability
likelihood. If there are n realizations in a hidden sample of interest, the number of complete
cases is N :=

Pn
l=1

Al which has a Binomial(n,w) distribution. These facts explain why
Bernoulli and Binomial distributions are pivotal in statistical analysis of missing data.

In what follows we refer to an underlying and hidden sample as H-sample, and to a sam-
ple with missing observations as M-sample. Typically an M-sample is created from a corre-
sponding H-sample by an underlying missing mechanism implying that H- and M-samples
may be dependent. Let us also comment about notation used in this and the next sections.
Suppose that X is a continuous random variable of interest and X

1

, . . . , Xn is a sample
from X. Suppose that A is the availability (Bernoulli random variable) and A

1

, . . . , An is a
sample from A. Then the sample from X is the H-sample, and (A

1

X
1

, A
1

), . . . , (AnXn, An)
is the M-sample. Further, because P(A = I(AX 6= 0)) = 1, sample (A

1

X
1

), . . . , (AnXn)
is also M-sample and the two M-samples are equivalent. In graphics, we may use AX and
X[A == 1] as axis labels. The label AX means that all observations in the M-sample are
considered, while X[A == 1] means that only not missed observations in the M-sample are
considered. The latter notation corresponds to R operator of extracting elements of a vector
X corresponding to unit elements of vector A.

Let us make one important remark. In the previous chapters we have learned that a
feasible sample size n of a sample, used to solve a nonparametric curve estimation problem,
cannot be small. In missing data the number N of complete cases mimics the sample size n,
and hence an M-sample with relatively small N should not be taken lightly even if the size n
of the hidden H-sample is relatively large. In other words, even if n is large, for missing data
it is prudent to look at the number of complete cases N and only then decide on feasibility
of using a nonparametric estimator. If the sample size n should be chosen a priori, then
(4.0.1), (4.0.2) and probability inequalities of Section 1.3 may help us to understand how
large the size n should be to avoid a prohibitively small N . Further, numerical simulations
(and in particular those in this and the following chapters) become an important tool in
gaining a necessary experience in the statistical analysis of missing data.

The context of this chapter is as follows. Section 4.1 considers the classical problem of
a univariate density estimation where elements of an H-sample may be missed purely at
random meaning that the missing mechanism does not depend on values of observations in
an underlying H-sample. This is the case of MCAR and it is not di�cult to understand that
a complete-case approach implies a consistent density estimation. Nonetheless, because it
is our first problem with missing data, everything is thoroughly explained. In particular, it
is explained how to deal with the random number N of available observations. Section 4.2
considers a case of missing responses in nonparametric regression when the probability of
missing may depend on predictor. The main conclusion is that the simplest procedure of
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estimation based on complete cases (and ignoring incomplete ones) dominates all other pos-
sible approaches. The case of missed predictors, considered in Section 4.3, is more involved.
The latter is not surprising because in regression analysis a deviation from basic assump-
tions about predictors typically causes major statistical complications. It is explained that a
multi-step statistical methodology of regression estimation, involving estimation of nuisance
functions, is required. Further, no longer a complete-case approach implies a consistent es-
timation. Estimation of the conditional density, which is a bivariate estimation problem, is
discussed in Section 4.4. A special topic of regression with discrete responses is discussed
in Section 4.5 via the classical and practically important example of Poisson regression.
Scale (volatility ) estimation in a regression setting is explored in Section 4.6. Multivariate
regression is discussed in Sections 4.7 and 4.8.

4.1 Density Estimation with MCAR Data

The following model is considered. There is a hidden sample (H-sample) X
1

, X
2

, . . . , Xn

from a continuous random variable of interest X supported on [0, 1]. This sample is not ob-
served because some realizations are missed and the fact of missing is known. For instance,
in R missing values are represented by the symbol NA (not available). There may be dif-
ferent underlying missing mechanisms, and in this section we are considering the MCAR
(missing completely at random) mechanism when a realization is missed at random and the
probability of missing does not depend on the value of missed variable.

Probabilistically, the MCAR mechanism may be described by a Bernoulli(w) random
variable A referred to as the availability. If A = 1 then X is available (not missed), P(A =
1|X) = P(A = 1) =: w � c

0

> 0, and w is called the availability likelihood. If A = 0 then X
is not available (missed) and P(A = 0) = 1�w. Note that A = 0 is equivalent to the logical
flag NA (not available) in R language.

As a result, under the MCAR, instead of the H-sample of interest X
1

, . . . , Xn we observe
a sample with missing realizations (M-sample) (A

1

X
1

, A
1

), . . . , (AnXn, An) generated by
the pair (AX,A).

Two comments about the missing are due. First, because X is a continuous random
variable, the probability formula P(A = I(AX 6= 0)) = 1 holds. This formula implies that
the above-defined M-sample is equivalent to the sample (A

1

X
1

), . . . , (AnXn) from AX. As
a result, a sample from AX also may be referred to as M-sample. The second comment is
about the MCAR. Under the MCAR, the variable of interest X and the availability A are
independent.

The aim is identical to the one considered in Section 2.2. We are interested in estimation
of the probability density fX(x) of the random variable X, only here M-sample is available
while in Section 2.2 density estimation was based on H-sample.

To propose a density estimator, we begin with the probability formula for the joint
mixed (because X is the continuos variable and A is the discrete variable) density of the
observed pair (AX,A),

fAX,A(ax, a) = [fX(x)w]a[1� w]1�a, x 2 [0, 1], a 2 {0, 1}. (4.1.1)

Let us comment on (4.1.1). The data from (AX,A) is collected as follows. First an
observation of X is generated according to the density fX , then independently of X an
observation of A is generated according to the Bernoulli distribution with P(A = 1) =
w. If A = 1 then the observation of X is available (not missed) and the joint density
is f(AX,A)(x, 1) = fX(x)P(A = 1|X = x) = fX(x)w. Otherwise, if A = 0 then the
observation of X is not available (missed) and fAX,A(0, 0) = P(X 2 [0, 1], A = 0) =
R

1

0

fX(x)P(A = 0|X = x)dx =
R

1

0

fX(x)P(A = 0)dx = 1� w.
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It is important to stress that the MCAR yields a random number

N :=
n
X

l=1

Al (4.1.2)

of available (not missed) observations of X in the M-sample, or equivalently we may say that
we have only N complete cases in the M-sample. The distribution of N is Binomial(n,w),
E{N} = nw, V(N) = nw(1 � w). In a particular simulation the number of available ob-
servations N can be small with respect to n; this is the main complication of the MCAR.
Inequalities (4.0.1) and (4.0.2) may be used to evaluate the probability of small N , and
also recall that, according to the Central Limit Theorem, if n is su�ciently large then the
distribution of N is close to the Normal(nw, nw(1� w)).

Now we are ready to explain how to use our E-estimation methodology for construction
of E-estimator of the density fX(x), x 2 [0, 1] for a MCAR sample.

First, we need to propose a sample mean estimator of Fourier coe�cients ✓j :=
R

1

0

fX(x)'j(x)dx, j � 1. Recall that '
0

(x) = 1, 'j(x) = 21/2 cos(⇡jx), j = 1, 2, . . . are

elements of the cosine basis on [0, 1], and Fourier coe�cient ✓
0

=
R

1

0

fX(x)dx = 1 is always
known for a density supported on [0, 1].

The idea of construction of a feasible sample mean estimator of ✓j is based on the
assertion that the distribution of available (not missed) observations in M-sample is the
same as the distribution of the variable of interest X. This assertion may look plain due to
the independence between X and A, but because this is our first example of missing data,
let us prove it. Consider the cumulative distribution function of an available observation of
X in M-sample, that is an observation of (AX,A) given A = 1. Write,

FAX,A|A(x|1) := P(AX  x|A = 1) =
P(A = 1, X  x)

P(A = 1)

=
P(A = 1)P(X  x)

P(A = 1)
= P(X  x) = FX(x). (4.1.3)

Taking the derivative of both sides in (4.1.3) yields the important equality between the
involved densities,

fAX,A|A(x|1) = fX(x). (4.1.4)

This is what was wished to prove. Of course, we may also get (4.1.4) from (4.1.1) using
definition of the conditional density.

Note that fAX,A|A(x|1) = fAX|A(x|1), and hence we may use the latter density in
(4.1.4), and also recall that a sample from AX is equivalent to the sample from the pair
(AX,A).

We conclude that observations in a complete-case subsample have the distribution of the
underlying random variable of interest X. This allows us to write down a Fourier coe�cient
of fX(x) as

✓j :=

Z

1

0

fX(x)'j(x)dx =

Z

1

0

fAX,A|A(x|1)'j(x)dx = E{A'j(AX)|A = 1}. (4.1.5)

Assume that the availability likelihood w is known. Then (4.1.5) implies a classical
sample mean estimator of ✓j ,

✓̌j :=
n�1

Pn
l=1

Al'j(AlXl)

w
. (4.1.6)
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To polish our technique of dealing with missing data, let us formally check that estimator
(4.1.6) is unbiased. Write,

E{✓̌j} = E
n

A
'j(AX)

w

o

=
P(A = 1)E{'j(X)}

P(A = 1)
= ✓j . (4.1.7)

This proves that the estimator is unbiased.
If the availability likelihood w is unknown, then it can be estimated by the sample mean

estimator ŵ := N/n. It is tempting to plug it in (4.1.6), but note that N may be equal to
zero and P(N = 0) = (1 � w)n = e�n ln(1/(1�w)) > 0. Hence we need to propose a remedy.
First of all, it is a good idea to shed numerical light on the probability P(N = 0). In
nonparametric we typically work with sample sizes larger than 30. Then, if we may assume
that w � 0.5, that is the likelihood of missing an observation does not exceed 50%, then
P(N = 0) < 10�9. This is the probability of the event that may be neglected. Nonetheless,
the pure theoretical issue with N = 0 still holds.

There are three feasible approaches to deal with the plugging ŵ in (4.1.6). The first one
is to note that if N = 0 then the numerator in (4.1.6) is also equal to zero. As a result, if
we formally set 0/0 := 0, then we may introduce a plug-in sample mean Fourier estimator

✓̂j :=
n�1

Pn
l=1

Al'j(AlXl)

ŵ

=

Pn
l=1

Al'j(AlXl)
Pn

l=1

Al
=

Pn
l=1

Al'j(AlXl)

N
, j � 1. (4.1.8)

To shed additional light on this approach, note that if N = 0 then ✓
0

= 1 and ✓̂j = 0,
j � 1, and this yields that the density E-estimator is equal to the Uniform density. In other
words, with no information about an underlying H-sample, and this is exactly the case when
N = 0, the E-estimator assumes that the underlying density is the Uniform.

Another feasible approach is to ignore M-samples with no available observations. After
all, in any practical situation an M-sample, with all observations being missed, will be
ignored and dismissed. As a result, it is reasonable to restrict our attention to M-samples
with N > 0. Further, even in the parametric statistics it is rare to work with really small
samples, and in nonparametric statistics sample sizes smaller than 30 would be considered
insu�cient. Then the following remark sheds light on this issue. If n > 30 then the normal
approximation of the distribution of N is applicable. For the often used rule of two standard
deviations, this yields that P(N < nw� 2[nw(1�w)]1/2)  0.023. If the likelihood of 2.3%
can be ignored, and the latter is the underlying idea of the above-mentioned rule, then we
get a simple empirical rule for the smallest size N of an MCAR sample. For instance, if
w = 0.9, that is, on average 10% of observations are missed, than in an MCAR sample of
size n = 100 we will have at least 100(0.9) � 2[100(0.9)(1 � 0.9)]1/2 = 84 observations of
X. At the same time, if w = 0.7 then this “two standard deviations” minimal number of
observations in M-sample is still larger than 56.

As a result, another remedy is to consider M-samples with N > k for some k � 0. Then
the only issue to explain is how to theoretically analyze these M-samples. The probability
theory teaches us that in this case we are dealing with conditional distributions given the
event N > k. As an example, let us evaluate the conditional expectation of the plug-in
estimator (4.1.8). First of all, because it is given that N > k � 0, we have ŵ := N/n > 0
and the plug-in estimator (4.1.8) is well defined. Next, for the conditional expectation we
can write,

E{✓̂j |N > k} = E{N�1

n
X

l=1

Al'j(AlXl)|N > k}
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= E
n

E
n

Pn
l=1

Al'j(AlXl)
Pn

l=1

Al
|A

1

, A
2

, . . . , An, N > k
o

|N > k
o

. (4.1.9)

Using independence between A and X, as well as ✓j = E{'j(X)} and that A takes on values
0 or 1, we continue,

E{✓̂j |N > k} = E
n

Pn
l=1

AlE{'j(AlXl)|Al}
Pn

l=1

Al
|N > k

o

= E
n

Pn
l=1

AlE{'j(Xl)}
Pn

l=1

Al
|N > k

o

= ✓jE
n

Pn
l=1

Al
Pn

l=1

Al
|N > k

o

= ✓j . (4.1.10)

We conclude that if we restrict our attention to M-samples with N > k, the plug-in
sample mean estimator (4.1.8) is unbiased. This is a nice and encouraging theoretical result
for missing data.

The third remedy that may be used in dealing with zero ŵ is to plug in max(ŵ, c/ ln(n))
with some positive constant c. Recall that we used a similar remedy in dealing with small
estimates of the design density in regression problems. Then a theoretical justification of
this remedy is based on the assumption w � c

0

> 0 and that P(ŵ < c/ ln(n)) decreases
exponentially in n according to (4.0.1).

While these three remedies are di↵erent, in applications they yield similar outcomes
according to (4.0.1) and (4.0.2), and we will be able to check this via simulations shortly.

The Fourier estimator (4.1.8) yields the density E-estimator f̂(x) of Section 2.2.
Now let us make one more comment about the Fourier estimator (4.1.8) and, correspond-

ingly, about the density E-estimator. These are complete-case estimators that are based on
N available observations of the random variable X in an M-sample. Note that even the
sample size n of M-sample is not used. As a result, the random number N of available
observations plays the role of fixed n in the proposed density E-estimator of Section 2.2. We
know from Section 2.2 that the sample size n should be relatively large for a chance to get a
feasible nonparametric density estimation. The same is true for the missing data, and only
M-samples with large N must be considered. In practical applications N is known, but in
a simulation, according to (4.0.1), this means that both n and w should be relatively large.

We may conclude that the MCAR does not change the procedure of E-estimation which
simply uses available observations and ignores missed ones. Interestingly, a complete-case
approach is the default approach in all major statistical softwares including R. The recom-
mended complete-case approach, as the asymptotic theory confirms, is optimal and cannot
be improved by any other method.

Now let us check how the recommended complete-case approach performs in simula-
tions. Note that no new software is needed because we are using the E-estimator of Section
2.2. Figure 4.1 allows us to look at two simulations with the underlying densities being
the Normal and the Bimodal. The caption explains the simulation and diagrams. The cor-
responding sample sizes are chosen to be small so we can observe the underlying hidden
H-sample from X and the M-sample from (AX,A). The two top diagrams exhibit a simula-
tion and E-estimates for the Normal density based on H-sample and M-sample. The sample
size n = 50 is small and the size N = 34 of the M-sample is almost “parametric,” but still
it is far from being in single digits. It is an important teachable lesson to repeat this figure
with di↵erent parameters and pay attention to N . H-sample and M-sample, shown in the
top diagram, are reasonable, but we may see some issues with the tails (there are more
large realizations than small ones). Nonetheless, the corresponding E-estimates, shown in
the second (from the top) diagram, are very reasonable. Visually the estimates are too close
to see any di↵erence, and this is when their empirical ISEs help us to recognize the e↵ect
of the MCAR on estimation. The two bottom diagrams exhibit results for the Bimodal
density. Here a larger sample size n = 75 is used because otherwise it is di�cult to find a
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0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.0

0.8

Normal,  n =  50,   N =  34
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Figure 4.1 MCAR data and density E-estimation. The two top and two bottom diagrams correspond
to samples from the Normal and the Bimodal densities, and the missing is created by Bernoulli
availability A with the availability likelihood P(A = 1|X = x) = w = 0.7. The top diagram shows
both the H-sample and M-sample via the scattergram (X1, A1), . . . , (Xn, An) where available cases
are shown by circles and missing cases are shown by crosses. N :=

Pn
l=1 Al is the number of

available observations in the M-sample. In the second from the top diagram the underlying density,
E-estimate based on the M-sample, and E-estimate based on the H-sample are shown by the solid,
dashed and dotted lines, respectively. The ISEs of E-estimates, based on the H-sample and M-sample,
are denoted as ISEH and ISEM, respectively. The two bottom diagrams have the same structure.
{Recall that the simulation may be repeated by calling (after the R prompt >) the R function >
ch4(f=1). All default arguments, shown below in the square brackets, may be changed. Let us review
these arguments. The argument set.c controls the choice of underlying corner densities; recall that
the caption of Figure 2.3 explains how to use a custom-made density. The argument set.n allows
one to choose 2 di↵erent sample sizes. The argument w controls the availability likelihood P (A = 1),
that is the likelihood of a hidden realization of X to be observed. The arguments cJ0, cJ1 and cTH
control the parameters cJ0, cJ1, and cTH used by the E-estimator defined in Section 2.2. Note that
R language does not recognize subscripts, so we use cJ0 instead of cJ0, etc. To repeat this figure
with the defaults arguments, make the call > ch4(f=1). If one would like to change arguments,
for instance to use a di↵erent threshold level, say cTH = 3, make the call > ch4(f=1, cTH=3).
To change sample sizes to 100 and 150, make the call > ch4(f=1, set.n=c(100,150).} [set.c =
c(2,3), set.n = c(50,75), w = 0.7, cJ0 = 3, cJ1 = 0.8, cTH = 4]

sample which indicates two modes of the Bimodal. Note that the M-sample contains only
N = 54 observations, and this makes E-estimation of the Bimodal challenging. The two
E-estimates, based on H-sample and M-sample, indicate two pronounced modes, but the
former more accurately shows the main mode and overall is closer to the Bimodal, and the
latter is stressed by the ISEs. We can also note that the Bimodal density is more di�cult
for estimation than the Normal.

Let us complement the discussion of outcomes of the two simulations in Figure 4.1 by a
theoretical analysis of the Fourier estimator (4.1.6). The estimator is unbiased and for its
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Figure 4.2 Testing the theoretical conclusion that using M-sample of size k, equal to rounded up
ratio n/w, allows us to estimate an underlying density with the same MISE as using H-sample of
size n. Simulations are the same as in Figure 4.1, only now extra k � n observations of X are
combined with H-sample and then are used to generate M-sample of size k. The first three diagrams
show results of particular simulations, and their structure is the same as in the second from the
bottom diagram in Figure 4.1. The bottom diagram shows the histogram of ratios ISEH/ISEM for
400 repeated simulations. Its title also shows the sample mean ratio and the sample median ratio.
{The argument nsim controls the number of simulations, and corn controls an underlying corner
density.} [n = 100,corn = 3, w = 0.7, nsim = 400, cJ0 = 3, cJ1 = 0.8, cTH = 4]

variance we can write
V(✓̌j) = n�1V(Aw�1'j(AX))

= n�1[E{(A'j(AX)/w)2}� ✓2j ] = w�1n�1(1 + oj(1)). (4.1.11)

If w is unknown then the estimator ✓̂j , defined in (4.1.8), is used. Recall that this is a
plug-in estimator with ŵ = N/n used in place of w. Relation (4.0.1), together with some
straightforward algebra, shows that

V(✓̂j) = w�1n�1(1 + oj(1) + on(1)). (4.1.12)

Further, recall the notion of the coe�cient of di�culty d = limn,j!1 nV(✓̂j) introduced
in Chapter 2. For the case of an H-sample we have d = 1, and for the MCAR d = 1/w =
1/P(A = 1) � 1 with the equality only if P(A = 1) = 1 (no missing). Hence, for an MCAR
sample of size k we need to have k � n/w to compete, in terms of the MISE, with H-
samples of size n. This relation quantifies the e↵ect of the MCAR on nonparametric density
estimation.
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We are finishing the section by exploring an interesting question motivated by the above-
presented theory. Is it possible, under any scenario, to prefer an MCAR sampling to the
traditional sampling without missing? The question may be confusing because the missing
data literature always considers missing as a nuisance which should be avoided if possible.
On the other hand, let us consider the following situation. Assume that the price of a single
observation in an M-sample (a sample that allows missing observations) is PM while in
the corresponding H-sample (a sample without missing) the price is PH . As we know from
the asymptotic theory, to get the same MISE the sample size k of the M-sample should
be equal to n/w where n is the size of the H-sample. This yields that the M-sampling
becomes more cost e�cient if PM < wPH . In other words, at least theoretically, if the price
of the MCAR sampling is low with respect to the price of sampling without missing (which
may require more diligent bookkeeping or collecting meteorological data even during bad
weather conditions), then the MCAR sampling can be more cost e�cient. Of course, we
have k > n, and if the total time of sampling is important, then this issue should be taken
into account, but if only the price of sampling and accuracy (MISE) are important, then at
least theoretically MCAR missing may have the edge.

Can the above-presented asymptotic theory be applied to small samples? Figure 4.2
allows us to explore this question via an intensive numerical study. The underlying exper-
iment is similar to the one in Figure 4.1. Namely, first a direct H-sample of size k, equal
to the rounded up ratio n/w, is generated from a corner function, here it is the Bimodal.
Then an M-sample is obtained from the H-sample with w = 0.7 for which E-estimate f̂X

M

is calculated. Also, based on the first n observations of the H-sample, the E-estimate f̂X
H

is calculated. Then for these two estimates their integrated squared errors are calculated,
namely ISEH :=

R

1

0

(f̂H(x) � f(x))2dx and ISEM :=
R

1

0

(f̂M (x) � f(x))2dx. Finally, the
ratio ISEH/ISEM of the integrated squared errors is calculated. Then the simulation is re-
peated 400 times (the number of simulations is controlled by the argument nsim). The ratio
ISEH/ISEM should be close to one if the theory may be applied to small samples. The three
top diagrams in Figure 4.2 show us results of particular simulations. As we see, theoretically
extra 43 observations are needed to make chances of M-sampling and H-sampling be equal
in terms of obtaining the same MISE. The particular three simulations do not support the
theory. But we need a larger number of simulations to test the theory. The bottom diagram
summarizes results of 400 simulations. Its histogram exhibits 400 ratios ISEH/ISEM and
the title shows the sample mean and sample median of the ratios. The histogram indicates
a large range of ratios. This range and the sample mean ratio 1.14 are not encouraging. On
the other hand, the sample median ratio is equal to 1, and this result supports the theory.
The conclusion is that for small samples there is a large variability in outcomes but overall
the theory sheds light on small samples.

The reader is advised to repeat Figure 4.2 with the same and other parameters to get a
better feeling of the studied nonparametric problem.

4.2 Nonparametric Regression with MAR Responses

Nonparametric regression problem was considered in Section 2.3. Let us briefly recall its
setting and aim. There is a pair of continuous random variables (X,Y ), where X is the
predictor supported on [0, 1] and fX(x) � c⇤ > 0, x 2 [0, 1], and Y is the response. A
sample (X

1

, Y
1

), . . . , (Xn, Yn) from (X,Y ) is available, and then the aim is to estimate the
regression function

m(x) := E{Y |X = x}, x 2 [0, 1]. (4.2.1)

Also recall that the regression model may be written as

Y = m(X) + �(X)", (4.2.2)
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where " is a random variable (the error) which may depend on X, E{"|X} = 0, E{"2|X} =
1, and �(x) is the scale (volatility) function.

In this section the above-defined direct sample is no longer available because it is hidden,
this is why we will refer to that sample as H-sample (hidden sample). Instead, the hidden
responses may be missed while all predictors are still available. Namely, we observe an M-
sample (X

1

, A
1

Y
1

, A
1

), . . . , (Xn, AnYn, An) of size n from the triplet (X,AY,A). Here A is
a Bernoulli random variable, called the availability, which is the indicator that the response
is available (not missed). It is assumed that

P(A = 1|X = x, Y = y) = P(A = 1|X = x) =: w(x) � c
0

> 0. (4.2.3)

Function w(x) is called the availability likelihood, and (4.2.3) implies that the missing is
MAR (missing at random) because the probability of missing the response is defined by the
always observed predictor.

To use our E-estimation methodology for the MAR sample, we need to propose a sample
mean estimator of Fourier coe�cients of the regression function (4.2.1). To understand its
construction, we begin with the formula for the joint mixed density of the observed triplet
(X,AY,A). For x 2 [0, 1], y 2 (�1,1) and a 2 {0, 1} we can write down the joint mixed
density as

fX,AY,A(x, ay, a) = P(A = a|X = x)fX,AY (x, ay)

= [w(x)fX(x)fY |X(y|x)]a[(1� w(x))fX(x)]1�a. (4.2.4)

This formula allows us to write down Fourier coe�cients of m(x), x 2 [01] as follows,

✓j =

Z

1

0

m(x)'j(x)dx = E{AY 'j(X)/[fX(X)w(X)]}, j = 0, 1, . . . (4.2.5)

Assume for a moment that functions w(x) and fX(x) are known. Then the sample mean
estimator of Fourier coe�cients is

✓̄j := n�1

n
X

l=1

AlYl'j(Xl)

fX(Xl)w(Xl)
. (4.2.6)

If fX(x) and w(x) are unknown, and this is a typical situation, then they can be es-
timated based on the M-sample. Indeed, the design density can be estimated using E-
estimator of Section 2.2 and the availability likelihood can be estimated by the Bernoulli
regression estimator of Section 2.4.

There is also another attractive possibility to deal with the case of unknown fX(x) and
w(x). First, we rewrite the estimate ✓̄j as

✓̄j = [nP(A = 1)]�1

n
X

l=1

AlYl'j(Xl)

fX(Xl)w(Xl)/P(A = 1)
. (4.2.7)

Next, we note that the marginal density of the predictor in a complete case is

fX|A(x|1) = fX,A(x, 1

P(A = 1)
=

fX(x)P(A = 1|X = x)

P(A = 1)
=

fX(x)w(x)

P(A = 1)
. (4.2.8)

Using formula (4.2.8) in (4.2.7 ) we get

✓̄j = [nP(A = 1)]�1

n
X

l=1

AlYl'j(Xl)

fX|A(Xl|1)
. (4.2.9)
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In (4.2.10) the probability P(A = 1) is unknown and it is estimated by the sample
mean estimator N/n where N :=

Pn
l=1

Al is the number of complete cases in M-sample.
The density fX|A(x|1) is the density of predictors in complete cases and hence it can be
estimated by the E-estimator f̂X|A(x|1) of Section 2.2. Recall our discussion in Section 4.1
about remedy for the case N = 0, and define the plug-in sample mean Fourier estimator

✓̂j := N�1

n
X

l=1

AlYl'j(Xl)

max(f̂X|A(Xl|1), c/ ln(n))
. (4.2.10)

Further, since in practice we always deal with N comparable with n, we can replace c/ ln(n)
in (4.2.10) by c/ ln(N). Then the Fourier estimator is based only on complete-case obser-
vations (when Al = 1), and even the sample size n is not used. In other words, this is a
complete-case Fourier estimator.

We can make the following conclusion. The E-estimator, proposed for the case of classical
regression with no missing data, can be used here for the subsample of complete cases
(Xl, AlYl) corresponding to Al = 1, l = 1, . . . , n. This approach, when only complete cases
are used in estimation and incomplete cases are ignored, is called a complete-case approach.
The asymptotic theory supports this approach and asserts that no other estimator may
outperform a complete-case regression estimation for the case of MAR responses.

Let us check how the proposed complete-case E-estimator performs for small sample
sizes. Two simulations are shown in the two columns of Figure 4.3. Top diagrams show
scattergrams of the underlying H-samples (unavailable samples from (X,Y )) overlaid by
the corresponding regression functions and their E-estimates. As we already know from
Section 2.3, the estimates may be good for the sample size n = 100, and this relatively
small sample size is chosen to better visualize data. In both cases the E-estimates are fair
despite the heteroscedasticity. The bottom diagrams show us MAR samples from (X,AY )
that are referred to as M-samples. Note that here complete pairs are shown by circles and
incomplete by crosses. In both simulations the same availability likelihood function w(x)
is used, and we can see from the M-samples that the function is decreasing in x. Let us
look more closely at the left column of diagrams with the Normal regression function. The
M-sample is a teachable example of what missing may do to the data. First, the number N
of complete pairs is only 77, that is almost a quarter of responses are lost. Second, while
for the H-sample the E-estimate overestimates the mode, in M-sample it underestimates it,
and we can realize why from the scattergrams. It is also of interest to compare the ISEs
which describe how the MAR a↵ects the quality of estimation. For the Bimodal regression,
the MAR a↵ects the quality of estimation rather dramatically. The Bimodal is a di�cult
regression to deal with, and here the heteroscedasticity makes its estimation even more
complicated by hiding the two modes. Nonetheless, the E-estimator does a very good job
for the H-sample. Magnitudes of the two modes are shown correctly, both modes are slightly
shifted to the left, but overall we get a good picture of a bimodal regression function.
The MAR, highlighted in the right-bottom diagram, modifies the H-sample in such a way
that while the E-estimate shows two modes, its left mode is higher than the right one. It
is a teachable moment to analyze the scattergram and, keeping in mind the underlying
availability likelihood, to figure out why such a dramatic change has occurred.

Now let us make several theoretical comments about the recommended estimator. First,
let us check that (4.2.6) is unbiased estimator of Fourier coe�cients ✓j , that is

E{✓̄j} = ✓j . (4.2.11)

To prove this assertion, we first note that the assumption (4.2.3) implies independence
of A and Y given X, and in particular that E{AY |X} = E{A|X}E{Y |X}. This equality,
together with the rule of calculation of the expectation via conditional expectation and
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Figure 4.3 Performance of the complete-case E-estimator for regression with MAR responses. Re-
sults for two simulations with the Normal and the Bimodal regression functions are shown in the
two columns of diagrams. The underlying model is Y = m(X)+�S(x)✏ where ✏ is standard normal
and independent of X. The top diagrams show underlying hidden samples (H-samples), the bottom
diagrams show the corresponding M-samples with missing responses. Observations in H-samples are
shown by circles. Available complete pairs are shown by circles while incomplete pairs (AlXl, Xl)
with Al = 0 are shown by crosses. The titles show corresponding integrated squared errors (ISE).
An underlying regression function and its E-estimate are shown by the solid and dashed lines, re-
spectively. Because it is known that estimated regression functions are nonnegative, a projection on
nonnegative functions is used. {The arguments are: set.c controls two underlying regression func-
tions for the left and right columns; n controls the sample size; sigma controls the parameter �; the
string scalefun defines a custom function S(x) which is truncated from below by the value dscale
and then it is rescaled to get a bona fide density supported on [0,1]; the string desden controls shape
of the design density fX(x) which is then truncated from below by the value dden and then it is
rescaled to get a bona fide density; the availability likelihood function w(x) is defined by the string
w and then truncated from below by dwL and from above by dwU .} [n = 100, set.c = c(2,3), sigma
= 1, scalefun = 003-(x-0.5)ˆ2 00, desden = 001+0.5*x 00, dscale = 0, dden = 0.2, w = 001-0.4*x 00,
dwL = 0.5, dwU = 0.9, c = 1, cJ0 = 3, cJ1 = 0.8, cTH = 4]

(4.2.3), allows us to write,

E{✓̄j} = E
n AY 'j(X)

fX(X)w(X)

o

= E
nE{AY |X}'j(X)

fX(X)w(X)

o

= E
nE{A|X}E{Y |X}'j(X)

fX(X)w(X)

o

= E
nw(X)m(X)'j(X)

fX(X)w(X)

o
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= E
nm(X)'j(X)

fX(X)

o

=

Z

1

0

m(x)'j(x)dx = ✓j . (4.2.12)

This is what was wished to show.
Second, let us evaluate the variance of ✓̄j and, using notation of model (4.2.2), show

that

V(✓̄j) = n�1[

Z

1

0

[m2(x) + �2(x)]'2

j (x)

fX(x)w(x)
dx� ✓2j ]. (4.2.13)

To prove (4.2.13) we recall that the variance of a sum of independent random variables
is equal to the sum of the variances of the variables. Using this property we can write,

V(✓̄j) = n�2

n
X

l=1

V
⇣ AlYl'j(Xl)

fX(Xl)w(Xl)

⌘

= n�1V
⇣ AY 'j(X)

fX(X)w(X)

⌘

. (4.2.14)

Using formula
V(Z) = E{Z2}� [E{Z}]2, (4.2.15)

we continue with calculation of the second moment,

E
n⇣ AY 'j(X)

fX(X)w(X)

⌘

2

o

= E
n⇣ Y 'j(X)

fX(X)w(X

⌘

2

E{A2|X,Y }
o

= E
n (m2(X) + 2m(X)�(X)"+ �2(X)"2)'2

j (X)w(X)

[fX(X)w(X)]2

o

= E
n

E
n (m2(X) + 2m(X)�(X)"+ �2(X)"2)'2

j (X)w(X)

[fX(X)w(X)]2
|X

oo

. (4.2.16)

Using the assumed E{"|X} = 0 and E{"2|X} = 1, we may continue (4.2.16),

E
n⇣ AY 'j(X)

fX(X)w(X)

⌘

2

o

= E
n [m2(X) + �2(X)]'2

j (X)

[fX(X)]2w(X)

o

=

Z

1

0

[m2(x) + �2(x)]'2

j (x)

fX(x)w(x)
dx. (4.2.17)

This, (4.2.12) and (4.2.15) prove (4.2.13).
Third, in Section 2.3 it was explained how to reduce the variance (3.2.13) by subtracting

an appropriate partial sum

m̃�j(Xl) :=
X

s2{0,1,...,b
n

}\j

✓̄s's(Xl) (4.2.18)

from Yl, where bn is the rounded ln(n). This yields the estimator

✓̃j = N�1

n
X

l=1

Al[Yl � m̃�j(Xl)]'j(Xl)

max(f̂X|A(Xl|1), c/ ln(n))
. (4.2.19)

A direct calculation shows that, under a mild assumption on smoothness of functions m(x),
fX(x), �(x) and w(x), we get

V(✓̃j) = n�1d(fX ,�, w)[1 + oj(1) + on(1)], (4.2.20)

where the coe�cient of di�culty is

d(fX ,�, w) :=

Z

1

0

�2(x)

fX(x)w(x)
dx. (4.2.21)
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Fourth, the asymptotic theory asserts that it is impossible to propose another estimator
with a smaller coe�cient of di�culty. Further, using the complete-case approach and our
plug-in methodology for the case of unknown fX(x) and w(x) yields the same coe�cient of
di�culty (4.2.21).

Fifth, based on the above-presented results, to get the same asymptotic MISE con-
vergence as for a hidden H-sample of size n, the M-sample should have the sample size
n⇤ = nd(fX ,�, w). The latter sheds light on the e↵ect of missing responses on the quality
of estimation.

Sixth, using the Cauchy-Schwarz inequality we get that the design density fX
⇤ (x) which

minimizes the coe�cient of di�culty is

fX
⇤ (x) :=

�(x)[w(x)]�1/2

R

1

0

�(u)[w(u)]�1/2du
. (4.2.22)

If a controlled design of regression with missing responses is possible, then this is the design
to use.

Finally, it is a straightforward exercise to explore a problem, formulated in the pre-
vious section, about choosing between H-sampling and M-sampling when prices of single
observations in each sampling are given.

4.3 Nonparametric Regression with MAR Predictors

This section continues discussion of regression estimation with missing data, only now the
case of MAR predictors is considered. Let us describe the regression model. There is a hidden
sample (X

1

, Y
1

, A
1

), . . . , (Xn, Yn, An) from the triplet (X,Y,A). Continuous variable X is
the predictor supported on [0, 1] and fX(x) � c⇤ > 0, x 2 [0, 1], continuous variable Y is
the response, and A is a Bernoulli random variable. The three random variables may be
dependent. If Al = 1 then the corresponding predictor Xl is available and the case (Xl, Yl)
is complete, otherwise Xl is missed and the lth case is incomplete because only the response
Yl is available. Formally, we may say that the available M-sample (missing sample) of size
n from the triplet (AX,Y,A) is (A

1

X
1

, Y
1

, A
1

), . . . , (AnXn, Yn, An). Also, because X is a
continuous random variable, we have P(A = I(AX 6= 0)) = 1, and hence the M-sample is
equivalent to the sample (A

1

X
1

, Y
1

), . . . , (AnXn, Yn).
The main assumption about the missing mechanism is that it is MAR and

P(A = 1|Y = y,X = x) = P(A = 1|Y = y) =: w(y) � c
0

> 0. (4.3.1)

Note that while in general X and A may be dependent random variables, according to
(4.3.1) they are conditionally independent given the response Y .

The joint mixed density of the triplet (AX, Y,A) is

fAX,Y,A(ax, y, a) = [fX(x)fY |X(y|x)w(y)]a[fY (y)(1� w(y))]1�a, (4.3.2)

where x 2 [0, 1], y 2 (�1,1) and a 2 {0, 1}.
The problem is to estimate the regression function for the hidden pair (X,Y ), namely

to estimate the function

m(x) := E{Y |X = x}, x 2 [0, 1]. (4.3.3)

Of course, we can rewrite (4.3.3) in a more familiar way,

Y = m(X) + �(X)", (4.3.4)

where " is a random variable which may depend on X, E{"|X} = 0 and E{"2|X} = 1
almost sure, and �(x) is the scale function.
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The good news about the regression model with MAR predictors is that the availability
likelihood (4.3.1) depends only on the always observed value of the response. The bad news
is that in complete cases of M-sample the conditional density fY |X,A(y|x, 1) of the response
given the predictor is biased with respect to the conditional density of interest fY |X(y|x)
(discussion of biased densities may be found in Section 3.1). Let us prove the last assertion.
Write,

fY |X,A(y|x, 1) = w(y)fY |X(y|x)fX(x)

fX(x)
R

1

0

w(u)fY |X(u|x)du

=
w(y)

R1
�1 w(u)fY |X(u|x)du

fY |X(y|x). (4.3.5)

This is what was wished to prove, and note that w(y) is the biasing function.
The biased conditional density implies that in general, when only M-sample is available,

a complete-case approach cannot be used for estimation of the conditional density fY |X(y|x)
and hence for estimation of the regression function m(x) := E{Y |X = x}. This is what sets
apart regressions with MAR responses and MAR predictors, because for the former the
complete-case approach is both consistent and optimal.

To propose a regression estimator, we are going to consider in turn three scenarios when
a consistent estimation is possible (furthermore, the asymptotic theory asserts that the
proposed solutions yield optimal rates of the MISE convergence). The first one is when the
design density fX(x) and the availability likelihood w(y) are known. Under this scenario
a complete-case approach yields consistent estimation. The second one is when these two
nuisance functions are unknown but the marginal density fY (y) of the response is known.
Under the second scenario a complete-case approach is also consistent. Finally, if only M-
sample is available, a consistent E-estimator uses both complete and incomplete cases.

Scenario 1. Functions fX(x) and w(y) are known. To employ the E-estimation method-
ology, we need to suggest a sample mean estimator of Fourier coe�cients

✓j :=

Z

1

0

m(x)'j(x)dx, j = 0, 1, . . . (4.3.6)

of the regression function of interest (4.3.3). To do this, we need to write down the coe�cients
as an expectation. Using (4.3.2) and (4.3.3) we can write,

✓j = E{m(X)'j(X)[fX(X)]�1}

= E{E{(Y |X)}'j(X)[fX(X)]�1}} = E{AY 'j(AX)[fX(AX)w(Y )]�1}. (4.3.7)

This implies the following sample mean estimator of the Fourier coe�cients,

✓̄j := n�1

n
X

l=1

AlYl'j(AlXl)[f
X(AlXl)w(Yl)]

�1. (4.3.8)

The Fourier estimator ✓̄j yields the regression E-estimator of Section 2.3. Note that the
E-estimator is based only on complete cases, that is the regression estimate is a complete-
case estimator. Further, the asymptotic theory asserts that a complete-case approach is
optimal.

Scenario 2. Known marginal density of responses fY (y). This is an interesting case
both on its own and because it will explain how to solve the problem of regression estimation
when only M-sample is available.

There are two steps in the proposed regression estimation. The first step is to use the
known density fY (y) of responses for estimation of nuisance functions w(y) and fX(x). This
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step may be done using only complete cases. The second step is to utilize the E-estimator
proposed under the above-considered first scenario.

Let us show how the two nuisance functions can be estimated. We begin with estimation
of w(y). Recall that w(y) := P(A = 1|Y = y) = E{A|Y = y}. This implies that estimation
of w(y) is the Bernoulli regression for which E-estimator ŵ(y) was proposed in Section 2.4.
Also recall that only Yl in complete cases are needed whenever the density of Y is known.

With the estimator ŵ(y) at hand, we can estimate the density fX(x). The idea of

estimation is as follows. Suppose that w(y) is known, and denote by j :=
R

1

0

fX(x)'j(x)dx
the jth Fourier coe�cient of the density. Then, as we will show shortly, the sample mean
estimator of j is

̃j := n�1

n
X

l=1

Al'j(AlXl)/w(Yl). (4.3.9)

Then we plug max(ŵ(Yl), c/ ln(n)) in place of unknown w(Yl). This Fourier estimator yields
the density E-estimator f̂X(x), x 2 0, 1] of Section 2.2.

The teachable moment here is that if fY (y) is known, then the complete-case approach
is still consistent.

To finish our discussion of Scenario 2, we need to prove that (4.3.9) is the sample mean
estimator. Using the rule of calculation of the expectation via a conditional expectation, we
can write,

E{̃j} = E{A'j(AX)/w(Y )} = E{'j(X)E{A|X,Y }/w(Y )}

= E{'j(X)w(Y )/w(Y )} = E{'j(X)} =

Z

1

0

fX(x)'j(x)dx = j . (4.3.10)

This is what was wished to show.

Scenario 3. Only M-sample is available. The available M-sample is (A
1

X
1

, Y
1

, A
1

), . . . ,
(AnXn, Yn, An) from the triplet (AX, Y,A). No other information is available.

The proposed solution is to convert this scenario into the previous one. To do this,
we note that all n observations of Y are available and hence the density fY (y) may be
estimated by the density E-estimator f̂Y (y) of Section 2.2. Then the estimator proposed for
the second scenario can be utilized with the density fY replaced by its E-estimate. Let us
also stress that values of all nuisance functions are needed only at (AlXl, Yl) from complete
cases.

Let us comment on the proposed data-driven regression estimator from the point of view
of a complete-case approach. All observations, including responses in incomplete cases, are
needed only for estimation of the density fY (y), furthermore, this density is needed only
at points AlYl corresponding to Al = 1. As a result, if an extra sample of responses is
available to estimate fY (Yl), then only complete cases can be used. This remark is important
whenever the reliability of data in incomplete cases is in doubt.

Figure 4.4 allows us to explain the setting and each step in construction of the regression
estimator. The caption explains all diagrams.

We begin with the left-top diagram exhibiting the underlying H-sample (the hidden
scattergram). Pairs of observations are shown by circles, the solid and dashed lines show
the underlying regression and the E-estimate based on the H-sample, respectively. The
regression is Y = m(X) + �S(X)", where m(x) and S(x) are two custom-made functions,
� is the parameter and " is an independent from X standard normal random variable.
For the particular simulation Y = 2X + (3 � (X � 0.5)2)". The distribution of X is also
custom-made, here it is uniform on [0, 1]. The title indicates the sample size n and the ISE
of the regression E-estimate. Let us note that the linear regression, as a function, is not
an element of the cosine basis, and it is a challenging nonparametric function. Overall, the
estimate correctly shows the underlying regression.
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Figure 4.4 Nonparametric regression with MAR predictors. The underlying model is Y = m(X) +
�S(x)" where " is standard normal and independent of X. The left-top diagram shows the hidden
H-sample, regression m(x) (the solid line) and its E-estimate (the dashed line). The left-middle
diagram shows the corresponding M-sample, m(x) by the solid line and E-estimate, based on com-
plete cases, by the dashed line. The left-bottom diagram shows E-estimate of the marginal density
fY (Yl) at observed responses. The right-top diagram shows the scattergram of (Yl, Al) by circles, the
underlying availability likelihood function w(Yl) by triangles and its E-estimate ŵ(Yl) by crosses.
The right-middle diagram shows by triangles fX(AlXl) for complete cases (when Al = 1), and by
crosses its E-estimate (here they coincide). The dashed line shows density E-estimate based only on
predictors in complete cases (available predictors). The axis label X[A == 1] indicates that fX(Xl)
and f̂X(Xl) are shown only for Xl corresponding to Al = 1, that is only for complete cases. The
right-bottom diagram shows the underlying regression function m(x) (the solid line) and the regres-
sion E-estimate (the dashed line) proposed for the case of MAR predictors. {The arguments are:
mx defines a custom-made underlying regression function, n controls the size of H-sample, sigma
controls the parameter �; scalefun defines shape of function S(x) which is truncated from below
by the value dscale and then rescaled into a bona fide density supported on [0, 1]; desden allows
to choose the shape of design density fX(x) which is then truncated from below by dden and then
rescaled into a bona fide density. The shape of the availability likelihood function w(y) is defined by
the argument-function w which is then truncated from below by dwL and from above by dwU .}
[mx = 002*x 00, n = 300, sigma = 1, scalefun = 003-(x-0.5)ˆ2 00 , desden = 001+0*x 00, dscale = 0,
dden = 0.2, w = 001-1.2*y 00, dwL = 0.2, dwU = 0.9, c = 1, cJ0 = 3, cJ1 = 0.8, cTH = 4]

The left-middle diagram shows us the observed missing data (M-sample). The missing is
created by the Bernoulli random variable A with an availability likelihood function P(A =
1|X = x, Y = y) = w(y), in this particular simulation w(y) = min(0.9,max(0.2, 1� 1.2y));
the caption explains how to change this function. The diagram shows n realizations of
(Y,AX), and its title also shows the number N :=

Pn
l=1

Al of complete pairs. As we see,
from n = 300 of hidden complete pairs, the missing mechanism allows us to have only
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N = 141 complete pairs, that is more than a half of predictors are missed. The näıve
complete-case regression E-estimator is shown by the dashed line; its visualization and the
ISE = 0.17 supports the above-made theoretical opinion about inconsistency of complete-
case approach for the case of MAR predictors. The complete-case E-estimate indicates
smaller y-intercept and changing slope. To understand this outcome, let us briefly look
at the right-top diagram. Here the circles show the scattergram of (Yl, Al). As we see, all
smaller underlying responses belong to complete cases, while many larger responses belong
to incomplete cases. This is what explains the complete-case E-estimate in the left-middle
diagram. To finish the discussion of the diagram, let us comment on how the M-sample was
generated. First the random variable X (the predictor) is generated. Second, the response
Y is generated according to the custom-made regression formula. Then the Bernoulli(w(Y ))
random variable A is generated. This creates the M-sample. A particular sample is shown in
the diagram. Note that if in the H-sample the predictors are distributed uniformly, available
predictors in the M-sample are no longer uniform; it is clear that the distribution is skewed
to the left. Can you support this conclusion theoretically via a formal analysis of fX|A(x|1)?
We will return to this density shortly.

The first two diagrams described the data. All the following diagrams are devoted to
the above-outlined regression estimation based solely on the M-sample.

The left-bottom diagram illustrates the first step: estimation of the response density
fY (y). Because all responses are available, we may use the density E-estimator of Section
2.2. The only issue to explain is how we are dealing with an unknown support of Y . The
density E-estimator of Section 2.2 assumes that the support is [0, 1]. This is why we use
the rescaling approach explained in Section 2.2. Namely, we do the following: (i) Rescale
all Yl onto the unit interval by introducing Y 0

l := (Yl � Y
(1)

)/(Y
(n) � Y

(1)

); (ii) Calculate

density E-estimate f̂Y 0
(y0) of fY 0

(y0), y0 2 [0, 1]; (iii) Rescale back the calculated estimate
and get the wished f̂Y (Yl) := [Y

(n)�Y
(1)

]�1f̂Y 0
(Y 0

l ). The diagram shows that the calculated
E-estimate is unimodal with the mode at Y = 1. Another informative aspect of the plot is
that majority of responses are located around the mode and just few create tails (as should
be expected from the curve).

Let us stress that the left-bottom diagram illustrates the only step where all n obser-
vations of Y are used. Hence, if an additional sample from Y is available, we can estimate
fY (y) and then use it in the complete-case regression E-estimator described below. This is
a useful remark because it explains what can be done if only complete cases in an M-sample
are available.

The right-top diagram shows us the scattergram of A versus Y , it is shown by circles.
The regression of A on Y is the searching after the availability likelihood function w(y) =
P(A = 1|Y = y). This is a classical Bernoulli regression discussed in Section 2.4. Recall that
if fY (y) is known then the regression E-estimator is based only on values of Yl in available
complete cases (when Al = 1). In the diagram triangles and crosses show the underlying
w(Yl) and its E-estimate ŵ(Yl) at all observed values of Y (note that Figure 4.4 allows us to
chose any custom-made availability likelihood function w(y)). The E-estimate is not perfect
due to the wrong right tail. At the same time, only a small proportion (from n = 300) of
responses belong to that tail. Furthermore, recall that w(y) is a nuisance function whose
values are needed only at values Yl corresponding to Al = 1. Hence, a bad estimation of the
right tail may not ruin the regression E-estimate.

The right-middle diagram illustrates estimation of the design densityfX(x) at values
x = Xl of available predictors in the M-sample. The density is estimated with the help
of the estimates ŵ(Yl) for l such that Al = 1. The diagram shows us by the triangles and
crosses the underlying and estimated densities (here they coincide). Note that the E-estimate
is perfect despite the imperfect estimate of w(y). The dashed line shows us the density E-
estimate f̌X(x) based on N = 141 available realizations of X. This estimate correctly shows
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the biased (by the MAR) character of predictors in complete cases. The reader may look
theoretically at the density fX|A(x|1) and get a formula for the biasing function. This is an
interesting example of creating a biased data when the underlying density can be restored
without knowing the biasing function.

Finally, with the help of the estimated w(y) and fX(x), we can estimate the regression
function m(x). In the right-bottom diagram, the solid and dashed lines show the underly-
ing regression and the proposed E-estimate, respectively. The E-estimate nicely shows the
monotone character of the regression. Further, if we compare its ISE = 0.0079 with the
ISE = 0.0095 of the E-estimate based on the H-sample, then the outcome is surprisingly
good especially keeping in mind the number N = 141 of complete cases and the imperfect
estimate of the availability likelihood. Of course, this is an atypical outcome. It is advisable
to repeat Figure 4.4 and learn more about this interesting statistical problem.

The asymptotic theory asserts that under a mild assumption the proposed methodology
is optimal. Further, we may conclude that the case of MAR predictors is dramatically more
complicated than the case of MAR responses where a complete-case approach may be used.

4.4 Conditional Density Estimation

Consider two continuous random variables X and Y with a joint density fXY (x, y). If the
marginal density fX(x

0

) :=
R1
�1 fX,Y (x

0

, y)dy for some fixed value x
0

of X is positive
(in other words, x

0

belongs to the support of X), then the conditional density of Y given
X = x

0

is defined as

fY |X(y|x
0

) :=
fX,Y (x

0

, y)

fX(x
0

)
. (4.4.1)

Note that the conditional density fY |X(y|x
0

) is the probability density in y. Indeed, ac-
cording to (4.4.1) the conditional density is nonnegative and

Z 1

�1
fY |X(y|x

0

)dy =

Z 1

�1
[fX,Y (x

0

, y)dy/fX(x
0

)]dy = fX(x
0

)/fX(x
0

) = 1. (4.4.2)

We conclude that, for each value x from the support of X, the conditional density describes
a new random variable Vx whose distribution depends on x. At the same time, if X and Y
are independent, then for any x the random variables Vx and Y have the same distribution.

As any other random variable, Vx has its own descriptive characteristics. For instance,
its mean is m(x) := E{Vx} =

R1
�1 yfY |X(y|x)dy = E{Y |X = x}, and from the two previous

sections we know the name of this mean - it is the nonparametric regression. Hence, it is
natural to refer to Y as the response and to X as the predictor. The standard deviation of
Vx is another important characteristic which is called the scale or volatility. Quantiles of Vx

are also of the statistical interest and they are referred to as quantile regressions.
Note that the above-introduced univariate functions are functionals of the conditional

density. The latter means that if the conditional density is known then the regression, scale
and quantile regressions are known but not vice versa. If this is the case, then why is there
a vast literature about estimation of all these univariate functions instead of concentrating
on estimation of the conditional density? The reason is that the conditional density is a
bivariate function. Indeed, fY |X(y|x) is the function in y and x, and as we know from
Section 2.5, this makes the problem of conditional density estimation more complicated
than estimation of the univariate functions.

Following the two previous regression sections, we are considering cases of missed re-
sponses and missed predictors in turn. Recall that we are referring to X and Y as the
predictor and the response, respectively, and here this is simply a convenient terminology
to use. The aim is to estimate the conditional density of the response Y given the predic-
tor X. Similarly to the previous sections, it is assumed that X is supported on [0, 1] and
fX(x) � c⇤ > 0, x 2 [0, 1].
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MAR responses. The model is the same as in Section 4.2. There is a hidden H-sample
(X

1

, Y
1

, A
1

), . . . , (Xn, Yn, An) of size n from the triplet (X,Y,A) where A is a Bernoulli
random variable, called the availability, which defines an underlying missing mechanism.
Namely, a realization Yl is available when Al = 1 and otherwise the realization is missed.
This creates the observed M-sample (X

1

, A
1

Y
1

, A
1

), . . . , (Xn, AnYn, An) with missing re-
sponses. Note that P(A = I(AY 6= 0)) = 1, and hence the M-sample is equivalent to the
sample (X

1

, A
1

Y
1

), . . . , (Xn, AnYn). Further, it is assumed that the missing mechanism is
MAR and the availability likelihood is

P(A = 1|X = x, Y = y) = P(A = 1|X = x) =: w(x) � c
0

> 0. (4.4.3)

The latter means that we always have a chance of observing (not missing) Y given X. The
problem is to estimate conditional density fY |X(y|x) using M-sample.

It was shown in Section 4.2 that a complete-case approach is consistent for estimation
of the conditional expectation E{Y |X}. Can this approach also shine in estimation of the
conditional density? Let us explore this question theoretically. Consider the conditional
density of Y given X in complete cases of an M-sample. Using (4.4.3) we can write,

fY |X,A(y|x, 1) = fX,Y,A(x, y, 1)

fX,A(x, 1)
=

fX,Y (x, y)P(A = 1|X = x, Y = y)

fX(x)P(A = 1|X = x)

=
fX,Y (x, y)

fX(x)
= fY |X(y|x). (4.4.4)

We conclude that the conditional density in the complete cases of an M-sample is the
same as the conditional density of interest fY |X in the underlying H-sample. Of course,
the number N =

Pn
l=1

Al of complete cases is a Binomial(n,P(A = 1)) random variable,
and for some M-samples N may be dramatically smaller than n. On the other hand, we
know from the inequality (4.0.1) that the likelihood of relatively small N is negligible for
large n. In other words, the more serious issue is that here we are dealing with estimation
of a bivariate function, recall the discussion in Section 2.5. As a result, similarly to our
discussion in Section 4.1, only M-samples with relatively large N > k should be considered,
and for a bivariate problem a reasonable k is in the hundreds.

Now we are in a position to propose an E-estimator of the conditional density (4.4.1).
First, let us explain how we can solve the problem when an H-sample of size n from (X,Y )
is available. Following our methodology of constructing an E-estimator, we need to propose
a sample mean estimator of Fourier coe�cients of the conditional density. Suppose that a
pair (X,Y ) is supported on [0, 1]2 and recall the corresponding tensor-product basis with
elements 'j

1

j
2

(x, y) := 'j
1

(x)'j
2

(y) (recall Section 2.5). Using this basis, we may write
down Fourier coe�cients of the conditional density,

✓j
1

j
2

=

Z

[0,1]2
fY |X(y|x)'j

1

j
2

(x, y)dxdy

=

Z

[0,1]2

fX,Y (x, y)'j
1

j
2

(x, y)

fX(x)
dxdy = E

n'j
1

j
2

(X,Y )

fX(X)

o

. (4.4.5)

Using (4.4.5) could immediately yield a sample mean estimator if we knew the marginal
density fX(x) (recall that in a regression setting it would be called the design density). We
do not know this marginal density, but can estimate it by the density E-estimator f̂X(x) of
Section 2.2. This implies the sample mean estimator of ✓j

1

j
2

,

✓̄j
1

j
2

:= n�1

n
X

l=1

'j
1

j
2

(Xl, Yl)

max(f̂X(Xl), c/ ln(n))
. (4.4.6)
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The Fourier estimator yields the bivariate E-estimator f̄Y |X(y|x), (x, y) 2 [0, 1]2 of
Section 2.5. The asymptotic theory supports the proposed estimation methodology.

For the case of M-sample we use the above-defined conditional density estimator only
now it is based onN :=

Pn
l=1

Al complete cases of the M-sample. Namely, denote the density

E-estimator of fX|A(x|1) as f̂X|A(x|1), and then introduce the plug-in sample mean Fourier
estimator

✓̂j
1

j
2

:= N�1

n
X

l=1

Al'j
1

j
2

(Xl, AlYl)

max(f̂X|A(Xl|1), c/ ln(n))
. (4.4.7)

This Fourier estimator yields the conditional density E-estimator f̂Y |X(y|x), (x, y) 2
[0, 1]2 of Section 2.5.

In a general case of an unknown support of the pair (X,Y ), we use our standard proce-
dure of rescaling available observations on the unit square.

Let us check how the E-estimator performs for a sample with MAR responses and also
add an explanation why estimation of the conditional density may shed an important light
on relationship between two random variables which cannot be gained from the analysis of
regression functions.

Figure 4.5 helps us to understand the MAR setting and how the E-estimator performs.
We postpone for now explanation of the underlying simulation, and this will allow us to use
our imagination and guess about an underlying distribution. The left-top diagram shows a
scattergram of a hidden H-sample; for now do not look at the other diagrams. For us, after
the analysis of so many scattergrams in the previous sections, this one is not a di�cult one.
It is clear that the underlying regression is a unimodal and symmetric around 0.5 function
which resembles the Normal function. And this is a reasonable answer. Keeping in mind
that we have n = 500 observations (see the title), it was not a di�cult task to visualize a
Normal-like regression. At the same time, if you are still confused with the regression and
the scattergram, your feeling is correct because the scattergram is not as simple as it looks.
We return to this diagram shortly.

Now let us look at the left-bottom diagram. It shows E-estimate of the conditional
density fY |X(y|x) based on the H-sample. Let us explain how to analyze the estimate. Use
a vertical slice with a constant x = x

0

, and then the cut along the shown surface exhibits
the estimate fY |X(y|x

0

) as a function in y. The surface indicates two pronounced ridges
with a valley between, and this yields a conditional density which, as a function in y, has
two pronounced modes.

Now let us return to the scattergram for the H-sample. Look one more time at the
scattergram and please pay attention to the following detail. Do you see a pronounced gap
between two clusters of circles? Actually, it looks like we have two unimodal regressions
shown in the same diagram. This is what the E-estimator sees in the H-sample and shows
us via the conditional density. By the way, here we have 500 observations, does it look like
that you see so many circles? If the answer is “no,” then you are not alone.

To appreciate the conditional density estimate and get a better understanding of the
scattergram, let us explain how the H-sample is generated. The response is Y = u(X) +
�⌘+�N" where X is the Uniform random variable, ⌘ is the Strata random variable, " is the
Normal random variable and these three variables are mutually independent, and u(x) is
the Normal function. The variable ⌘ creates the special shape of the data (the two ridges).
Note that this type of data also may be created by a mixture of two underlying regressions.

After this discussion it becomes clear that for the H-sample at hand its regression func-
tion is not a very informative tool because it does not explain the data. The conditional
density sheds a better light on the data. The downside is that a larger sample size and
paying attention to arguments of the E-estimator is critical here. For instance, note that
the argument cTH is increased to 10 with the aim of removing relatively small Fourier
coe�cients. A rule of thumb, often recommended, is to choose cTH close to 2 ln(n). For
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Figure 4.5 Estimation of conditional density fY |X(y|x) for H-sample and M-sample with MAR
responses. The simulation is explained in the text. In the right-top diagram circles and crosses
show complete and incomplete cases, respectively. {The argument corn controls function u(x), cS
controls the distribution of ⌘, sigmaN controls �N , the string w controls the availability likelihood
function while dwL and dwU control its lower and upper bounds.} [n = 500, corn = 2, sigma = 4,
sigmaN = 0.5, cS = 4, w = 001-0.4*x 00, dwL = 0.5 ,dwU = 0.9, c = 1, cJ0 = 3, cJ1 = 0.8, cTH
= 10]

the reference, when n increases from 100 to 500, this argument changes from 9 to 12. Some
experience is also needed in choosing other arguments (they are the same as in the previous
figures). Recall that figures in the book allow the reader to change their arguments, and
then via simulations to learn how to choose better parameters of E-estimators for di↵erent
statistical models.

The right column of the diagrams in Figure 4.5 shows us an M-sample produced by
MAR responses with P (A = 1|Y = y,X = x) = w(x) = max(d

wL

,min(d
wU

, 1 � 0.4x)).
Note that only N = 393 complete pairs, from n = 500 hidden ones, are available (see the
title); here we lost a bit more than one-fifth of the responses. Further, note that responses
with larger predictors are more likely to be missed, and this creates the biased scattergram.
Nonetheless, in the scattergram of the M-sample we still can see the two pronounced ridges
and a valley between them. The reader is advised to compare the two scattergrams and
analyze the e↵ect of the missing responses. The E-estimate for the M-sample, shown in
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the right-bottom diagram, is very impressive. The two ridges and the valley between them
are clearly exhibited and, despite the heavy missing for larger values of the predictor, the
estimate for larger x is as good as the one in the left-bottom diagram for the H-sample.

We may conclude that for the considered problem of MAR responses, the proposed
complete-case approach has worked out very nicely for the particular simulation. This may
not be the case in another simulation, some adjustments in arguments for other classes of
conditional densities may be beneficial, etc. Figure 4.5 allows us to explore all these issues
and gain necessary experience in dealing with the complicated problem of estimating a
conditional density with MAR responses.

MAR predictors. Let us describe the problem of estimation of a conditional density of
response Y given predictor X based on data with missing predictors. There is a hidden
sample (X

1

, Y
1

, A
1

), . . . , (Xn, Yn, An) from the triplet (X,Y,A) of dependent random vari-
ables where A is a Bernoulli random variable which controls availability (not missing) of X.
If Al = 1 then the corresponding predictor Xl is available and the case (X,Y ) is complete,
otherwise Xl is missed and the case is incomplete because only the response Yl is available.
Formally, we may say that an available M-sample of size n from the triplet (AX, Y,A) is
(A

1

X
1

, Y
1

, A
1

), . . . , (AnXn, Yn, An). The considered missing mechanism is MAR and

P(A = 1|Y = y,X = x) = P(A = 1|Y = y) =: w(y) � c
0

> 0. (4.4.8)

Two remarks are due about the model. First, while in general X and A are dependent
random variables, according to (4.4.8) they are conditionally independent given the response
Y . Second, the mechanism of generating the H-sample and M-sample is the same as in
Section 4.3 only here the problem is to estimate the conditional density fY |X(y|x) of the
response given the predictor.

We begin our discussion of an appropriate E-estimator of the conditional density for
the case of continuous (X,Y ) supported on [0, 1]2, and it is also assumed that the design
density fX(x) � c⇤ > 0.

The following formula is valid for the joint mixed density of the triplet (AX, Y,A),

fAX,Y,A(ax, y, a) = [fX(x)fY |X(y|x)w(y)]a[fY (y)(1� w(y))]1�a, (4.4.9)

where (x, y) 2 [0, 1]2 and a 2 {0, 1}.
To construct a conditional density E-estimator, we need to understand how to estimate

Fourier coe�cients

✓j
1

j
2

:=

Z

[0,1]2
fY |X(y|x)'j

1

j
2

(x, y)dxdy. (4.4.10)

Here {'j
1

j
2

(x, y)} is the cosine tensor-product basis on [0, 1]2 defined in Section 2.5. If
the marginal density fX(x) and the availability likelihood function w(y) are known, then
according to (4.4.9) the following sample mean estimator of Fourier coe�cients may be
recommended,

✓̄j
1

j
2

:= n�1

n
X

l=1

Al'j
1

j
2

(AlXl, Yl)

fX(AlXl)w(Yl)
. (4.4.11)

Let us check that the Fourier estimator is unbiased. Using (4.4.9) we can write,

E{✓̄j
1

j
2

} = E
nA'j

1

j
2

(AX,Y )

fX(AX)w(Y )

o

=

Z

[0,1]2

fX(x)fY |X(y|x)w(y)'j
1

j
2

(x, y)

fX(x)w(y)
dxdy = ✓j

1

j
2

. (4.4.12)

This is what was wished to check.



122 NONDESTRUCTIVE MISSING

The Fourier estimator (4.4.11) yields the conditional density E-estimator defined in
Section 2.5. Further, the coe�cient of di�culty is

lim
n,j

1

,j
2

!1
[nV(✓̄j

1

j
2

)] =

Z

[0,1]2

fY |X(y|x)
fX(x)w(y)

dxdy. (4.4.13)

This formula shows how the availability likelihood (the missing mechanism) a↵ects estima-
tion of the conditional density.

In general functions fX(x) and w(x) are unknown and should be estimated. The avail-
ability likelihood w(y) is estimated by the Bernoulli regression E-estimator ŵ(y) of Section
2.4 based on n realizations of (Y,A). To estimate the design density fX(x), we note that
its Fourier coe�cients are

j :=

Z

1

0

fX(x)'j(x)dx = E{A'j(AX)/w(Y )}, (4.4.14)

where the last equality holds due to (4.4.9). This yields the plug-in sample mean estimator
of j ,

̂j := n�1

n
X

l=1

Al'j(AlXl)

max(ŵ(Yl), c/ ln(n))
. (4.4.15)

This Fourier estimator yields the density E-estimator f̂X(x), x 2 [0, 1] of Section 2.2.
Now we can plug the obtained estimators in (4.4.11) and get the plug-in sample mean

estimator of Fourier coe�cients of the conditional density,

✓̂j
1

j
2

:= n�1

n
X

l=1

Al'j
1

j
2

(AlXl, Yl)

[max(f̂X(AlXl), c/ ln(n))][max(ŵ(Yl), c/ ln(n)]
. (4.4.16)

This Fourier estimator yields the conditional density E-estimator for the considered
model of MAR predictors.

If the support of (X,Y ) is unknown, then we use our traditional rescaling onto the unit
square.

Figure 4.6 helps us to understand the model and how the E-estimator performs. The
simulation of an H-sample is the same as in Figure 4.5, and a particular H-sample is shown
in the left-top diagram. Further, the right-top diagram shows the conditional density E-
estimate based on the H-sample. After our analysis of Figure 4.5, we can plainly realize the
two ridges and the valley between them.

The left-middle diagram shows the M-sample generated by MAR predictors with the
availability likelihood function shown in the right-middle diagram by triangles. Note that
in the left-middle diagram incomplete cases are shown by crosses. The title shows that from
n hidden cases only N = 408 are complete in the M-sample.

These two diagrams show us the data. Now let us explain how the proposed E-estimator
performs. The right-middle diagram shows us by circles the Bernoulli scattergram of n
realizations of (Y,A), and then triangles and crosses show the underlying values of w(Yl)
and their E-estimates ŵ(Yl), l = 1, 2, . . . , n. As we see, the E-estimate is almost perfect. The
left-bottom diagram shows us by triangles and crosses the design density fX(Xl) and its
E-estimate f̂X(Xl), respectively. The estimate is perfect. Finally, the right-bottom diagram
shows us the proposed E-estimate based on the M-sample. Overall, the E-estimate is on par
with (but not as good as) the reference E-estimate based on the H-sample and exhibited in
the right-top diagram.

We may conclude that: (i) A data-driven estimation of a conditional density for a model
with MAR predictors is a feasible task; (ii) E-estimate requires estimation of several nuisance
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Figure 4.6 Estimation of conditional density fY |X(y|x) based on data with MAR predictors. Under-
lying simulation and the structure of diagrams exhibiting scattergrams and estimates of conditional
densities are the same as in Figure 4.5, only here the missing is defined by the response. The left-
bottom and right-middle diagrams show by triangles and crosses the underlying functions and their
estimates, respectively. {The string w controls w(y) where y is the value of response rescaled onto
[0,1].} [n = 500, corn = 2, sigma = 4, sigmaN = 0.5, cS = 4, w = 001-0.4*y 00, dwL = 0.2, dwU
= 0.9, c = 1, cJ0 = 3, cJ1 = 0.8, cTH = 10]

functions (the design density and the availability likelihood) that may be of interest on their
own; (iii) Due to the curse of multidimensionality, a relatively large number N of complete
cases is required for a reliable estimation. In its turn, this implies a large sample size n; (iv)
Arguments of E-estimator require an adjustment to take into account the bivariate nature
of a conditional density.

It is highly recommended to repeat Figures 4.5 and 4.6 with di↵erent parameters and
gain necessary experience in dealing with the complicated problem of estimation of the
conditional density.
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4.5 Poisson Regression with MAR Data

So far in this chapter we have considered regression models with continuous responses.
These models are very popular in applied statistics. At the same time, there are many
applications where responses are discrete random variables. For instance, we considered a
Bernoulli regression in Section 2.4 when response takes only two values.

In this section we are considering a so-called Poisson regression when the conditional
distribution of the response given the predictor is Poisson. First, let us recall the notion of
a Poisson random variable. A random variable Y taking on one of the values 0, 1, 2, . . .
is said to be a Poisson random variable with parameter m > 0 if P(Y = k) = e�mmk/k!,
k = 0, 1, . . . For the Poisson random variable we have E{Y } = V(Y ) = m. The reader may
recall from a standard probability class several customary examples of random variables
that obey the Poisson probability law: The number of misprints on a page of a book; the
number of wrong telephone numbers that are dialed in a day; the number of customers
entering a shopping mall on a given day; the number of ↵-particles discharged in a fixed
period of time from some radioactive material; and the number of earthquakes occurring
during some fixed time span.

The classical probability considers m as a constant. At the same time, in all the above-
mentioned examples the parameter m may depend on another given variable (predictor) X.
In this case the function m(x) may be considered as a regression function because

m(x) := E{Y |X = x}. (4.5.1)

In other words, given X = x the response Y has Poisson distribution with parameter m(x).
This definition immediately implies that

V(Y |X = x) = m(x). (4.5.2)

Before explaining the case of missing data, let us propose an E-estimator for the Poisson
regression based on a hidden H-sample (X

1

, Y
1

), . . . , (Xn, Yn) from the pair (X,Y ) where
X is the predictor which is a continuous random variable supported on [0, 1] and fX(x) �
c⇤ > 0, x 2 [0, 1], and given X = x the response Y is a Poisson random variable with the
mean m(x). The aim is to estimate the regression function m(x).

Using our methodology of construction of a regression E-estimator, we need to find a
(possibly plug-in) sample mean estimator of Fourier coe�cients

✓j :=

Z

1

0

m(x)'j(x)dx. (4.5.3)

To do this, we are rewriting ✓j as an expectation of observed variables. Using (4.5.1) we
can write,

✓j =

Z

1

0

E{Y |X = x}'j(x)dx =

Z

1

0

fX(x)[E{Y |X = x}'j(x)/f
X(x)]dx

= E{E{[Y 'j(X)/fX(X)]|X}} = E
nY 'j(X)

fX(X)

o

. (4.5.4)

If the design density fX is known, then we immediately get the sample mean estimator of
✓j ,

✓̄j := n�1

n
X

l=1

Yl'j(Xl)

fX(Xl)
. (4.5.5)

If the design density fX is unknown, then it may be estimated by the density E-estimator
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f̂X of Section 2.2 based on observations X
1

, . . . , Xn. This yields the plug-in sample mean
estimator of Fourier coe�cient ✓j ,

✓̃j := n�1

n
X

l=1

Yl'j(Xl)

max(f̂X(Xl), c/ ln(n))
. (4.5.6)

The Fourier estimator yields the regression E-estimator m̃(x), x 2 [0, 1] for the case of
a known H-sample.

Now we are considering a setting with missing realizations of a Poisson random variable.
The model is as follows. There are n hidden realizations of (X

1

, Y
1

, A
1

), . . . , (Xn, Yn, An)
from the triplet (X,Y,A) where A is a Bernoulli random variable, called the availability,
and the availability likelihood is

P(A = 1|X = x, Y = y) = P(A = 1|X = x) = w(x) � c
0

> 0. (4.5.7)

Then the observed M-sample is a sample (X
1

, A
1

Y
1

, A
1

), . . . , (Xn, AnYn, An) from the triplet
(X,AY,A).

Note that the Poisson Yl is not available if Al = 0 and we observe a complete case (Xl, Yl)
if Al = 1. Furthermore, (4.5.7) implies that the missing is MAR (missing at random) because
the probability of missing Y depends on the value of always observed predictor X.

To propose a sample mean estimator of Fourier coe�cients (4.5.3) of the regression
function of interest m(x), x 2 [0, 1], we begin with a formula for the joint density of pair
(X,Y ) in a complete case of an M-sample. This joint density is the conditional density of
the pair given A = 1,

fX,Y |A(x, y|1) = fX,Y,A(x, y, 1)

P(A = 1)

=
fX,Y (x, y)P(A = 1|X = x, Y = y)

P(A = 1)
= fX,Y (x, y)

w(x)

P(A = 1)
. (4.5.8)

Note that the density is biased with the biasing function being w(x).
Integrating (4.5.8) with respect to y we get a formula for the marginal density of X in

a complete case of M-sample,

fX|A=1(x|1) = fX(x)
w(x)

P(A = 1)
. (4.5.9)

This marginal density is also biased with the same biasing function w(x). However,
combining (4.5.8) and (4.5.9) we get the following pivotal result,

fY |X,A(y|x, 1) = fX,Y |A(x, y|1)
fX|A(x|1)

= fY |X(y|x). (4.5.10)

We conclude that the conditional density of the response given the predictor in a com-
plete case of M-sample is equal to the underlying conditional density of the predictor given
the response in the underlying H-sample.

This conclusion immediately implies that the above-defined regression estimator m̃(x),
developed for an H-sample, also may be used for consistent regression estimation for the
considered case of missing data whenever the estimator is based on complete cases in an
M-sample.

Figure 4.7 illustrates the setting of Poisson regression and how the E-estimator performs.
The left column of diagrams illustrates the case of the Normal being the regression function
m(x) = E{Y |X = x}. First of all, let us look at the scattergram for the H-sample. Note
how special the scattergram for the discrete Poisson response is. This is because Poisson
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Figure 4.7 Poisson regression with MAR responses. Two simulations with di↵erent regression func-
tions are shown in the two columns of diagrams. Scattergrams are shown by circles, while for
M-samples incomplete cases are shown by crosses. Underlying regressions and their E-estimates
are shown by solid and dashed lines, respectively. Titles show the sample size n, the number
N =

Pn
l=1 Al of complete cases, and integrated squared errors (ISE). Because it is known that

estimated regression functions are nonnegative (Poisson random variables are nonnegative), a pro-
jection on nonnegative functions is used. {The arguments are: set.c controls two underlying regres-
sion functions for the left and right columns; n controls the sample size; desden controls the shape
of the design density fX(x) which is then truncated from below by the value dden and rescaled to
get a bona fide density; the availability likelihood function w(x) is chosen by the string w and then
truncated from below by dwL and from above by dwU .} [n = 100, set.c = c(2,3), dden = 0.2,
desden = 000.7+0.4*x 00, w = 001-0.4*x 00, dwL = 0.5, dwU=0.9, c = 1, cJ0 = 3, cJ1 = 0.8, cTH
= 4]

random variable takes on only nonnegative integer values. The E-estimate is relatively good
here. It correctly shows location of the mode and the symmetric shape of the regression.
Now, please look at the circles one more time and answer the following question. Should
the estimate be shifted to the right for better fitting the data? The answer is likely “yes,”
but this is the illusion created by the increasing design density. Indeed, please pay attention
that there are more observations in the right half of the diagram than in the left one. The
left-bottom diagram shows the M-sample and the corresponding E-estimate based only on
circles (complete cases). Note that the number of complete cases is N = 84. The estimate
is definitely worse, and the reader is advised to look at the 16 missed responses and explain
why they so dramatically a↵ected the estimate.

The right column of the diagrams shows two similar diagrams for the case of the un-
derlying regression being the Bimodal. Here again it is of interest to compare the two
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scattergrams and understand why the E-estimate for the M-sample is worse. The obvious
possible reason is that the sample size decreased from 100 to 83, but this alone cannot cause
almost doubled ISE. The reason is in missing several “strategic” responses, and the reader
is asked to find them.

It is recommended to repeat Figure 4.7 with di↵erent arguments to get better under-
standing of the Poisson regression with MAR responses.

4.6 Estimation of the Scale Function with MAR Responses

In Section 3.6 we considered the model of a heteroscedastic regression with observations of
the pair (X,Y ) of continuous random variables such that

Y = m(X) + �(X)", m(X) = E{Y |X}, V(") = 1. (4.6.1)

Here " is a zero mean and unit variance random variable (regression error) which is inde-
pendent of the predictor X. The predictor X is supported on [0, 1] and fX(x) � c⇤ > 0. The
nonnegative function �(x) is called the scale (spread or volatility) function. The problem of
Section 3.6 was to estimate the scale function �(x) based on a sample from (X,Y ). Using
our terminology for missing data, we can say that in Section 3.6 estimation for the case of
H-sample was considered.

Let us describe an M-sample with MAR responses. We observe an M-sample
(X

1

, A
1

Y
1

, A
1

), . . . , (Xn, AnYn, An) of size n from the triplet (X,AY,A). Here A is a
Bernoulli random variable which is the indicator that the response is available (not missed),
and the availability likelihood is

P(A = 1|X,Y ) = P(A = 1|X) =: w(X) � c
0

> 0. (4.6.2)

To propose an E-estimator of the scale function, we begin with several probability for-
mulas. The joint mixed density of the triplet (X,AY,A) is

fX,AY,A(x, ay, a) = [w(x)fX(x)fY |X(y|x)]a[(1� w(x))fX(x)]1�a, (4.6.3)

where x 2 [0, 1], y 2 (�1,1) and a 2 {0, 1}.
The marginal density of the predictor in a complete case is

fX|A(x|1) = fX,A(x, 1)

P(A = 1)
=

fX(x)P(A = 1|X = x)

P(A = 1)
=

fX(x)w(x)

P(A = 1)
, (4.6.4)

where

P(A = 1) =

Z

1

0

fX,A(x, 1)dx =

Z

1

0

fX(x)w(x)dx = E{w(X)}. (4.6.5)

Now we are ready to propose an E-estimator of the scale function. In Section 4.2 the
regression E-estimator m̂(x), based on complete cases, was proposed. Using this estimator,
we calculate residuals AlYl�m̂(Xl) for complete cases Al = 1. Further, following the solution
proposed in Section 3.6, we introduce Fourier coe�cients of the squared scale function �2(x),
x 2 [0, 1],

✓j :=

Z

1

0

�2(x)'j(x)dx. (4.6.6)

Suppose that nuisance functions fX|A(x|1), w(x) and m(x) are known. Then we can
propose the following sample-mean estimator of ✓j ,

✓̄j := n�1

n
X

l=1

Al(AlYl �m(Xl))2'j(Xl)

fX(Xl)w(Xl)
. (4.6.7)
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Let us show that (4.6.7) is unbiased estimator of ✓j . Using (4.6.3), the rule of calculation
of the expectation via conditional expectation, and the assumed conditional independence
of A and Y given X, we write,

E{✓̄j} = E
nA(AY �m(X))2'j(X)

fX(X)w(X)

o

= E
nE{A(Y �m(X))2|X}'j(X)

fX(X)w(X)

o

= E
nE{A|X}E{(Y �m(X))2|X}'j(X)

fX(X)w(X)

o

= E
nw(X)�2(X)'j(X)

fX(X)w(X)

o

=

Z

1

0

fX(x)�2(x)'j(x)

fX(x)
dx = ✓j . (4.6.8)

This is what was wished to show.
Next, assume that fX|A(x|1) is given, then using (4.6.4) we can rewrite (4.6.7) as

✓̄j = [nP(A = 1)]�1

n
X

l=1

Al(AlYl �m(Xl))2'j(Xl)

fX|A(Xl|1)
. (4.6.9)

This is the pivotal result that will allow us to propose an estimator based exclusively
on complete cases in an M-sample. Indeed, we know from Section 4.2 that the regression
function m(x) and the density fX|A(x|1) may be estimated by corresponding E-estimators
based on complete cases. Further, the product nP(A = 1) can be estimated by the sample
mean estimator N :=

Pn
l=1

Al, which is the number of complete cases, and recall our
discussion in Section 4.1 of the remedy for the event N = 0. Then we plug these estimators
in (4.6.9) and get the plug-in sample-mean Fourier estimator based on the subsample of
complete cases,

✓̂j = N�1

X

{l: A
l

=1, l=1,...,n}

Al(AlYl � m̂(Xl))2'j(Xl)

max(f̂X|A(Xl|1), c/ ln(n))
. (4.6.10)

The Fourier estimator yields the E-estimator of the squared scale, and then taking the
square root gives us the wished scale E-estimator �̂(x).

Figure 4.8 explains the setting, sheds light on performance of the complete-case scale
E-estimator, and its caption explains the diagrams. We begin with the top diagram. For
now, ignore titles and curves, and pay attention to the observations. Circles show N = 77
complete cases and crosses show n�N = 23 incomplete cases. Probably the first impression
from the scattergram that there is a large volatility in the middle of the support of X and
furthermore many missed responses have predictors from this set. The large volatility makes
the problem of visualization of an underlying regression function complicated. Now let us
check how the E-estimator solved the problem. The diagram shows the underlying regression
and scale functions by the dotted and solid lines, respectively. The regression E-estimate
is shown by the dot-dashed line. The estimate is significantly lower in the middle of the
support (and this could be predicted from the data) but it does exhibit the unimodal and
symmetric character of the Normal. The scale estimate (the dashed line), despite the poor
regression estimate, is surprisingly fair estimate with respect to its regression counterpart.

The bottom diagram exhibits a similar simulation only here the more complicated Bi-
modal defines the scale function. Here we have a large volatility within the interval [0.6, 0.8].
The regression E-estimate is good, and the scale estimate is also relatively good apart of
the left tail which reflects the observed volatility of responses with smallest predictors.

It is recommended to repeat Figure 4.8 with di↵erent parameters and learn more about
this interesting and practically important problem. Overall, repeated simulations conducted
by Figure 4.8 indicate that the proposed scale E-estimator for regression with MAR re-
sponses is feasible. The asymptotic theory also supports the proposed complete-case ap-
proach.
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Figure 4.8 Estimation of the scale function for regression with MAR responses. Each diagram
exhibits an M-sample generated by the Uniform design density, the Normal regression function,
and the scale function equal to 1 plus a corner function, indicated in the title, and then the total is
multiplied by parameter �. In a scattergram, incomplete cases are shown by crosses and complete
cases by circles, respectively. Each diagram also shows the underlying regression function (the dotted
line), the regression E-estimate (the dot-dashed line), the underlying scale function (the solid line),
and the scale E-estimate (the dashed line). {Underlying regression functions are controlled by the
argument set.corn, scale functions are controlled by arguments set.scalefun and sigma, availability
likelihood is max(min(w(x), dwU), dwL).} [n = 100, set.corn = c(2,2), sigma = 1, set.scalefun =
c(2,3), w = 001-0.4*x 00, dwL = 0.5, dwU = 0.9, cJ0 = 4, cJ1 = .5, cTH = 4]

4.7 Bivariate Regression with MAR Responses

We begin with a classical bivariate regression model which, using our terminology for missing
data, produces an H-sample. Consider the bivariate regression

Y = m(X
1

, X
2

) + �(X
1

, X
2

) ". (4.7.1)

Here Y is the response, �(x
1

, x
2

) is the bivariate scale function, and " is a zero mean and
unit variance regression error that is independent of (X

1

, X
2

). The pair (X
1

, X
2

) is the
vector-predictor (the two random variables may be dependent, and in what follows we may
refer to them as covariates) with the design density fX

1

X
2(x

1

, x
2

) supported on the unit
square [0, 1]2 and fX

1

X
2(x

1

, x
2

) � c⇤ > 0, (x
1

, x
2

) 2 [0, 1]2.
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Then a classical regression problem is to estimate the bivariate regression function
(surface) m(x

1

, x
2

) based on a sample (Yl, X1l, X2l), . . . , (Yn, X1n, X2n) from the triplet
(Y,X

1

, X
2

).
Using the approach of Section 2.5 we need to propose a sample mean estimator of Fourier

coe�cients

✓j
1

j
2

:=

Z

[0,1]2
m(x

1

, x
2

)'j
1

j
2

(x
1

, x
2

)dx
1

dx
2

, (4.7.2)

where {'j
1

j
2

(x
1

, x
2

)} is the cosine tensor-product basis on [0, 1]2.
For the model (4.7.1) we can rewrite (4.7.2) as

✓j
1

j
2

= E
nY 'j

1

j
2

(X
1

, X
2

)

fX
1

X
2(X

1

, X
2

)

o

. (4.7.3)

If the design density fX
1

,X
2(x

1

, x
2

) is known, then the sample mean estimator of ✓j
1

j
2

is

✓̌j
1

j
2

:= n�1

n
X

l=1

Yl'j
1

j
2

(X
1l, X2l)

fX
1

X
2(X

1l, X2l)
. (4.7.4)

If the design density is unknown, then its E-estimator f̂X
1

X
2(x

1

, x
2

), defined in Section
2.5, may be plugged in (4.7.4). This Fourier estimator yields the bivariate regression E-
estimator for the case of H-sample. Further, the case of k covariates is considered absolutely
similarly only a corresponding tensor-product basis should be used in place of the bivariate
basis.

Now we are in a position to describe a sampling with MAR responses. We observe
an M-sample (X

11

, X
21

, A
1

Y
1

, A
1

), . . . , (X
1n, X2n, AnYn, An) of size n from the quartet

(X
1

, X
2

, AY,A). The triplet (X
1

, X
2

, Y ) is the same as in the above-described regression
(4.7.1), A is a Bernoulli random variable which is the indicator that the response is available
(not missed), and the availability likelihood is

P(A = 1|X
1

= x
1

, X
2

= x
2

, Y = y)

= P(A = 1|X
1

= x
1

, X
2

= x
2

) =: w(x
1

, x
2

) � c
0

> 0. (4.7.5)

The problem is to estimate the regression function m(x
1

, x
2

).
To propose a regression E-estimator, we begin with several probability formulas that will

help us in developing the estimator. The joint mixed density of the quartet (X
1

, X
2

, AY,A)
is

fX
1

,X
2

,AY,A(x
1

, x
2

, ay, a)

= [w(x
1

, x
2

)fX
1

X
2(x

1

, x
2

)fY |X
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,X
2(y|x
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, x
2

)]a[(1� w(x
1

, x
2

))fX
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,X
2(x

1

, x
2

)]1�a. (4.7.6)

Further, the marginal joint density of the vector-predictor in a complete case is

fX
1

,X
2

|A(x
1

, x
2

|1) = fX
1

,X
2

,A(x
1

, x
2

, 1)

P(A = 1)

=
fX

1
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2(x
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)P(A = 1|X
1

= x
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)

P(A = 1)
=
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2(x
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)w(x
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, x
2

)

P(A = 1)
, (4.7.7)

where

P(A = 1) =

Z

[0,1]2
fX

1

,X
2

,A(x
1

, x
2

, 1)dx
1

dx
2

=

Z

[0,1]2
fX

1

,X
2(x

1
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2

)w(x
1

, x
2

)dx
1

dx
2

= E{w(X
1

, X
2

)}. (4.7.8)
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Now we are ready to propose an E-estimator of the bivariate regression function
m(x

1

, x
2

). Following the E-estimation methodology, we need to estimate Fourier coe�-
cients (4.7.2) by a sample mean estimator. To propose a sample mean Fourier estimator,
we first need to write down Fourier coe�cients as an expectation. Let us show that

✓j
1

j
2

= E
n AY 'j

1

j
2

(X
1

, X
2

)

w(X
1

, X
2

)fX
1

X
2(X

1

, X
2

)

o

. (4.7.9)

Indeed, using (4.7.7) we can write,

E
n

E
n AY 'j

1

j
2

(X
1

, X
2

)

w(X
1

, X
2

)fX
1

X
2(X
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, X
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)
|X

1
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oo

=

Z

[0,1]2
m(x

1
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2

)'j
1

j
2

(x
1

x
2

). (4.7.10)

This and (4.7.2) prove (4.7.9).
Given that the design density and the availability likelihood are known, (4.7.9) yields

the sample mean estimator

✓̄j
1

j
2

:= n�1

n
X

l=1

AlYl'j
1

j
2

(X
1l, X2l)

w(X
1l, X2l)fX

1

X
2(X

1l, X2l)
. (4.7.11)

Now consider the case of unknown design density and availability likelihood. Using
(4.7.7) we note that the denominator in (4.7.11) is

w(X
1l, X2l)f

X
1

X
2(X

1l, X2l) = P(A = 1)fX
1

X
2

|A(X
1l, X2l|1). (4.7.12)

Set N :=
Pn

l=1

Al and note that this is the total number of complete cases in the M-
sample. Recall our discussion in Section 4.2 about remedy for the event N = 0, and also
note that we must restrict our attention to samples with N > k and k being a relatively
large integer for a feasible estimation of a bivariate regression function. The sample mean
estimator of P(A = 1) is N/n and this, together with (4.7.11) and (4.7.12), yields the
following plug-in sample mean estimator of ✓j

1

j
2

,

✓̂j
1

j
2

:= N�1

n
X

l=1

AlYl'j
1

j
2

(X
1l, X2l)

max(f̂X
1

X
2

|A(X
1l, X2l|1), c/ ln(n))

. (4.7.13)

Here f̂X
1

X
2

|A(X
1l, X2l|1) is the density E-estimator of Section 2.5 based on complete cases

in the M-sample.
Now, if we look at the estimator (4.7.13) one more time, then it is plain to realize that

it is based solely on complete cases, and even the sample size n does not need to be known
if we replace c/ ln(n) by c/ ln(N).

The Fourier estimator (4.7.13) yields the regression E-estimator m̂(x
1

, x
2

) for the case
of MAR responses.

Let us check how the proposed complete-case regression E-estimator performs for a
particular simulation.

The top diagram in Figure 4.9 exhibits both the H-sample and M-sample. Dots and stars
show 100 realizations of the hidden triplet (X

1

, X
2

, Y ) with predictors shown as X1 and
X2. The sample size is small and this allows us to visualize all predictors and responses.
Due to the missing mechanism, some responses in the H-sample are missed, and those
observations are shown by stars. In other words, for realizations shown by stars only their
(X1, X2) coordinates are available in the M-sample. The title indicates that the M-sample
has N = 85 complete cases and 15 cases are incomplete. Now let us look more closely at the
scattergram. First, here we have n = 100 observations, but do you have a feeling that there
are 100 vertical lines? It is di�cult to believe that we see so many vertical lines. Also, there
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Scattergram,   n =  100 ,  N =  85
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Figure 4.9 Bivariate regression with MAR responses. The top diagram is a 3-dimensional scatter-
plot that shows us H- and M-samples. The dots show complete cases and the stars show hidden
cases in which the responses are missed. The underlying bivariate regression function m(X1, X2)
and its E-estimates based on H-sample and M-sample are exhibited in the second row of dia-
grams. The H-sample is generated as Y = m(X1, X2) + �" where " is standard normal, X1
and X2 are the Uniform. {Underlying regression function m(x1, x2) is the product of the two
corner functions whose choice is controlled by the argument set.corn, the availability likelihood is
max(min(w(x1, x2), dwU), dwL) and w(x1, x2) is defined by the string w.} [n = 100, set.corn =
c(2,2), sigma = 1, w = 001-0.6*x1*x2 00, dwL = 0.5, dwU = 0.9, cJ0 = 4, cJ1 = 0.5, cTH = 4]

are relatively large empty spaces on the square with no observations at all, and therefore no
information about an underlying regression surface for those spots is available. Further, for
instance in the subsquare [.8, 1]⇥ [0, 0.2] there is just one predictor (look at the vertical line
with coordinates around (.95, 0.2)). This is what makes the bivariate regression problem
so complicated. Note that the scattergram explains complications of a multivariate setting
better than words and theorems.

The underlying bivariate regression function is shown in the left-bottom diagram, it is
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the Normal by the Normal. Its E-estimates, based on the H-sample and the M-sample, are
shown in the middle-bottom and right-bottom diagrams. We may notice that the estimates
are wider than the underlying regression surface, but overall they do show the symmetric
and bell-type shape of the underlying bivariate regression function.

It takes time and practice to get used to the multivariate regression problem, and Figure
4.9 is a good tool to get this experience. The advice is not to use large sample sizes because
then it will be di�cult to analyze 3-dimensional scattergrams.

4.8 Additive Regression with MAR Responses

The classical linear regression model for the case of a d-dimensional predictor (covariate)

assumes that the regression function is mL(x1

, . . . , xd) := �
0

+
Pd

k=1

�kxk. This regression
function is both linear and additive in covariates x

1

, . . . , xd. If we drop the assumption on
the linearity and preserve the additivity, then we get an additive nonparametric model,

Y := � +
d

X

k=1

mk(Xk) + �". (4.8.1)

Here Y is a response, X
1

, . . . , Xd are possibly dependent covariates with a joint d-variate
design density fX

1

,...,X
d(x

1

, . . . , xd), mk(x), k = 1, . . . , d are unknown univariate functions,
" is a random variable that is independent of the vector-predictor and has zero mean and
unit variance, and � is the scale.

The classical problem of additive regression is to estimate additive univariate compo-
nents mk(xk) based on the sample {(Yl, X1l, . . . , Xdl), l = 1, 2, . . . , n}. Note that we may
refer to that sample as the H-sample.

Let us explain how to construct E-estimator for the case of a known H-sample. To
simplify notation, set Z := (X

1

, . . . , Xd). Suppose that the design density fZ(z) is known,
supported on the d-dimensional unit cube [0, 1]d, and fZ(z) � c⇤ > 0, z 2 [0, 1]d. Also, to
make the additive functions mk(x) unique, it is assumed that

Z

1

0

mk(x)dx = 0, k = 1, 2, . . . , d. (4.8.2)

To suggest a regression E-estimator for a kth additive component mk(xk), we need to
suggest a sample mean estimator of its Fourier coe�cients

✓kj :=

Z

1

0

mk(x)'j(x)dx, j = 1, 2, . . . (4.8.3)

Due to (4.8.2) we have ✓k0 = 0, and this explains why we need to estimate only Fourier
coe�cients with j � 1.

As usual, to propose a sample mean estimator for ✓jk we need to write down the Fourier
coe�cient as the expectation of a function of observed random variables. Let us look at the
following expectation,

E{Y 'j(Xk)/f
Z(Z)} = E

n

⇥

� +
d

X

k=1

mk(Xk) + �"
⇤

'j(Xk)/f
Z(Z)

o

=

Z

[0,1]d
[� +

d
X

k=1

mk(xk)]'j(xk)dx1

· · · dxd. (4.8.4)
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Recall that {'j(x)} is the basis on [0, 1], and hence for any j � 1 and s 6= k we have

Z

1

0

ms(xs)'j(xk)dxk = ms(xs)

Z

1

0

'j(xk)dxk = 0. (4.8.5)

This is the place where the assumed j � 1 is critical because
R

1

0

'
0

(x)dx = 1.
Using (4.8.5) we continue (4.8.4),

E{Y 'j(Xk)/f
Z(Z)} =

Z

1

0

mk(xk)'j(xk)dxk = ✓kj . (4.8.6)

We obtained the desired expression for ✓kj , and it immediately implies the sample mean
estimator

✓̄kj = n�1

n
X

l=1

Yl'j(Xkl)

fZ(Zl)
. (4.8.7)

Now we need to explain how to estimate the constant � in (4.8.1). Again we are thinking
about a sample mean estimator. Write,

� =

Z

[0,1]d
[� +

n
X

k=1

mk(xk)]dx1

· · · dxd = E{Y/fZ(Z)}. (4.8.8)

This implies a sample mean estimator

�̄ := n�1

n
X

l=1

Yl

fZ(Zl)
. (4.8.9)

If the design density is unknown, then its estimator is plugged in.
The proposed estimators of Fourier coe�cients yield the corresponding univariate re-

gression E-estimators for H-sample.
Let us stress that the advantage of additive regression with respect to multivariate

regression, discussed in the previous Section 4.7, is in the faster rate of the MISE convergence
because only univariate functions are estimated. On the other hand, it is a serious statistical
problem to verify that an underlying regression is additive.

Now we are in a position to describe a sampling with MAR responses. We observe an M-
sample (Z

1

, A
1

Y
1

, A
1

), . . . , (Zn, AnYn, An) of size n from (Z, AY,A). Here A is a Bernoulli
random variable which is the indicator that the response is available (not missed), and the
pair (Z, Y ) is described by (4.8.1). It is assumed that the availability likelihood is

P(A = 1|Z, Y ) = P(A = 1|Z) =: w(Z) � c
0

> 0. (4.8.10)

The problem is to estimate components � and mk(xk), k = 1, 2, . . . , d of the additive
regression (4.8.1).

To solve the estimation problem, we begin with the joint mixed density of (Z, AY,A).
Write,

fZ,AY,A(z, ay, a) = [w(z)fZ(z)fY |Z(y|z)]a[(1� w(z))fZ(z)]1�a. (4.8.11)

The marginal density of covariates in a complete case is

fZ|A(z|1) = fZ,A(z, 1)

P(A = 1)
=

fZ(z)P(A = 1|Z = z)

P(A = 1)
=

fZ(z)w(z)

P(A = 1)
, (4.8.12)

where

P(A = 1) =

Z

[0,1]d
fZ(z)w(z)dz = E{w(Z)}. (4.8.13)
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These formulas allow us to suggest a sample mean estimator for Fourier coe�cients
(4.8.3) of additive components mk(xk). Write for k = 1, . . . , d and j � 1,

✓kj = E
n AY 'j(Z)

w(Z)fZ(Z)

o

. (4.8.14)

This yields the sample mean Fourier estimator

✓̄kj := n�1

n
X

l=1

AlYl'j(Zl)

w(Zl)fZ(Zl)
. (4.8.15)

If the nuisance functions are unknown, then using the density E-estimator f̂Z|A(z|1),
(4.8.12) and the sample mean estimator n�1

Pn
l=1

Al for P(A = 1), we get the plug-in
sample mean estimator

✓̂kj := N�1

n
X

l=1

AlYl'j(Zl)

f̂Z|A(Zl|1)
. (4.8.16)

Here N :=
Pn

l=1

Al is the number of complete cases in the M-sample, and recall our
discussion in Section 4.1 about remedy for the case N = 0.

Absolutely similarly we estimate parameter �,

�̂ := N�1

n
X

l=1

AlYl

f̂Z|A(Zl|1)
. (4.8.17)

The Fourier estimators yield E-estimators of the additive components in the regression.
Note that the proposed regression E-estimator is based on the complete-case approach.

Figure 4.10 sheds light on the setting and shows how the additive regression E-estimator
recovers additive components. Here d = 2 so we can visualize data via the 3-dimensional
scattergram. The main title shows that the sample size is n = 100 (a larger size would
overcrowd the scattergram), the number of complete cases is N =

Pn
l=1

Al = 76, and the
underlying � = 1. The interesting feature of the design is the dependence between X

1

and
X

2

explained in the caption, and note that in the diagrams we use X1 and X2 in place
of X

1

and X
2

, respectively. The underlying additive components are the Normal and the
Strata (note that 1 is always subtracted from these functions to satisfy (4.8.2)).

Let us look at the 3-dimensional scattergram. First, can you realize the underlying
additive components from this scattergram? It is apparently not a simple question even if
you know the components. Second, can you see that the predictors are dependent? To do
this, we need to compare the distributions of X

2

for cases X
1

< 0.5 and cases X
1

� 0.5. In
the first case the distribution of X

2

is the Uniform, while in the second it is the Normal.
This is not a simple task for just n = 100 observations, but overall we can see that there
are less realizations of X

2

near boundaries for the second case than for the first one.
Now let us look at how the proposed E-estimator performs. The estimate of � for the

H-sample (denoted as H-beta.est) is shown in the subtitle of the left-bottom diagram and it
is 0.99. This is an excellent outcome because the underlying � = 1 (see the main title). For
the M-sample the estimate is 0.91 and it is, of course, worse but not bad for the sample of
size 76 and dependent covariates. Estimates of the first component are not perfect and worse
than we could get for the same sample sizes in univariate regressions. On the other hand,
they correctly describe the bell-shaped and symmetric around 0.5 component. Further, can
you visualize this component in the scattergram? The answer is probably “no.” The second
component is estimated relatively well and we do see two strata.

It is highly recommended to repeat Figure 4.10 with di↵erent parameters and learn to
read scattergrams created by additive regressions. It is also a good exercise to compare
scattergrams produced by Figures 4.9 and 4.10.
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Scattergram,   n =  100 ,  N =  76 , beta =  1
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Figure 4.10 Additive regression with MAR responses and dependent covariates. The top diagram is
a 3-dimensional scattergram which, as explained in the caption of Figure 4.9, allows us to visualize
the H- and M-samples. The underlying additive regression function is m(X1, X2) = �+m1(X1)+
m2(X2) and Y = m(X1, X2)+�" where " is standard normal. Function m1(x) is the Normal minus
1, and function m2(x) is the Strata minus 1. The marginal density of X1 is the Uniform while the
conditional density of X2 is the mixture fX2|X1(x2|x1) = I(x1 < t)fU (x2) + I(x1 � t)fN (x2)
where t 2 [0, 1], U is the Uniform and N is the Normal. In the bottom diagrams, the solid, dashed
and dotted lines show the underlying component and its E-estimates based on H-sample and M-
sample, respectively, and the corresponding estimates of � are shown in the subtitles as H-beta.est
and M-beta.est. {Two additive components of the regression function are controlled by the argument
set.corn, parameter � by argument beta, argument t controls the conditional density of X2 given
X1, all other arguments are the same as in Figure 4.9.} [n = 100, set.corn = c(2,4), t = 0.5, sigma
= 1, w = 001-0.6*x1*x2 00, dwL = 0.5, dwU = 0.9, cJ0 = 4, cJ1 = 0.5, cTH = 4]

We may conclude that if an underlying regression model is additive, then its components
can be fairly well estimated even for the case of relatively small sample sizes. Also, even if
an underlying regression function is not additive, the additive model may shed light on the
data at hand. This explains why additive regression is often used by statisticians as a first
look at data.
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4.9 Exercises

4.1.1 Explain heuristically (using words) the statistical model of a MCAR sample.
4.1.2 Describe the probability model of a MCAR sample via a hidden sample (H-sample)
and a corresponding sample with missing observations (M-sample).
4.1.3 Prove formula (4.1.1) and then comment on the underlying sampling procedure.
4.1.4 Suppose that the joint mixed density of pair (AX,A) is defined by (4.1.1) and the
parameter w depends on the value of x. Is this still the case of MCAR?
4.1.5⇤ Consider the random variable N :=

Pn
l=1

Al and describe its statistical properties.
Develop inequalities that evaluate the probability of event N  �n for � 2 [0, 1].
4.1.6 Suppose that your colleague sent you R-data and you discovered that it contains both
numbers and logical flags NA. What does the NA stand for?
4.1.7 Explain the meaning of the probability P(AX  x|A = 1). Then prove that this
conditional probability is equal to P(X  x).
4.1.8 Prove that estimator ✓̌j , defined in (4.1.6), is unbiased estimator of Fourier coe�cient
✓j of an underlying density of interest fX(x).
4.1.9 Is it correct to say that the estimator (4.1.8) is based solely on complete cases? Explain
your answer.
4.1.10 Do we need to know the sample size n to calculate the estimate (4.1.8)?
4.1.11 Why is the availability likelihood w used in the denominator of (4.1.6)?
4.1.12⇤ If w is unknown, what can be done?
4.1.13 How small can the number N of complete cases be? Further, what to do if N = 0?
Is it reasonable to consider M-samples with N < 10?
4.1.14 Explain the diagrams in Figure 4.1. Then repeat this figure 20 times and find the
sample mean and sample median of the ratios ISEH/ISEM. Does it match the theoretical
ratio?
4.1.15 Can one expect good estimation of the tails of the Normal for samples with size
n = 50?
4.1.16⇤ Verify and explain all relations in (4.1.9).
4.1.17⇤ Verify and explain all relations in (4.1.10).
4.1.18 Explain possible remedies for density estimation when N is small.
4.1.19 Discuss the possibility of a MCAR sampling being more cost e�cient than a corre-
sponding direct sampling without missing.
4.1.20 Explain all diagrams in Figure 4.2.
4.1.21 Repeat Figure 4.2 with di↵erent parameters and write a report about obtained
results.
4.1.22⇤ Let us consider the following two propositions, and the aim of the exercise is to check
their validity. First, show that formula (4.1.5) yields the following sample mean estimator
of ✓j ,

✓̂j :=

P

{l: A
l

=1, l2{1,...,n}} Al'j(AlXl)
Pn

l=1

Al

=

Pn
l=1

Al'j(AlXl)
Pn

l=1

Al
= N�1

n
X

l=1

Al'j(AlXl). (4.9.1)

Second, let us verify that Fourier estimator (4.9.1) is unbiased. Write,

E{✓̂j} = E
n

Pn
l=1

AlE{'j(Xl)|Al}
Pn

l=1

Al

o

= ✓jE
n

Pn
l=1

Al
Pn

l=1

Al

o

= ✓j . (4.9.2)

Check correctness of (4.9.1) and (4.9.2), and then write down your comments. Hint: Pay
attention to the case N = 0.
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4.1.23⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.2.1 Describe the statistical model of nonparametric regression with MAR responses. Give
definition of the MAR.
4.2.2 What is the di↵erence between MCAR and MAR responses?
4.2.3 Assume that (4.2.3) holds. Are A and Y dependent? GivenX, are A and Y dependent?
4.2.4 Which regression model is more general: model (4.2.1) or (4.2.2)? Explain your answer
and present examples.
4.2.5 Verify formula (4.2.4) for the joint (mixed) density.
4.2.6 Find the probability that the response is missed, that is find the probability P(A = 1).
4.2.7 Verify expression (4.2.5) for Fourier coe�cients of the regression function.
4.2.8 Based on (4.2.5) and assuming that the design density is known, propose a sample
mean estimator of Fourier coe�cients of the regression function. Then compare your answer
with (4.2.6).
4.2.9 Explain motivation behind the estimator (4.2.7).
4.2.10 Explain how the estimator (4.2.9) is obtained.
4.2.11 Is the estimator (4.2.9) based solely on complete cases? If the answer is “yes,” then
can incomplete cases be ignored? Further, do we need to know the sample size n?
4.2.12⇤ Explain estimator (4.2.10). If N = 0, then what is the meaning of this estimator?
Further, will you use it for N = 10? Hint: Recall remedies discussed in Section 4.1.
4.2.13 Using Figure 4.3, for each corner function propose less and more favorable availability
likelihood functions w(x) that imply the same probability P(A = 1). Then verify your
recommendation via comparison of ISEs.
4.2.14 For each corner function, propose optimal parameters cJ0 and cJ1 and verify your
conclusion using Figure 4.3.
4.2.15 For each corner function, propose optimal parameter cTH and verify your conclusion
using Figure 4.3.
4.2.16 Prove equality (4.2.11).
4.2.17 Explain how (4.2.13) is established.
4.2.18 Verify expression (4.2.14) for the variance of the Fourier estimator ✓̄j .
4.2.19⇤ Explain estimator (4.2.19) and prove (4.2.20).
4.2.20 Using expression (4.2.21) for the coe�cient of di�culty, explain how the missing
mechanism and characteristics of the regression define the di�culty of regression problem
with MAR responses.
4.2.21 Suppose that we can choose the design density. Which one should we recommend?
4.2.22 The optimal design density (4.2.22) depends on the scale and availability likelihood.
These functions are typically unknown but may be estimated based on the MAR sample.
Propose a sequential estimation plan that allows to adapt the design density to the data at
hand.
4.2.23⇤ Can working with missing data be attractive? Assume that there is an extra cost
for avoiding missing data, and then propose a procedure of a controlled sampling that
minimizes the cost of sampling given a guaranteed value of the MISE.

4.3.1 Explain the model of nonparametric regression with MAR predictors. Present several
examples.
4.3.2 Explain the model (4.3.1). Is it MAR? When does this model become MCAR?
4.3.3 Prove (4.3.2).
4.3.4 What is the di↵erence, if any, between models (4.3.3) and (4.3.4)?
4.3.5 Write down the conditional density of the response given the predictor in a complete
case. Hint: Check with (4.3.5).
4.3.6 Can the regression problem with MAR predictors be solved using only complete cases?
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4.3.7 Suppose that the design density and the availability likelihood functions are given.
Propose a regression E-estimator.
4.3.8 Suppose that the marginal density of responses is known. Propose a regression E-
estimator.
4.3.9 Propose a data-driven regression E-estimator.
4.3.10 Can a complete-case regression estimator be consistent?
4.3.11 Explain diagrams in Figure 4.4.
4.3.12 Find optimal parameters of the E-estimator using simulations produced by Figure
4.4.
4.3.13 Explore how the shape of the availability likelihood a↵ects regression estimation
given P(A = 1) = 0.7.
4.3.14 How does the shape of the scale function a↵ect the estimation? Verify your conclu-
sion: (i) Using Figure 4.4; (ii) Theoretically via analysis of the coe�cient of di�culty.
4.3.15 Prove (4.3.5) and explain the assumptions.
4.3.16 Explain regression estimator under scenario 1.
4.3.17 Verify each equality in (4.3.7).
4.3.18⇤ Find the mean and the variance of Fourier estimator (4.3.8). What is the corre-
sponding coe�cient of di�culty?
4.3.19 Explain how to construct a regression estimator under scenario 2.
4.3.20 What is the motivation of the Fourier estimator (4.3.9)?
4.3.21⇤ Find the mean and the variance of estimator (4.3.9).
4.3.22 Propose a regression estimator for scenario 3.
4.3.23⇤ Evaluate the MISE of regression estimator based on an M-sample.
4.3.24 Consider the case N = 0. How can E-estimator treat this case?
4.3.25⇤ Suppose that we consider an M-sample only if N :=

Pn
l=1

Al � k > 0. Calculate
the MISE of E-estimator.
4.3.26⇤ Why is the regression with MAR responses less complicated than the regression
with MAR predictors?
4.3.27⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.4.1 What is the definition of a conditional density?
4.4.2 Verify (4.4.2).
4.4.3 Consider fY |X(y|x). Given x, is this a regular density in y or not?
4.4.4 Consider a regression model with predictor X and response Y . What is the more
general description of the relationship between X and Y , the conditional density or the
regression function?
4.4.5 If the conditional density fY |X(y|x) is a more general characteristic of relationship
between the predictor X and the response Y than the regression function m(x) = E{Y |X =
x}, then why do we study the regression function?
4.4.6 Describe a model of conditional density estimation with MAR responses.
4.4.7 Describe a model of conditional density estimation with MAR predictors.
4.4.8 Explain each equality in (4.4.4).
4.4.9 What conclusion can be made from (4.4.4)?
4.4.10 What are the di↵erence and similarity between H-sample and M-sample?
4.4.11 Describe the distribution of the number N of complete cases in M-sample.
4.4.12⇤ Explain the methodology of construction of the estimator (4.4.7). What should be
done if N = 0?
4.4.13 Repeat Figure 4.5 and explain all diagrams.
4.4.14 Will a regression model be useful for description of data in Figure 4.5?
4.4.15 Explain a model with MAR predictors.
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4.4.16 Verify formula (4.4.9) for the joint density.
4.4.17 Can a complete-case estimator imply a consistent estimation for the case of MAR
predictors?
4.4.18 Is the estimator (4.4.11) of Fourier coe�cients unbiased?
4.4.19⇤ Verify formula (4.4.13).
4.4.20⇤ Write down a formula for the coe�cient of di�culty for the case of MAR predictors.
Then find the optimal design density.
4.4.21⇤ Find the mean and the variance of Fourier estimator (4.4.16).
4.4.22 How can the design density fX be estimated? Hint: Note that the density of pre-
dictors in complete cases is biased.
4.4.23 How can the availability likelihood function w(y) be estimated? Hint: Pay attention
to the fact that the support of Y is unknown.
4.4.24 Repeat Figure 4.6 and explain all diagrams.
4.4.25 Use Figure 4.6 to understand which nuisance function has the least and largest e↵ect
on the regression estimation.
4.4.26 Consider a setting when information in incomplete cases cannot be considered as re-
liable. In other words, consider the satiation when cases (AlX,Yl, Al) with Al = 0 may have
corrupted values of Yl. What can be done in this case? Hint: Consider using an additional
sample of responses (Y 0

1

, Y 0
2

, . . . , Y 0
n0) from Y (without observing predictors).

4.4.27 Find the coe�cient of di�culty of the proposed regression E-estimator.
4.4.28⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.5.1 What is the Poisson distribution?
4.5.2 What are the mean and the variance of a Poisson random variable?
4.5.3 Define a Poisson regression.
4.5.4 Explain how to construct an E-estimator for Poisson regression with no missing data.
4.5.5 Describe a Poisson regression model with MAR responses.
4.5.6 Verify (4.5.8).
4.5.7 What conclusion can be made from (4.5.10)?
4.5.8 Suggest an E-estimator for a Poisson regression with MAR responses.
4.5.9 Repeat Figure 4.7 and explain all diagrams.
4.5.10 What type of shape of the availability likelihood function makes the estimation
worse and better for the corner functions? Check your conclusion using Figure 4.7.
4.5.11 Using Figure 4.7, try to find optimal parameters of the E-estimator for each corner
function.
4.5.12 Find the coe�cient of di�culty of the proposed regression E-estimator.
4.5.13⇤ Suppose that the availability likelihood depends on Y . Propose a consistent regres-
sion estimator. Hint: It is possible to ask about additional information.
4.5.14⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.6.1 Explain the problem of scale estimation for the case of direct observations (H-sample).
4.6.2 Verify formula (4.6.3) for the joint density.
4.6.3 Propose the methodology of estimation of the scale function. Hint: Convert it into a
regression problem with several nuisance functions.
4.6.4 Is the estimator (4.6.7) unbiased? Hint: You may follow (4.6.8).
4.6.5 Explain the underlying idea of the estimator (4.6.10).
4.6.6 Repeat Figure 4.8 and explain diagrams.
4.6.7 Repeat Figure 4.8 and comment on the estimates.
4.6.8 How does the shape of regression function a↵ect estimation of the scale?
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4.6.9 How does the shape of availability likelihood function a↵ect estimation of the scale?
4.6.10⇤ Find the coe�cient of di�culty of Fourier estimator (4.6.7).
4.6.11 Verify each equality in (4.6.8).
4.6.12⇤ Evaluate the mean and variance of Fourier estimator (4.6.8).
4.6.13⇤ Explain how the nuisance functions m̂(x) and f̂X|A(x|1), used in (4.6.10), are
constructed. Then evaluate their MISEs.
4.6.14⇤ Explain how the parameter c of estimator (4.6.10) a↵ects its coe�cient of di�culty.
4.6.15⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.7.1 Describe the problem of bivariate regression.
4.7.2 Propose an E-estimator for bivariate regression based on H-sample.
4.7.3 Suppose that we are considering a bivariate regression with MAR responses. What is
the availability likelihood function in this case?
4.7.4 Explain how to construct a basis for bivariate functions with domain [0, 1]2.
4.7.5 Write down and then prove the Parseval identity for a bivariate function.
4.7.6 Prove equality (4.7.3). What is the used assumption?
4.7.7⇤ Find the mean and the variance of the estimator (4.7.4).
4.7.8 Explain the assumption (4.7.5).
4.7.9 Suppose that (4.7.5) holds. Are A and Y dependent given X

1

?
4.7.10 Verify (4.7.6).
4.7.11 Prove every equality in (4.7.7).
4.7.12 Is (4.7.8) correct? Prove or disprove it.
4.7.13 Verify (4.7.9) Formulate all necessary assumptions.
4.7.14 Prove (4.7.10).
4.7.15 Is the estimator (4.7.11) unbiased? Prove your assertion.
4.7.16 Verify (4.7.12). Formulate necessary assumptions.
4.7.17 Explain the estimator (4.7.13). What can be done when N = 0?
4.7.18⇤ Find the mean and the variance of Fourier estimator (4.7.13).
4.7.19⇤ Explain how plug-in estimators of nuisance functions, used in (4.7.13), are con-
structed.
4.7.20 Explain the simulation used in Figure 4.9.
4.7.21 Using Figure 4.9, suggest a minimal sample size which yields a reliable estimation
of bivariate regressions.
4.7.22 Explain diagrams in Figure 4.9.
4.7.23 Propose optimal parameters of the E-estimator for two di↵erent underlying regres-
sions. Hint: Use Figure 4.9.
4.7.24 Using Figure 4.9, explain how the availability likelihood a↵ects the regression esti-
mation.
4.7.25⇤ Consider a problem of bivariate regression with MAR predictors. Propose an E-
estimator.
4.7.26⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.

4.8.1 Describe a regression model with additive components.
4.8.2 Consider the case of two predictors. What is the di↵erence between bivariate and
additive regressions? Which one would you suggest to use?
4.8.3 Why do we need the restriction (4.8.2)?
4.8.4 Propose a sample mean estimator of Fourier coe�cients (4.8.3).
4.8.5 Prove (4.8.4). What is the used assumption?
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4.8.6 Why is (4.8.5) correct?
4.8.7 Prove (4.8.6).
4.8.8 Is (4.8.6) correct for j = 0?
4.8.9 Is the estimator (4.8.7) unbiased?
4.8.10 Explain how parameter � can be estimated.
4.8.11⇤ Evaluate the variance of Fourier estimator (4.8.7).
4.8.12 Describe an additive regression model with MAR responses.
4.8.13 Explain the assumption (4.8.10). What will be if the availability likelihood depends
on Y ?
4.8.14 Verify (4.8.11).
4.8.15 Prove (4.8.12), and formulate the used assumption.
4.8.16 Verify (4.8.13).
4.8.17 Explain how formula (4.8.14) is established.
4.8.18⇤ Is the estimator (4.8.15) unbiased? Find its variance.
4.8.19⇤ Explain how estimators (4.8.16) and (4.8.17) were suggested. Then find their vari-
ances.
4.8.20 Explain all diagrams in Figure 4.10.
4.8.21 Use Figure 4.10 and explain the so-called “curse of multidimensionality.”
4.8.22 Repeat Figure 4.10 and try to explain E-estimates via analysis of the scattergram.
4.8.23 Suggest better parameters of the E-estimator used in Figure 4.10.
4.8.24⇤ Can collecting missing data be attractive? Assume that there is an extra cost for
avoiding missing data, and then propose a procedure of a controlled sampling that minimizes
the cost of sampling given a guaranteed value of the MISE.
4.8.25⇤ Consider additive regression with MAR predictors. Propose an E-estimator.

4.10 Notes

In many practical applications, and almost inevitably in those dealing with activities of
human beings, some entries in the data matrix may be missed. A number of interesting
practical examples and a thorough discussion of missing data can be found in books by
Rubin (1987), Allison (2002), Little and Rubin (2002), Groves et al. (2002), Tsiatis (2006),
Molenberghs and Kenward (2007), Daniels and Hogan (2008), Davey and Salva (2009),
Enders (2010), Graham (2012), Carpenter and Kenward (2013), Molenberghs et al. (2014),
and Raghunathan (2016). There is a strong opinion in the statistical community that re-
searchers often play down the presence of missing data in their studies. To change this
attitude, there has been an explosion of reviews/primaries on missing data for di↵erent
sciences, see, for instance, Bodner (2006), Enders (2006, 2010), Baraldi and Enders (2010),
Honaker and King (2010), Young, Weckman and Holland (2011), Cheema (2014), Zhou et
al. (2014), Nakagawa (2015), Newgard and Lewis (2015), Lang and Little (2016), Little et
al. (2016), Efromovich (2017), Sullivan et al. (2017). The available literature is primarily
devoted to parametric models.

The MCAR, MAR and MNAR terminology is due to Rubin (1976).
A number of methods for dealing with missing data is proposed in the literature. Among

the more popular are the following:
1. The most common approach is referred to as a complete-case approach (case-wise

or list-wise deletion is another name often used in the literature). It involves eliminating
all records with missing values on any variable. Popular statistical softwares, like SAS, S-
PLUS, SPSS and R, by default ignore cases of observations with missing values, and this
tells us how popular and well accepted the complete-case methodology is. Why? Because
this method is simple, intuitively appealing and optimal for some settings. A disadvantage
of the approach is two-fold. First, in some applications it is too wasteful. Second, in many
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important settings a complete-case approach yields inconsistent estimation, and this fact
should be known and taken into account.

2. Imputation is a common alternative to the deletion. It is used to “fill in” a value for
a missing value using the other information in the database. A simple procedure for impu-
tation is to replace the missing value with the mean or median of that variable. Another
common procedure is to use simulation to replace the missing value with a value randomly
drawn from the records having values for the variable. It is important to stress that impu-
tation is only the first step in any estimation and inference procedures. The second step is
to propose an estimator and then complement it by statistical inference about properties
of the estimator, and these are not trivial steps because imputation creates dependence be-
tween observations. Warning: the fact that a complete data is created by imputation should
be always clearly cited because otherwise a wrong decision can be made by a data analyst
who is not aware about this fact. As an example, suppose that we have a sample from a
Normal(µ,�2) distribution of which some observations are missed. Suppose that an analyst
is interested in estimation of the mean µ, and an oracle helps by imputing the underlying µ
in place of the lost observations. This is an ideal imputation, and then the analyst correctly
uses the sample mean to estimate µ. However, if then the analyst (or someone else) will
use this imputed (and hence complete) sample to estimate the variance �2, the classical
sample variance estimator will yield a biased estimate (to see this just imagine that all
observations were missed and then calculate the sample variance estimator which should
be equal to zero). An interesting discussion, examples and references can be found in Little
and Rubin (2002), Davidian, Tsiatis and Leon (2005), Enders (2010), Graham (2012) and
Molenberghs et al. (2014).

3. Multiple imputation is another popular method. It is based on repeated imputation–
estimation steps and then aggregation (for instance via averaging) of the estimates. Multiple
imputation is a flexible but complicated statistical procedure which requires a rigorous
statistical inference. Books by van Buuren (2012) and Berglund and Heeringa (2014) are
devoted to this method.

4. Maximum likelihood method, and its numerically friendly EM (expectation-
maximization) algorithm, is convenient for parametric models with missing data. Little
and Rubin (2002) is a classical reference.

5. A number of weighting methods, like the adjustment cell method, inverse probability
weighting, response propensity model, post-stratification, and survey weights, are proposed
in the literature. These methods are well documented and supported by a number of statis-
tical packages. See a discussion in Little and Rubin (2002), Molenberghs et al. (2014) and
Raghunathan (2016) where further references may be found.

6. Finally, let us mention that prevention of the missing data, if possible, is probably the
most powerful method of dealing with missing; see McKnight et al. (2007). Prevention is
discussed in practically all of the above-mentioned books. On the other hand, if collecting
of missing data is significantly cheaper, then working with missing data may be beneficial,
see Efromovich (2017). E�ciency and robustness are discussed in Cao, Tsiatis and Davidian
(2009).

4.1 Asymptotic justification of the proposed E-estimation methodology is presented in
Efromovich (2013c). Sequential estimation is considered in Efromovich (2015). An inter-
esting possible extension is to propose a second-order e�cient estimate of the cumulative
distribution function, see Efromovich (2001b).

4.2 The theory of e�cient nonparametric regression with MAR responses may be found
in Efromovich (2011b). It is shown that the E-estimation methodology, based on the com-
plete case approach, yields e�cient estimation of the regression function, and more discus-
sion can be found in Efromovich (2012a; 2014c,e; 2016c; 2017). Sequential estimation is
considered in Efromovich (2012b). Müller and Van Keilegom (2012) and Müller and Schick



144 NONDESTRUCTIVE MISSING

(2017) present more cases when a complete-case approach is optimal and show that there is
no need to use imputation, work with inverse probability weights or use any other traditional
remedy for missing data. Estimation of functionals is considered in Müller (2009).

4.3 Asymptotic theory of nonparametric regression estimation with MAR predictor
is more complicated than its missing response counterpart. The theory and applications
are presented in Efromovich (2011a, 2016c, 2017). The theory supports optimality of the
proposed E-estimation methodology. See also Goldstein et al. (2014).

4.4 Conditional density estimation is a classical statistical problem, see books by Fan
and Gijbels (1996) and Efromovich (1999a), as well as more recent articles by Izbicki and Lee
(2016) and Bott and Kohler (2017). The asymptotic theory of E-estimation and applications
may be found in Efromovich (2007g, 2010b,d).

4.5 Poisson regression for direct data is discussed in Efromovich (1999a). A number of
interesting settings and applications are discussed in Ivano↵ et al. (2016) where further
references may be found. Discussion of a Bayesian nonparametric approach may be found
in Ghosal and van der Vaart (2017).

4.6 Regression with the scale depending on the predictor is a classical topic in the
regression analysis, and the regression is called heteroscedastic. Statistical analysis and ef-
ficient estimation are discussed in Efromovich (1999a, 2013a,b). Sequential estimation is
discussed in Efromovich (2007d,e; 2008a). Further, not only the scale function but the dis-
tribution of regression error may be e�ciently estimated by the E-estimation methodology,
see Efromovich (2004h, 2005b, 2007c).

4.7 E-estimation methodology and its optimality for estimation of multivariate regres-
sion is considered in Efromovich (1999a, 2000b, 2013a,b). A further discussion of this and
related topics can be found in Izenman (2008), Efromovich (2010d, 2011c), Harrell (2015)
and Raghunathan (2016).

4.8 Additive regression is a natural method for avoiding the curse of multidimensionality
that slows down the rate of the MISE convergence and requires a dramatic increase in the
sample size to get a feasible estimation. There are no such dramatic issues with the additive
regression. It also may be argued that the additive regression is the first glance on data,
and it may be instrumental in finding a more appropriate model. A book-length treatment
of additive models may be found in the classical book by Hastie and Tibshirani (1990),
and see also Izenman (2008), Harrell (2015) and Wood (2017). The asymptotic theory of
E-estimation can be found in Efromovich (2005a).


