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Characterizing diversity in beliefs is of paramount importance in empirical
research on human behavior. In game theory, the focus is on the hypothesis
formation. We present a data set with ideal properties for characterizing such
diversity. The data consist of hypotheses on the empirical distribution of
opponent choices. Using nonparametric techniques, we identify modes in the
data corresponding to subpopulations of behavioral types and find the statis-
tical significance of these modes in the underlying population distribution.
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1. INTRODUCTION

An essential component in theories of rational choice under uncertainty is the
idea that economic agents form beliefs—subjective probabilities over uncertain
events (Anscombe & Aumann, 1963; Savage, 1954). Beliefs are at the heart of
empirical research in game theory. The analysis of beliefs is useful in demonstrating
and characterizing heterogeneity in a player population and explaining observed
play (e.g., Costa-Gomes, Crawford, & Broseta, in press; El-Gamal & Grether, 1995;
McKelvey & Palfrey, 1992; Nagel, 1995; Stahl & Wilson, 1994, 1995). Study of the
evolution of beliefs over time is useful in characterizing the dynamics of choice in
repeated play1 (e.g., Camerer & Ho, 1999; Crawford, 1995; Fudenberg & Kreps,

1 Note, however, that a subset of the learning literature does not require beliefs. For example, see
Bush and Mosteller (1951, 1955), Borgers and Sarin (1997), Roth and Erev (1995), and Erev and Roth
(1998).

1993; Kalai & Lehrer, 1993; Ho, Camerer, & Weigelt, 1998; Stahl, 1999; Van Huyck,
Cook, & Battalio, 1994, 1997).

The focus of this study is on the notion that player populations consist of
different subpopulations with finite depths of reasoning. Examples include Stahl’s
(1993) model of strategic intelligence with player types drawn from a hierarchy of
smartness and Nagel’s (1995) evidence for a hierarchical model of bounded ratio-
nality in a mean-guessing game. Experimental studies by Stahl and Wilson (1994, 1995),



Duffy and Nagel (1997), Nagel, Bosch-Domenech, Satora, and Garcia-Monaevo
(1999), and Costa-Gomes et al. (in press) present further experimental evidence in
favor of hierarchical bounded rationality types.

The parametric analysis of Stahl and Wilson (1994, 1995), Nagel et al. (1999),
and Costa-Gomes et al. (in press) relies on likelihood-based estimation and testing
of parametric mixture models. Mixture models are often used when there is doubt
that the underlying population is homogeneous and most commonly incorporate a
likelihood-based estimation procedure. Since the number of subpopulations is
unknown prior to estimation, one must have a null hypothesis in advance on the
behavioral types that are present and that are to be estimated. Moreover, one must
model a player’s deviation from the mean response of his or her proposed type in
order that no player’s observed choices will have zero probability. With these two
requirements, specification errors are likely to occur.

Unlike mixture model analysis, the histogram analyses of Nagel (1995) and Nagel
et al. (1999) avoid the need for a prespecified null hypothesis.2 Histogram analysis

2 A qualification of that statement is that the choice of bins is rarely independent of the hypotheses.
Moreover, it must be noted that histogram analysis is far more limited than the likelihood-based mixture
model in that model parameters cannot be rigorously estimated and only very limited hypothesis tests
can be conducted. For that reason, Nagel et al. (1999) complement a histogram analysis with a mixture
model analysis.

is based on the principle of modes as subpopulations. Whereas the present work
relies on the same underlying fundamentals used in histogram analysis, given the
trinomial probability structure of the present belief data, the histogram method
proves ineffective here and we turn to more rigorous statistical analysis for answers.

In contrast to the above approaches, the work at hand relies on nonparametric
analysis of modes in beliefs. This analysis, much like histogram analysis, is based on the
premise that sub-populations can be seen best by finding local maxima, or modes,
of an estimated probability density function (Gitman & Levine, 1970; Hartigan,
1977). The identification of modes of a density as a characterization of subpopulations
has been used extensively in many fields, from high-energy physics (Good & Gaskins,
1980) and astronomy (Roeder, 1990) to philately (Izenman & Sommer, 1988).

To find modes in the sample data, we estimate a nonparametric density using
kernel density estimates. The modes are then extracted by direct estimation of the
gradient of the estimated density function. It is an important statistical question
whether an observed mode in a density estimate really arises from a corresponding
feature in the assumed underlying density. In other words, one should be concerned
not only with the location of modes, but also with their statistical significance. For
that purpose, we apply global methods for testing for the number of modes as well
as local testing for the statistical significance of individual modes. The smoothed
bootstrap (Efron, 1979) provides the basis for our tests.

2. THEORY

We begin with a general description of the game environment. We then present a
model of player heterogeneity and provide an example of a symmetric normal-form
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game in which the different subpopulations would tend to separate themselves out
by choosing different actions.

2.1. The Game Environment

Consider a finite, symmetric, two-player game G — (N, A, U) in normal-form,
where N={1, 2} is the set of players, A — {1, ..., J} is the set of available actions,
and U is the J×J matrix of payoffs for the row player. By symmetry, the transpose
of U, UT, is the column player’s payoff matrix.

We focus on single population settings in which each player is matched with the
empirical choice distribution of all other players. The payoff relevant statistic is the
probability distribution of the opponent’s choices.

2.2. A Theory of Player Heterogeneity

Behavioral scientists often wish to make predictions in a variety of settings that
can be modeled as one-shot games. If all players were perfectly rational and had
identical models of other players’ choice distribution, and these models reflected the
true choice distribution, then the Nash equilibrium concept would be a salient pre-
diction tool. Relaxing the above assumptions to require only that players maximize
their utility given their hypotheses on other players’ strategies, one must have a
theory on the nature of hypotheses formed by players.

The theory that humans employ finite depths of reasoning has been proposed by
several theorists (e.g., Aumann, 1992; Bacharach, 1992; Binmore, 1987; and Stahl,
1993). In this work, we follow the terminology of level-n theory (Stahl, 1993). Level-n
theory is based on the notion that a player’s model of other players is a truncation of
an internal simulation of a self-referential problem. Level-n theory would cate-
gorize random behavior as level-0 behavior. Similarly, a player who best responds
to a prior of random play would be a level-1 player, best response to a prior of level-1
play would be level-2 behavior, and so on. Though we could continue this hierarchy
of types indefinitely, the benefits of higher levels decrease and we shall stop with
level-3.3 Level-n theory also allows for Nash behavior. In addition, Stahl and

3 Duffy and Nagel (1997) observed that 73% of first round choices in mean and median beauty con-
tests were levels 1 and 2, and 75% in maximum beauty contests were levels 1 and 2. Nagel et al. (1999)
observed that ‘‘once subjects reach the second, or third, reasoning, they jump all the (infinite) steps
towards Nash.’’

Wilson (1995) postulate a ‘‘worldly’’ archetype. This type of player chooses a best
response to a prior based on a belief that the population is composed of a mixture
of level-0, level-1, and Nash types.

Nagel (1995) presented some of the best known evidence for hypothesis forma-
tion based on an iterative self-referential process. In her ‘‘guessing games’’ (also
known as beauty contest games), groups of subjects were repeatedly asked to
simultaneously guess a real number in the interval [0, 100] that they believed would
be closest to p times the mean. Although the unique Nash equilibrium is the
outcome in which all players choose 0, almost 50% of observations were in the
neighborhood of either the first or second levels of reasoning. These findings were
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FIG. 1. An illustration.

successfully replicated in median and maximum variations of the guessing game
(Duffy & Nagel, 1997) and later in email and newspaper experiments (Nagel
et al., 1999).

Stahl and Wilson (1994, 1995), Haruvy, Stahl, and Wilson (in press), and Costa-
Gomes et al. (in press) showed that level-n theory has a strong explanatory power
in normal-form games. In this article as well, the focus is on normal-form games.
However, unlike the above works, the present work focuses on the hypotheses
rather than on the actions taken by participants.

As an illustration of the level-n predictions in the settings investigated in this
work, consider the following 3×3 symmetric normal-form game shown in Fig. 1.

A level-1 player, due to insufficient reason, would hypothesize that the popula-
tion is uniformly distributed over the set of actions. The level-1 hypothesis in the
above game would therefore be the vector (1/3, 1/3, 1/3), which we will denote by
p0. Our player’s expected payoffs would then be calculated as Up0, yielding the
vector of expected payoffs y1=(53 13 , 34, 36). If our player were an expected utility
maximizer, he or she would choose row action A. A pure level-2 player, one level of
iteration ahead of the level-1 player, would hypothesize a population of level-1
players, thereby expecting a payoff of Up1, where p1=(1, 0, 0). In this case, level-2’s
expected payoff vector would be (48, 85, 51). Maximizing expected utility, a level-2
player would go with row action B. A Nash player in this example would hypothe-
size the population distribution (0, 0, 1). This is because row action C is the only
action that is optimal given everyone else chooses it as well. Being an equilibrium
action in a symmetric game, the best response to the hypothesis that everyone else
chooses C is row action C.

3. EXPERIMENT DESIGN

3.1. The Experiments

We study two data sets,4 with a focus on the second data set. The first data set

4 The data sets as well as the experimental protocol, game matrices, and instructions are available
online at: http://www.eco.utexas.edu/Faculty/Stahl/experimental.

comes from Stahl and Wilson (1995; hereafter, SW). The second data set is from an
experiment conducted in the summer of 1997. The games in both data sets were
3×3 symmetric normal-form games.
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In the first experiment, a participant, looking at the decision matrix as a row
player, would enter a choice, using an on-screen calculator to assist him or her. The
on-screen calculator allowed participants to enter hypotheses about the distribution
of choices of other participants. The calculator then returned the expected value to
each row choice. The on-screen calculator is of great importance to the analysis at
hand as it allows us to extract hypotheses. These hypotheses will be the focus of our
analysis.

In the second experiment, each participant was compelled to enter a hypothesis
for each game on the distribution of the other participants’ choices. Then, the
computer would calculate and display hypothetical payoffs for each pure strategy
and the row strategy that would yield the player the highest token payoff would be
highlighted and chosen by the computer for him or her. In both experiments, each
decision matrix was presented on the computer screen once a corresponding button
was pressed. Each participant played each of the games on a computer terminal
with no feedback until all games had been played.

The amount of time allocated for the players to make choices was 2 min per
game in the first experiment and 1.5 min per game in the second experiment. Within
the total time allotted, a player could visit and revisit any game, make and revise
choices for any game, and make as many hypothetical calculations on an on-screen
calculator as time permitted. These features were intended to increase the likelihood
that a participant’s observed behavior came from a single model of other players. In
the first experiment, an average of 0.77 choice revisions was recorded per player per
game. In the second experiment, an average of 2.06 revisions was recorded per
player per game. This is an indication that players made good use of the option of
revising their hypotheses.

In the first experiment, three sessions of the experiment were run with three
groups of 22, 15, and 21 participants respectively, for a total of 58 participants.
The second experiment consisted of a single session with 22 players. The participants
were upper division business, engineering, social science and natural science stu-
dents at the University of Texas. The average payment per participant was $27.64
for a 2.5 h session in the first experiment and $22.64 for a 1.5 h session in the second
experiment.

Each player played the field. In other words, each player was matched not
against one other player but rather against the distribution of other all players’
choices. Specifically, to determine participant payoffs, after all games were played,
we first computed each participant h’s ‘‘token earnings’’ for each game as UisPi −h,
where Pi −h denotes the empirical distribution of all participants other than partici-
pant h in game i and Uis is the payoff vector for the player’s chosen strategy s in
game i. Token earnings were then translated game-by-game into the percentage
chance of winning $2.00 for a given game via the roll of three ten-sided dice, which
generated a random number uniformly distributed on [0, 99.9] for each game.

Extensive instructions were given before the start of the experiment to ensure that
all participants understood the computer interface and how their payoffs would be
determined. Following a training period, each participant was given a screening test
designed to ensure the common knowledge among all players that all other players
understood the basics of the game.
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FIG. 2. Decision matrices used in the first experiment. The numbers above each matrix denote the
numbers of players making each choice.

In SW’s experiment, 15 symmetric 3×3 game matrices were presented to parti-
cipants. Only five of these games had a separate and distinguishable pure row stra-
tegy for each of the three level-n archetypes we consider (specifically, games 2, 4, 7,
11, 13; Fig. 2). That is, each of the five games had a unique symmetric5 pure Nash

5 Given that players are matched against the choice distribution of others (a procedure known as mean-
matching), two-player asymmetric Nash equilibria are no longer equilibria in the mean-matching game.
The unique Nash equilibrium of each of the mean-matching games considered in this work is the
symmetric pure Nash equilibrium.

equilibrium action, a unique level-1 action, and a unique level-2 action; all of which
were distinct from each other. Only data on these five games will be analyzed here.

In the second experiment, 24 symmetric 3×3 games were selected which satisfied
certain properties: As in the chosen games from SW’s experiment, each game matrix
had unique and distinct Nash equilibrium, level-1, and level-2 actions. Each matrix
cell contained a number from 0 to 99 where each matrix had one cell containing 0 and
one cell containing 99. For game matrices 1 to 19, the hypothetical token payoff
for any of the hypothesized archetypes for choosing his or her best response strategy
was at least 20 tokens greater than his or her hypothetical payoff to any other strategy.
Game matrices 20 to 24 are identical to the five game matrices analyzed from
the first experiment. The game matrices for the second experiment are in Fig. 3.

3.2. Experimental Considerations: Can Beliefs Be Captured?

There are two debated issues in experimental methodology with direct relevance to
the techniques employed in the second experiment. The first regards the incentive
structure used to induce accurate belief disclosure by participants. The second raises
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FIG. 3. Decision matrices used in the second experiment. The numbers above each matrix denote
the numbers of players making each choice.

the possibility that individuals may not even be capable of explicitly quantifying
their beliefs.

Normally in applications requiring belief disclosure, scoring rules are used to
generate truthfulness and accuracy in reported beliefs. Two commonly used scoring
rules are the quadratic rule (DeFinetti, 1965; Murphy & Winkler, 1970) and the
logarithmic rule (Shuford, Albert, & Massengill, 1966). The essential element of a
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good scoring rule is that it punishes responses which deviate from the individual’s
optimal response given his or her true belief.

We argue that the incentive structure used in games 1–19 of the second experi-
ment meets the essential criteria for a scoring rule. Though the payoff rule used is
flat in the immediate neighborhood of any prior, the steep payoff difference of at
least 20 tokens (42.84 is the average difference; 34 is the median difference) between
the ‘‘neighborhoods’’6 serves as a strong inducement to report one’s belief with

6 The neighborhood of a level-n hypothesis in which one’s payoff is flat is roughly one third of the
hypothesis space if the actual choice distribution is the same as the hypothesized one.

reasonable precision.
Though we acknowledge that one’s state of mind prior to making a choice may

not be able to manifest itself in the form of a quantitative hypothesis, we are
nonetheless interested in those types that make the kind of calculations that must be
made consciously. In the second experiment, by forcing players to best respond to
some hypothesis, we hoped to capture with less error the hypotheses of those
players who make a conscious calculation in some form or another.

4. DATA

The data used in the analysis of this paper are the hypotheses entered by players.
We study the two data sets described in 3.1. One is SW’s, of which we look at the
five games that distinguish the three archetypal actions, and the other with 19
additional games and a modified experimental procedure.

Two restrictions were imposed on observations in both data sets to be included in
the analysis: (1) The hypothesis by any player for any game must be consistent with
the final choice entered by the player for that game, and (2) only the last hypothesis
(that satisfied the first condition) by a given player for a given game was admissible.

Recall that in the first data set, the SW data, players were not required to enter
hypotheses. If a player entered no hypothesis for a given game, his or her hypothesis
for that game was treated as a missing value. Similarly, if a player entered
hypotheses for a game, but none were consistent with the final choice, his or her
hypothesis for that game was treated as a missing value. Of 153 missing values in
the SW data, 122 resulted from no hypotheses, and only 31 resulted from hypotheses
inconsistent with the final choice for a given game by a given player. The imposition
of these restrictions on the hypothesis data set for the SW experiment presents
three shortcomings: (1) fewer observations, (2) a potential selection bias, and (3) a
potentially inadequate incentive structure for the extraction of beliefs (recall the
discussion in Section 3.2).

The second experiment was intended to remedy these shortcomings. For the
second data set, we have observations on hypotheses for 22 players over 24 games.
In this data set, three players consistently selected the maximax hypothesis over
games. By maximax hypothesis, we define any hypothesis which puts a probability
greater than 0.8 on the column containing the maximax payoff (in our games, this is
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always the column containing the 99 payoff). The maximax archetype is outside the
scope of this paper and cannot be captured by the analysis at hand. We therefore
remove these players from the sample. We are left with 19 players over 24 games, or
456 observations; enough to produce a sufficiently small mean squared error. This
new data set is also superior due to no missing hypotheses, thus minimizing the
potential for selection bias. Moreover, as discussed in Section 3.2, the steep payoff
differences mitigate the potential inadequacy of the belief extraction incentive
structure in the first experiment.

Elements of each hypothesis vector had to be rearranged for the purpose of this
paper so that hypothesis vectors from different choice matrices can be compared. In
the new arrangement, p1, the first element of the hypothesis vector, is the proba-
bility assigned to the action corresponding to level-1 behavior. Similarly, p2, the
second element of the hypothesis vector, is the probability assigned to the action
corresponding to level-2 behavior. Last, p3, is the probability assigned to the action
corresponding to Nash equilibrium behavior.

One could deduce some players’ types without a great deal of analysis. For
example, in the second data set, three players entered the type 1 hypothesis more
than 14 times. Three players entered the type 2 hypothesis more than 16 times, and
four players entered the Nash hypothesis more than 12 times. However, to classify
the rest of the players this way could be misleading at best.

Given that the elements of each vector are linearly dependent, we ignore the
redundant third element in each vector and our data are reduced to two-dimensional
observations. This corresponds to a right triangle in the positive quadrant or an
equilateral triangle plane in three dimensions as shown in Fig. 4.

We plot both data sets in two dimensions (Figs. 5 and 6). We observe that the
data make the rough shape of a right triangle, corresponding to the three bound-
aries p1=0, p2=0, and p1+p2=1. We further note that the data are not uniformly
distributed on the space and that there are clusters of data points in it. Many of the
data points lie on or close to one or more of the three boundaries. This presents a
problem, as we explain in Section 5.2.

FIG. 4. An equilateral triangle plane in three dimensions.
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FIG. 5. A two-dimensional scatter-plot of the data: First data set.

FIG. 6. A two-dimensional scatter-plot of the data: Second data set.
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5. STATISTICAL METHODOLOGY

5.1. The Kernel Density Estimate

The analysis to follow is a nonparametric analysis, based on kernel density esti-
mation. We begin the description of our methodology with a quick description of
the kernel density estimate. Given an independent sample of d-dimensional obser-
vations X1 , ..., Xn from a multivariate density f, define a kernel density estimate by

f̂(x)=
1
nhd

C
n

i=1
K 3(x−Xi)

h
4 , (1)

where K(u) is a d-dimensional Kernel function. We limit the scope of this paper to
kernels which satisfy the moment conditions > K(t) dt=1 and > tK(t) dt=1. The
first moment condition ensures that the estimated density integrates to one on its
domain and hence is a valid density. The second condition ensures that the bias is
of order h2. The parameter h is called the window size or bandwidth and
determines the amount of smoothing that is applied to the data.

5.2. Three Boundaries in Two Dimensions

As is apparent in Figs. 5 and 6, the data analyzed in this paper fall within a right
triangle, implying the three boundaries p1=0, p2=0, and p1+p2=1. Since a
substantial portion of our data falls on or near these boundaries, a boundary
correction is necessary. Essentially the problem at or near the boundary is that
the curve to be estimated has a discontinuity at an endpoint, so that the usual bias
expansion, which depends on smoothness assumptions, cannot be carried out. To
tackle the boundary problem, we pursue two alternatives. First, we apply the
reflection technique, attributed to Shuster (1985). This technique has the data
reflected about all boundary hyperplanes, creating symmetric images of observa-
tions. The reflection of our triangular space is done into 18 different similarly
shaped spaces as shown in Fig. 7. In conjunction with the reflection technique we

FIG. 7. Reflection of a triangular space.
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select the common multivariate Gaussian kernel. As an alternative, we look at a
boundary kernel approach. We adopt Scott’s (1992, p. 146) designer biweight
kernel, together with reflection only about the diagonal boundary.

5.3. Bootstrap Tests

One of the important concerns in this work is with the statistical significance of
modes. Silverman (1981) suggested and illustrated a way that kernel probability
density estimates can be used to investigate the number of modes in the density
underlying a given independent identically distributed real sample. Silverman’s test
is the most commonly used test for the number of modes and is based on ‘‘critically
smoothed bandwidths.’’ Consider the problem of testing the null hypothesis that
the density f has k (or fewer) modes against the alternative that f has more than k
modes.

Let ĥk be the k-critical bandwidth, i.e., the smallest value of h such that f̂(x, h)
has k modes. A large value of ĥk relative to ĥk+1 indicates that much smoothing is
needed to create an estimated density with only k modes. Hence, a large ĥk is evi-
dence against H0 . Silverman’s bootstrap procedure for assessing the significance of
an observed value of ĥk is based on the achieved significance level. The algorithm
for assessing the P-value of ĥk is to generate a large number of samples from
f̂( · , ĥk) and to count the proportion of samples which yield a density estimate with
k modes or more using window width ĥk .

In contrast to the global testing approach, a local testing procedure is particularly
useful when knowing which modes are ‘‘real’’ is more important than the actual
number of modes. Local tests also allow the use of location information as well as
bandwidth adaptivity. Adaptivity can be crucial when modes occur on peaks of
varying sizes, as the peaks may be poorly estimated using nonadaptive fixed-
bandwidth kernel density estimation. In a local mode test, a different fixed-
bandwidth is used for the testing of each mode. In this way one can gain the
benefits of locality and increase power by using location information.

In Minnotte’s (1997) local test, the test statistic for a given mode is the maximal
excess mass difference—the minimal distance of the estimated density at the critical
bandwidth for that particular mode from the set of continuous functions without a
local maximum in a local neighborhood of the mode.

We must, of course, make a choice for the bandwidth at which the test statistic
will be calculated. Assign all modes the index i=1, 2, ..., indicating the order of
their appearance. Let h test, i denote the bandwidth at which mode mi splits. At this
bandwidth, the mode mi will have its highest mass. The test statistic Mi=M(mi)
denotes the excess mass of mode mi at bandwidth h test, i .

The bootstrap procedure follows Silverman (1981), except in the choice of boot-
strap density. Here, to conform to the null hypothesis, the tested density f̃i is
adjusted by moving part of the probability mass of the mode mi into the surround-
ing valleys until no modes are present in the region of interest. Hence, the null
representative density f̃i equals f̂ everywhere outside the adjacent modes. Given the
null representative density f̃i , new samples of size n are drawn from f̃i .
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After the jth bootstrap sample is drawn, a new density estimate f̂ ji is calculated
using the same bandwidth h test, i . The modes of f̂ and f̂ ji are then matched. To be
conservative, we match the largest mode of the bootstrap sample in the region of
interest with the mode in question of the original sample. This mode is then
measured with a test statistic calculated as above. To do that, we decrease the
bandwidth to the point before the mode splits and take its excess mass there to be
the bootstrap test statistic for sample j, denotedM j

i .

6. RESULTS

Mode test results for both data sets, using the procedures described in this
paper,7 produce strong evidence to support modes corresponding to level-1, level-2,

7 The detailed mechanics of the procedures applied here are available at http://www.people.hbs.edu/
eharuvy/modes_app.doc.

and level-3 behaviors. We also find evidence for the existence of a Nash behavioral
type and some evidence for the existence of a hybrid type, consistent with SW’s
worldly archetype.

Applying the boundary biweight kernel approach to the global mode test, we find
that, within a reasonable range of bandwidths,8 only the null hypothesis of six

8 By a ‘‘reasonable range of bandwidths,’’ we mean the range of bandwidths for which the unmodified
kernel’s support would not intersect both boundaries at the same time; i.e., bandwidths smaller than 0.5.

modes cannot be rejected at the 5% significance level (see Tables 1a and 1b).
The six modes identified by the boundary biweight method are roughly the same
for the two data sets (see Fig. 8). Four of these six modes correspond to level-1,
level-2, level-3, and Nash behaviors. Recall from Section 4 that the hypothesis data
were rearranged such that the first element of each hypothesis vector was the prob-
ability assigned to the action corresponding to level-1 action, the second was the
probability assigned to the level-2 action, and the third was probability assigned to
the Nash action. One mode was found at (0.5, 0.0, 0.5), which fits the behavior
assigned by SW to the hybrid worldly type. The last mode found was at (0.0, 0.5,
0.5). This last mode does not correspond to any existing theoretical model of prior
formation.

Applying the Gaussian reflection procedure to the first data set, we cannot reject
the null hypotheses of 1, 2, 3, or 4 modes at the 5% significance level. All other null
hypotheses can be rejected. The Gaussian reflection method in the second data set
rejects 1, 2, and 3 modes at the 5% significance level but cannot reject 4, 5, 6, or 7
modes (see Tables 1a and 1b). The modes corresponding to levels 1, 2, and 3 are
included in the group of identified modes under all non-rejected null hypotheses.
The Nash mode is not rejected in the second data set but is absent under all
nonrejected null hypotheses in the first data set.

From an experimental design point of view, the second data set is the more reli-
able data set, since the second experiment was specifically designed to extract beliefs
(as discussed in Section 3.2). However, there are indications of greater noise in that
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TABLE 1

Bootstrap Results

a. First data set

Boundary biweight kernel method Gaussian reflection method

One mode (h=0.771): One Mode (h=0.224)
1 0 1 0
P-value=0.26 P-value=0.392

Two modes (h=0.683): Two modes (h=0.223)
1 0 1 0
0 1 0 1
P-value=0.71 P-value=0.056

Three modes (h=0.462): Three modes (h=0.114)
1 0 1 0
0 1 0 1
0 0 0.34 0.34
P-value=0.02 P-value=0.336

Four modes (h=0.418): Four modes (h=0.109)
1 0 1 0
0 1 0 1
0 0 0.34 0.34
0.52 0.48 0.68 0.20
P-value=0.04 P-value=0.108

Five modes (h=0.401): Five modes (h=0.102)
1 0 1 0
0 1 0 1
0 0 0.34 0.34
0.52 0.49 0.65 0.18
0 0.33 0.28 0.71
P-value=0.01 P-value=0.022

Six modes (h=0.273): Six modes (h=0.092)
1 0 1 0
0 1 0 1
0.36 0.35 0.34 0.34
0.48 0 0.64 0.15
0 0 0.26 0.73
0 0.44 0 0.26
P-value=0.215 P-value=0.042

b. Second data set

Boundary biweight kernel method Gaussian reflection method

One modes (h=0.758) One mode (h=0.2649)
1 0 1 0
P-value=0.076 P-value=0.0350
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TABLE 1—Continued

Two modes (h=0.7208) Two modes (h=0.2126)
1 0 1 0
0 0 0 1
P-value=0.052 P-value=0.0100

Three modes (h=0.4506) Three modes (h=0.17301)
1 0 1 0
0 0 0 1
0 1 0 0
P-value=0.02 P-value=0.0000

Four modes (h=0.3424) Four modes (h=0.11)
1 0 1 0
0 0 0 1
0 1 0 0
0.43 0.28 0.45 0.29
P-value=0.0475 P-value=0.1100

Five modes (h=0.3244) Five modes (h=0.073)
1 0 1 0
0 0 0 1
0 1 0 0
0.43 0.29 0.43 0.29
0 0.50 0 0.50
P-value=0.015 P-value=0.375

Six modes (h=0.2703) Six modes (h=0.065)
1 0 1 0
0 0 0 1
0 1 0 0
0.43 0.33 0.43 0.29
0.49 0 0 0.50
0 0.52 0.34 0.65
P-value=0.075 P-value=0.315

c. Subset of second data set with the Gaussian reflection method

Two modes (h=0.222) Five modes (h= 0.067)
1 0 1 0
0.44 0.44 0 1
P-value=0.04 0 0

0.33 0.34
Three modes (h=0.154 0.50 0

1 0 P-value=0.37
0 1
0.35 0.35 Six modes (h=0.06)
P-value=0.015 1 0

0 1

Four modes (h=0.09) 0 0
1 0 0.33 0.34
0 1 0.50 0
0 0 0 0.5
0.33 0.34 P-value=0.335
P-value=0.13
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d. Subset of second data set with NE 5MM=”: boundary biweight kernel method

Six modes (h=0.208)
1 0
0 1
0 0
0.34 0.34
0 0.48
0.53 0
P-value=0.086

data set. First, both density estimation procedures in the second data set produced
the mode we associate with level-1 behavior at roughly (0.43, 0.28, 0.29), whereas
the hypothesized level-1 mode (closely identified in the first data set) is at (0.33,
0.33, 0.33). Second, the P-value for the hypothesis of six modes (which was the only
null hypothesis not rejected by the boundary biweight procedure) in the second data set
was less than half the P-value of the first data set for that null (0.215 versus 0.075).
Third, the magnitude of the Nash mode is substantially larger in the second data
set, alerting us to a potential difference between the two sets of games used in the
two experiments. The reason could be that in the second experiment, 10 out of 24
games had the Nash strategy coinciding with the maximax strategy (namely, games
1, 2, 5, 6, 7, 9, 11, 12, 16, 19 in Fig. 3). This feature would make the Nash strategy
stand out in contrast to other strategies. As discussed in Section 4, the maximax
behavior is not captured in the density estimation and hence can potentially
generate a great deal of noise. The games in the first experiment did not have the
maximax action coinciding with the Nash action.

Eliminating the problematic 10 games from our second data set, we get strikingly
similar results to those obtained from the first data set: Our P-value for the null
hypothesis of six modes in the reduced data set is now 0.215 (identical to 0.215 in
the first data set). Our level-1 mode is now (0.3375, 0.3375, 0.325) using the
boundary biweight kernel method and (0.35, 0.35, 0.30) using the Gaussian reflec-
tion method, compared to the ideal (0.333, 0.333, 0.333) and to (0.3375, 0.3375,
0.325) identified in the first data set. Though the Nash mode still appears, it is now
substantially smaller in magnitude.

The above second data subset cannot reject the null hypothesis of six modes
under either estimation method. The six modes found are virtually identical to the
six modes we concluded for the complete data sets (Table 1c). A visual comparison
of the six modes found for each set, using the different techniques, is available in
Figs. 8 and 9.

Examination of each mode individually was achieved by the local mode test
described in Section 5.3. Given the increased importance of monotonicity in local
testing, we use the Gaussian kernel for this purpose, combined with the reflection
method. We conduct the test on our most reliable data set—the subset of the
second data set constructed above.
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FIG. 8. Biweight kernel technique—selected illustrations. (a) First data set, (b) second data set,
(c) subset of the second data set.
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FIG. 9. Gaussian reflection technique—selected illustrations. (a) First data set, (b) second data set,
(c) subset of second data set.
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TABLE 2

Test Results for Local Mode Test on a subset of the data

Mode Excess mass P-value

0, 0 0.015 0
0, 1 0.010 0.150
1/3, 1/3 0.497 0
1, 0 0.010 0.065
0, 0.5 0.000 0.345
0.5, 0 0.003 0.080

The local mode test results for this data subset are in Table 2. The null hypothe-
sis that the level-1 mode does not exist can be rejected at all significance levels.
Furthermore, the level-1 mode has the largest excess mass, with excess mass at 50%
of the entire probability mass. The null hypothesis that the Nash mode does not
exist can also be rejected at all significance levels. This mode has an excess mass of
1.5% of the entire probability mass. The corresponding levels of significance for the
level-2 and level-3 modes are 6.5% and 15%, respectively. Excess masses for these
modes were both at roughly 1% of the probability mass. The null that the worldly
mode (0.5, 0.0, 0.5) does not exist can be rejected at the 8% level. It has an excess
mass of less than one third of a percent of the entire probability mass. The null that
the (0.0, 0.5, 0.5) mode does not exist cannot be rejected at any reasonable signifi-
cance level and has an excess mass of less than one thousandth of a percent of the
entire probability mass.

7. CONCLUSION

It has been generally evident in experimental works that human subjects do not
always begin with Nash equilibrium beliefs. One proposed alternative to the Nash
model of beliefs is to allow different depths of reasoning. Such approach was shown
empirically salient by Stahl (1993) and Nagel (1995). Subsequent works established
that the original findings were remarkably robust to many beauty contest variations
and settings as well as to a large class of normal form games.

Whereas depths of reasoning classification in beauty contest games is relatively
simple through mode analysis, such methods are not easily extendable to other
types of games, such as normal form games. Consequently, empirical works by
Stahl and coauthors and by Costa-Gomes et al. (in press) relied on parametric
likelihood-based methods that used data only on actions and essentially abandoned
data on hypotheses. Though level-n characterization of belief structures has been
shown to be successful in such approaches, parametric models, by virtue of being
sensitive to specification, could be misleading. It was hence of great importance to
examine hypothesis data to see if the findings of parametric analysis of actions were
confirmed. The approach presented here and the findings are therefore a useful
contribution to the literature on depths of reasoning.
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In this article, the data were player hypotheses rather than player choices. No
parametric models were specified. A density measure over beliefs was constructed
and modes in it were located and tested for statistical significance. Given the
common interpretation that each significant mode corresponds to a subpopulation
of players, our results strongly suggest the existence of level-n subpopulations in the
population distribution of beliefs.

The relative strengths of the modes tend to suggest that despite any possible con-
tamination by various idiosyncratic behaviors, these modes are real. Else, one
would expect the relative strengths of these modes to change across data sets and
subsets of games in the same sample.

The level-1 mode is the strongest mode for all data sets and density estimation
techniques as measured by both excess mass and P-value. The excess mass of the
level-1 mode is 50% of the entire probability mass. The next mode in the ranking
has excess mass that is 1.5% of the probability mass. This leaves little doubt the
level-1 mode is real. In contrast, the (0, 0.5, 0.5) prior (the only mode found not
supported by level-n theory) is the weakest mode found as measured by both excess
mass and P-value.

The methods discussed and modifications developed here for these methods make
possible the identification of modes of behavior in a variety of experimental and
real world settings. Such identification would allow the use of heterogeneity in
economic modeling in fields where, due to lack of proper tools for identification of
sub-populations, representative agent assumptions dominate.

The particular application of heterogeneity investigated in this paper, namely
level-n theory, has far-reaching implications as well. The significant evidence found
in favor of level-n modes, in particular the substantial evidence found in favor of
level-1 behavior, suggests incorporating these types of behavior into the empirical
characterization of play in any behavioral model allowing for heterogeneity in
behavior. Further research by this author investigates the predictive power of
level-n theory in settings involving multiple equilibria.

ACKNOWLEDGEMENTS

The author expresses his deep gratitude to Dale Stahl for invaluable advice and direction.

REFERENCES

Anscombe, F., & Aumann, R. (1963). A definition of subjective probability. Annals of Mathematical
Statistics, 34, 199–205.

Aumann, R. (1992). Irrationality in game theory. In P. Dasgupta, D. Gale, O. Hart, & E. Maskin (Eds.),
Economic analysis of markets and games (pp. 214–227). Cambridge, MA: MIT Press.

Babaud, J., Witkin, A. P., Baudin, M., & Duda, R. O. (1986). Uniqueness of the Gaussian kernel for
scale-space filtering. IEEE Transactions of Pattern Analysis Machine Intelligence, 8, 26–33.

Bacharach, M. (1992). Backward induction and beliefs about oneself. Synthese, 91, 247–284.

Binmore, K. (1987). Modeling rational players, Part I. Economics and Philosophy, 3, 179–214.

Borgers, T., & Sarin, R. (1997). Learning through reinforcement and replicator dynamics. Journal of
Economic Theory, 77, 1–14.

MODES IN BELIEFS 107



Bush, R. R., & Mosteller, F. (1951). A mathematical model for simple learning. Psychological Review,
58, 313–323.

Bush, R. R., & Mosteller, F. (1955). Stochastic models for learning. New York: Wiley.

Camerer, C., & Ho, T. (1999). Experience-weighted attraction learning in normal form games.
Econometrica, 67, 827–874.

Costa-Gomes, M., Crawford, V., & Broseta, B. (in press). Cognition and behavior in normal-form
games: An experimental study. Econometrica.

Crawford, V. (1995). Adaptive dynamics in coordination games. Econometrica, 63, 103–143.

DeFinetti, B. (1965). Methods for discriminating levels of partial knowledge concerning a test item.
The British Journal of Mathematical and Statistical Psychology, 18, 87–123.

Duffy, J., & Nagel, R. (1997). On the robustness of behavior in experimental ‘‘beauty contest’’ games.
Economic Journal, 107, 1684–1700.

Efron, B. (1979). Bootstrap methods: another look at the jackknife. Annals of Statistics, 7, 1–26.

El-Gamal, M., & Grether, D. (1995). Are people Bayesian? Uncovering behavioral strategies. Journal of
the American Statistical Association, 90, 1137–1145.

Erev, I., & Roth, A. (1998). Predicting how people play games: Reinforcement learning in experimental
games with unique mixed strategy equilibria. American Economic Review, 88, 848–881.

Fudenberg, D., & Kreps, D. (1993). Learning mixed equilibria. Games and Economic Behavior, 5,
320–367.

Gitman, I., & Levine, M. D. (1970). An algorithm for detecting unimodal fuzzy sets and its application
as a clustering technique. I.E.E.E. Transactions on Computer, 19.

Good, I. J., & Gaskins, R. A. (1980). Density estimation and bump-hunting by the penalized maximum
likelihood method exemplified by scattering and meteorite data. Journal of the American Statistical
Association, 75, 42–73.

Hartigan, J. A. (1977). Clusters as modes, Rocquencourt, France: Premier Congrès d’Analyses de
données, INRIA.

Haruvy, E., Stahl, D., & Wilson, P. (in press). Modeling and testing for heterogeneity in observed
strategic behavior. Review of Economics and Statistics.

Ho, T., Camerer, C., & Weigelt, K. (1998). Iterated dominance and learning in experimental ‘‘beauty
contest’’ games. American Economic Review, 88, 947–969.

Izenman, A. J., & Sommer, C. (1988). Philatelic mixtures and multimodal densities. Journal of the
American Statistical Association, 83, 733–741.

Kalai, E., & Lehrer, E. (1993). Rational learning leads to Nash equilibrium. Econometrica, 61,
1019–1045.

McKelvey, R., & Palfrey, T. (1992). An experimental study of the centipede game. Econometrica, 60,
803–836.

McKelvey, R., & Palfrey, T. (1995). Quantal response equilibria for normal form games. Games and
Economic Behavior, 10, 6–38.

Minnotte, M. C. (1997). Nonparametric testing of the existence of modes. Annals of Statistics, 25,
1646–1660.

Minnotte, M. C., & Scott, D. W. (1993). The mode tree: A tool for visualization of nonparametric
density features. Journal of Computational and Graphical Statistics, 2, 51–68.

Murphy, A., & Winkler, R. (1970). Scoring rules in probability assessment and evaluation.
Acta Psychologica, 34, 273–286.

Nagel, R. (1995). Unraveling in guessing games: An experimental study. American Economic Review, 85,
1313–1326.

Nagel, R., Bosch-Domenech, A., Satorra, A., & Garcia-Montalvo, J. (1999). One, two (three), infinity:
Newspaper and lab beauty-contest experiments. Working paper, Universitat Pompeu Fabra.

108 ERNAN HARUVY



Roeder, K. (1990). Density estimation with confidence sets exemplified by superclusters and voids in the
galaxies. Journal of the American Statistical Association, 85, 617–624.

Roth, A., & Erev, I. (1995). Learning in extensive form games: Experimental data and simple dynamic
models in the intermediate term. Games and Economic Behavior, 8, 164–212.

Savage, L. (1954). The foundations of statistics. New York: Wiley.

Scott, D. (1992).Multivariate density estimation. New York: Wiley.

Shuford, E., Albert, E., & Massengill, H. E. (1966). Admissible probability measurement procedures.
Psychometrika, 31, 125–145.

Shuster, E. F. (1985). Incorporating support constraints into non-parametric estimators of densities.
Communications in Statistics A, 14, 1123–36.

Silverman, B. W. (1981). Using kernel density estimators to investigate multimodality. Journal of the
Royal Statistical Society B, 43, 97–99.

Silverman, B. W. (1983). Some properties of a test for multimodality based on kernel density estimates.
In J. F. C Kingman & G. E. H Reuter (Eds.), Probability, statistics, and analysis (pp. 248–260).
Cambridge, UK, Cambridge Univ. Press.

Silverman, B. W. (1986). Density estimation. New York: Chapman & Hall.

Silverman, B. W., & Young, G. A. (1987). The bootstrap: to smooth or not to smooth? Biometrika, 74,
469–479.

Stahl, D. (1993). Evolution of smartn players. Games and Economic Behavior, 5, 604–617.

Stahl, D. (1999). Evidence-based rule learning in symmetric normal-form games. International Journal of
Game Theory, 28, 111–130.

Stahl D., & Wilson, P. (1994). Experimental evidence of players’ models of other players. Journal of
Economic Behavior and Organization, 25, 309–327.

Stahl D., & Wilson, P. (1995). On players’ models of other players: theory and experimental evidence.
Games and Economic Behavior, 10, 213–254.

Van Huyck, J., Cook, J., & Battalio, R. (1994). Selection dynamics, asymptotic stability, and adaptive
behavior. Journal of Political Economy, 102, 975–1005.

Van Huyck, J., Cook, J., & Battalio, R. (1997). Adaptive behavior and coordination failure. Journal of
Economic Behavior and Organization, 32, 483–503.

Received: March 29, 2000; revised: February 9, 2001; published online November 5, 2001

MODES IN BELIEFS 109


	1. INTRODUCTION
	2. THEORY
	FIG. 1

	3. EXPERIMENT DESIGN
	FIG. 2
	FIG. 3

	4. DATA
	FIG. 4
	FIG. 5
	FIG. 6

	5. STATISTICAL METHODOLOGY
	FIG. 7

	6. RESULTS
	TABLE 1
	FIG. 8
	FIG. 9
	TABLE 2

	7. CONCLUSION
	ACKNOWLEDGEMENTS
	REFERENCES

