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Abstract—Experimental data have consistently shown diversity in beliefs
as well as in actions among experimental subjects. This paper presents and
compares alternative behavioral econometric models for the characteriza-
tion of player heterogeneity, both between and within subpopulations of
players. In particular, two econometric models of diversity within sub-
populations of players are investigated, one using a model of computa-
tional errors and the other allowing for diversity in prior beliefs around a
modal prior for the subpopulation.

I. Introduction

ECONOMIC theories often prescribe a single mode of
behavior for “economic” agents. Real and experimental

data, on the other hand, often suggest that humans exhibit
several distinct modes of behavior.1 This gap between the-
ory and data calls for a general model of behavioral heter-
ogeneity that allows for multimodal heterogeneity, is em-
pirically testable, and yields robust predictions of behavior.
With the goal of representing behavioral heterogeneity in a
rich but parsimonious manner, it is natural to begin with a
mixture model consisting of a small number of archetypal
behaviors that together span the empirically pertinent range
of human behaviors. Because it is unlikely that any of these
archetypes will exactly capture the behavior of any real
human, a general model of heterogeneity must also allow
for within-type diversity.

For example, in Stahl and Wilson (1994), a hierarchical
theory of strategic thinking with four boundedly rational
archetypes (level-0, level-1, level-2, and Nash) was pre-
sented with supporting experimental evidence. A � fth
“worldly” type was added in Stahl and Wilson (1995)
(henceforth, SW). Diversity among players of the same type
was explained by errors in the computation of expected
payoffs.2

Are computational errors the best explanation of within-
type diversity? Alternatively, could within-type behavioral
diversity be better explained as variations in the priors
(beliefs) around a type-speci� c mean? The level-1 arche-
type in SW believes that everyone else is equally likely to
choose any action (the uniform prior). Instead, there may be
a subpopulation of players with priors clustered around the

uniform prior, thereby generating within-type diversity in
the observed behavior for a level-1 subpopulation.

In this paper, we develop a model of diverse priors as
well as an encompassing model with both computational
errors and diverse priors. For the purpose of testing these
models, we carefully design an experiment and add a
computer interface that allows each player to enter hypoth-
eses about the distribution of other players’ choices and
have the computer calculate the expected payoff of each
strategy against a given hypothesis. This on-screen calcula-
tor has the potential of substantially reducing computational
errors, thereby leaving diversity in priors as the main source
of within-type diversity. We estimate an econometric model
with diverse priors and one in which within-type diversity is
explained solely by computational errors. We compare the
results and test each speci� cation against an encompassing
model that nests the two models of within-type diversity.

The paper is organized as follows. In section II, we
present a stochastic model incorporating the SW level-n
theory, � rst with computational errors and then with diverse
priors as the source of within-type diversity. Section III
contains the details of our experimental design, and section
IV presents our statistical methodology and the encompass-
ing model. In section V, we describe the raw data, estima-
tion results, and the tests of robustness of the models across
the games. In section VI, we present the comparison tests
and results. Conclusions are discussed in section VII.

II. The Formal Theory

In the SW level-n theory, different subpopulations of
players are allowed different degrees of iteration in a self-
referential process of modeling other players’ strategies. Of
particular interest in the hierarchy are level-1 players, who
hold a uniform prior over other players’ actions, and level-2
players, who hold the belief that the population consists
mostly of level-1 players. The games presented in this
analysis are 3 3 3; hence, the ability to distinguish higher
levels given this data is limited. However, additional levels
in the hierarchy may be identi� able in more-complex
games. In addition, level-n theory considers a level-0 (ran-
dom) behavior, a Nash behavioral mode, and a hybrid
(“worldly”) behavioral mode.

To estimate the parameters that characterize the model,
we must have a model of errors for each subpopulation, so
that the likelihood of observed choices within each sub-
population is strictly positive. We describe two econometric
models that differ in terms of a player’s deviation from the
expected action of his subpopulation (that is, within-type
diversity).
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A. Within-Type Diversity Modeled by Computational Errors

Let t denote a player’s type, that is, an index of the
subpopulation to which a player belongs. Let Ugjk denote
the payoff in game g to strategy j given the other player
chooses strategy k; j, k [ {1, . . . , J}. Let q( g, t) be the
prior belief of player type t (belonging to subpopulation t)
for game g; q j( g, t) is the probability corresponding to
strategy j [ {1, . . . , J}. Let Pg

NE denote the J 3 1 Nash
equilibrium (NE) mixed strategy for game g, and let P0

denote uniform probabilities over the J strategies.
The prior belief of a participant of type t for game g is

given by a two-parameter ( e t, m t) logit-like speci� cation:

q j~ g, t! 5 e t

exp~ m tUgjP0!

O
l51

J

exp~ m tUglP0!

1 ~1 2 e t! Pgj
NE,

j 5 1, . . . , J

(1)

where Ugj is the 1 3 J row vector of the payoffs to action
j in game g. The rationale for the formulation of equation
(1) is that it allows for an encompassing prior that can,
through appropriate parameter restrictions, capture level-1,
level-2, and Nash behaviors, as well as a hybrid type that
borrows from all three. In the calculations error model, we
allow players to have calculation errors so that a type-t
player’s perceived expected payoff in game g from action
k [ {1, . . . , J} is

y*gk~t! 5 ygk~t! 1 egk, (2)

where

ygk~t! 5 Ugkq~ g, t!

and egk denotes the error term for action k in game g. If the
egk are independent and identically Gumbel (type-I extreme
value) distributed, we can use the conditional logit speci� -
cation (McFadden, 1974) of the probability that a player
chooses strategy k given his type t:

P~k u g, t! 5
exp~ g tygk~t!!

O
l51

J

exp~ g tygl~t!!

, (3)

where the scale parameter g t can be interpreted as the
precision parameter of the player’s calculations.3 Finite
values of g t will allow positive probability on all strategies,
thereby allowing for players’ deviations from their pre-
scribed path of action as well as for choices of dominated

strategies. We can interpret this as within-type behavioral
diversity relative to the perfectly precise case ( g t 5 `). We
can model the SW level-0 (“random”) type by setting g t 5
0 in equation (3), which gives uniform probabilities over the
J choices forced by a level-0 player, we denote P( z u g, 0)
by P0.

SW de� ned � ve archetypes, corresponding to the follow-
ing regions of the parameter space:

Type 0: g0 5 0 (the random (uniform) player4)
Type 1: g1 . 0.1 e1 5 1 m1 5 0 (best response to a

uniform prior)
Type 2: g2 . 0.1 e2 5 1 m2 . 0.1 (best response to a

type-1 opponent)
Type 3: g3 . 0.1 e3 5 0 (Nash player)
Type 4: g4 . 0.1 e4 [ (0.1, 0.9) m4 . 0.1 (sophisti-

cated (worldly) player)

In addition, Haruvy, Stahl, and Wilson (1999) (hereafter,
HSW) examined evidence for a Maximax archetype and
found that it signi� cantly improves the � t. The behavior of
this Maximax type is characterized by the probabilistic
choice function equation (3) with ygk(t) 5 maxj Ugkj. An
alternative prior-based speci� cation that postulates a prior
with probability 1 on the column containing the largest
payoff was also considered, but statistical tests in HSW
rejected the prior-based speci� cation in favor of the Maxi-
max speci� cation.

Let i index the player and a(i, g) [ {1, 2, 3} denote the
action of player i in game g. Then, assuming a given player
uses the same decision process over all games, the proba-
bility of player i’s choices over G games conditional on
belonging to subpopulation t is

P t
i 5 P

g [ G

P~a~i, g! u g, t!. (4)

Hence, the likelihood of player i’s observed joint choices is

Li 5 O
t50

5

a tP t
i, (5)

where a t is the ex ante probability of being a type t player.
The log-likelihood to be maximized over the entire sample
of N players is then

LLF 5 O
i51

N

log Li. (6)

3 In other applications of the conditional logit model, the scale parameter
in the Gumbel distribution is typically normalized to unity to avoid the
identi� cation problem. The normalization is not necessary here because g t
is the only free parameter appearing in equation (3).

4 Level-0 players are analogous to the zero-intelligence traders of Gode
and Sunder (1993). The lower bounds of 0.1 on g t (t 5 1, . . . , 4) and m2
are imposed to ensure identi� cation of the types.
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Maximizing equation (6) with respect to the unknown
parameters { a t, g t, m t, e t}, yields the desired parameter
estimates.5

B. Within-Type Diversity Modeled by Diverse Priors

A second potential source of within-type behavioral di-
versity arises from players’ priors on other players’ strate-
gies; that is, individuals in subpopulation t may have some
variation among their priors. To allow for diverse priors, we
assume that all priors for a particular type are identically
distributed with the same mean and standard deviation in a
way that will distinguish one type from other types.

In the diverse-priors model, the precision parameter g is
assumed to be large, resulting in the participant playing the
best response action to his prior with probability close to 1.
Hence, if a player’s type t and prior q were known in
advance, the probability of choosing strategy k in game g
would be

B~k u g, t, q! 5 lim
g ®`

exp~ g Ugkq~ g, t!!

O
l51

J

exp~ g Uglq~ g, t!!

, (7)

with q( g, t) given by equation (1). The absence of calcu-
lation error requires that we � nd an alternative way to model
a player’s deviation from the modal behavior of his behav-
ioral type. We therefore allow the participant to deviate
from the expected prior of his type and assume that this
deviation follows some distribution. Let f( z u q( g, t), s t)
denote the probability density function for the prior of type
t, with mean q( g, t) as prescribed in equation (1), and
standard deviation s t, where s t is a parameter to be esti-
mated. This speci� cation allows us to distinguish within-
type diversity due to computational errors from within-type
diversity due to diverse priors. The ex-ante probability of a
type-t participant choosing strategy k in game g is

P~k u g, t! 5 E B~ku g, q̂! f~q̂ u q~ g, t!, s t!dq̂. (8)

In particular, we take f( z u q( g, t), s t) to be the normal
distribution with mean q( g, t) and standard deviation s t,
truncated to the probability simplex. Computing P(ku g, t)
via equation (8) involves a nontrivial computational prob-
lem. (Our numerical integration algorithm is described in
appendix B.)

Assuming a player uses the same decision process over
all games, the probability of player i’s joint choices if he is
type t is calculated as in equation (4), and the unconditional

likelihood of player i’s joint choices is calculated as in
equation (5). The log-likelihood over the entire sample of N
players is computed as in equation (6). Maximizing the
log-likelihood with respect to the unknown parameters { a t,
s t, m t, e t} yields the desired parameter estimates.

It is conceivable that, in modeling heterogeneity in vari-
ous settings, behaviors that are ad hoc (that is, irrational in
the Savage-Anscombe sense in that they are not based on a
prior) could be present. The diverse-prior framework of
capturing within-type diversity introduced above cannot
account for within-type diversity in these behavioral sub-
populations. Within-type diversity in such subpopulations
must be modeled using a precision parameter (as in the
computational-error approach), even when the rest of the
behavioral types are modeled with the diverse-priors spec-
i� cation.

One such ad hoc type is the Maximax type discussed in
subsection IIA. Recall that the Maximax type was found by
HSW to be superior to the prior-based speci� cation of
optimistic behavior in the computational-error framework.
This result holds in the diverse-priors framework as well.6

We therefore proceed with only the Maximax speci� cation
for optimistic behavior. We model within-type diversity of
this type as arising from computational errors, even within
the framework of the diverse-priors model. An additional
rationale for incorporating an optimistic type that is not
prior based into the diverse-priors model is that it enables us
to nest the computational-error model and diverse-priors
model within an encompassing model that incorporates
both.

C. Different Behavioral Paths for Different Models of
Within-Type Diversity

We have developed two models for within-type diversity:
computational errors and diverse priors. These models are
not merely different functional representations of similar
concepts of diversity among types. On the contrary, they
specify fundamentally different behaviors and often differ in
their classi� cation of a given behavior into a particular type.

It is important to note that, if a subpopulation is charac-
terized by zero within-type diversity, both models of within-
type diversity make identical predictions and yield equiva-
lent likelihood functions. Precision ( g t) in the
computational-error approach is driven to in� nity and the
standard deviation ( s t) in the diverse priors approach is
driven to zero—yielding precisely the same predictions.
However, if within-type diversity is present, as the precision
in the computational-error model decreases and standard
deviation in the diverse prior model increases, different

5 The six a parameters correspond to the population proportions of the
six behavioral types. Five of the types (all but level-0) have precision
parameters, denoted by g. Two of the types (2 and 4) have a free m
parameter. Only level-4 has a free e parameter. Because the a’s must sum
to 1, the total number of free parameters is thirteen.

6 Speci� cally, considering (a) a pure diverse-priors model in which the
optimistic type is speci� ed as prior based, and (b) a diverse-priors
speci� cation for level-1, level-2, naṏve Nash, and worldly types (plus a
computational-errors speci� cation for the Maximax type) the latter � ts the
experimental data better (in terms of likelihood) than does the former.
Moreover, using Monte Carlo methods for nonnested hypothesis testing
(as in HSW), this difference is statistically signi� cant.
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patterns emerge. As a behavioral type’s precision falls, it
drives the prediction of action probabilities for that type
toward P0. As a behavioral type’s standard deviation in-
creases, it drives the prediction of action probabilities for
that type towards a behavior characterized by a probability
of choosing action j equal to the proportion of the belief
space to which j is the best response.

We demonstrate the distinction between the models with
an example. Consider a three-strategy game with strategies
A, B, and C . Figure 1 presents the three-strategy simplex.
Each point in the simplex denotes a unique prior. Area C is
the set of priors for which C is the best response. For
example, given the pure level-1 prior P0 5 (1/3, 1/3, 1/3),
the best response is C. Likewise, area A denotes the set of
priors for which A is the best response. Strategy B, in this
particular example, is a dominated strategy; we therefore do
not have an area B corresponding to priors for which the
best response is B.

In the computational-error model, vertex C would denote
the behavior of a level-1 player with in� nite precision. As

the precision falls, the player’s behavior approaches the
center of the simplex. (That is, the player engages in random
behavior.)

In the diverse priors model, vertex C would denote the
behavior of a player with a prior drawn from a distribution
centered at P0 with a standard deviation approaching zero.
As the standard deviation rises, the radius of the circle of
likely priors around P0 increase, yielding an increasing
probability that the player chooses strategy A. On the
simplex, this behavior is represented by a movement from
point C to point D as the standard deviation rises. Notice
that, in contrast to the computational-error model, the dom-
inated strategy B is never chosen, even as the standard
deviation rises.

Although the presence of a dominated strategy was con-
venient for this example, it is not at all necessary for the
divergence in prediction paths. For example, consider game
5 in table 1. In that game, no strategy is dominated; choice
A is a best response to roughly 85% of all possible hypoth-
eses in the hypothesis space. Hence, if a particular subpopu-
lation contains much within-type diversity, the choice prob-
abilities for that subpopulation predicted by the diverse-
priors model, as standard deviation increases, moves toward
PS [ (0.85, 0.04, 0.11) , eventually converging to PS as s t

approaches in� nity. In contrast, the computational-error
model, as the precision decreases, the choice probabilities
approach (1/3, 1/3, 1/3). Thus, our examples show that the
two models predict fundamentally different behavioral
paths. Results produced by one model cannot be replicated
by the other in the presence of within-type diversity.

III . The Experimental Design

We selected � fteen symmetric 3 3 3 games which were
simple to understand, yet rich enough to permit identi� ca-
tion of each player type. Some games were dominant-

FIGURE 1.—A DEMONSTRATION OF THE DIFFERENT BEHAVIORAL PATHS OF

THE COMPUTATIONAL-ERROR MODEL AND THE DIVERSE-PRIORS MODEL

TABLE 1.—DECISION MATRICES USED IN THE EXPERIMENT

A B C A B C A B C

1) 25* 33 0 2) 15 31 12 3) 15 28 15
A 25 30 100 A 75 40 45 A 10 100 0
B 40 45 65 B 70 15 100 B 5 60 70
C 31 0 40 C 70 60 0 C 80 30 10

4) 29 10 19 5) 45 10 3 6) 28 4 25
A 70 90 38 A 30 50 100 A 10 100 40
B 100 0 40 B 40 45 10 B 0 70 50
C 88 48 43 C 35 60 0 C 20 50 60

7) 31 8 19 8) 27 9 22 9) 3 14 41
A 25 30 100 A 80 60 0 A 75 0 45
B 60 31 51 B 40 10 50 B 80 35 45
C 95 30 0 C 100 5 20 C 100 35 41

10) 32 12 14 11) 15 35 8 12) 35 3 20
A 30 100 50 A 0 100 50 A 40 100 65
B 40 0 90 B 90 63 50 B 33 25 65
C 50 75 29 C 46 82 52 C 80 0 65

13) 13 10 35 14) 33 2 23 15) 17 2 39
A 45 50 21 A 30 100 22 A 40 15 70
B 41 0 40 B 35 0 45 B 22 80 0
C 40 100 0 C 51 50 20 C 30 100 55

* Notes: Underlined numbers at the top of each 3 3 3 matrix are the aggregate choice data.
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solvable, and all had unique, symmetric Nash equilibria;
� ve games had unique mixed NE (3, 5, 8, 10, 14). No two
archetypes generated the same pro� le for all � fteen games.
The payoff matrices for the row player are presented in table
1; the transposes of these matrices give the payoffs for the
column player.

Each participant played each game once on a computer
terminal with no feedback until all � fteen games were
played; each decision matrix was presented on the computer
screen. (See � gure 2.) The amount of time allocated for the
players to make choices for all � fteen games was � fteen
minutes. Within that time, a player could revisit any game
and revise the choice for that game. This feature increases
the likelihood that a participant’s observed behavior comes
from a single model of other players.

Looking at the decision matrix as a row player, each
participant had to choose a single pure strategy for each
game by clicking with a pointing device on any row of the
matrix, which highlighted it. In contrast to previous exper-
iments of this type, players were provided an on-screen
calculator to reduce computational errors. The participant
could enter a hypothesis about the choices of the other
players, and the computer would calculate and display
hypothetical payoffs for each pure strategy.

To determine payoffs, after all � fteen games were played,
for each participant i we computed “token earnings” for
each game as Uga(i,g)Pg

2i, where Pg
2i denotes the empirical

distribution of all other participants in game g. Token
earnings were then translated game by game into the per-
centage chance of winning $2.00 for a given game via the
roll of three, color-coded, ten-sided dice, which generated a
random number uniformly distributed on [0, 99.9] for each
game.

Extensive instructions were given before the start of the
experiment to ensure that all participants understood the
computer interface and how their payoffs would be deter-
mined. Following a training period,7 each participant was
given a screening test designed to eliminate potential en-
trants who were not fully clear on how the game works.
More importantly, the screening test was designed to ensure
common knowledge among all players that all other players
understood the basics of the game.

Three sessions of the experiment were run with three
groups of 22, 15, and 21 participants, respectively, for a
total of 58 participants. The participants were upper-divi-
sion business, engineering, social science, and natural sci-
ence students at the University of Texas. The average
payment per participants was $27.64 for a two-and-a-half
hour session.8

Prior to running any experiments, we selected a partition
of the � fteen games into two subsets—subset I with ten
games and subset II with � ve games—which we would use
for testing the out-of-sample predictive power of the mod-
els. Each subset is a fair temporal sample and includes the
full variety of games of the whole set. Based on these
objectives, subset II consists of games 2, 5, 8, 11, and 15.

IV. Statistical Methodology

All parameters were estimated via the maximum-likeli-
hood method; we used a parametric bootstrap to estimate
con� dence intervals, as described in appendix A, algorithm
2. In each case, the log-likelihood takes the form of equation
(6). Maximization was accomplished using the simplex
method of Nelder and Mead (1965), together with a coarse
grid of initial values to ensure that a global maximum was
achieved. The simplex method requires only function eval-
uations; although it is perhaps not computationally ef� cient
relative to other methods such as the EM algorithm, it is
easier to implement for our purposes.

We are faced with two competing nonnested hypotheses
on the source of within-type diversity. We nest the two
hypotheses within an encompassing model and test each
restricted model against the unrestricted encompassing al-
ternative, using likelihood ratios. The encompassing model
is constructed by introducing computational error into the
diverse-priors model by modifying Bij(q t) in equation (7).
For each type t, instead of taking the limit as g ® `, we
evaluate the expression in equation (7) following the limit
operator at g t, a parameter to be estimated. Adding four g t
parameters to the diverse-priors model yields a seventeen-
parameter encompassing model.

The test of the diverse-priors model against the encom-
passing model is of the form H0: g t 5 5 versus H1: g t ,
5, t 5 1, . . . 4. For the game payoffs in our experiment, a

7 For complete instructions, see Stahl (1999).
8 A session comprised two periods each with the same � fteen games

(thus the 2.5-hour duration). For the investigation in this paper, we used
data from only the � rst period.

FIGURE 2.—THE COMPUTER SCREEN
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value for g t . 3 is essentially equivalent to in� nity, in the
sense that the probabilistic choice function, P(ku g, t), puts
virtually all mass on just one action choice. Hence, there is
no loss from imposing an upper bound of 5 on g t, as we do
for computational convenience. Furthermore, the test with
the gammas constrained not to exceed 5 is equivalent to
testing with no upper bound, so the regularity conditions for
the consistency of the likelihood-ratio test are met.

The test of the diverse-priors model against the encom-
passing model is of the form H0: s t 5 0 versus H1: s t .
0, t 5 1, . . . 4. Under the null hypothesis, the uncon-
strained model has some of the true parameters on the
boundary of the parameter space. Although the classical
regularity conditions (as typically stated in advanced econo-
metrics textbooks) are not met, the maximum-likelihood
estimators remain consistent.9 Self and Liang (1987) sug-
gest that the true asymptotic distribution of the likelihood-
ratio statistic under the null hypothesis is a mixture of
chi-squares with 0, 1, . . . , 4 degrees of freedom. Because
the right tail of the density of any such mixture lies to the
left of a chi-square (4) density, the conventional chi-square
(4) test would be too conservative, increasing the p-value of
the observed statistic and lowering the probability of rejec-
tion; hence, our rejections of the null hypotheses using the
conventional chi-square tests would hold under the true
asymptotic distribution. We also test the joint restrictions in
the null hypotheses using a parametric bootstrap procedure
for the likelihood-ratio statistic. (See appendix A, algorithm
1.)

V. The Experimental Data and Results for Each Model

A. Descriptive Characteristics of the Raw Data

The aggregate choice data are given in table 1. The total
numbers of participants making a particular choice are the
underlined numbers above each matrix.

One of the questions we address in this paper is whether
participants indeed fall into the pure types of level-n theory.
Previous experiments indicate that they do, and so does
maximum-likelihood analysis in this experiment. Moreover,
from the raw data, it is clear that eight participants out of the
58 in our experiment behaved in a manner strictly consistent
with one of the pure types we discussed above. We have
identi� ed four players who had chosen the level-1 strategy
in every game, one player who can be identi� ed as a level-2
player with one deviation, and three participants who al-
ways chose the row with the highest payoff in it (the pure
Maximax types).

Recall that the computer interface allowed individual
players to enter personal hypotheses about the choices of the
other players. The average number of personal hypotheses
entered per participant was 41.55 (with a variance of 31.94),

clearly indicating that players, on average, used the inter-
face. Dividing the average by the number of games yields
2.81, the mean number of hypotheses per participant per
game.

A study of this type causes some concern that players
may change their frame of mind during the experiment,
altering the way they make decisions after an initial
learning period in which they learn by noting their own
mental processes. If this were the case, we would not be
able to treat all games as equal in identifying a player’s
type. For that reason, we allowed players to revisit any
game as many times as they wished within the � fteen
allotted minutes. That way, if a player learned a technique
or developed a better sense of the experiment during the
course of play, he was able to go back and apply that new
ability to games he had already frequented. Looking at
the data, we investigate whether participants took advan-
tage of this feature. The data reveal that each game was
revisited on average 1.074 times per player. Out of these
revisitations, participants revised approximately one-
third of their choices. These � ndings support our single-
frame-of-mind assumption.

Another concern was that the on-screen calculator would
not be utilized to the extent we hoped. The percentage of
best responses to calculator hypotheses was 82.2% of all
choices for which an hypothesis was entered, which indi-
cates that most players made use of the calculator in a way
that helped them make the best choices corresponding to
their prior. However, 16.9% of decisions were made without
using the on-screen calculator at all. Thus, we cannot
assume that calculation errors were eliminated by the avail-
ability of the on-screen calculator.

B. The Computational-Error Model

The thirteen-parameter computational error yields a log-
likelihood of 2676.992. (See parameter estimates in table
2.10) To guage the estimates for the precision coef� cients
( g t), � rst note from the game payoff matrices in table 1 that
a typical payoff difference is 10; second, from equation (3),
with J 5 3 and yg 5 (10, 0, 0), the logit probability for the
high-payoff action would be exp(10 g t)/[2 1 exp(10 g t)].
For values of g t 5 {0.05, 0.1, 0.3, 1.0}, these probabil-
ities are {0.452, 0.576, 0.909, 0.9999} respectively.

To test the robustness of the model to the games used, we
conducted two tests using subsets I and II. (See the end of
section III.) First, we estimated the model on each subset
separately and obtained log-likelihood values of 2454.035
and 2234.909, respectively. We then compared these num-
bers to the calculated log-likelihood for each subset using
the parameter estimates obtained for the full set: 2457.47
and 2238.39. Respective p-values, based on the asymptotic

9 See Redner (1981), Self and Liang (1987), and Feng and McCulloch
(1996).

10 This model incorporates the non-prior-based speci� cation of Maxi-
max behavior (subsection IIA). In contrast, using a prior-based speci� ca-
tion yields 2689.177 and fails the bootstrap comparison in Haruvy, Stahl,
and Wilson (1999).
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chi-square distribution for the likelihood-ratio test, are
0.908 and 0.905. Thus, we cannot reject the null hypothesis
that the parameter estimates from the full set of games are
valid for each subset of games.

Second, we compared the unrestricted maximum for
subset II (2234.91) with the calculated log-likelihood value
of subset II using the parameter estimates obtained from
subset I (2242.59). The asymptotic chi-square distribution
with thirteen degrees of freedom yields a p-value of 0.285.
Thus, we cannot reject the null hypothesis that the param-
eter estimates from subset I are valid for subset II. In other
words, the parameter estimates are stable across these sub-
sets of games, demonstrating the out-of-sample predictive
power of the computational-error model.

C. The Diverse-Priors Model

The thirteen-parameter diverse-priors model yields a log-
likelihood of 2662.669. (See parameter estimates in table
2.) As noted in section IIC, there are substantive behavioral
differences between the types in the computational-error
model and the diverse-priors model, and this is manifested
in the substantial differences in the estimates of the propor-
tions of types (as) in table 2. For example, the estimated
proportion of level-0 types in the diverse-priors model is
roughly 10% larger than that of the computational-error
model, which is to be expected because the only way that
the latter model can explain the choice of a dominated
strategy is as a level-0 choice.

To test the robustness of the model with respect to the
games used, we again conducted two tests using subsets
I and II. The likelihood-ratio statistic for subset I versus
the full set of games is 11.08, and 6.77 for subset II
versus the full set of games. The asymptotic chi-square
distribution with thirteen degrees of freedom yields p-
values of 0.60 and 0.91, respectively. Thus, we cannot
reject the null hypothesis that the parameter estimates
from the full set of games are valid for subsets I and II.
Furthermore, the likelihood-ratio statistic from predicting
subset II from subset I is 8.78, which is asymptotically
distributed chi-square with thirteen degrees of freedom
and yields a p-value of 0.79. Thus, we cannot reject the
null hypothesis that the parameter estimates from subset
I are valid for subset II. In other words, the parameter
estimates are stable across these subsets of games, dem-
onstrating the out-of-sample predictive power of the
diverse-priors model.

D. The Encompassing Model

The seventeen-parameter encompassing model yields a
log-likelihood value of 2655.755. (See table 3 for the
parameter estimates.) To investigate the robustness of this
encompassing model, we use subsets I and II in the manner
used for the restricted models. The likelihood-ratio statistic
of subset I relative to the full set of games is 10.14, and the
likelihood-ratio statistic of subset II relative to the full set is
4.93. The corresponding p-values from the asymptotic chi-
square distribution with seventeen degrees of freedom are
0.90 and 0.998, respectively. The likelihood-ratio statistic

TABLE 2.—PARAMETER ESTIMATES AND CONFIDENCE INTERVALS FOR THE

MAIN MODELS ON THE ENTIRE SAMPLE

A) The Computational-Error Model

Parameter
Estimates

Bootstrapped
95%-Con�dence Interval

g1 0.479 0.325 1.283
g2 0.150 0.100 0.272
m2 0.095 0.069 0.163
g3 0.428 0.150 5.000
g4 0.165 0.122 0.217
m4 0.009 0.000 0.022
e4 0.646 0.495 0.829
g5 0.100 0.100 0.136a

a0 0.063 0.000 0.145
a1 0.139 0.051 0.241
a2 0.127 0.047 0.224
a3 0.074 0.002 0.171
a4 0.415 0.269 0.556
a5 0.183 0.086 0.277
Log-likelihood 2676.992

B) The Diverse-Priors Model

Parameter
Estimates

Bootstrapped
95%-Con� dence Interval

s1 0.126 0.093 0.160
s2 0.619 0.375 0.989
m2 0.159 0.102 0.636
s3 0.300 0.180 0.549
s4 0.102 0.050 0.142
m4 0.156 0.080 0.453
e4 0.474 0.296 0.709
g5 0.145 0.103 0.249
a0 0.162 0.071 0.278
a1 0.258 0.127 0.393
a2 0.184 0.037 0.315
a3 0.156 0.044 0.317
a4 0.126 0.049 0.229
a5 0.114 0.035 0.212
Log-likelihood 2662.669

C) The Encompassing Model

Parameter
Estimates

Bootstrapped
95%-Con�dence Interval

s1 0.0631 0.0067 0.1020
s2 0.1991 0.0697 0.3106
m2 0.1700 0.0816 0.8607
s3 0.0934 0.0149 0.2151
s4 0.2121 0.1414 0.4666
m4 0.0117 0.0000 0.0289
e4 0.7944 0.5080 0.9000
g1 1.4421 0.5045 5.000
g2 1.2615 0.2440 5.000
g3 0.2106 0.1036 0.4973
g4 2.3346 0.5413 5.000
g5 0.1408 0.1011 0.2301
a0 0.0891 0.0007 0.1795
a1 0.1384 0.0488 0.2491
a2 0.0910 0.0181 0.1763
a3 0.1788 0.0773 0.3163
a4 0.3848 0.2414 0.5232
a5 0.1180 0.0343 0.2127
Log-likelihood 2655.755

a Because the estimate for g5 lies on the lower boundary, this con� dence interval may not be reliable.
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for subset II relative to subset I is 13.25 with a p-value of
0.72. Hence, the parameter estimates are stable across these
subsets of games, demonstrating out-of-sample predictive
power of the encompassing approach.

As a measure of goodness of � t, we computed the statistic

O
g [ G

O
j [ J

~nj
g 2 nP̂ j~ a , g!!2

nP̂ j~ a , g!
,

where

n is the total number of individuals,
nj

g is the number of players choosing action j in game g,
and

P̂ j( a , g) is the predicted probability of choice j in game
g by a randomly selected participant.

Under the null, this statistic is distributed chi-square with
thirty degrees of freedom (the number of strategies minus
1 times the number of games). The computed values are
29.41 ( p-value 5 0.496) for the encompassing model,
27.809 ( p-value 5 0.581) for the computational-errors
model, and 35.966 ( p-value 5 0.209) for the diverse-
priors model. Hence, we cannot reject, at any commonly
accepted level of signi� cance, that either � tted model
generated the data. Graphical illustrations of the � t of the
empirical versus predicted choice distribution are pro-
vided in � gure 3.

VI. Model Compar ison Tests

We now turn to the question of which approach to
modeling within-type diversity is most appropriate. One
possibility is that only one of these approaches is appro-
priate. In that case, only one approach fails to be rejected
in a nested comparison to the encompassing model. A
second possibility is that both of these approaches play a
signi� cant role and must therefore be captured jointly in
a comprehensive—albeit computationally cumbersome—
model. A third possibility is that each approach is appro-
priate in a limited segment of the player population. To
entertain these possibilities, we perform nested compar-
isons of each model to an encompassing model that
incorporates both approaches.

A. The Entire Sample

There is no reason to assume that observed heterogeneity
in human behavior is due solely to diverse priors or solely
to computational errors. We nest both approaches within an
encompassing model that includes the Maximax type, as did
both the computational-error model and the diverse-priors
model in the preceding sections. The log-likelihood for the
encompassing model is 2655.755. In comparison, the com-
putational-error and diverse-priors models yield log-likeli-
hoods of 2676.992 and 2662.669, respectively.

We want to compare the diverse-priors model against the
encompassing model, and the computational-error model
against the encompassing model. The likelihood-ratio sta-

TABLE 3.—PARAMETER ESTIMATES UNDER DIFFERENT WITHIN-TYPE DIVERSITY

SPECIFICATIONS

A) The Computational-Error Model:

Entire Sample
Nonuser Group

of 32 User Group of 17

g1 0.4795 g1 0.4876 g1 5.0000
g2 0.1500 g2 0.1437 g2 3.8961
m2 0.0952 m2 0.0844 m2 0.3759
g3 0.4286 g3 0.3933 g3 NI
g4 0.1652 g4 0.2270 g4 0.1672
m4 0.0099 m4 0.0000 m4 0.0224
e4 0.6462 e4 0.4122 e4 0.8600
g5 0.1000 g5 0.1000 g5 0.1000
a0 0.0630 a0 0.1303 a0 0.0000
a1 0.1390 a1 0.1207 a1 0.1764
a2 0.1266 a2 0.2069 a2 0.0588
a3 0.0743 a3 0.1044 a3 0.0000
a4 0.4145 a4 0.3120 a4 0.4977
a5 0.1826 a5 0.1257 a5 0.2671
Log-likelihood 2676.992 2395.495 2157.701

B) The Diverse-Prior Model:

Entire Sample
Nonuser Group

of 32 User Group of 17

s1 0.1262 s1 0.0724 s1 0.0000
s2 0.6186 s2 0.5308 s2 0.0216
m2 0.1591 m2 0.1898 m2 0.3367
s3 0.3002 s3 0.2713 s3 NI
s4 0.1016 s4 0.1071 s4 0.2809
m4 0.1559 m4 0.1542 m4 0.0210
e4 0.4739 e4 0.4758 e4 0.9000
g5 0.1445 g5 0.1793 g5 0.1133
a0 0.1619 a0 0.3035 a0 0.0000
a1 0.2583 a1 0.1275 a1 0.1761
a2 0.1840 a2 0.1107 a2 0.0588
a3 0.1559 a3 0.1951 a3 0.0000
a4 0.1256 a4 0.1704 a4 0.5588
a5 0.1143 a5 0.0928 a5 0.2063
Log-likelihood 2662.669 2401.390 2141.582

C) The Encompassing Model:

Entire Sample
Nonuser Group

of 32 User Group of 17

s1 0.0631 s1 0.0653 s1 0.0114
s2 0.1991 s2 0.1945 s2 0.0180
m2 0.1700 m2 0.1331 m2 0.3439
s3 0.0934 s3 0.1324 s3 NI
s4 0.2121 s4 0.0572 s4 0.2725
m4 0.0117 m4 0.0105 m4 0.0208
e4 0.7944 e4 0.5681 e4 0.9000
g1 1.4421 g1 1.3268 g1 5.0000
g2 1.2615 g2 0.2619 g2 5.0000
g3 0.2106 g3 0.1751 g3 NI
g4 2.3346 g4 4.9978 g4 2.9892
g5 0.1408 g5 0.1765 g5 0.1134
a0 0.0891 a0 0.1396 a0 0.0000
a1 0.1384 a1 0.1246 a1 0.1761
a2 0.0910 a2 0.1995 a2 0.0588
a3 0.1788 a3 0.3181 a3 0.0000
a4 0.3848 a4 0.1241 a4 0.5590
a5 0.1180 a5 0.0941 a5 0.2061
Log-likelihood 2655.755 2389.717 2141.566

NI: Not identi� able. When the mixture parameter alpha for any type equals 0, the sigma and/or gamma
parameters corresponding to that type are not identi� able.
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tistic for the � rst test is 13.09; the asymptotic chi-square
distribution with four degrees of freedom gives a p-value of
0.011, and the bootstrap yields a p-value of 0.032. The
likelihood-ratio statistic for the second test is 42.47; the
p-values for both the asymptotic chi-square distribution and
the bootstrap procedure are less than 0.001, respectively.
Hence, we reject both restricted models in favor of the
encompassing model.

B. Subpopulations Sorted by Calculator Usage

Estimating on the entire sample of players in the previous
section, we rejected each restricted speci� cation of within-

type diversity in favor of an encompassing speci� cation that
accounts for both. This result may be due to the fact that the
participants differed widely in the extent of use of the
on-screen calculator, so some could be exposed to signi� -
cant computational errors while others could have insignif-
icant computational error. Hence, the computational error
model and the diverse-priors model may each be best for
some participants, but not for all participants.

We could use computed posterior probabilities that each
participant was a computational-error type or a diverse-
priors type and sort the participants accordingly. However,
this would be a pointless data-mining exercise yielding no

FIGURE 3.—PREDICTED VERSUS ACTUAL CHOICE FREQUENCIES
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predictive insight. In accordance with the scienti� c method,
we suggest an a priori criterion that could be useful in
predicting which model might better � t which participant,
and then test the predictive performance of this criterion.
One such independent criterion predicts that the diverse-
priors model would � t better the players who utilized the
on-screen calculator because these players made few or no
calculation errors. Having recorded the players’ hypotheses
prior to making a choice, we are able to sort players
according to intensity of calculator use. We sort players into
two groups: an interface user group (for which the diverse-
priors model would be expected to � t better) and a nonuser
group.

If the � nal choice made in a game was the best response
to the last hypothesis entered just prior to making that
choice, we say that this was a “correct” choice; otherwise,
we say that the � nal choice was “incorrect.” It could be
argued that a good candidate criterion for sorting players by
intensity of calculator use is the number of correct choices.
However, this criterion is inadequate because it does not
penalize incorrect responses. A natural choice for a sorting
criterion is the difference between the number of best
responses and the number of incorrect responses to the last
hypothesis entered. We will henceforth refer to this criterion
as the difference criterion. Looking at a histogram on the
difference criterion (� gure 4), one can observe natural
cutoff points between 9 and 10 and between 5 and 6. Using
both cutoff points, we obtain three groups: a user group (a
difference of 10 or greater) consisting of 17 participants, an
undetermined group (a difference of 6 to 9) consisting of 9
participants, and a nonuser group (a difference less than 6)
consisting of 32 participants.

For the user group of 17 players, the log-likelihood for
the diverse-priors model is 2141.58 and 2157.70 for the
computational-error model. In comparison, the encompass-

ing model yields a log-likelihood of 2141.566 when esti-
mated on the user group. Thus, clearly the computational-
error model is rejected at any reasonable signi� cance level
(both chi-square and bootstrap p-values , 0.001), whereas
the diverse-priors model cannot be rejected at any reason-
able signi� cance level (chi-square p-value of 0.999 and a
bootstrap p-value 5 0.72).

For the nonuser group of 32 players, the log-likelihood
for the diverse-priors model is 2401.39 and 2395.50 for
the computational-error model. Compared to the encom-
passing model’s log-likelihood of 2389.72 with the nonuser
group, the likelihood-ratio statistic for the computational
error model against the encompassing is 11.556, with an
asymptotic chi-square p-value of 0.021 and a bootstrap
p-value of 0.009. We can therefore reject the computational-
error model at the 5% signi� cance level. The likelihood-
ratio statistic for the diverse-priors model against the en-
compassing model is 23.346, with both asymptotic chi-
square and bootstrap p-values of less than 0.001. We can
therefore reject the diverse-priors model at the 5% level or
better.

Although a subpopulation that would best � t the compu-
tational-error model may exist, neither of the above criteria
yield a subgroup for which the computational-error model is
statistically superior. The problem may be that these criteria
do not re� ect well on a player’s propensity towards calcu-
lation errors. For example, a participant could have entered
his true belief as a hypothesis, mentally noted the best
response, but then entered irrelevant hypotheses before
� nally choosing the original best response. This participant
would be classi� ed as a nonuser though he clearly made a
good use of the calculator and should be better � t by the
diverse-priors model. Likewise, a type-2 player who used
the calculator to � nd type-1’s best response and then chose
the best response to type-1 without using the calculator
again would be classi� ed as a nonuser. Thus, our nonuser
group could be contaminated with unidenti� ed users,
thereby affecting the nonnested test. On the other hand, the
user group is a group in which players have a very high
number of best responses and therefore the problems just
described do not apply in that group, so we can be con� dent
in our bootstrap results.

VII. Conclusions

Theoretical and empirical work are often dif� cult to
merge. Whereas theory prescribes precise behavioral para-
digms, real decision-makers, in social settings and in the
laboratory, rarely behave in the de� nite manner prescribed
by theory. Nonetheless, theoretical models can be tested
with an appropriate model of errors imposed on the data.
Heretofore, the accepted model of errors followed the logit
formulation, implying calculation errors or imprecision in
the calculation of expected payoffs. The most important of
this article’s contributions lies in the investigation of the
hitherto unexplored alternative diverse-priors speci� cation

FIGURE 4.—A HISTOGRAM OF THE DIFFERENCE BETWEEN THE NUMBER OF

BEST RESPONSES AND THE NUMBER OF NONBEST RESPONSES
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to modeling within-type diversity, as compared to the more
traditional computational-error approach. This investigation
was done in the context of the multitype “level-n” model of
boundedly rational strategic thinking. We designed and
conducted an experiment to determine which, if any, spec-
i� cation is superior in the selected framework.

To compare these two alternatives of modeling within-
type diversity, we nested both of them within an encom-
passing model and bootstrapped the likelihood-ratio statistic
to complement the conventional chi-square test. We subse-
quently concluded that both types of within-type diversity
are present in the entire sample of players. However, sepa-
rating players into subgroups by intensity of calculator use,
the diverse-priors model better � ts the group of participants
who made few or no calculation errors.

Our theory and empirical � ndings may serve as a com-
plementary theory of initial conditions for dynamic learning
theories, potentially serving as a building block in better
models of equilibrium selection. Further research (Haruvy,
1999) should incorporate the characterization of initial-
period (one-shot) play provided here into leading dynamic
theories to investigate how players’ models are updated over
time when the players are given aggregate information
about recent population choices.
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APPENDIX A

Implementation of the Bootstr ap

To implement the bootstrap likelihood-ratio tests of the null hypothe-
ses, we must generate pseudodata for the bootstrap under the null. To
accomplish this, we employ the following two algorithms.

Algor ithm 1

1. Estimate both the constrained and unconstrained models, yielding
parameter estimates ûo and û, respectively, as well as the corre-
sponding log-likelihood values l̂o(ûo u X) and l̂(û u X).

2. Compute the likelihood-ratio statistic as l ˆ (ûo, û u X) 5 22( l̂o 2 l̂).
3. Draw pseudodata X* using the constrained parameter estimates.11

4. Reestimate both the constrained and unconstrained models using
the pseudodata to obtain parameter estimates ûo* and û*, respec-
tively, as well as the corresponding log-likelihood values l̂o*(ûo* u X)
and l̂*(û*u X).

5. Compute the bootstrap value of the likelihood-ratio statistic as
l ˆ *(ûo*, û*u X*) 5 22( l̂o* 2 l̂*).

6. Repeat step 3 through 5 M times.

After step 6, we have a set of M bootstrap values { l ˆ *m}m51
M .

The p-value for our likelihood-ratio test is then computed as
M21

m51
M I( l ˆ *m . l ˆ ), where I denotes the indicator function. In all

cases, we set M 5 1000.
The bootstrap employed for estimating con� dence intervals for indi-

vidual parameters in the unconstrained model differs slightly from the
above algorithm. In particular, pseudodata sets are generated using the
unconstrained parameter estimates.

Algor ithm 2

1. Estimate the unconstrained model, yielding parameter estimates û.
2. Draw pseudodata X* using the unconstrained parameter estimates.
3. Reestimate the unconstrained model using the pseudodata to obtain

parameter estimates û*.
4. Repeat step 2 and 3 M times.

After step 4, we have a set of M (M is set to 1000) bootstrap values
{û*m}m51

M . To obtain an estimated 95%-con� dence interval for a particular
element of u, we sort the M corresponding elements of {û*m}m51

M and take
the 2.5th and 97.5th percentiles as bounds of the estimated con� dence
interval.

11 To generate the pseudodata, we � rst generate a pseudorandom uniform
deviate on the interval [0, 1] for each player. We then use the (con-
strained) estimates of the mixture parameters to partition the [0, 1] interval
into J ( J being the number of behavioral types) partitions, with partition
j of a length equal to type j’s estimated proportion in the population. To
determine a pseudoplayer type, we assign a player the type j if falls in
the jth interval. Next, we simulate choices in each game, conditional on
the pseudoplayer type. For each type and each game, we have estimated
probabilities p̂1, p̂2, p̂3 corresponding to each of the three possible
choices. To simulate choices in a particular game by a particular player
conditional on his type, we generate a new pseudorandom uniform deviate
u on [0, 1], and record the player’s choice as 1 if u # p̂1, as 2 if p̂1 , u #
p̂1 1 p̂2, and as 3 if p̂1 1 p̂2 , u. For each pseudoplayer of a particular
type, this process is repeated for each game.
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APPENDIX B

Integr ation Algor ithm

The integration required by the diverse-priors model, equation (8),
calls for a numerical integration algorithm. Because we needed to use
bootstrap techniques to estimate con� dence intervals, the integration
algorithm had to be computationally ef� cient. For this purpose, we
generated a � nite grid on the three-dimensional simplex as follows. The
[0, 1] interval was divided into 21 equal-sized subintervals; the collection
of endpoints of these subintervals (22 in all) forms the grid for each
dimension. Projecting these grids onto the three-dimensional simplex
generates (22 3 23/2 5) 253 grid points on that simplex.

The integral in equation (8) is then approximated by

E B~ku g, q̂! f~q̂ u q~ g, t!, s t!dq̂

(A1)

< O
h

B~ku g, qh! f̂~qh u q~ g, t!, s t!w~qh!,

where

the summation is over the grid points,
w is a positive weight function on the grid points such that

Shw(qh) 5 1,

f̂~qh u q~ g, t!, s t! 5 f~qh u q~ g, t!, s t/Sif~qi u q~ g, t!, s t!w~q i!,

is the normalized density function so Shf̂(qh u q( g, t), s t)w(qh) 5
1, and

the weight w(qh) can be interpreted as the area of the simplex
associated with grid point qh.

There are three distinct kinds of grid points: the three vertices, the
strictly interior points, and the interior edge points. When one draws lines
parallel to the boundaries of the simplex that bifurcate the imaginary lines
connecting the grid points, a regular rhombus surrounds each strictly
interior grid point. Relative to these rhombi, the interior edge points are
surrounded by an area half as large as the area of one of these rhombi.
Depending on the orientation of the rhombi, the area surrounding a vertex
is 1/8 or 1/4 of the area of the rhombi, and, taking each orientation as
equally valid, the average is 1/6. Accordingly, we assigned weights for the

grid points as W/6, W, and W/ 2, respectively, where W [ 1/ 220.5
ensures that the weights sum to unity.

In the absense of computational constraints, one should choose the size
of the grid intervals to be small relative to the standard deviation of f, that
is, s t. However, because we want to estimate the computational-errors
model as a nested version of the encompassing model, we need to allow
the s t’s to go to 0, but that would require in� nitely � ne grids, which is
computationally infeasible. Consider what goes wrong with equation (A1)
when a � xed � nite grid is used while s t goes to 0. If the mean of f, q( g,
t), does not correspond exactly to one of the grid points, then the bulk of
the mass of f will not be approximated by any grid point, so the numerical
summation will be a poor approximation of the true integral. On the other
hand, if q( g, t) corresponds exactly to one of the grid points, then the bulk
of the mass of f will be concentrated on that grid point, so the numerical
summation will be a reasonable approximation of the true integral.

Because the centroid of the simplex, (1/3, 1/3, 1/3), is a grid point12 and
because this point represents the prior of a level-1 archetype, we use
equation (A1) with no further modi� cation to compute the choice prob-
abilities for level-1 types. However, for level-2, Nash and Worldly types,
the prior q( g, t) generally does not correspond exactly to a grid point.
Therefore, equation (A1) may be unacceptably inaccurate for small s t.

To circumvent this problem, we added an additional point to the grid
exactly corresponding to q( g, t), and we adjusted the weight functions
appropriately. Let w0 be the weight assigned to the new grid point [we
chose w0 5 W/4]; then the sum of the weights assigned to the original
grid points must be reduced by w0. We con� ne this adjustment to the three
grid points closest to the new point. The new grid point, q( g, t), can be
expressed as a unique convex combination of these three nearest grid
points: let this convex combination be denoted by (b1, b2, b3). Then, we
reduce the weight assigned to these three points by b iw0 respectively;
thus, the grid point closest (in this sense) to the new point has its weight
reduced the most. This also preserves the property that Shw(qh) 5 1,
where the summation now includes the new point. The normalized density
f̂ is similarly adjusted.

Before implementing this variable-point algorithm, we often failed to
get convergence of the maximization subroutine, and the results were not
robust to changes in the grid interval size. After implementing this
algorithm, we easily obtained convergence, and the results were robust to
the grid interval size, and continuous as s t goes to 0; indeed, we found no
difference in the encompassing model with arbitrarily small values of s t,
and the computational-error model with s t exactly 0.

12 By choosing the number of intervals to be a multiple of 3, the centroid
of the simplex is one of the grid points.
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