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1 Introdu
tion. At this time, these notes are only a 
olle
tion of odds and ends relating to Math 2419. However,this is a start and as time goes by, I will add to them and eventually present you with a 
oherentdo
ument.2 Indeterminate Forms1. In earlier se
tions, we met a few "indeterminate " forms, e.g. in x1.3, there is a workedexample #6 on page 62 limx!1 x3 � 1x� 1whi
h is des
ribed as a 00 problen. In general , if the problem is of the form limx!a P (x)Q(x)where P(x) and Q(x) are polynomials in x and limx!aP (x) = 0 and limx!aQ(x) = 0 then, theindetermina
y may be removed by 
an
elling the (x � a) fa
tor whi
h is guaranteed to bepresent by the fundamental theorem of algebra,"If P (�) = 0; (x � �) is a fa
tor". In thesame se
tion on page 64, there is an examplelimx!0 px+ 1� 1xwhi
h requires rationalization of the numerator before the fa
tor x 
an be 
an
elled. How-ever, neither of these te
hniques would work for the following problemlimx!1 ar
tanx� (�=4)x� 1Also in this se
tion , we evaluated some trigonometri
 limits using the fundamental trigono-metri
 limit limx!0 sinxx = 1.In x3.5, we evaluated limits of the formlimx!1 2x3 + 7x2 � 5x+ 835x3 � 25x2 + 19x � 253whi
h is des
ribed as 11 type problem. In this 
ase, we fa
tored out the highest power of xleading to re
ipro
als in x. We then took advantage of the known limits, limx!1 1xn = 0 where6



n is a positive number. In this problem, the answer is 2=5. However, this te
hnique will notwork in the following 
ase. limx!1 ln(x2 + 5)ln(x+ 3)In future work, we have to guess intelligently what is likely to happen. In this 
ase, try toguess what this limit will be. Remember, that this guess is NOT an answer to the problem.Clearly we need some additional tools to handle in a routine , me
hani
al manner, a widevariety of limit problems. First, let us summarize the various types of indeterminate forms(a) 00 ; 11(b) 0 � 1(
) 11;10; 00; [01 = 0; 0�1 =1℄(d) 1�1Remember that these statements are short-hand ways of writing limit statements.2.1 00 type2. L'Hôpitals Rule ,00 
ase. Let f and g be fun
tions that are di�erentiable on an open interval(a; b) 
ontaining 
 , ex
ept possibly at 
 itself. Assume that g0(x) 6= 0 for all x in (a; b)ex
ept possible at 
 itself. If limx!
 f(x) = 0 and limx!
 g(x) = 0 so that limx!
 f(x)g(x) produ
es theindeterminate form 00, then limx!
 f(x)g(x) = limx!
 f 0(x)g0(x)provided the limit on the right exists ( or is in�nite ).Note: In the above rule, the following limit statements may be substituted for the limitstatement limx!
(a) limx!
+(b) limx!
�(
) limx!1 7



(d) limx!�1provided they lead to the indeterminate form 00 In applying L'Hôpitals Rule, be aware thatthe right hand side is a quotient of derivatives and not the derivative of a quotient. Also beon the lookout for simpli�
ation through trigonometri
 identities or algebrai
 manipulation.You may apply L'Hôpitals Rule as long as you have the indeterminate form 00 but dontapply the pro
edure if it is no longer an indeterminate form 00. (Shortly ,we shall extendL'Hôpitals Rule, to 
over the indeterminate form 11)3. First let us apply L'Hôpitals rule to some examples we 
ould have worked from te
hniquesgiven in x1.3Example. Evaluate the following limits(a) limx!1 x3 � 1x� 1(b) limx!4 px� 2x� 4Solution 3a limx!1 x3 � 1x� 1 = limx!1 3x21= 3Solution 3b limx!4 px� 2x� 4 = limx!4 12px1= 144. Example Evaluate the following limit limx!0 e2x � 1x8



Solution First, we see that the problem leads to an indeterminate form, 00 and so we 
anapply L'Hôpitals rule. limx!0 e2x � 1x = limx!0 2e2x1= 25. Example Evaluate the following limitlimx!0 6ex � 3x2 + x3 � 6x� 6x3First we determine that this limit is an indeterminate form, namely a 00 type. Hen
e we 
anapply L'Hôpitals rule.limx!0 6ex � 3x2 + x3 � 6x� 6x3 = limx!0 6ex � 6x+ 3x2 � 63x2 ; 00= limx!0 6ex � 6 + 6x6x ; 00= limx!0 6ex + 66= 26. Example Evaluate the following limit. limx!0+ tan xx2A preliminary examination of the problem shows that it is of the 00 type so that we 
anapply L'Hôpitals rule.Solution limx!0+ tan xx2 = limx!0+ se
2 x2x= 10+= Does not exist= 19



Note that in this problem, the limit does not exist, that is the limit does not approa
h a�nite number. However, in this 
ase,we 
an write down a 
omplete des
ription of the non-existen
e.7. Exer
ises Evaluate the following limits.(a) limx!0� tan xx2(b) limx!0 tan xx4(
) limx!0 2px+ 1� 2 � xx2(d) limx!0 sinxx+ x2(e) limx!0 1 � 
osxx3 + x2(f) limx!0 x sinx1 + ex2(g) limx!0 ex � x� 1x48. Answers(a) (7a) �1(b) (7b) Does not exist, Cannot write down a des
ription of the non-existen
e.(
) (7
) �14(d) (7d) 1(e) (7e) 12(f) (7f) 1(g) (7g) Does not exist, 12.2 11 type.9. L'Hôpitals Rule 11 
ase. Let f and g be fun
tions that are di�erentiable on an open interval(a;1) 
ontaining 
 , ex
ept possibly at 
 itself. Assume that g0(x) 6= 0 for all x in (a;1)10



ex
ept possible at 
 itself. If limx!
 f(x) =1 and limx!
 g(x) =1 so that limx!
 f(x)g(x) produ
es theindeterminate form 11, then limx!
 f(x)g(x) = limx!
 f 0(x)g0(x)provided the limit on the right exists ( or is in�nite )Note: In the above rule, the following limit statements may be substituted for the limitstatement limx!
(a) limx!
+(b) limx!
�(
) limx!1(d) limx!�1provided they lead to the indeterminate form 11 . Note, �11 or 1�1 are referred to as 11type indeterminate forms.10. Example Evaluate the following limit.limx!1 3x2 + 2x� 55x2 � 3x+ 7A preliminary examination of the problem shows that it is of the 11 type so that we 
anapply L'Hôpitals rule. Note that this problem 
ould have been done using the methods ofx1:3Solution limx!1 3x2 + 2x� 55x2 � 3x+ 7 = limx!1 6x + 210x� 3 ;11= limx!1 610= 3511



11. Example Evaluate the following limit. limx!1 ln(x2 + 1)ln(x+ 5)A preliminary examination of the problem shows that it is of the 11 type so that we 
anapply L'Hôpitals rule.Solution limx!1 ln(x2 + 1)ln(x+ 5) = limx!1 2xx2 + 11x+ 5 ; Simplify= limx!1 2x2 + 10xx2 + 1 ;11= limx!1 4x+ 102x ;11= limx!1 42= 22.3 0 � 1 type.If limx!
 f(x) = 0 and limx!
 g(x) =1 , then limx!
 f(x)g(x) produ
es an indeterminate form of thetype 0 � 1 .This 
an usually be solved by rewriting the limit aslimx!
 f(x)1g(x)whi
h leads to a 00 problem or rewriting in the formlimx!
 g(x)1f(x)whi
h leads to a 11 problem. In either 
ase, it is then possible to use L'Hôpitals Rule.Whi
hever one leads to the easiest subsequent mathemati
s should be 
hosen.12



12. Evaluate the following limit. limx!1 x tan�1x�. A preliminary investigation shows that this problem is of the 0 �1 type. We shall rewritethis in the form limx!1 tan � 1x�1x. whi
h now be
omes a 00 problem.limx!1 tan � 1x�1x = limx!1 �1x2 se
2 � 1x��1x2 ; Simplify= limx!1 se
2 � 1x�1= 113. Example Evaluate the following limit.limx!1x�e 1x � 1�. A preliminary investigation shows that this problem is of the 0 �1 type. We shall rewritethis in the form limx!1 �e 1x � 1�1x. whi
h now be
omes a 00 problem.limx!1 �e 1x � 1�1x = limx!1 �1x2 �e 1x��1x2 ; Simplify= limx!1 e 1x= 12.4 11;1 0; 0 0; [ 01 = 0; 0�1 =1℄ indeterminate forms.14. Example Evaluate the following limit. limx!1x1=x13



Clearly this limit 
an be des
ribed as a 10 type indeterminate form.Let y = x1=x:y = x1=xln y = ln �x1=x�ln y = lnxxlimx!1 ln y = limx!1 lnxx ; 11limx!1 ln y = limx!1 1xln� limx!1 y� = 0limx!1 y = e 0limx!1 x1=x = 1Noti
e that in the above work, we have taken natural logarithms of both sides, used logarithmrules and applied L'Hôpitals Rule where appropriate.15. Example Evaluate the following limit.limx!1�1� 2x� 3xClearly this limit 
an be des
ribed as a 11 type indeterminate form. Let us imitate the
14



pro
edure used to solve the previous problem. Let y = �1� 2x� 3xy = �1� 2x� 3xlny = 3x ln�1� 2x� ;limx!1 lny = limx!1 3x ln�1� 2x� ; 0 � 1limx!1 lny = 3 limx!1 ln�1� 2x�1=x ; 00limx!1 lny = 3 limx!1 2=x2(1 � 2=x)�1=x2limx!1 lny = 3 limx!1 �2(1 � 2=x)limx!1 lny = �6ln� limx!1 y� = �6limx!1 y = e�6limx!1�1 � 2x� 3x = e�616. Example Evaluate the following limit. limx!0+ x 1=xClearly this limit 
an be des
ribed as a 01 type problem. While it is not indeterminate, let15



us imitate the pro
edure used to solve the previous example. Let y = x 1=xy = x 1=xln y = ln �x 1=x� ;ln y = lnxx ;limx!0+ ln y = limx!0+ lnxx ;�1ln�limx!0 y� = �1limx!0+ y = e�1limx!0+ x1=x = 0Note that for examples 14 and 15, an indeterminate form was obtained after we had takenlogarithms of both sides and applied the given limit. However, in example 16, whi
h is notindeterminate, when we took logarithms of both sides and applied the given limit, we didnot obtain an indeterminate form. Rather we were able to evaluate the answer immediately.2.5 1�1 indeterminate formIf limx!
 f(x) =1 and limx!
 g(x) =1, them limx!
[f(x)� g(x)℄ is an indeterminate form of the1�1 type. Note that under the same 
onditions, limx!
[f(x) + g(x)℄ has 1 for an answer.17. Example Evaluate the following limit.limx!2+ 8x2 � 4 � xx� 2A preliminary investigation shows that this problem is of the 1�1 indeterminate form.We 
an solve this problem by 
ombining on a 
ommon denominator and thereby 
hanging
16



the problem to a 00 type. Hen
e, we will then be able to apply L'Hôpitals Rule.limx!2+ 8x2 � 4 � xx� 2 = limx!2+ 8 � x(x+ 2)x2 � 4 ; Simplify= limx!2+ 8 � x2 � 2xx2 � 4 ; 00= limx!2+ �2x� 22x ; Simplify= �3218. Example Evaluate the following limit.limx!0+(
ot x� lnx)A preliminary investigation shows that this problem is of the 1� (�1) or 1 +1 typeand so is not indeterminate. Hen
elimx!0+(
otx� lnx) =12.6 Additional Comments19. Example Evaluate the following limit. limx!(�=2)� se
xse
 3xSolution A preliminary investigation shows that this problem is of the 1�1 or 11 type andso that we 
an apply L'Hôpitals rule.limx!(�=2)� se
xse
 3x = limx!(�=2)� se
x tan x3 se
 3x tan 3x17



Clearly we are not making progress. However, if we rewrite the original problem, it is easilysolved by appli
ation of L'Hôpitals rule.limx!(�=2)� se
xse
 3x = limx!(�=2)� 
os 3x
osx ; 00= limx!(�=2)� �3 sin 3x� sinx ;= �31= �320. Example Evaluate the following limit. limx!1 e�x1 + e2xSolution A preliminary investigation shows that this problem is NOT an indeterminate form.Perhaps the easiest way to see this is to rewrite the problem in the following manner.limx!1 e�x1 + e2x = limx!1 1ex(1 + e2x)= limx!1 1ex + e3x ; 11= 021. Example Evaluate the following limit.limx!�1 p2x2 + 15x� 1Solution A preliminary investigation shows that this problem is an indeterminate form 11type. Let us see what happens if we apply L'Hôpitals rule.limx!�1 p2x2 + 15x� 1 = limx!�1 1=2(2x2 + 1)�1=24x5= limx!�1 2x5p2x2 + 1 11= limx!�1 25=2(2x2 + 1)�1=2= limx!�1 p2x2 + 15x 1118



It is obvious that nothing has been gained. Further appli
ations of L'Hôpitals rule will only
ause the problem to os
illate from one form with the radi
al in the numerator to anotherform in whi
h the radi
al in the denominator. To solve this problem, we return to simplermethods. limx!�1 p2x2 + 15x � 1 = limx!�1sx2�2 + 1x�x�5 + 1x�= limx!�1 px2s�2 + 1x�x�5 + 1x�= limx!�1 jxjs�2 + 1x�x�5 + 1x�= limx!�1 (�x)s�2 + 1x�x�5 + 1x�= limx!�1 (�)s�2 + 1x��5 + 1x�= �p25In the above work, we have indi
ated that px2 = jxj and sin
e we were interested in a limitwhere x was approa
hing �1, we 
ould assume that x < 0 and so jxj = �x19



3 In�nite Series3.1 Introdu
tion22. Basi
 De�nition Many students have diÆ
ulty with Chapter 9 of our text, namely withIn�nite Series. It is the purpose of these notes to help you over
ome any diÆ
ulties and toapproa
h the subje
t of In�nite Series with a great deal of 
on�den
e. First let us reviewthe essential material. Consider the in�nite series 1Xk=1 ak. A basi
 question is does this serieshave a sum and if so how does one �nd it and what meaning 
an we give to this word sum.Clearly we 
annot use a 
al
ulator or a 
omputer to sum up an in�nite number of terms.1Xk=1 ak = a1 + a2 + a3 + a4 + � � �+ an + � � �Let us de�ne the quantity Sn as the nth partial sum. That is , it is the sum of the �rst nterms. S2 = a1 + a2S3 = a1 + a2 + a3S4 = a1 + a2 + a3 + a4Sn = a1 + a2 + a3 + � � � + anor Sn = nXk=1 akWe will de�ne S the sum of the in�nite series 1Xk=1 ak to beS = limn!1 SnIf this limit exists , that is, the limit is a �nite number, we say that the series 
onverges andhas a sum equal to S. If the limit does not exist, for example, the limit does not approa
ha �nite number or goes to in�nity, we say that the series diverges. In this 
ase the word"sum" has no meaning. This de�nition is fundamental to all work in series. The majordiÆ
ulty is obtaining a suitable expression for the nth partial sum Sn . Your text bookhas two 
ases where it is relatively easy to �nd an expression for Sn and hen
e be able todetermine whether the given series 
onverges or diverges.20



3.2 Teles
oping Series23. Consider the following series. 1Xk=1 1k � 1k + 1Lets write out a few partial sums. S1 = 1 � 12S2 = 1� 12 + 12 � 13 = 1� 13S3 = 1� 12 + 12 � 13 + 13 � 14 = 1� 14Write out as many terms as ne
essary in order to see a pattern develop. In this 
ase, it is
lear that Sn = 1 � 1n + 1. From this expression we 
on
lude thatS = limn!1 Sn = 1Hen
e the series 
onverges (sin
e the limn!1 Snexists). The sum of this 
onvergent series is 1,the value of the previous limit. Try to develop 're
ognition fa
tors' whi
h help you identifywhi
h test or theorem might be su

essfully applied to a given algebrai
 or trigonometri
form used in the series. For teles
oping series, look for two terms, algebrai
ally similar,joined together by a subtra
tion sign. For a teles
oping series, ex
ept for a �nite number ofterms at the beginning of the series and a �nite number of terms at the end, all of the terms
an
el leaving a relatively simple expression for the nth partial sum24. Exer
ises(a) 1Xk=1 �1k � 1k + 3�(b) 1Xk=2 ln� kk + 1�(
) 1Xk=1 � 12k + 3 � 12k + 7�(d) 1Xk=1 14k2 + 16k 21



Note , as illustrated in the last exer
ise, it is sometimes ne
essary to use the method ofPartial Fra
tions in order to set up the algebrai
 form suitable for the identi�
ation of atelesoping series. Other tests will be available later to determine whether the given series
onverges or diverges. However, these tests will not give the sum dire
tly.3.3 Divergen
e Test25. Divergen
e Test LetX ak be an in�nite series.If limk!1 ak 6= 0; the series diverges.Note: This test gives no information on the 
onvergen
e or divergen
e of the series iflimk!1 ak = 0:26. Example Use the divergen
e test on the series 1Xk=1 2k + 73k + 5Solution limk!1 2k + 73k + 5 = 23 6= 0Therefore, the series 1Xk=1 2k + 73k + 5 diverges by the divergen
e test.27. Example Use the divergen
e test on the series 1Xk=1 (�1)k+1 (5k + 3)2k � 1Solution Sin
e limk!1 (�1)k+1 (5k + 3)2k � 1 does not exist , that is 6= 0 the series diverges by thedivergen
e test.28. Exer
ises Use the divergen
e test on the following series.(a) 1Xk=1 
os 1k(b) 1Xk=1 ln 2kk + 1(
) 1Xk=1 ar
tan (k) 22



(d) 1Xk=1 (�1)k+1 3k + 517k + 2(e) 1Xk=1 e1=k(f) 1Xk=1 5k3 + 3k + 217k3 + 14k2 + 93(g) 1Xk=1 (�1)k+19k5 + 2k2 + 3117k5 � k + 193.4 Geometri
 Series29. Geometri
 Series: A series of the form 1Pn=0 a rn is 
alled a geometri
 series1Xn=0 a rn = a+ ar + a r2 + ::::::a is the �rst term while r is the 
ommon ratio. Noti
e that the ratio of 
onse
utive terms is
onstant, namely r. To prove that a given series is a geometri
 series, show that the ratioof the (n + 1)th term to the nth term is 
onstant30. Example Show that the series 1Pn=0 15n is a geometri
 series.Solution The nth term is 15n ; the (n + 1)th term is 15n+1 (To �nd the (n + 1)th term,repla
e n by n+ 1 in the algebrai
 formula for the series.)The ratio of the two terms is given by.15n+115n = 15n+1 5n1 = 15 = rSin
e this ratio is a 
onstant ( independent of n ), the series is a geometri
 series.As noted above, it is important to develop "re
ognition fa
tors". As a general guideline, ifthe series involves a (
onstant)n; it 
ould be a geometri
 series. This statement should beinterpreted liberally, eg (
onstant)
n+d that is, a 
onstant raised to a linear fa
tor of n 
ouldbe a geometri
 series. 23



31. Exer
ises: Show that the following series are geometri
 series(a) 1Pn=0 3n+25n+1(b) 1Pn=0 32n+14n+1(
) 1Pn=0 43n+152n+3(d) 1Pk=1(�1)k+152k+133k+132. Exer
ise The following series do not fall under the general guidelines of a (
onstant)
n+d:Show that these series are not geometri
 series(a) 1Pn=1 1n3 (n)
onstant(b) 1Pk=0 13k2+1 (
onstant)k2(
) 1Pk=1 1
os k(d) 1Pk=0 3k + 15k � 233. Geometri
 Series Theorem For a geometri
 series, if 0 < jrj < 1, the series 
onverges.If jrj � 1;the series diverges. If the series 
onverges, the sum S is given by S = a1 � rwhere "a" is the �rst term and "r" is the 
ommon ratio.34. Exer
ise Examine the following series for 
onvergen
e or divergen
e. If the series 
onverges,�nd the sum.(a) 1Pk=0 23k+132k+2(b) 1Pk=2 23k+132k+2 24



Solution (a) (k + 1)th termkth term = 23(k+1)+132(K+1)+2 32k+223k+1 = 2332 = 89 = 2Sin
e r is a 
onstant, the series is a geometri
 series jrj = j89 j = 89 < 1; series 
onvergesTherefore the sum S is given by S = a1� r where a is the �rst term. Substituting k = 0into the algebrai
 formula we have a = 29 and therefore S = 291� 89 = 2Solution (b) (k + 1)th termkthterm = 23(k+1)+132(k+1)+2 32k+223k+1 = 89 = rSin
e r is a 
onstant, (independent of k), the given series is a geometri
 series and we mayapply the Geometri
 Series Theorem.jrj = j89 j = 89 < 1; so the series 
onverges. Therefore the sum S is given by S = a1 � rwhere a is the �rst term of the series. Substituting k = 2 into the algebrai
 formula, wehave a = 2736 = 128729 S = 1281291� 89 = 128729 � 91 = 12881You will noti
e that in the above example, both series 
onverge. Only the sum di�ers.These series di�er only at the beginning of the series. Let us generalize what we have dis-
overed. Deleting a �nite number of terms at the beginning of a series does not 
hange the
onvergent or divergent behavior of the series. If the series is 
onvergent, it will 
hangethe sum. Re
all that this behaviour is similar to that of the in�nite integral Z 1a f(x)dxwhere f(x) is de�ned on [a;1): Whether this integral 
onverges or diverges depends on thebehavior of f(x) as x approa
hes in�nity. The value of "a" only determines the value ofthe integral if it 
onverges. When applying a theorem on in�nite series in a later se
tion,we may have to delete a �nite number of terms at the beginning of the series in order to
onform with 
onditions of the theorem. 25



3.5 Integral Test35. Integral TestLet 1Pk=1 ak be a positive term in�nite series. Suppose that f(x) is the fun
tion that resultswhen k,an integer in the formula for ak ,is repla
ed by x (a 
ontinuous variable).If f(x) is 
ontinuous and de
reasing for x > 1,then if 1R1 f(x)dx 
onverges, the series 1Pk=1 ak 
onverges.If Z 11 f(x)dx diverges, then the series diverges.Note that there are 3 
onditions for this test(a) Positive term series(b) f(x) 
ontinuous for x > 1(
) f(x) de
reasing for x > 1Re
ognition Fa
tor: Use this test when the series satis�es the above 3 
onditions and whenthe in�nite integral is relatively easy to evaluate.36. Example Use the integral test to determine whether the series 1Pk=1 1k2 + 1
onverges ordiverges.Solution: Before pro
eeding with the solution, note that the previously mentioned testsdo not apply, (Teles
oping Series, Geometri
 Series, Divergen
e Test)(a) Clearly this is a positive term series(b) f(x) = 1x2 + 1; x > 1Sin
e x2 + 1 6= 0; f(x) is 
ontinuous everywhere and in parti
ular for x > 1(
) f 0(x) = �2x(x2 + 1)2 ; f 0(x) < 0 for x > 1. Hen
e f(x) is de
reasing for x > 1:All three 
onditions of the integral test have been satis�ed.26



Consider 1Z1 dxx2 + 1 = limt!1 tZ1 dxx2 + 1= limt!1 [ar
tan x℄x=tx=1= limt!1far
tan t� ar
tan 1g= �2 � �4= �4Sin
e the improper integral 
onverges, the series 1Xk=1 1k2 + 1 also 
onverges. Always give thejusti�
ation for your statement. In this 
ase, say that the series 
onverges by the IntegralTest. Note that this test is not the only way to investigate the behavior of the series. In thisparti
ular 
ase, the limit 
omparison test is probably the easiest to apply. Also note thatthe lower integration limit of 1 is quite arbitrary. In fa
t, if the series had been 1Xk=3 1k2 + 1 ;the lower integration limit would have been 3.37. Example Use the integral test to determine whether the series 1Xk=1 kk2 + 100
onverges or divergesSolution(a) Obviously this is a positive term series(b) f(x) = xx2 + 100 ; x > 1Sin
e x2 + 100 6= 0; f(x) is 
ontinuous for all x and in parti
ular, for x > 1(
) f 0(x) = 100 � x2(x2 + 100)2For x < 10, f 0(x) > 0 and f is in
reasingFor x > 10 f 0(x) < 0 and f is de
reasing.27



Consider 1Z11 f(x)dx = 1Z11 xx2 + 100dx= limt!1 tZ11 xx2 + 100dx= 12 limt!1 �ln(x2 + 100)�t11= 12 limt!1 �ln(t2 + 100) � ln(221)	= 1That is 1Z11 xx2 + 100dx diverges and therefore the series 1Xk=11 kk2 + 100 diverges. This seriesis not the given series but we 
an 
on
lude that 1Xk=1 kk2 + 100 diverges sin
e deleting a �nitenumber of terms at the beginning of an in�nite series does not a�e
t the 
onvergent ordivergent behavior of the series. As with the previous example, the limit 
omparison testwould probably be the preferred method for this example.38. Example Examine the series 1Pk=1 kpk2 + 1 for 
onvergen
e or divergen
e.Solution At �rst glan
e, this series seems to be a 
andidate for the integral test sin
e it isa positive term series and relatively easy to integrate. In this 
ase f(x) = xpx2 + 1; x >; 1so that f 0(x) = 1(x2 + 1)3=2 whi
h is always positive. Hen
e f is in
reasing, not de
reasingas required by the integral test. However, if we apply the Divergen
e Test, we see that theseries diverges. limk!1 kpk2 + 1 = 1 6= 0 Therefore the series diverges, by the Divergen
e Test.4 Plane Curves39. Example: Find all points (if any) of horizontal and verti
al tangen
y to the 
urve de�nedby the parametri
 equations; x = t3 � 3t+ 1; y = 2t3 + 3t2 � 12tAlso determine any points of in
e
tion. 28



Solutiondydx = dydtdxdt= 6t2 + 6t� 123t2 � 3= 6[t2 + t� 2℄3[t2 � 1℄= 2(t+ 2)(t� 1)(t+ 1)(t� 1)Horizontal tangents o

ur when dydt = 0 and dxdt 6= 0Verti
al tangents o

ur when dxdt = 0 and dydt 6= 0dydt = 6t2 + 6t� 12Set dydt = 0 and solve. 6t2 + 6t� 12 = 0or 6(t2 + t� 2) = 0 or 6(t+ 2)(t� 1) = 0Therefore dydt = 0 when t = �2 or t = 1dxdt = 3t2 � 3Set dxdt = 0 and solve. 3t2 � 3 = 0or 3(t+ 1)(t� 1) = 0Therefore dxdt = 0 when t = 1 or �1Lets display this information in a table To determine the behavior at t = 1, we mustinvestigatelimt!1 6t2 + 6t� 123t2 � 3 ; a 00 problem= limt!1 12t+ 66t = 3 29



t dydt dxdt Con
lusions (x; y)�2 0 6= 0 Horizontal Tangent (�1; 20)�1 6= 0 0 Verti
al Tangent (3; 13)1 0 0 Singular Point (�1;�7)Table 1: Data for Example 39 and �gure 2The 
urve is not smooth at t = 1 sin
e both dxdt and dydt are simultaneously zero at t = 1(p 714 of your textbook). At t = 1, we have a 
usp. The graph of this set of parametri
equations is shown in Figure 2. This �gure was produ
ed using Matlab. the instru
tions
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t = −2 Figure 2: Diagram for example 39are given below, namelyt = �3 : :05 : 4;x = t:^3� (3) � t:^1 + 1; 30



Interval �1 < t < �1 �1 < t < 1 1 < t <1Con
avity Down Up DownTable 2: Con
avity information for example 39y = (2) � t:^3 + (3) � t:^2� (12) � t:^1;As t!1; x! t3 and y ! 2t3 so that as t!1; y = 2x is an asymptote. The same
omment applies as t! �1To determine 
andidates for points of in
e
tion, we must �nd d2ydx2d2ydx2 = ddx �dydx� = ddt �dydx�dxdtFor this exer
ise d2ydx2 = �23(t� 1)(t+ 1)3Candidates o

ur at t = 1 and t = �1 (note, these points are de�ned on the graph). Theresults are summarized in table 2. Clearly there are points of in
e
tion at t = 1, (�1;�7)and t = �1, (3; 13)40. Example: A 
urve is de�ned by the parametri
 equationsx = t2 + t (1)y = t2 � t (2)(a) Draw the 
urve and show the dire
tion of the 
urve(b) Eliminate the parameter to �nd the equation in the re
tangular system(
) Lo
ate any points of horizontal or verti
al tangen
y.(d) Examine the 
urve for any points of in
e
tion.Solution: Let us begin by generating a table of values for t, x and y.(See Table 3)The graph of this 
urve is shown in �gure 3. The dire
tion is given by the dire
tion ofin
reasing parameter and is indi
ated on the 
urve. By observation, the graph appears tobe a parabola rotated through 45Æ. To eliminate the parameter, subtra
t equation 2 fromequation 1 31



t x y t x y3 12 6 -1/2 -1/4 3/42 6 2 -1 0 21 2 0 -2 2 61/2 3/4 -1/4 -3 6 120 0 0Table 3: Data for Example 40
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t = 2 

t = −2 

t = −1/2 Figure 3: Diagram for example 40Hen
e, x � y = 2t or t = x� y2 Substituting t = x� y2 into equation 1 we havex = (x� y)24 + x� 42Simplifying, we have 4x = x2 � 2xy + y2 + 2x� 2yx2 � 2xy + y2 � 2x� 2y = 0Clearly it is easier to draw this 
urve from the set of parametri
 equations rather than fromthe re
tangular equation. The equation is that of a 
oni
 se
tion. The presen
e of the "xy"term suggests that a rotation of axes will simplify the equation. In this parti
ular 
ase, theaxes should be rotated 
lo
kwise 45Æ: When this is done it is found that this 
urve is indeeda parabola. The student is referred to an earlier edition of your text book (eg 5th edition;x9.4), or to a text on Analyti
 Geometry for a dis
ussion of rotation of axes.32



t dydt dxdt Con
lusion (x; y)1=2 = 0 6= 0 HorizontalTangent (3=4;�1=4)�1=2 6= 0 = 0 Verti
alTangent (�1=4; 3=4)Table 4: Horizontal and Verti
al tangent information for example 40y = t2 � t x = t2 + tdydt = 2t� 1 dxdt = 2t+ 1dydx = dydtdxdt = 2t� 12t + 1dydx = 0 when t = 1=2; dxdt = 0 when t = �1=2.Horizontal tangents o

ur when dydt = 0 and dxdt 6= 0Verti
al tangents o

ur when dxdt = 0 and dydt 6= 0To study the 
on
avity, we must �nd the se
ond derivative.d2ydx2 = ddt(dydx)dxdt = 4(2t+ 1)22t+ 1 = 4(2t+ 1)3For t < �1=2, d2ydx2 < 0;graph is 
on
ave downFor t > �1=2 d2ydx2 > 0; graph is 
on
ave upSin
e t = �1=2 is a point on the graph, t = �1=2 represents a point of in
e
tion at(�1=4; 3=4). 33



5 Summary of Ve
tor Operations41. Given the ve
tors ~A; ~B; and ~C where~A = a1̂{+ a2|̂+ a3k̂~B = b1̂{+ b2|̂+ b3k̂~C = 
1̂{+ 
2|̂+ 
3k̂(a) ~A+ ~B = (a1 + b1)̂{+ (a2 + b2)|̂+ (a3 + b3)k̂(b) k ~Ak =pa21 + a22 + a23(
) Unit ve
tor,Â = ~Ak ~Ak(d) ~A � ~B = a1b1 + a2b2 + a3b3(e) PROJ ~B ~A = ~A � ~B(k ~Bk)2 ~B(f) kPROJ ~B ~Ak = j ~A � ~Bjk ~Bk(g) ~A � ~B = k ~Ak k ~Bk 
os �; 0 � � � �(h) Dire
tion 
osines for ~A; 
os� = a1k ~Ak ; 
os � = a2k ~Ak ; 
os 
 = a3k ~Ak ; 0 � �; �; 
 � �(i) ~A� ~B = ������ {̂ |̂ k̂a1 a2 a3b1 b2 b3 ������ = {̂(a2b3 � a3b2)� |̂(a1b3 � a3b1) + k̂(a1b2 � a2b1)(j) k ~A� ~Bk = k ~Akk ~Bk sin �; 0 � � � �(k) ~A � ( ~B � ~C) = ������ a1 a2 a3b1 b2 b3
1 
2 
3 ������ = a1(b2
3 � b3
2)� a2(b1
3 � b3
1) + a3(b1
2 � b2
1)6 Ve
tor OperationsThe following questions will give you an opportunity to pra
ti
e the various ve
tor operationsdis
ussed in this 
ourse. 34



42. Given the ve
tors ~A; ~B; and ~C where~A = 2̂i� 2̂j + 3k̂~B = 4̂i+ 2̂j � 3k̂~C = 3̂i� 2̂j + 4k̂�nd the following(a) ~A � ~B ANSWER = -5(b) ~A � ~C ANSWER = 22(
) ~B � ~C ANSWER = -4(d) ~A � ~B ANSWER = < 0, 18, 12>(e) ~A� ~C ANSWER = < -2, 1, 2>(f) ~B� ~C ANSWER = < 2,-25,-14>(g) k~Ak ANSWER = p17(h) k~Bk ANSWER = p29(i) k~Ck ANSWER = p29(j) PROJ~A ~B ANSWER = �517 < 2;�2; 3 >(k) PROJ~B ~A ANSWER = �529 < 4; 2;�3 >(l) PROJ~C ~A ANSWER = 2229 < 3;�2; 4 >(m) PROJ~C ~B ANSWER = �429 < 3;�2; 4 >(n) PROJ~A ~C ANSWER = 2217 < 2;�2; 3 >(o) PROJ~B ~C ANSWER = �429 < 4; 2;�3 >(p) kPROJ~B ~Ak ANSWER = 5p29(q) kPROJ~A ~Bk ANSWER = 5p17(r) kPROJ~C ~Ak ANSWER = 22p29(s) kPROJ~C ~Bk ANSWER = 4p29(t) kPROJ~A ~Ck ANSWER = 22p17(u) kPROJ~B ~Ck ANSWER = 4p29(v) ~A � (~B� ~C) ANSWER = 12(w) ~B � (~A � ~C) ANSWER = -12(x) ~C � (~A � ~B) ANSWER = 12(y) �, the angle between ~A and ~B ANSWER : 
os � = �5p17p29 = -0.2252� = 103.01(z) �, the angle between ~A and ~C ANSWER : 
os � = 22p17p29 = 0.9908� = 7.7735



(aa) �, the angle between ~B and ~C ANSWER : 
os � = �4p29p29 = -0.1379� = 97.93(ab) The dire
tion 
osines for ~A ANSWER : 
os� = 2p17 = 0.4851
os � = �2p17 = -0.4851
os 
 = 3p17 = 0.7276(a
) The dire
tion 
osines for ~B ANSWER : 
os� = 4p29 = 0.7428
os � = 2p29 = 0.3714
os 
 = �3p29 = -0.5571(ad) The dire
tion 
osines for ~C ANSWER : 
os� = 3p29 = 0.5571
os � = �2p29 = -0.3714
os 
 = 4p29 = 0.7428(ae) The dire
tion angles for ~A ANSWER : � = 60.98� = 119.02
 = 43.31(af) The dire
tion angles for ~B ANSWER : � = 42.03� = 68.20
 = 123.85(ag) The dire
tion angles for ~C ANSWER : � = 56.15� = 111.80
 = 42.03(ah) ~A� (~B� ~C) ANSWER : < 103; 34;�46 >(ai) ~B� (~C� ~A) ANSWER : < �7; 2;�8 >(aj) ~C� (~A� ~B) ANSWER : < �96;�36; 54 >
36



43. Given the ve
tors ~A; ~B; and ~C where ~A = î+ 2̂j � k̂~B = 3̂i� ĵ+ 4k̂~C = 2̂j � k̂�nd the following(a) ~A � ~B ANSWER = -3(b) ~A � ~C ANSWER = 5(
) ~B � ~C ANSWER = -6(d) ~A � ~B ANSWER = < 7, -7, -7>(e) ~A� ~C ANSWER = < 0, 1, 2>(f) ~B� ~C ANSWER = < -7, 3, 6>(g) k~Ak ANSWER = p6(h) k~Bk ANSWER = p26(i) k~Ck ANSWER = p5(j) PROJ~A ~B ANSWER = �36 < 1; 2;�1 >(k) PROJ~B ~A ANSWER = �326 < 3;�1; 4 >(l) PROJ~C ~A ANSWER = 55 < 0; 2;�1 >(m) PROJ~C ~B ANSWER = �65 < 0; 2;�1 >(n) PROJ~A ~C ANSWER = 56 < 1; 2;�1 >(o) PROJ~B ~C ANSWER = �626 < 3;�1; 4 >(p) kPROJ~B ~Ak ANSWER = 3p26(q) kPROJ~A ~Bk ANSWER = 3p6(r) kPROJ~C ~Ak ANSWER = 5p5(s) kPROJ~C ~Bk ANSWER = 6p5(t) kPROJ~A ~Ck ANSWER = 5p6(u) kPROJ~B ~Ck ANSWER = 6p26(v) ~A � (~B� ~C) ANSWER = -7(w) ~B � (~A � ~C) ANSWER = 7(x) ~C � (~A � ~B) ANSWER = -7(y) �, the angle between ~A and ~B ANSWER : 
os � = �3p6p26 = -0.2402� = 103.90(z) �, the angle between ~A and ~C ANSWER : 
os � = 5p6p5 = 0.9129� = 24.0937



(aa) �, the angle between ~B and ~C ANSWER : 
os � = �6p26p5 = -0.5262� = 121.75(ab) The dire
tion 
osines for ~A ANSWER : 
os� = 1p6 = 0.4082
os � = 2p6 = 0.8165
os 
 = �1p6 = -0.4082(a
) The dire
tion 
osines for ~B ANSWER : 
os� = 3p26 = 0.5883
os � = �1p26 = -0.1961
os 
 = 4p26 = 0.7845(ad) The dire
tion 
osines for ~C ANSWER : 
os� = 0p5 = 0.0000
os � = 2p5 = 0.8944
os 
 = �1p5 = -0.4472(ae) The dire
tion angles for ~A ANSWER : � = 65.91� = 35.26
 = 114.09(af) The dire
tion angles for ~B ANSWER : � = 53.96� = 101.31
 = 38.33(ag) The dire
tion angles for ~C ANSWER : � = 90.00� = 26.57
 = 116.57(ah) ~A� (~B� ~C) ANSWER : < 15; 1; 17 >(ai) ~B� (~C� ~A) ANSWER : < 6; 6;�3 >(aj) ~C� (~A� ~B) ANSWER : < �21;�7;�14 >
38



44. Given the ve
tors ~A; ~B; and ~C where ~A = î� ĵ~B = 2̂i+ 3̂j � k̂~C = �̂i+ 2k̂�nd the following(a) ~A � ~B ANSWER = -1(b) ~A � ~C ANSWER = -1(
) ~B � ~C ANSWER = -4(d) ~A � ~B ANSWER = < 1, 1, 5>(e) ~A� ~C ANSWER = < -2, -2, -1>(f) ~B� ~C ANSWER = < 6, -3, 3>(g) k~Ak ANSWER = p2(h) k~Bk ANSWER = p14(i) k~Ck ANSWER = p5(j) PROJ~A ~B ANSWER = �12 < 1;�1; 0 >(k) PROJ~B ~A ANSWER = �114 < 2; 3;�1 >(l) PROJ~C ~A ANSWER = �15 < �1; 0; 2 >(m) PROJ~C ~B ANSWER = �45 < �1; 0; 2 >(n) PROJ~A ~C ANSWER = �12 < 1;�1; 0 >(o) PROJ~B ~C ANSWER = �414 < 2; 3;�1 >(p) kPROJ~B ~Ak ANSWER = 1p14(q) kPROJ~A ~Bk ANSWER = 1p2(r) kPROJ~C ~Ak ANSWER = 1p5(s) kPROJ~C ~Bk ANSWER = 4p5(t) kPROJ~A ~Ck ANSWER = 1p2(u) kPROJ~B ~Ck ANSWER = 4p14(v) ~A � (~B� ~C) ANSWER = 9(w) ~B � (~A � ~C) ANSWER = -9(x) ~C � (~A � ~B) ANSWER = 9(y) �, the angle between ~A and ~B ANSWER : 
os � = �1p2p14 = -0.1890� = 100.89(z) �, the angle between ~A and ~C ANSWER : 
os � = �1p2p5 = -0.3162� = 108.4339



(aa) �, the angle between ~B and ~C ANSWER : 
os � = �4p14p5 = -0.4781� = 118.56(ab) The dire
tion 
osines for ~A ANSWER : 
os� = 1p2 = 0.7071
os � = �1p2 = -0.7071
os 
 = 0p2 = 0.0000(a
) The dire
tion 
osines for ~B ANSWER : 
os� = 2p14 = 0.5345
os � = 3p14 = 0.8018
os 
 = �1p14 = -0.2673(ad) The dire
tion 
osines for ~C ANSWER : 
os� = �1p5 = -0.4472
os � = 0p5 = 0.0000
os 
 = 2p5 = 0.8944(ae) The dire
tion angles for ~A ANSWER : � = 45.00� = 135.00
 = 90.00(af) The dire
tion angles for ~B ANSWER : � = 57.69� = 36.70
 = 105.50(ag) The dire
tion angles for ~C ANSWER : � = 116.57� = 90.00
 = 26.57(ah) ~A� (~B� ~C) ANSWER : < �3;�3; 3 >(ai) ~B� (~C� ~A) ANSWER : < 5;�4;�2 >(aj) ~C� (~A� ~B) ANSWER : < �2; 7;�1 >
40



7 Lines and PlanesIn this se
tion, I give some additional examples and exer
ises relating to lines and planes.7.1 Equation of a plane
Q(x,y,z)P(x  ,y  ,z  )o oo

n

O

Figure 4: Equation of a plane passing through a point P (x0; y0; z0) with normal ve
tor ~nLet P (x0; y0; z0) be a de�nite point in the plane and let Q(x; y; z) be a general point in theplane. Let ~n =< a; b; 
 > be a ve
tor normal to the plane. Sin
e P and Q are in the plane,the ve
tor �!PQ is in the plane. Consequently a ve
tor equation for the plane may be writtenas Ve
tor Equation of a Plane is ~n � �!PQ = 0If ~X0 =< x0; y0; z0 > and ~X =< x; y; z > then ~X� ~X0 is a ve
tor in the plane and so we have41



Ve
tor Equation of a Plane is ~n � ( ~X � ~X0) = 0where ~n is a ve
tor normal to the plane. Let ~n = a {̂+ b |̂ + 
 k̂. Then the ve
tor equationof the plane 
an be written as(a {̂+ b |̂+ 
 k̂) � (fx� x0g {̂+ fy � y0g |̂+ fz � z0g k̂) = 0. Simplifying, we have a(x� x0) + b(y � y0) + 
(z � z0) = 0This is often 
alled the Point-Normal form of the equation of a plane.Rewriting this equation,we have ax+ by + 
z � (ax0 + by0 + 
z0) = 0Sin
e the normal ve
tor is spe
i�ed and the point is also given, the quantity in parentheses
an be repla
ed by a single symbol, usually 'd' so that the equation be
omesax+ by + 
z + d = 0 where d = �(ax0 + by0 + 
z0)This equation is often referred to as the standard or general equation of a plane. Note thatit may also be written in the formax+ by + 
z = d where d = (ax0 + by0 + 
z0)3x� 2y+4z� 12 = 0 would represent the equation of a plane. Immediately, you know that~n = 3 {̂� 2 |̂+ 4 k̂ is a ve
tor normal to the plane. In many of the exer
ises that follow, weare required to �nd a point on the plane as part of a solution to a an exer
ise. The easiestway to do this is to set two of the variables to zero and hen
e �nd the value of the thirdvariable. In the above equation, the point (0,0,3) is on the plane.7.2 Equation of a plane through 3 points45. Exer
ises(a) Find the equation of the plane whi
h passes through the points P( 2, 1, 1) ,Q( 0, 4, 1) and R( -2, 1, 4)Give your answer in the form ax + by + 
z + d = 0Answer: a = 9; b = 6; 
 = 12; d = �3642
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Figure 5: Equation of a plane passing through three points P;Q and R�!PQ =< �2; 3; 0 > ; �!PR =< �4; 0; 3 > ; �!QR =< �2;�3; 3 >Solution Sin
e we are given 3 points on the plane ,the ve
tors �!PQ and �!PR will lie inthe plane. Hen
e, the 
ross produ
t �!PQ� �!PR will give a ve
tor ~n normal to the plane.�!OP =< 2; 1; 1 > ; �!OQ =< 0; 4; 1 > ; �!OR =< �2; 1; 4 >�!OQ = �!OP+ �!PQ so that �!PQ = �!OQ � �!OP =< �2; 3; 0 >Similarly , �!PR = �!OR� �!OP =< �4; 0; 3 > Hen
e,~n = �!PQ� �!PR = ������ {̂ |̂ k̂�2 3 0�4 0 3 ������Hen
e ~n =< 9; 6; 12 >. We 
an now use the point normal form for the equation of aplane. Sele
t any point, lets say P so that we 
an write the equation of the plane as9(x� 2) + 6(y � 1) + 12(z � 1) = 043



After simpli�
ation, this be
omes 3x+ 2y + 4z � 12 = 0(b) Find the equation of the plane whi
h passes through the points P( 1, 0, -3) ,Q( 2, -5, -6) and R( 6, 3, -4)Give your answer in the form ax + by + 
z + d = 0Answer:a = 14; b = �14; 
 = 28; d = 70�!PQ =< 1;�5;�3 > ; �!PR =< 5; 3;�1 > ; �!QR =< 4; 8; 2 >(
) Find the equation of the plane whi
h passes through the points P( 0, 3, -1) ,Q( 2, 4, 2) and R( -1, 2, -3)Give your answer in the form ax + by + 
z + d = 0Answer: a = 1; b = 1; 
 = �1; d = �4�!PQ =< 2; 1; 3 > ; �!PR =< �1;�1;�2 > ; �!QR =< �3;�2;�5 >(d) Find the equation of the plane whi
h passes through the points P( 1, 0, -1) ,Q( 2, 3, 1) and R( 4, -3, 2)Give your answer in the form ax + by + 
z + d = 0Answer: a = 15; b = 3; 
 = �12; d = �27�!PQ =< 1; 3; 2 > ; �!PR =< 3;�3; 3 > ; �!QR =< 2;�6; 1 >(e) Find the equation of the plane whi
h passes through the points P( 0, 0, 0) ,Q( 1, 1, 1) and R( 1, 2, 3)Give your answer in the form ax + by + 
z + d = 0Answer:a = 1; b = �2; 
 = 1; d = 0�!PQ =< 1; 1; 1 > ; �!PR =< 1; 2; 3 > ; �!QR =< 0; 1; 2 >(f) Find the equation of the plane whi
h passes through the points P( 0, 3, -1) ,Q( 2, 4, 2) and R( -2, 2, -4)Give your answer in the form ax + by + 
z + d = 0Answer; NO UNIQUE PLANE; POINTS LIE ON A LINE
44



7.3 Equation of a line
X

X
Q(x,y,z)

P(x ,y ,z )o o o

V

OFigure 6: Equation of a line passing through a point P (x0; y0; z0), parallel to the ve
tor ~V .Q(x; y; z) is a general point on the line.46. Equation of a line passing through a point P (x0; y0; z0), and parallel to ~VLet Q(x; y; z) be a general point on the line. Then �!OQ = �!OP + �!PQ or �!OQ = �!OP+ t~VThis is a ve
tor equation for the line. If ~V = a{̂ + b|̂ + 
k̂ , then this equation 
ould bewritten < x; y; z >=< x0; y0; z0 > +t < a; b; 
 >The parametri
 form 
an be obtained by equating the individual 
omponents, namelyx = x0 + at; y = y0 + bt; z = zo + 
tEliminating the parameter "t", we obtain the s
alar symmetri
 form for the equation of astraight line. x� x0a = y � y0b = z � z0
45



47. Example Find the equation of the straight line through the point P (1;�3;�2) and parallelto the ve
tor~V =< 4;�5; 3 > Give your answer in parametri
 form.Solution Let Q(x; y; z) be a general point on the line. �!OQ = �!OP + t~V . For this exer
ise ,we have < x; y; z >=< 1;�3;�2 > +t < 4;�5; 3 >Writing the answer in parametri
 form, we havex = 1 + 4t ; y = �3� 5t ; z = �2 + 3t48. Exer
ises(a) Find the equation of the straight line through the point P (5; 2;�3) and parallel to theve
tor~V =< 2;�4; 1 > Give your answer in parametri
 form.(b) Find the equation of the straight line through the point P (7;�3;�5) and parallel tothe ve
tor~V =< 1;�3;�2 > Give your answer in symmetri
 s
alar form.(
) Find the equation of the straight line through the point P (�1; 7; 0) and parallel to theve
tor~V =< 4;�5;�2 > Give your answer in parametri
 form.(d) Find the equation of the straight line through the point P (6;�9; 7) and parallel to theve
tor~V =< �3; 2; 2 > Give your answer in symmetri
 s
alar form.49. Equation of a line passing through the points P (x0; y0; z0), and R(x1; y1; z1)Let Q(x; y; z) be a general point on the line. Then �!OQ = �!OP+ �!PQ or �!OQ = �!OP+ t �!PRThis is a ve
tor equation for the line. Sin
e �!OR = �!OP+ �!PR , we 
an write �!PR = �!OR� �!OP ,or �!PR =< (x1 � x0); (y1 � y0); (z1 � z0) > Hen
e, we 
an write the ve
tor equation in thefollowing form.< x; y; z >=< x0; y0; z0 > +t < (x1 � x0); (y1 � y0); (z1 � z0) >The parametri
 form 
an be obtained by equating the individual 
omponents, namelyx = x0 + t(x1 � x0); y = y0 + t(y1 � y0); z = zo + t(z1 � z0)Eliminating the parameter "t", we obtain the s
alar symmetri
 form for the equation of astraight line. x� x0x1 � x0 = y � y0y1 � y0 = z � z0z1 � z046
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Figure 7: Equation of a line passing through the points P (x0; y0; z0), and R(x1; y1; z1). Q(x; y; z)is a general point on the line.50. Exer
ises(a) Find an equation of the line whi
h passes through the points P (3; 4; 5) and R(2; 1; 6)Give your answer in symmetri
 s
alar form.Answer : x� 3�1 = y � 4�3 = z � 51x� 2�1 = y � 1�3 = z � 61(b) Find an equation of the line whi
h passes through the points P (2; 5; 3) and R(4; 6; 5)Give your answer in symmetri
 s
alar form.Answer : x� 22 = y � 51 = z � 32x� 42 = y � 61 = z � 52(
) Find an equation of the line whi
h passes through the points P (�4; 3; 6) and R(5; 9; 2)Give your answer in symmetri
 s
alar form.Answer : x+ 49 = y � 36 = z � 6�4 47



x� 59 = y � 96 = z � 2�4(d) Find an equation of the line whi
h passes through the points P (0; 3; 7) and R(4; 2; 11)Give your answer in symmetri
 s
alar form.Answer : x4 = y � 3�1 = z � 74x� 44 = y � 2�1 = z � 114(e) Find an equation of the line whi
h passes through the points P (4; 0; 3) and R(2; 9; 1)Give your answer in symmetri
 s
alar form.Answer : x� 4�2 = y9 = z � 3�2x� 2�2 = y � 99 = z � 1�2(f) Find an equation of the line whi
h passes through the points P (3; 7; 0) and R(5; 2; 12)Give your answer in symmetri
 s
alar form.Answer : x� 32 = y � 7�5 = z12x� 52 = y � 2�5 = z � 1212(g) Find an equation of the line whi
h passes through the points P (0;�3; 8) and R(1;�4; 13)Give your answer in symmetri
 s
alar form.Answer : x1 = y + 3�1 = z � 85x� 11 = y + 4�1 = z � 135(h) Find an equation of the line whi
h passes through the points P (2; 4; 8) and R(�6;�5;�9)Give your answer in symmetri
 s
alar form.Answer : x� 2�8 = y � 4�9 = z � 8�17x+ 6�8 = y + 5�9 = z + 9�17(i) Find an equation of the line whi
h passes through the points P (3; 5; 1) and R(2; 8; 1)Give your answer in symmetri
 s
alar form.Answer : x� 3�1 = y � 53 : z = 1 48



(j) Find an equation of the line whi
h passes through the points P (8; 3; 7) and R(4; 3; 2)Give your answer in symmetri
 s
alar form.Answer : x� 8�4 = z � 7�5 : y = 37.4 Distan
e of a point from a plane
Q(x   ,y    z   )0 0 0

ax + by + cz + d = 0

P(x   ,y   ,z  )1 11

n

Figure 8: Distan
e of a point Q(x0; y0; z0),from a plane ax + by + 
z + d = 0. P (x1; y1; z1) is apoint on the plane.The required distan
e is given by kPROJ~n �!PQk where ~n is a ve
tor normal to the plane.Re
all from our work on ve
tors that kPROJ ~B ~Ak = j ~A � ~Bjk ~Bk .Hen
e,kPROJ~n �!PQk = j �!PQ � ~njk~nkSin
e we are given the equation of the plane, the normal ve
tor ~n 
an be determined easily.~n =< a;b; 
 > and hen
e k~nk = pa2 + b2 + 
2 Also sin
e we are given the equation of theplane, we 
an always �nd a point on the plane. Let that point be P (x1; y1; z1) . We 
an49



also write �!OQ = �!OP + �!PQ where �!OQ =< x0;y0; z0 > and �!OP =< x1; y1; z1 >. Hen
e�!PQ = �!OQ� �!OP�!PQ = < x0 � x1; y0 � y1; z0 � z1 >j �!PQ � ~nj = ja(x0 � x1) + b(y0 � y1) + 
(z0 � z1)j= jax0 + by0 + 
z0 � ax1 � by1 � 
z1j= jax0 + by0 + 
z0 + djSin
e x1; y1; z1) is a point on the plane, we may write ax1 + by1 + 
z1 + d = 0 and hen
ed = �ax1 � by1 � 
z1Hen
e the distan
e of a point Q(x0; y0; z0),from a plane ax+ by+ 
z+ d = 0. is given by theformula jax0 + by0 + 
z0 + djpa2 + b2 + 
2Note , to use this formula, the equation of the plane must be written in the formax+ by + 
z + d = 051. Distan
e of a point from a plane(a) Exer
ises Find the distan
e between the point Q( 1, 5, -4)and the plane 3x� y + 2z � 6 = 0Answer: distan
e = 16p14SolutionDistan
e = j(3)(1) + (�1)(5) + (2)(�4) + (�6)jp9 + 1 + 4 = j3� 5� 8 � 6jp14 = 16p14(b) Find the distan
e between the point Q( 0, 0, 0)and the plane 2x+ 3y + z � 12 = 0Answer: distan
e = 12p14(
) Find the distan
e between the point Q( 1, 2, 3)and the plane 2x� y + z � 4 = 0Answer: distan
e = 1p6(d) Find the distan
e between the point Q( 1, 1, 3)and the plane 2x� y + z � 4 = 0Answer = 0 ; Point is on the plane50



(e) Find the distan
e between the point Q( 1, 0, 2)and the plane 2x� 3y + 6z � 6 = 0Answer: distan
e = 87(f) Find the distan
e between the point Q( 0, 0, 0)and the plane 4x� 7y + z � 2 = 0Answer: distan
e = 2p66(g) Find the distan
e between the point Q( -1, 1, 2)and the plane 3x� 2y + z � 1 = 0Answer: distan
e = 4p14(h) Find the distan
e between the point Q( 3, -1, 4)and the plane 2x� y + z � 5 = 0Answer: distan
e = 6p6(i) Find the distan
e between the point Q( 2, 0, -4)and the plane x+ 2y + 4z � 3 = 0Answer: distan
e = 17p217.5 Distan
e between two planesThis question is only sensible if the planes are parallel. If not, they will interse
t and givezero for the distan
e. It is possible to develop a formula for the distan
e between two parallelplanes. Given two parallel planesax+ by + 
z + d1 = 0ax+ by + 
z + d2 = 0the distan
e between these two planes 
an be shown to bejd2 � d1jpa2 + b2 + 
2However rather than memorize yet another formula, I suggest that you use the previousformula for the distan
e between a point and a plane.Find a point on one plane and then�nd the distan
e between that point and the other plane.52. Exer
ises 51



(a) Find the distan
e between the parallel planesx� 3y + 4z � 10 = 0 Plane 1x� 3y + 4z � 6 = 0 Plane 2Answer : distan
e = 4p26Solution For plane 1, set y = 0 and z = 0 so that x = 10 . Hen
e (10; 0; 0) is a pointon plane 1. Using this as the point in the formula for the distan
e of a point from aplane and plane 2 as the plane, we haveDistan
e = j10 + 0 + 0� 6jp1 + 9 + 16 = 4p26(b) Find the distan
e between the parallel planes3x� y + 2z � 6 = 0 and 6x� 2y + 4z + 4 = 0Answer : distan
e = 48p504(
) Find the distan
e between the parallel planes2x� 4z � 4 = 0 and 2x� 4z + 10 = 0Answer : distan
e = 28p80(d) Find the distan
e between the parallel planesx� y + z � 2 = 0 and 3x� 3y + 3z � 1 = 0Answer : distan
e = 5p27(e) Find the distan
e between the parallel planesy � 2z � 4 = 0 and 2y + 4z � 6 = 0Answer : distan
e = 14p20(f) Find the distan
e between the parallel planes2x� 3y + 4z � 5 = 0 and 4x� 6y + 8z + 1 = 0Answer : distan
e = 22p464(g) Show that the distan
e between two parallel planesax+ by + 
z + d1 = 0ax+ by + 
z + d2 = 052



is given by the formula jd2 � d1jpa2 + b2 + 
27.6 Distan
e of a point from a line
Q(x  ,y  ,z  )o o o

1 1
x

h

θ

V
1P(x  ,  y  , z   )

Figure 9: Distan
e(h) of a point Q(x0; y0; z0),from a line with dire
tion ve
tor ~V . P (x1; y1; z1) isa point on the line. sin � = hk �!PQkh = k �!PQk sin �h k~V k = k �!PQk k~V k sin �h k~V k = k �!PQ� ~V kDistan
e = k �!PQ� ~V kk~V k53



53. Example. Find the distan
e of the point Q(1; 2; 3) from the linex� 11 = y�2 = z � 23Rewriting the equation of the line in parametri
 form, we havex = 1+ t ; y = �2t ; z = 2+3t The dire
tion ve
tor for the line is given by V =< 1;�2; 3 >.Setting t = 0 ,we �nd that P (1; 0; 2) is a point on the line. �!OP + �!PQ = �!OQ or �!PQ =�!OQ� �!OP where �!OQ =< 1; 2; 3 > and �!OP =< 1:0; 2 > Hen
e �!PQ =< 0; 2; 1 >�!PQ � ~V = ������ {̂ |̂ k̂0 2 11 �2 3 �������!PQ� ~V = 8{̂+ |̂� 2k̂Distan
e = k �!PQ� ~V kk~V k = p69p1454. Exer
ises(a) Find the distan
e between the point Q(3;�8; 1) and the line x� 33 = y + 7�1 = z + 25Answer : p94p35(b) Find the distan
e between the point Q(2; 3; 4) and the line x� 57 = y + 32 = z � 3�3Answer : p2708p62(
) Find the distan
e between the point Q(1; 0;�1) and the line x� 23 = y + 11 = z � 12Answer : p48p14(d) Find the distan
e between the point Q(1;�2; 2) and the line x2 = y�1 = z2Answer : p17p9(e) Find the distan
e between the point Q(1;�2; 2) and the line x2 = y1 = z2Answer : p65p9 54



7.7 Volume of a parallelepiped
C

A

BFigure 10: Parallelepiped having the ve
tors ~A; ~B and ~C as adja
ent edges.55. The volume of a parallelepiped,V, is obtained by the formulaV = (Base area) ( Height).The base is a parallelogram formed by the ve
tors ~B and ~C and from our previous work hasan area of k ~B� ~Ck. The height 
an be obtained by �nding the magnitude of the proje
tionof the ve
tor ~A onto a ve
tor normal to the plane of the base. ~B� ~C is su
h a ve
tor. Re
allfrom our previous work that kPROJ ~B ~Ak = j ~A � ~Bjk ~BkHen
e, the height of the parallelepiped is given byh = kPROJ ~B�~C ~Ak = j ~A � ( ~B � ~C)jk ~B � ~CkHen
e V = (k ~B � ~Ck) j ~A � ( ~B � ~C)jk ~B � ~Ck !or V = j ~A � ( ~B � ~C)j56. Example Find the volume of the parallelepiped having~A = 3̂i� 5̂j + k̂; ~B = 2̂j� 2k̂ and ~C = 3̂i+ ĵ+ k̂55



as adja
ent edges.Solution The volume is given by the absolute value of the s
alar triple produ
t ~A � ( ~B �~C): From our previous work , the s
alar triple produ
t 
an be written as a third orderdeterminant. ~A � ( ~B � ~C) = ������ 3 �5 10 2 �23 1 1 ������~A � ( ~B � ~C) = 3(2 + 2)� (�5)(0 + 6) + 1(0 � 6) = 36Hen
e the volume V = j36j = 3657. Exer
ises(a) Find the volume of the parallelepiped having~A = î+ 3̂j + k̂; ~B = 5̂j+ 5k̂ and ~C = 4̂i+ 4k̂as adja
ent edges.Answer: Volume = 60(b) Find the volume of the parallelepiped having~A = î+ ĵ; ~B = ĵ+ k̂ and ~C = î+ k̂as adja
ent edges.Answer: Volume = 2(
) Find the volume of the parallelepiped having~A = �̂i+ 4̂j � 3k̂; ~B = �3̂i+ 2̂j + 2k̂ and ~C = �4̂i+ 3̂j+ 3k̂as adja
ent edges.Answer: Volume = 7(d) Find the volume of the parallelepiped having~A = î+ 6k̂; ~B = 2̂i+ 3̂j � 8k̂ and ~C = 8̂i� 5̂j+ 6k̂as adja
ent edges.Answer: Volume = 226(e) Find the volume of the parallelepiped having~A = 2̂i� 3̂j + 4k̂; ~B = î+ 2̂j� k̂ and ~C = 7̂i+ 5k̂as adja
ent edges.S
alar Triple Produ
t is zero: Ve
tors are 
oplanar7.8 Equation of a plane through two points and perpendi
ular toanother plane58. Equation of a plane through two points and perpendi
ular to another plane56



(a) Find the equation of the plane whi
h passes through the points P( 3, 2, 1) ,Q( 3, 1, -5) ) and is perpendi
ular to the plane 6x + 7y + 2z = 10Give your answer in the form ax + by + 
z + d = 0Answer: a = 40 ; b = -36 ; 
 = 6 ; d = -54�!PQ =< 0;�1;�6 >(b) Find the equation of the plane whi
h passes through the points P( 2, 2, 1) ,Q( -1, 1, -1) ) and is perpendi
ular to the plane 2x� 3y + z = 3Give your answer in the form ax + by + 
z + d = 0Answer: a = 7 ; b = 1 ; 
 = -11 ; d = -5�!PQ =< �3;�1;�2 >(
) Find the equation of the plane whi
h passes through the points P( 4, -2, 1) ,Q( 3, 1, 2) ) and is perpendi
ular to the plane 3x+ 2y � 4z = 5Give your answer in the form ax + by + 
z + d = 0Answer: a = 14 ; b = 1 ; 
 = 11 ; d = -65�!PQ =< �1; 3; 1 >(d) Find the equation of the plane whi
h passes through the points P( -2, 1, 4) ,Q( 1, 0, 3) ) and is perpendi
ular to the plane 4x� y + 3z = 2Give your answer in the form ax + by + 
z + d = 0Answer: a = 4 ; b = 13 ; 
 = -1 ; d = -1�!PQ =< 3;�1;�1 >(e) Find the equation of the plane whi
h passes through the points P( -3, 5, 2) ,Q( 4, 1, 2) ) and is perpendi
ular to the plane 3x+ 2y � 2z = 5Give your answer in the form ax + by + 
z + d = 0Answer: a = 8 ; b = 14 ; 
 = 26 ; d = -98�!PQ =< 7;�4; 0 >7.9 Interse
tion of a line and a plane59. Example Find ( if any ) the interse
tion point of the line x� 11 = y + 22 = z4and the plane 3x� 2y + z + 5 = 0Solution Rewriting the equation of the line in parametri
 form, we havex = 1 + t : y = �2 + 2t; and z = 4t. Substituting these parametri
 equations into theequation of the plane, we have3(1 + t)� 2(�2 + 2t) + (4t) + 5 = 057



Simplifying, we have 3 + 3t+ 4� 4t+ 4t+ 5 = 0 or 3t = �12, giving t = �4Substituting this value of t into the parametri
 equations, we have x = �3; y = �10 andz = �16 . Hen
e , the interse
tion point is (-3,-10,-16) Note that ~n the normal ve
tor tothe plane is < 3;�2; 1 > while the dire
tion ve
tor ~V for the line is < 1; 2; 4 > . The dotprodu
t ~n � ~V is 3 or 6= 0 so that ~n and ~V are not orthogonal. In the following exer
ises , letus examine what happens if ~n and ~V are orthogonal.60. Example Find the interse
tion point (if any) of the line x� 22 = y + 3�2 = Z � 11 and theplane 3x+ y � 4z + 21 = 0Solution Rewriting the equation of the line in parametri
 form, we havex = 2 + 2t; y = �3 � 2t; z = 1 + t. Substituting these parametri
 equations into theequation of the plane, we have3(2 + 2t) + (�3� 2t)� 4(1 + t) + 21 = 0Simplifying, we have 6 + 6t� 3� 2t� 4� 4t+ 21 = 0 or 0t+ 20 = 0From this obviously ridi
ulous equation, we 
on
lude that there is no interse
tion between theline and the given plane. Note that if ~V is the dire
tion ve
tor for the line and ~n is the normalve
tor to the plane. ~V =< 2;�2; 1 > and ~n =< 3; 1;�4 > so that ~n � ~V = 6 � 2 � 4 = 0:That is, ~n and ~V are orthogonal. To summarize the situation, the line is in a plane parallelto the given plane. As an additional exer
ise, sele
t any two points on the line and showthat the distan
e between ea
h point and the plane is the same, that is, independent of pointsele
tion and is equal to 20p26 You might use the point (2;�3; 1) or perhaps (6;�7; 3) . Also,�nd the equation of the plane whi
h 
ontains the given line.61. Example Find the interse
tion point (if any) of the line x+ 78 = y � 1�12 = z � 1�2 and theplane 5x+ 3y + 2z + 30 = 0Solution Rewriting the equation of the line in parametri
 form, we havex = �7 + 8t; y = 1 � 12t; z = 1 � 2t Substituting these parametri
 equations into theequation of the plane, we have5(�7 + 8t) + 3(1 � 12t) + 2(1 � 2t) + 30 = 0Simplifying, we have�35 + 40t + 3� 36t+ 2 � 4t+ 30 = 0 or 0t+ 0 = 058



Clearly this is a valid statement, good for all values of t. If ~V is the dire
tion ve
tor for theline and ~n is the normal ve
tor for the plane ~v = < 8;�12;�2 >; ~n = 25; 3; 2 > so that~n � ~V = 40�36�4 = 0: Hen
e ~n and ~V are othogonal. We 
on
lude that the line is a
tuallyin the given plane (�7; 1; 1) is a point on the line. Show that the distan
e between thispoint and the plane is 07.10 Equation of a plane determined by two non parallel lines
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Figure 11: Equation of a plane 
ontaining two lines, l1; l2 with dire
tion ve
tors ~V1; ~V2Let ~V1 be the dire
tion ve
tor for the �rst line and let ~V2 be the dire
tion ve
tor for these
ond line. It is assumed that the lines are not parallel. If we form the 
ross produ
t,~V1 � ~V2 ,we will obtain a ve
tor normal to the plane 
ontaining these two lines. Sin
e weare given the equations of both lines, it is easy to obtain a point on one of the lines and soa point in the plane. Hen
e, we 
an the use the point-normal form for the equation of a plane.62. Example Find the equation of the plane 
ontaining the linesx� 1�2 = y � 41 = z1 and x� 2�3 = y � 14 = z � 2�159



Give the answer in the form ax+ by + 
z + d = 0Solution A dire
tion ve
tor for line 1 is ~V1 =< �2; 1; 1 > and for line 2, a dire
tion ve
toris ~V2 =< �3; 4;�1 >. We �nd a ve
tor normal to the plane by forming the 
ross produ
t~n = ~V1 � ~V2 ~n = ~V1 � ~V2 = ������ {̂ |̂ k̂�2 1 1�3 4 �1 ������Hen
e, ~n = �5{̂� 5|̂� 5k̂ . Sin
e all we need is the simplest possible normal ve
tor, we willtake ~n = {̂ + |̂ + k̂. From line 1, we see that (1,4,0) is on the line and so is a point on theplane. Hen
e we 
an now use the point-normal form for the equation of a plane,namely1(x� 1) + 1(y � 4) + 1(z � 0) = 0 or x+ y + z � 5 = 07.11 Equation of a plane determined by two distin
t parallel lines63. If the plane 
ontains two parallel but distin
t lines, it is possible to �nd the equation of theplane.Example Find the equation of the plane 
ontaining the two parallel linesx+ 25 = y � 1�2 = z + 41 l1x� 3�5 = y + 42 = z � 3�1 l2Method Sin
e the two lines are parallel, we 
annot use the 
ross produ
t of the dire
tionve
tors to obtain a ve
tor normal to the plane as we did in the previous example. However,sin
e we are given the line equations, we 
an �nd a point,A, on line one l1 and a point ,B,on line two l2. Hen
e, we 
an �nd the ve
tor ~AB . A normal ve
tor to the plane 
an thenbe obtained by 
al
ulating the 
ross produ
t of the ve
tor ~V1 with ~AB . Then we 
an usethe point-normal form for the equation of a plane.Solution First lets show that the lines are parallel but distin
t.The dire
tion ve
tor for line1, ~V1 is < 5;�2; 1 > while the dire
tion ve
tor for line 2 ~V2 is < �5; 2;�1 > .Sin
e ~V1 = � ~V2,the lines are parallel. The point(-2,1,-4) is on line 1 but is not on line 2 as you may verify bysubstitution. Hen
e, we have the 
ase of two parallel but distin
t lines. Taking A(-2,1,-4)on line 1 and B(3,-4,3) on line 2, we 
an �nd the ve
tor ~AB =< 5;�5; 7 >.~n = �!AB � ~V1 = ������ {̂ |̂ k̂5 �5 75 �2 1 ������60



~n = �!AB� ~V1 = 9{̂+ 30|̂+ 15k̂Using the point B(3;�4; 3) and the 
al
ulated normal ve
tor ~n = 9{̂ + 30|̂ + 15k̂ in thepoint normal form for the equation of a plane, we have9(x� 3) + 30(y + 4 + 15(z � 3) = 0 or 3x+ 10y + 5z + 16 = 0
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Figure 12: Equation of a plane 
ontaining two distin
t lines, l1; l2 with dire
tion ve
tors~V1; ~V2; with ~V1 parallel to ~V28 Partial Derivatives64. De�nition: Assume that z = f(x; y).The partial derivative of f with respe
t to x, denoted by fx(x; y); is de�ned as follows:fx(x; y) = lim�x!0 f(x+�x; y)� f(x; y)�x61



The partial derivative of f with respe
t to y, denoted by fy(x; y); is de�ned byfy(x; y) = lim�y!0 f(x; y +�y)� f(x; y)�y65. Example Using the above de�nitions, �nd fx(x; y) and fy(x; y) wheref(x; y) = x2 + 2xy + 3y2fx(x; y) = lim�x!0 f(x+�x; y)� f(x; y)�y= lim�x!0 (x+�x)2 + 2(x+�x)y + 3y2 � (x2 + 2xy + 3y2)�x= lim�x!0 x2 + 2x�x+ (�x)2 + 2xy + 2y�x+ 3y2 � x2 � 2xy � 3y2�x= lim�x!0 2x�x+ (�x)2 + 2y�x�x= lim�x!0(2x+�x+ 2y)= 2x+ 2yfy(x; y) = lim�y!0 f(x; y +�y)� f(x; y)�y= lim�y!0 x2 + 2x(y +�y) + 3(y +�y)2 � (x2 + 2xy + 3y2)�y= lim�y!0 x2 + 2xy + 2x�y + 3y2 + 6y�y3(�y)2 � x2 � 2xy � 3y2�y= lim�y!0 2x�y + 6y�y + 3(�y)2�y= lim�y!0 2x+ 6y + 3�y= 2x+ 6y66. Exer
ises: Using the basi
 de�nitions, �nd fx(x; y) and fy(x; y) for the following fun
tions(a) f(x; y) = 5x2 + xy2 + y(b) f(x; y) = x3 + xy2 + 2y3 62



(
) f(x; y) = x2y2 � 2x2 � 4y(d) f(x; y) = sin(2x+ 3y)67. An examination of the basi
 de�nitions and the above examples 
learly ind
ate the pro
edurefor partial di�erentiation. If you are seeking the partial derivative of f with respe
t to x,everywhere you see an x, di�erentiate it using the usual rules developed in Math 2417; treatall other variables as 
onstants for this operation. To �nd the partial derivative of f withrespe
t to y, everywhere you see a y, di�erentiate it using the rules given in Math 2417,for example, if f(x; y) 
ontains a "y3 ", its derivative is 3y2: All other variables are to beregarded as 
onstants.68. Example: f(x; y) = x2 ar
tan(3y)Find (a) fx(x; y) ; (b)fy(x; y)Answer fx(x; y) = 2x ar
tan(3y) ; fy(x; y) = 3x21 + 9y269. Example f(x; y) = x2exyfx(x; y) = 2xexy + x2y exy fy(x; y) = x2��xy2 � exyfx(x; y) = exy �2x+ x2y � fy(x; y) = x2��xy2 � exyfy(x; y) = �x3y2 exy70. Example f(x; y) = ar
tan(x2y3)fx(x; y) = 2xy31 + x4y6 fy(x; y) = 3xy21 + x4y671. Example w = x2y3 + y2z2 + x3z�w�x = 2xy3 + 3x2z; �w�y = 3x2y2 + 2yz2; �w�z = 2y2z + x372. Exer
ises: Find fx(x; y) and fy(x; y) for the following fun
tions(a) f(x; y) = x2 ar
sin(xy3) 63



(b) f(x; y) = ex3+y2(
) f(x; y) = se
(3x2 + 2y3)(d) f(x; y) = ar
tan(pxy)73. Another notation for the partial derivative of f with respe
t to x is �f�x . Similarly, the partialderivative of f with respe
t to y is represented by �f�y74. Exer
ises: Find �f�x and �f�y for the following fun
tions(a) f(x; y) = se
3(x2y3)(b) f(x; y) = x3y2e yx(
) f(x; y) = ln 3px2 + y5(d) f(x; y) = x3 tan2(3x+ 2y2)75. Higher order derivativesIt is sometimes ne
essary to �nd higher order derivatives. The possibilities and notation forz = f(x; y) are given in the a

ompanying diagrams,Figure 13and Figure 14 For the 
aseof z = f(x; y), we see that these are 4 possible se
ond order derivatives, namely fxx(x; y),fxy(x; y), fyx(x; y), fyy(x; y): These derivatives are sometimes written as a matrix, 
alled aHessian matrix. Hf = � fxx fxyfyx fyy �76. Example f(x; y) = x3y2 + sin(xy)Find all se
ond order partial derivatives. The starting point is to �nd both �rst order partialderivatives.fx(x; y) = 3x2y2 + y 
os(xy); fy(xy) = 2x3y + x 
os(xy)To �nd fxx(x; y), we start with fx(x; y) and di�erentiate that answer with respe
t to x64



z = f(x; y)fx(x; y) fy(x; y)������ HHHHHHfxx(x; y)��� ���fxy(x; y) fyx(x; y) fyy(x; y)��� ���Figure 13: First and se
ond order partial derivatives ; subs
ript notationTo �nd fxy(x; y), we start with fx(x; y) and di�erentiate that answer with respe
t to y:Thereforefxx(x; y) = 6xy2 � y2 sin(xy)fxy(x; y) = 6x2y + 
os(xy)� xy sin(xy)To �nd fyx(x; y); we start with fy(x; y) and di�erentiate that answer with respe
t to x:To �nd fyy(x; y); we start with fy(x; y) and di�erentiate that answer with respe
t to y:Thereforefyx(x; y) = 6x2y + 
osxy � xy sin(xy)fyy(x; y) = 2x3 � x2 sin(xy)Note that in this notation, the order of di�erentiations from left to right.This notation is easily extended to higher order di�erentiation and additional variables65



z = f(x; y)�f�x �f�y������ HHHHHH�2f�x2 ��� ����2f�y�x �2f�x�y �2f�y2��� ���Figure 14: First and se
ond order partial derivatives ; alternate notation77. Example: f(x; y; z; t) = x2y3tz + xz4t2y + x3z3y2Find fxytz(x; y; z; t):fx(x; y; z; t) = 2xy3tz + z4t2y + 3x2z3y2fxy(x; y; z; t) = 6xy2tz + 6x2z3yfxyt(x; y; z; t) = 6xy2zfxytz(x; y; z; t) = 6xy278. Alternate notation Figure 14 shows the se
ond order partial derivatives in the alternatenotation.The Hessian matrix is then written asHf = 0BB� �2f�x2 �2f�y�x�2f�x�y �2f�y2 1CCA79. To �nd �2f�x2 ; we start with �f�x and di�erentiate this fun
tion with respe
t to x:66



To �nd �2f�x�y; start with �f�y and di�erentiate it with respe
t to x To �nd �2f�y2 ; we startwith �f�y and di�erentiate this fun
tion with respe
t to y:To �nd �2f�y�x; start with �f�x and di�erentiate it with respe
t to y Note in this symbolism,the order of di�erentiation is from right to left.80. Example f(x; y) = ln(x2 � y2)Find all �rst and se
ond order partial derivatives.�f�x = 2xx2 � y2 �f�y = �2yx2 � y2�2f�x2 = (x2 � y2) 2� 2x(2x)(x2 � y2)2 �2f�y2 = (x2 � y2) (�2)� (�2y)(�2y)(x2 � y2)2�2f�x2 = �2x2 � 2y2(x2 � y2)2 �2f�y2 = �2x2 � 2y2(x2 � y2)2�f�y�x = (x2 � y2)(0) � (2x)(�2y)(x2 � y2)2 �2f�x�y = (x2 � y2)(0)� (�2y)(2x)(x2 � y2)2�f�y�x = 4xy(x2 � y2)2 �f�x�y = 4xy(x2 � y2)2In this example, it is a 
oin
iden
e that �2f�x2 and �2f�y2 give the same result. This is NOTtrue in general as may be seen from the example in item 76 above. However, it is truein general (but not always) that the order of di�erentiation is unimportant, so that, �2f�x�yshould give the same result as �2f�y�x: Situations in whi
h this is not true are given below(see items 82g and 82h)81. Exer
ises Find all �rst and se
ond order partial derivatives, for the following fun
tions.67



(a) f(x; y) = 2x3y2 + 
os(xy) + ex2y(b) f(x; y) = sin2(2x+ 3y)(
) f(x; y) = ar
tan(xy)(d) f(x; y) = lnpx2 + y282. Example f(x; y) = xy(x2 � y2)x2 + y2 ; (x; y) 6= (0; 0)f(0; 0) = 0(a) Find fx(x; y); (x; y) 6= (0; 0)Answer f(x; y) = x3y � xy3x2 + y2fx(x; y) = (x2 + y2)(3x2 � y3)� (2x)(x3y � xy3)(x2 + y2)2= x4y + 4x2y3 � y5(x2 + y2)2(b) Find fy(x; y); (x; y) 6= (0; 0)Answer fy(x; y) = (x2 + y2)(x3 � 3xy2)� (2y)(x3y � xy3)(x2 + y2)2= x5 � 4x3y2 � xy4(x2 + y2)2(
) Find fx(0; 0)Answer We must use the fundamental de�nition in this 
ase.68



fx(0; 0) = lim�x!0 f(0 + �x; 0)� f(0; 0)�x= lim�x!0 f(�x; 0)� f(0; 0)�x= lim�x!0 0(�x)2 � 0�x= 0(d) Find fy(0; 0)Answer Again, using the de�nition, we havefy(0; 0) = lim�y!0 f(0;�y)� f(0; 0)�y= lim�y!0 0(�y)2 � 0�y= 0(e) Find fxy(x; y) for (x; y) 6= (0; 0)Answer Using the quotient rule and after simpli�
ationfxy(x; y) = x6 � y6 + 9x4y2 � 9x2y4(x2 + y2)3 ; (x; y) 6= (0; 0)(f) Find fyx(x; y) for (x; y) 6= (0; 0)Answer Using the quotient rule and after simpli�
ationfyx(x; y) = x6 � y6 + 9x4y2 � 9x2y4(x2 + y2)3 ; (x; y) 6= (0; 0)(g) Find fxy(0; 0)Answer In this 
ase, we have to use the basi
 de�nition, namely69



fxy(0; 0) = lim�y!0 fx(0;�y)� fx(0; 0)�y= lim�x!0 ��y5�y4 � 0�y= �1(h) Find fyx(0; 0):Answer As in the previous item, we must use the basi
 de�nition to �nd this derivativeat (0,0) fyx(0; 0) = lim�x!0 fy(�x; 0)� fy(0; 0)�x= lim�x!0 �x5�x4 � 0�x= 183. Noti
e that the lim(x;y)!(0;0)fxy(x; y) does not exist and the lim(x;y)!(0;0)fyx(x; y) does not ex-ist.(Hint, Try approa
hing (0; 0) along a family of lines y = mx). The value of the limitdepends on "m". Hen
e fxy and fyx are not 
ontinuous at (0,0). See Theorem 13.3,page 911of your text book. We do not expe
t fxy and fyx to be equal at the point (0; 0)84. Figures 15 and 16 show the �rst and se
ond order partial derivatives in both notations forthe 
ase of w = f(x; y; z)85. The Hessian matrix for w = f(x; y; z)is shown in the subs
ript and alternate notation.Hf =0� fxx fxy fxzfyx fyy fyzfzx fzy fzz 1A70



w = f(x; y; z)fx(x; y; z) fy(x; y; z) fz(x; y; z)���������������� ```````````````̀fxx(x; y; z) """""" bbbbbb """""" bbbbbbfxy(x; y; z) fxz(x; y; z) fyx(x; y; z) fyy(x; y; z) """""" bbbbbbfyz(x; y; z) fzx(x; y; z) fzy(x; y; z) fzz(x; y; z)Figure 15: First and se
ond order partial derivatives;subs
ript notation. w = f(x; y; z)
w = f(x; y; z)�f�x �f�y �f�z����������������� ````````````````̀�2f�x2 """""" bbbbbb """""" bbbbbb�2f�y�x �2f�z�x �2f�x�y �2f�y2 """""" bbbbbb�2f�z�y �2f�x�z �2f�y�z �2f�z2Figure 16: First and se
ond order partial derivatives;alternate notation .w = f(x; y; z)71



Hf = 0BBBBBB� �2f�x2 �2f�y�x �2f�z�x�2f�x�y �2f�y2 �2f�z�y�2f�x�z �2f�y�z �2f�z2 1CCCCCCA9 Relative Extrema of z = f (x; y)86. In this se
tion, we �nd the relative extrema and saddle points for a fun
tion of two variables,namely z = f(x; y): The pro
edure for �nding relative extrema of a fun
tion of 2 variablesis analogous to the pro
edure for �nding relative extrema of a fun
tion of one variable.(a) Step 1 We must �nd 
andidates, that is 
riti
al points as dis
ussed in the se
tionon dire
tional derivatives, the requirement is that krf(x; y)k = 0: Sin
e rf(x; y) =fx(x; y)̂{ + fy(x; y)|̂, this statement requires that both partial derivatives be zero si-multaneously. Let fx(x; y) = 0 and fy(x; y) = 0 Solve these equations and obtainall solutions. Note, although we are only 
onsidering a fun
tion of 2 variables, this stepis valid for fun
tions of many variables e.g. if w = F (x; y; z,�1; �2), then 
riti
al pointswould be obtained by solving simultaneously the 5 equationsFx = 0; Fy = 0; Fz = 0; F�1 = 0; F�2 = 0Also note that other 
riti
al points may be obtained if fx; fy are unde�ned butf(x; y) exists. We shall not deal with these 
riti
al points in this 
ourse. Re
all theHessian Matrix mentioned in the earlier se
tion on partial derivativesHf = � fxx fxyfyx fyy �(b) Step 2 We must test the 
riti
al points and determinewhether they are relativemaxima,relative minima or saddle points. On the assumption that fxy = fyx, we have thedeterminant of the Hessian MatrixdetHf = D = fxxfyy � (fxy)272



D = fxxfyy � (fxy)2 fxx ResultD > 0 fxx > 0 Relative MinimumD > 0 fxx < 0 Relative MaximumD < 0 Saddle PointD = 0 No informationTable 5: Se
ond Derivative Test for a Fun
tion of Two VariablesLet us assume that (a; b) is 
riti
al point If D(a; b) > 0 and fxx(a; b) > 0; then thereis a relative minimum at (a; b) The value of the minimum is f(a; b). If D(a; b) < 0,then there is a saddle point at (a; b). If D(a; b) = 0, the test yields no information.This information is summarized in Table 587. ExampleFind all relative extrema and saddle points for the following fun
tion.f(x; y) = 6x3 + 4y3 + 51x2 � 9y2 + 60x� 12y + 1A good pro
edure is to �nd all of the �rst and se
ond order partial derivatives at the begin-ning of the problem and lo
ate them on one pla
e on your paper.fx(x; y) = 18x2 + 102x + 60 fy(x; y) = 12y2 � 18y � 12fxx(x; y) = 36x + 102 fyy(x; y) = 24y � 18fxy(x; y) = 0 fyx(x; y) = 0Let fx(x; y) = 0 and fy(x; y) = 0 and solve.In this 
ase, sin
e fx(x; y) 
ontains only x's and fy(x; y) 
ontains only y's, these equations
an be solved independently.fx(x; y) = 0 gives 18x2 + 102x + 60 = 06(3x2 + 1yx+ 10) = 06(3x + 2)(x+ 5) = 0or x = �23; x = �5fy(x; y) = 0 gives 12y2 � 18y � 12 = 073



CP fxx = 36x + 102 fyy = 24y � 18 fxy = 0 D = fxxfyy � (fxy)2 Con
lusion��23; �12� > 0 < 0 0 < 0 Saddle Point��23; 2� > 0 > 0 0 > 0; fxx > 0 Relative Min��5; �12� < 0 < 0 0 > 0; fxx < 0 Relative Max(�5; 2) < 0 > 0 0 < 0 Saddle PointTable 6: Test results for Example 876(2y2 � 3y � 2) = 06(2y + 1)(y � 2) = 0or y = �12; y = 2From these results, we may 
on
lude that there are 4 
riti
al points��23; �12� ; ��23 ; 2� ; ��5; �12� ; (�5; 2)Ea
h 
riti
al number makes both fx and fy simultaneously zero. When there areseveral 
riti
al points, it is probably best to do the se
ond derivative test in tabular form.88. ExampleFind all relative extrema and saddle points for the following fun
tion.f(x; y) = 4xy � x4 � y4Find all of the �rst and se
ond order partial derivatives at the beginning of the problem .fx(x; y) = 4y � 4x3 fy(x; y) = 4x� 4y3fxx(x; y) = �12x2 fyy = �12y2fxy(x; y) = 4 fyx(x; y) = 4To �nd the 
riti
al numbers, set fx(x; y) = 0 and fy(x; y) = 0 and solve these simultaneousequations. fx(x; y) = 0 gives 4y � 4x3 = 0 or y = x3fy(x; y) = 0 gives 4x� 4y3 = 0 or x = y374



CP fxx = �12x2 fyy = �12y2 fxy = 4 D = fxxfyy � (fxy)2 Con
lusion(0; 0) 0 0 4 �16 < 0 Saddle Point(1; 1) �12 �12 4 128;> 0; fxx < 0 Relative Max(�1;�1) �12 �12 4 128; > 0; fxx < 0 Relative MaxTable 7: Test results for Example 88Substituting y = x3 into x = y3, we have x = (x3)3 or x9 � x = 0. Fa
toring, we havex(x4 + 1)(x2 + 1)(x + 1)(x � 1) = 0 Hen
e there are three real solutions,namelyx = 0; x =1; and x = �1. The 
orresponding y values are y = 0 ; y = 1 and y = �1. Hen
e thereare three 
riti
al points,(0; 0); (1; 1) and (�1;�1). The se
ond derivative test is shown inTable 7. There is a saddle point at (0,0,0) and relative maxima at (1,1,2) and (-1,-1,2). Notethat unlike the 
ase for a 
ontinuous fun
tion of one variable, it is possible for a 
ontinuousfun
tion of two variables to have two relative maxima without having a relative minimum10 Method of Lagrange Multipliers89. Example: Find the 
riti
al points of 2x+ y subje
t to the 
onstraint xy = 32Solution: First form the fun
tion F = f � �g or in our 
aseF (x; y; �) = 2x+ y � �(xy � 32)Now lets obtain the partial derivativesFx(x; y; �) = 2� �yFy(x; y; �) = 1 � �xF�(x; y; �) = �(xy � 32)Set these partial derivatives equal to zero and solve.2� �y = 0 (3)1� �x = 0 (4)xy � 32 = 0 (5)Eliminate � from equations 3 and 4� = 2y ; � = 1x . Hen
e 2y = 1x or y = 2x. Substituting y = 2x into equation 5,75



det �Hf (x; y; �) ResultIf det �Hf (x; y; �) < 0 Constrained MinimumIf det �Hf (x; y; �) > 0 Constrained MaximumIf det �Hf (x; y; �) = 0 No InformationTable 8: Test for Constrained Extremawe have 2x2 = 32 or x = �4. So the 
riti
al points are (4; 8) and (�4;�8).f(4; 8) = 16;f(�4;�8) = �16. It would appear that the 
riti
al point (4; 8) leads to a maximum of 16while the 
riti
al point (�4;�8) gives a minimum of �16. As we shall see,this is not true.90. Test for 
onstrained extrema Using the notation F (x; y; �) = f(x; y)��g(x; y) we form thebordered Hessian matrix . �Hf (x; y; �) = 0� 0 �gx �gy�gx Fxx Fxy�gy Fyx Fyy 1AIf det �Hf = 0; the test is in
on
lusive.If det �Hf > 0; there is a 
onstrained maximum.Ifdet �Hf < 0; there is a 
onstraint minimum. This information is summarized in Table 8In our 
ase ,Fxx(x; y; �) = 0; Fyy(x; y; �) = 0; Fxy(x; y; �) = Fyx(x; y; �) = ��,gx(x; y) = y; gy(x; y) = xTherefore in our 
ase �Hf (x; y; �) = 0� 0 �y �x�y 0 ���x �� 0 1Aor �Hf �4; 8; 14� = 0� 0 �8 �4�8 0 �14�4 �14 0 1Adet �Hf �4; 8; 14� = 8(�1)� 4(2) = �8� 8 = �16 < 0A

ording to this test, the point (4; 8) is a 
onstrained minimum.�Hf ��4;�8;�14� =0� 0 8 48 0 144 14 0 1A76



det �Hf ��4;�8;�14� = (�8)(�1) + 4(2) = 16 > 0A

ording to this test, the point (�4;�8) is a 
onstrained maximum. Note that the valueof f(x; y) in ea
h 
ase is obtained from f(x; y) = 2x+ y.This exer
ise is shown graphi
ally in �gure 17. The 
onstraint equation xy = 32 is shown
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2x + y = −12 Figure 17: Figure for example 89for both positive and negative values of x; y. Also shown is a family of lines, 2x+ y = k, forvarious values of k. For positive values of k, su
h as 28; 20; the lines interse
t the 
onstraint
urves at two pla
es. For k = 16, the line 2x+y = 16 just tou
hes the 
onstraint 
urve. For asmaller value of k, the line 2x+y = k no longer interse
ts the upper bran
h of the 
onstraint
urve. Looking at the family of lines interse
ting the lower bran
h of the 
onstraint 
urve,we see that as k in
reases from -28 to -16, the line 2x+y = k interse
ts the 
onstraint 
urve.For k = �16, the line tou
hes the 
onstraint 
urve, that is for k = �16, 2x + y = �16 isthe equation of the tangent line to xy = 32 at (�4;�8). For values of k greater than �16,the line 2x+ y = k no longer 
uts or tou
hes the lower bran
h of the 
onstraint 
urve. Note,for this 
ourse, you are NOT required to use this test for 
onstrained extrema. Rather,we shall ask you to �nd 
riti
al points subje
t to a 
onstraint.77



11 Double Integrals91. Evaluate Z 42 Z 31 xy2dy dxAs a �rst step, I suggest that you rewrite the problem. In this 
ase the inner integral is withrespe
t to the variable "y" so that 1 and 3 are y limits. The outer integral is with respe
tto x and so 2 and 4 are x limits.Z x=4x=2 Z y=3y=1 xy2dy dxIn this 
ase, to evaluate the inner integral, we integrate with respe
t to y, holding x 
onstant,Z x=4x=2 Z y=3y=1 xy2dy dx = Z x=4x=2 �x y33 �y=3y=1 dx= Z x=4x=2 9x� x3 dx= Z x=4x=2 26x3 dx= �13 x23 �x=4x=2= 133 (16 � 4)= 52Noti
e that after the inner integral is evaluated,the remaining integral 
ontains only onevariable and may be evaluated using te
hniques from Math 2417.
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92. Example Set up Z Z f(x; y)dARwhere R is the region bounded by y = px; x = 4; y = 0:Solution If this were an exam question, we would spe
ify the order in whi
h the iteratedintegral was to be set up. However, as it is an illustrative example, we will set it up bothways.Case 1 Z Z f(x; y)dy dx:Begin by writing the limits using the appropriate variables. Sin
e the integration in theinner integral is with respe
t to y, the integration limits must be y values. So we writeZ x=x= Z y=y= f(x; y)dy dxA vitally important step is to draw the region R. (see �gure 18). For the inner integral,
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Figure 18: Diagram for example 92, Case(I)we are integrating with respe
t to y, holding x 
onstant. Therefore we draw a line ofx=
onstant in the region. Label the end points of the line in R as P and Q, with P as thelow value. Then ask the question, "Does it matter where you draw the line". In this 
ase,the answer is NO. Why? Be
ause P is always on y = 0 and Q is always on y = px: Theseare the integration limits for the inner integral. Then allow this line to sweep out the region.79



It will go from x=0 to x=4 so that the iterated integral be
omesZ x=4x=0 Z y=pxy=0 f(x; y)dy dxCase II In this solution, we want the inner integral to be with respe
t to x, that isZ Z f(x; y)dx dyBe
ause the inner integration is with respe
t to x, the integration limits must be x values,so we write Z y=y= Z x=x= f(x; y)dx dyOn
e again, examine the inner integral. In this 
ase, we are integrating with respe
t to x,and holding y 
onstant. Therefore, draw a line of y = 
onstant in R. Label the end pointsof the line as P and Q, with P being before Q as you move along the line in the dire
tion ofin
reasing x.( see �gure 19 ) Then ask the question, "Does it matter where you draw the
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Figure 19: Diagram for example 92, Case(II)line". Again, in this 
ase, the answer is NO. Why? Be
ause P is always on y=px and Qis always on x = 4. Remember that we want the limits in the form x = so we must solvey = px to be
ome x = y2: Then allow the line to sweep out the entire region, going fromy = 0 to y = 2. Hen
e the iterated integral be
omes80



Z y=2y=0 Z x=4x=y2 f(x; y)dx dy:93. Example Set up Z Z f(x; y)dARwhere R is the region bounded by y = x, y = 2x and x = 4. As a �rst step in solving thisproblem, draw the region. (Figure 20)Case I Set up the interated integral in the formZ x=x= Z y=y= f(x; y)dy dxFor the inner integral, we are integrating with respe
t to y, holding x 
onstant. Thereforedraw a line of x=
onstant in the region. Label the end points of the line P, Q with P beingthe low point. Then ask the question, "Does it make any di�eren
e where I draw the line"Again, the answer is NO be
ause P is always on y = x and Q is always on y = 2x. Theseboundaries are the integration limits for the inner integral. Then allow the line to sweepout the region. It will go from x = 0 to x = 4. Hen
e the iterated integral be
omesZ x=4x=0 Z y=2xy=x f(x; y)dy dx
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Figure 20: Diagram for example 93,Case(I)81



Case (II) Set up the iterated integral in the formZ y=y= Z x=x= f(x; y)dxdySin
e the inner integral involves an integration with respe
t to x, holding y 
onstant, wedraw a line of y=
onstant in the region and label the end points P, and Q with P beingbefore Q as you move along the line in the dire
tion of in
reasing x. Again we ask thequestion "Does it matter where I draw the line". This time, the answer is yes. While P ison the same 
urve throughout the region namely, y = 2x, Q is on y = x in the lower partof the region and on x = 4 in the upper part of R. When this happens, we subdivide theregion into a number of 
ontiguous subregions su
h that in ea
h subregion when we draw aline of y =
onstant, it is independent of where it is drawn in that subregion. In the present
ase, we divide R into two subregions R1 and R2 by a line AB (Figure 21).The iterated integrals now be
omeZ Z f(x; y)dx dy + Z Z f(x; y)dx dyR1 R2or Z y=y= Z x=x= f(x; y)dx dy + Z y=y= Z x=x= f(x; y)dx dyFor R1; P is always on y = 2x and Q is always on y = x. Hen
e the limits are x = y2 andx = y. We then allow the line of y = 
onstant to sweep out R1 namely from y = 0 to y = 4.For R2; P is always on y = 2x and Q is always on x = 4. Allowing the line of y = 
onstantto sweep out the region R2;we have y going from y = 4 to y = 8: Hen
e the answer isZ y=4y=0 Z x=yx= y2 f(x; y)dxdy + Z y=8y=4 Z x=4x= y2 f(x; y)dxdy94. Example Set up Z Z e�x2dydxRwhere R is the region bounded by y = x, y = 0 and x = 4. Draw the region R (Figure22)Case(I)Z x=x= Z y=y= e�x2dydx: Integrating with respe
t to y, holding x 
onstant, we draw aline of x = 
onstant and ask the question "Does it matter where I draw the line "?" No!82
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why? P is always on y = 0 and Q is always on y = x. Allow this line to sweep out theregion. Hen
e we 
an write Z x=4x=0 Z y=xy=0 e�x2dy dx
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X = 4 Figure 23: Diagram for example 94, Case(II)Case (II) Z y=y= Z x=x= e�x2dxdy: Integrating with respe
t to x, holding y 
onstant, we drawa line of y=
onstant ( see Figure 23) and ask the question "Does it matter where I drawthe line?" No! Why? Be
ause P is always on the line y=x and Q is always on the linex=4. Allowing the line to sweep out the region, we have Z y=4y=0 Z x=4x=y e�x2dxdy In thisexer
ise, as far as the region is 
on
erned, the order of integration is unimportant. It is justas easy to set up one way as it is the other way. However, in this exer
ise, the integrationdetermines whi
h is the preferred order. Clearly 
ase (I) is re
ommended for this exer
ise.
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