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The progress of heterostructure technology has permitted the fabrication and study of devices which inherently employ quantum-mechanical eﬀects in their operation [1, 3, 2, 4]. Their existence and technological
1

potential have created the need for eﬀective theoretical tools to help understand, describe, predict and
optimize the performance of quantum devices. The fundamental property of heterostructures, that the
energy-band structure (or electron dispersion relation) varies with position, requires some modiﬁcations to
the standard textbook treatments of such things as scattering amplitudes. The present chapter describes the
theoretical tools appropriate for quantum-scale heterostructure devices, and attempts to place the signiﬁcant
approaches in an appropriate context.
1

Open Systems

A general feature of electron devices is that they are of use only when connected to a circuit, and to be
so connected any device must possess at least two terminals, contacts, or leads. As a consequence, every
device is a open system with respect to electron ﬂow [5]. This is the overriding fact that determines which
theoretical models and techniques may be appropriately applied to the study of quantum devices. For
example, the quantum mechanics of pure, normalizable states, such as those employed in atomic physics,
does not contribute signiﬁcantly to an understanding of devices, because such states describe closed systems.
To understand devices, one must consider the unnormalizable scattering states, and/or describe the state of
the device in terms of statistically mixed states, which casts the problem in terms of quantum kinetic theory.
As a practical matter, a device is of use only when its state is driven far from thermodynamic equilibrium
by the action of the external circuit. The nonequilibrium state is characterized by the conduction of signiﬁcant
current through the device and/or the appearance of a nonnegligible voltage drop across the device.
In classical transport theory, the openness of the device is addressed by the deﬁnition of appropriate
boundary conditions for the diﬀerential (or integro-diﬀerential) transport equations. Such boundary conditions are formulated so as to approximate the behavior of the physical contacts to the device, typically
Ohmic or Schottky contacts [6]. In the traditional treatments of quantum transport theories, the role of
boundary conditions is often taken for granted, as the models are constructed upon an unbounded spatial
domain. The proper formulation and interpretation of the boundary conditions remains an issue, however,
and will be examined in the present work.
It should be understood that, unless otherwise speciﬁed, all models to be considered here are based upon
a single-band, eﬀective-mass Schrödinger equation. To perform calculations using any of the theories to be
discussed and obtain results which may be compared to experimental data, one must numerically evaluate
a number of quantities involving fundamental constants. When working with quantum-scale devices, it
is convenient to work in a set of metric units chosen to approximate the scale of the phenomena under
consideration. Such a set of units is speciﬁed in Table 1, and the frequently-used physical constants are
given in Table 1 in terms of these units.

II

Tunneling Theory

The simplest model of quantum transport in devices is to describe the problem in terms of the scattering of the
electron wavefunction by a spatially varying potential. One assumes that this potential is situated between
two electron reservoirs, each of which emits particles with an equilibrium distribution into the scattering
region. The reservoirs will, in general, have diﬀerent chemical potentials, their diﬀerence representing an
2

Table 1: Convenient Units for Quantum Transport Calculations
Quantity

Unit

Value

Energy

electron Volt

1.602189×10−19 J

Mass

free electron mass (m0 )

9.10953×10−31 kg

Length

nanometer

10−9 m

Time

femtosecond

10−15 s

Particle density

nm−3

1021 cm−3

Current density

q nm−2 fs−1

1.602189×1010 A cm−2

Table 2: Values of Frequently Used Constants
Quantity

Expression

Value

Reduced Planck constant

h̄

0.658217 eV fs
2

Kinetic energy factor

h̄ /2m0

0.0381001 eV nm2

Poisson factor

q/0

18.095 V nm

Boltzmann constant

kB

8.61733×10−5 eV/K

applied bias voltage. The net ﬂux of electrons passing between the reservoirs constitutes the electrical current
conducted by the device. A single-particle Schrödinger equation can only describe a situation in which the
electrons move perfectly coherently throughout the device. Any loss of coherence due to inelastic collisions
requires a higher-level description. Nevertheless, the solutions of Schrödinger’s equation remain one of the
fundamental tools available to understand and predict the behavior of quantum-scale devices.
1

General Formulation

Let us consider a one-dimensional, single-band model. In a semiconductor heterostructure, the electron
wavefunctions are described most simply by the eﬀective-mass Schrödinger equation:
Eψ = −

1
∂
h̄2 ∂
ψ + V (x)ψ.
2 ∂x m∗ (x) ∂x

(1)

The form of the kinetic-energy operator in (1) is the simplest Hermitian form one can use if the materials
parameters (such as the eﬀective mass m∗ ) vary with position [7, 8]. Now, let us assume that all variation
of the potential and of the materials parameters are conﬁned to an interval xl < x < xr , so that outside
of this interval the form of Schrödinger’s equation is translationally invariant. Thus, in the regions x < xl
and x > xr (the “asymptotic regions”), the solutions of Schrödinger’s equation are superpositions of plane
waves, and the energies of these plane waves are described by a well-deﬁned dispersion relation E(k). We
will refer to quantities in the asymptotic regions by the subscripts l and r for the left- and right-hand regions,
respectively.
Now, for any energy E > Vl and E > Vr , there will be two independent solutions to Schrödinger’s
equation representing electrons incident from the left and the right, respectively. In the asymptotic regions,
3

these solutions will have the form:

ψl (x)

=

ψr (x)

=

eikl (x−xl ) + rl e−ikl (x−xl)
ikr (x−xr )

tr e
 −ikl (x−xl)
tl e

x < xl ,
x > xr ;
x < xl ,

e−ikr (x−xr ) + rr eikr (x−xr )

(2a)
(2b)

x > xr .

In general, kl = kr because Vl = Vr . There exist several rigorous relationships between the transmission
and reﬂection amplitudes tl,r and rl,r . Invoking Green’s identity leads to the current-continuity equations

vl (1 − |rl |2 )

=

vr |tr |2 ,

(3a)

vr (1 − |rr |2 )

=

vl |tl |2 ,

(3b)

and an orthogonality condition
vl t∗l rl + vr tr rr∗ = 0.

(3c)

One may also invoke time-reversal symmetry to ﬁnd the relationship between tl and tr . Noting that
ψl∗ , say, is a solution of Schrödinger’s equation with energy E, it must be possible to write ψl∗ as a linear
combination of ψl and ψr . With a bit of manipulation, one ﬁnds
vl tl = vr tr .

(4)

In most textbooks, the relations (3–4) are presented with the wavenumbers kl,r in place of the velocities
vl,r . Such expressions are derived within the assumptions that the dispersion relation (or band structure)
E(k) is perfectly parabolic and does not depend upon position. Neither assumption is warranted in semiconductor heterostructures, as electrons in heterostructure devices frequently explore non-parabolic regions
of the energy-band structure, and the band structure itself (particularly the eﬀective mass) will vary with
semiconductor composition and thus position. The expressions (3–4) are valid for nonparabolic and spatially
varying dispersion relations and should thus always be used. The velocity is the electron group velocity, given
by
v = (1/h̄)dE/dk,

(5)

using the dispersion relation appropriate to the given semiconductor material.
One conventionally deﬁnes the transmission probability T as the ratio of the transmitted to the incident
ﬂux, or
T =

vl
vr
|tr |2 = |tl |2 ,
vl
vr

(6)

so that T is same for both directions of incidence. One can also show, using equations (3–4),
|rl |2 = |rr |2 = R.

(7)

(Because the reﬂection probability is measured on the same side of the system as the incident ﬂux, there is
no velocity correction.) Also note that, from (3),
T + R = 1,
as one would expect.
4

(8)

Finally, we investigate the normalization and orthogonality properties of the scattering states. Because
we are dealing with a continuum of states over which we must integrate to evaluate any physical observable, a
“delta-function” normalization is appropriate. With such a normalization convention, any ﬁnite contribution
to the inner product, such as the integral over (xl , xr ), may be neglected in comparison to the integrals over
(−∞, xl] and [xr , ∞). Thus,


ψl |ψl  =

0

i(kl −kl)x

e

−∞



0

i(kl −kl )x

e
−∞

dx + |tr |

2



∞



ei(kr −kr )x Λ dx

0

(9a)

=

π[(1 + |rl |2 )δ(kl − kl ) + |tr |2 δ(kr − kr )],
 0
 ∞

∗
i(kl −kl )x
∗
tl r r
e
dx + tr rr
ei(kr −kr )x dx

=

π[t∗l rl δ(kl − kl ) + tr rr∗ δ(kr − kr )].

(9b)

=
ψr |ψl 

dx + |rl |

2

−∞

0

A relationship similar to (9a) can be written for ψr |ψr . The δ-functions can be rewritten in terms of the
energy E using
δ(kl − kl ) =

dE
δ(E − E  ) = h̄vl δ(E − E  ),
dkl

(10)

and similarly for δ(kr − kr ). We then obtain
ψl |ψl  =

πh̄δ(E − E  )[vl (1 + |rl |2 ) + vr |tr |2 ]

=

2πh̄vl δ(E − E  ),

ψr |ψr  =

2πh̄vr δ(E − E  ),

ψr |ψl 

=

πh̄δ(E − E



)(t∗l rl vl

(11a)
(11b)
+ tr rr∗vr )

= 0,

(11c)

from equations (3).
2

Evaluation of the Current Density

To evaluate any physical observables, such as the current density, we must specify how the scattering solutions
are statistically weighted in the ﬁnal result. For the case of a continuous spectrum of states, with δ-function
normalization, the derivation of the correct expressions are rather tricky, because we seek expressions for
densities of charge, current, energy, etc., rather than total quantities (which are of course inﬁnite in an
unbounded system). To illustrate the procedure, let us follow through the derivation of the electron density
in a spatially uniform three-dimensional semiconductor in equilibrium. We approximate the conduction band
structure by a simple parabolic dispersion relation:
E(k) = EC + h̄2 k · k/2m∗ ,

(12)

where k is the wavevector. The probability that each state |k will be occupied by an electron is given by
the Fermi-Dirac distribution function:
−1

,
fFD [E(k) − EF ] = 1 + eβ[E(k)−EF ]

(13)

where EF is the Fermi level or chemical potential and β = 1/kB T , T being the absolute temperature. (To
avoid confusion with the transmission probability which is also denoted by T , the absolute temperature will
always be shown multiplied by Boltzmann’s constant kB .) Let us now make an ad hoc assumption that the
5

semiconductor crystal is a cube with each side of length L, and apply periodic boundary conditions. Then
the stationary quantum states are plane waves (normalized to unit amplitude) of the form
ψk (r) = eik·r .
Due to the periodic boundary conditions, k must assume discrete values:
k = (2π/L)(nx ex + ny ey + nz ez ),

(14)

where nx , ny , and nz are integers. The total number of electrons in the crystal N is just the sum over all of
the states |k of the probability that each state is occupied
N =2



fFD [E(k)],

(15)

k

where the factor of 2 comes from the two spin states. Now, because L is large, the allowed values of k are
very closely spaced, and the sum over k can be well approximated by an integral:


L3
d3 k.
→
(2π)3

(16)

k

We can now write an expression for the density of electrons n:

N
d3 k
n= 3 =2
fFD [E(k)].
L
(2π)3

(17)

Notice that the arbitrary crystal dimension L has dropped out of the ﬁnal expression.
In order to evaluate densities using expressions such as (17) it is usually more convenient to transform
the integration variable to E. By expressing d3 k in spherical coordinates and manipulating the dispersion
relation (12) one ﬁnds [9]:
m∗
d3 k
=
3
(2π)



2m∗ (E − EC )
dE.
2π 2 h̄3

(18a)

We will also have occasion to use the corresponding expressions for integrals over two- and one-dimensional
k vectors. For the two-dimensional case (still assuming a parabolic dispersion relation):
d2 k
m∗
=
dE.
(2π)2
2πh̄2

(18b)

For integration over a one-dimensional k, the deﬁnition of the group velocity (5) may be used to obtain an
expression valid for any dispersion relation:
dE
dk
=
.
2π
2πh̄v(E)

(18c)

Inserting (18a) into (17) leads to the usual expression for the electron density in a semiconductor (as
discussed in Chapter 1 of the present volume) n = NC F1/2 [β(EF − EC )].
The procedure for evaluating a physical observable in an equilibrium system of inﬁnite extent may thus
be generalized from the above discussion. The expectation value of the observable quantity is calculated for
each state, taking the scattering states to be normalized to unit amplitude. The density of the observable is
then determined by inserting this expectation value into the sum in (17) and evaluating the resulting integral,
usually using the relations (18). The two most important observables are the electron density n(x) and the
6

current density j (which is independent of position in one dimension and steady-state). The expectation
value of the density for a state ψ is simply
nψ (x) = ψ∗ (x)ψ(x).

(19)

The expectation value of j is simple, though the operator itself often is not. If the dispersion relation E(k)
is not parabolic and independent of position, the form of the operator j is not given by the simple textbook
expression J = (qh̄/m∗ )(∂/∂x). The current density operator is instead whatever remains of the kinetic
energy term of the Hamiltonian after the application of Green’s identity as in the derivation of (3), and this
obviously depends upon the form of the Hamiltonian itself. For unit-incident-amplitude scattering states,
however, the result is invariably
ψl |J|ψl 
ψr |J|ψr 

=
=

qvr |tr |2 = qvl T,
2

−qvl |tl | = −qvr T.

(20a)
(20b)

Of course, in equilibrium, these two currents cancel each other (by the principle of detailed balance) and
there is no net current ﬂow.
To investigate the transport properties of a quantum system one must generally evaluate the current
ﬂow through the system, and this requires that one examine systems that are out of thermal equilibrium. A
common situation, in both experimental apparatus and technological systems, is that one has two (or more)
physically large regions densely populated with electrons in which the current density is low, coupled by a
smaller region through which the current density is much larger. It is convenient to regard the large regions as
“electron reservoirs” within which the electrons are all in equilibrium with a constant temperature and Fermi
level, and which are so large that the current ﬂow into or out of the smaller “device” represents a negligible
perturbation. The reservoirs represent the metallic contacting leads to discrete devices or experimental
samples, or the power-supply busses at the system level. Consequently the electrons ﬂowing from from a
reservoir into the device occupy that equilibrium distribution which characterizes the reservoir. In a simple
one-dimensional system with two reservoirs, the electrons ﬂowing in from the left-hand reservoir have k > 0
and those ﬂowing from the right-hand reservoir have k < 0.
Within this picture, the current that is injected from the left-hand reservoir is
  ∞ dk
Jl = 2q
fFD [E(k, k⊥) − EF l ]vl (k, k⊥ )T (k , k⊥),
2π
0

(21a)

k⊥

and the current injected from the right-hand reservoir is
  −∞ dk
Jr = 2q
fFD [E(k, k⊥ ) − EF r ]vr (k , k⊥)T (k , k⊥).
2π
0

(21b)

k⊥

In order to simplify the calculation of J further, we must invoke some special properties of the system.
The most useful such property is that symmetry which permits the separation of the spatial variables. The
separation of variables is possible if the Hamiltonian can be separated into two parts:
H = H(x, ∂/∂x) + H⊥(y, z, ∂/∂y, ∂/∂z).

(22)

(Here the notation H and H⊥ is deﬁned with respect to the direction of current transport.) Then the
wavefunction separates into a product of two factors:
ψ(r) = ψ (x)ψ⊥ (y, z),
7

(23)

and the energy can be separated into a product of two terms:
E = E (k ) + E⊥ (k⊥ ).

(24)

The expression for the total current density J can now be simpliﬁed to
 ∞
dE
J=q
T (E )[F (E − EF l ) − F (E − EF r )],
V0 2πh̄

(25)

where V0 is the larger of the two asymptotic potentials (minimum energy for a propagating state) and F is
the Fermi-Dirac distribution function summed over the transverse states:
F (E) = 2


k⊥

1
1

+ eβ(E+E⊥ )

.

(26)

The form of the sum over k⊥ depends upon the spatial conﬁguration of the tunneling system. Note that the
velocity factor does not appear in (25) because it was canceled by the density of states.
If the system in question is macroscopically large in its transverse dimensions, the k⊥ form a two2
/2m∗⊥ . Then using the two-dimensional analog of (16) and (18b) F
dimensional continuum, and H⊥ = h̄2 k⊥

can be analytically evaluated:
F2d (E) =

m∗⊥
ln(1 + e−βE ).
πh̄2 β

The current density can now be written in the form usually given for the tunneling current [10]:


 ∞
1 + exp[−β(E − EF l )]
dE
J3d = q
T (E ) ln
.
1 + exp[−β(E − EF r )]
V0 2πh̄

(27)

(28)

Note that this expression is valid in general with respect to the dispersion relation in the x direction, but
requires a parabolic dispersion relation in the transverse directions. The separation of variables leading to
(28) is never rigorously valid in a semiconductor heterostructure. The reason for this is that the transverse
eﬀective mass m∗⊥ will vary with semiconductor composition, which varies in the x direction. In principle,
one must do at least a two-dimensional integral (if axial symmetry holds, otherwise a three-dimensional
integral) as implied by (21). Nevertheless, (28) is widely used to model the current density in heterostructure
devices. The error introduced by assuming separation of variables is probably less severe than that due to
the assumption of an inﬁnite coherence length.
If the transverse dimensions are constrained, but separation of variables is still possible, the transverse
motion of the electrons consists of a discrete set of standing waves or normal modes. Such systems are
referred to as “one-dimensional” systems, quantum wires, or electron waveguides. The symbol k⊥ is now
interpreted as an index for the discrete transverse modes, and the expression for the current density now
becomes
J1d = I = 2q


k⊥

3

∞
V0

dE
T (E , k⊥)[fFD (E + E⊥ − EF l ) − fFD (E + E⊥ − EF r )].
2πh̄

(29)

Evaluation of Scattering-State Wavefunctions

To apply the above results to a given device structure, we need a method to determine the transmission and
reﬂection coeﬃcients for any given energy. These are determined by solving, either explicitly or implicitly,
8

Schrödinger’s equation over the domain xl ≤ x ≤ xr . Again, we assume that outside this domain (in the
asymptotic regions), the wavefunction consists of a superposition of traveling waves, and we write the general


solution
ψ(x) =

al eikl (x−xl ) + bl e−ikl (x−xl )
−ikr (x−xr )

ar e

ikr (x−xr )

+ br e

x < xl ,
x > xr .

(30)

The task is to ﬁnd the relation connecting al , bl , ar , and br .
The traditional, “textbook,” techniques for solving one-dimensional scattering problems are the WentzelKramers-Brillouin (WKB) approximation and the transmission-matrix scheme [11]. In the WKB approximation, the wavefunction is written as ψ(x) = eiφ(x) , and semi-classical expressions are developed for φ(x).
These require that the potential be slowly varying, and thus are not particularly suited to the analysis of
abrupt heterostructures. In the transmission matrix approach the domain is divided into a suitable number
of intervals over each of which the potential can be taken to be constant, or perhaps linearly varying. Within
each such interval, the wavefunction is expanded in terms of the two independent solutions at the chosen
energy (oppositely directed traveling waves if the potential is constant). Then the amplitudes of these waves
at the two ends of interval i can be related by a propagation matrix Pi :

0
eiki li
Pi =
.
−iki li
0
e

(31)

The appropriate matching conditions at the boundary between intervals i and i+1 must be derived from the
form of the Hamiltonian, and are expressed by a matrix Bi which is typically of the form:

1 1+r 1−r
Bi =
,
2 1−r 1+r

(32)

where r = vi /vi+1 , the velocity ratio. One can then relate the coeﬃcients in the left asymptotic region,
incorporated into a vector Ψl = [al , bl ]T , to those in the right asymptotic region, Ψr = [br , ar ]T , by a matrix
M formed from the product of the appropriate propagation and boundary matrices:
Ψr = M Ψl = Pm Bm−1 · · · B2 P2 B1 P1 Ψl .

(33)

In practical calculations, the transmission matrix approach has proven to be less than satisfactory, because
it is prone to arithmetic overﬂow. In regions where the wavefunction is evanescent, the P matrices contain
real elements equal to the attenuation of the region and its inverse. The inverse is likely to be a very large
number, and if several evanescent regions are cascaded, the numbers in the matrix will rapidly exceed the
dynamic range of ﬂoating-point variables. This problem is particularly severe when the transmission matrix
scheme is applied to multi-band models, because at any given energy many of the bands will be evanescent
[12], but it has also been observed in simple single-band calculations [13].
A much more robust and eﬀective scheme for solving Schrödinger’s equation involves expanding the
equation on a set of localized basis functions to reduce the diﬀerential equation to a set of linear algebraic
equations, and directly solving those equations. This approach is numerically faster, more stable, and more
readily applied to diﬀering structures. One can take the basis functions to be any set of localized functions:
atomic s-orbitals, Wannier orbitals [14], simple ﬁnite-element shape functions, etc., but, for one-dimensional
models, all such methods produce similar sets of linear equations to be solved. For the present purposes, let
us consider the derivation simply in terms of a ﬁnite-diﬀerence approximation to the diﬀerential form of the
9

eﬀective-mass Schrödinger equation (1), in which the eﬀective mass may vary as a function of x. We assume
that the wavefunction is known only on a set of discrete points xj = j∆, where ∆ is the mesh spacing. The
discrete values of the wavefunction will be denoted by ψj = ψ(xj ). If the eﬀective mass did not vary, we
could simply use the three-point approximation for the second derivative,
d2 ψ
ψ(x − ∆) − 2ψ(x) + ψ(x + ∆)
≈
.
2
dx
∆2

(34)

This reduces the Schrödinger equation to a set of equations of the form:
Hψj = −sj ψj−1 + dj ψj − sj+1 ψj+1 = Eψj ,

(35)

which can be written as a matrix equation with the Hamiltonian being a tridiagonal matrix.
When m∗ is allowed to vary, the form of the equations is not changed, but this variation must be taken
into account in the values of the matrix elements sj , dj . These values may be systematically derived from
the variational principle for Schrödinger’s equation [15]:

δL = δ dx [(h̄2 /2m∗ )(∇ψ∗ ) · (∇ψ) + (V − E)ψ∗ ψ] = 0.

(36)

If we assume that the wavefunction varies in a simple fashion (such as linearly) between mesh points xj ,
L can be readily evaluated in terms of the ψj and ψj∗ , and the discrete Schrödinger equation derived by
setting ∂L/∂ψj∗ = 0 for all j. The particular expressions obtained for the matrix elements depends upon
the detailed picture we assume for the functional dependence of ψ and m∗ within the interval between two
adjacent meshpoints. If we assume that the wavefunction varies linearly between ψj and ψj+1 , and that the
eﬀective mass is constant across this interval with value m∗j+1/2 , one obtains [16]:
dj

=

h̄2
2∆2

sj

=

h̄2
.
2∆2 m∗j+1/2

1

+

m∗j−1/2

1
m∗j+1/2

+ Vj ,

(37a)
(37b)

If the eﬀective mass is constant across the mesh interval, one is eﬀectively assuming that the heterojunctions
occur on a mesh point, and there is a question of what value of the potential to assign to this point. In
general, it is better to assume that the heterojunction occurs halfway between two adjacent mesh points.
With this model for the spatial dependence of the eﬀective mass, and still assuming linear variation of the
wavefunction, the Hamiltonian matrix elements become:
dj

=

h̄2
4∆2

m∗j−1

sj

=

h̄2
4∆2

1
1
+ ∗
m∗j−1
mj

1

+

2
1
+ ∗
∗
mj
mj+1

+ Vj ,

.

(38a)

(38b)

These expressions can be improved upon by taking into account the matching condition on the wavefunction
implied by the form of the continuous Hamiltonian (1), which is that ψ(x) and (1/m∗ )(dψ/dx) are continuous
across a heterojunction. Assuming that the wavefunction is piecewise linear so as to satisfy this condition
between meshpoints yields the most accurate discretization [17]:
dj

=

h̄2
2∆2

1
1
+ ∗
∗
+ mj
mj + m∗j+1

m∗j−1

10

+ Vj ,

(39a)

sj

=

1
h̄2
.
∗
2
2∆ mj−1 + m∗j

(39b)

If one seeks the eigenstates of a closed system, the tridiagonal Hamiltonian may be readily diagonalized
by standard numerical techniques. However, we are here concerned with the problem of the scattering
states in an open system. This requires that appropriate boundary conditions be formulated and applied to
(35). Lent and Kirkner [18] have demonstrated how to do this in the context of a ﬁnite-element electron
waveguide calculation, and their approach is called the Quantum Transmitting Boundary Method (QTBM).
In the continuous case, one derives the QTBM conditions by evaluating ψ and its derivative ψ at xl and
xr using (30). One then solves for the incident amplitudes al and ar in terms of ψ and ψ , and imposes
the resulting expressions upon Schrödinger’s equation as inhomogeneous boundary conditions. Conditions
of this type, in which a linear combination of the function and its derivative are speciﬁed, are known as
Robbins conditions. They are implicit, in the sense that they must be solved along with the diﬀerential
equation itself. However, as we shall see below, this presents no problem in a discrete, numerical approach.
In the discrete case, it is simpler to express the QTBM conditions as a linear combination of the values
of ψ on two adjacent meshpoints. If the points j = 1 and j = n are the limits of the domain in which the
potential can vary, we may add boundary points at j = 0 and j = n + 1. The form of the wavefunction will
be taken to be:
ψj = a1 z1j−1 + b1 z11−j

for j ≤ 1,

(40a)

ψj = an znn−j + bn znj−n

for j ≥ n,

(40b)

where z is the propagation factor, and is equal to either eik∆ for propagating states or e−γ∆ for evanescent
states. The values of z at the boundaries may be directly obtained by solving Schrödinger’s equation in the
boundary neighborhoods:
E

= d1 − s1 (z1 + z1−1 ),

(41a)

E

dn − sn (zn + zn−1 ).

(41b)

=

The wavefunctions near the boundaries may thus be written:
ψ0

=

a1 z1−1 + b1 z1 ,

(42a)

ψ1

=

a1 + b 1 ,

(42b)

ψn

=

an + b n ,

(42c)

ψn+1

=

an zn−1 + bn zn .

(42d)

To obtain the QTBM equations, one solves (42) for a1 and an , obtaining
a1

=

an

=

ψ0 − z1 ψ1
= α1 ψ0 + β1 ψ1 ,
z1−1 − z1
ψn+1 − zn ψn
= αn ψn+1 + βn ψn .
zn−1 − zn

(43a)
(43b)

Adding (43) to the matrix representation to Schrödinger’s equation (35) we obtain the linear system to
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be solved:



α1


 −s1












β1
d1 − E

−s2

−s2

d2 − E
..
.

−s3
..
.

..

−sn

dn − E

−sn+1

βn

αn

.

ψ0


  ψ1


  ψ2
 .
 .
 .

 ψ
n

ψn+1





 
 
 
 
 
=
 
 
 
 
 

a1




0 


0 
.. 
.
. 

0 

an

(44)

To ﬁnd the left-incident scattering state one would simply set a1 = 1 and an = 0 (and conversely for the
right-incident state) and solve the tridiagonal system for all ψj . Because the matrix is tridiagonal, a very
fast numerical technique can be applied to its solution [19], though complex arithmetic must be used.
This scheme provides an extremely simple and robust way to evaluate scattering-state wavefunctions.
It has been applied to multi-band tight-binding calculations and has solved the stability problems which
have severely hampered transmission-matrix calculations of similar problems [20]. It can also be adapted to
the problem of locating and characterizing resonant states [21]. The eigenvalues of (44) give the resonant
energy (real part) and the resonance width (imaginary part). Because the α and β elements of (44) are
energy-dependent, the eigenvalue problem is nonlinear and must be solved by an iterative procedure. Also,
the standard theorem stating that the number of eigenvalues equals the dimension of the matrix no longer
holds. An example of a calculation using this technique is shown in Figure 1 which shows the resonant states
of a double quantum-well structure under bias.

III

Near-Equilibrium Transport

The great majority of published work on the subject of quantum transport deals with conditions very near
to thermal equilibrium, particularly with very small voltage drop across the transporting system. These
conditions are known as the “linear-response regime,” because the currents induced are linear in the applied
voltage. The reason that such circumstances have received so much attention is not due to the technological importance of the linear-response regime, but is rather due to the diﬃculty of theoretically describing
signiﬁcant departures from equilibrium. If these departures are negligible, then one may invoke the welldeveloped machinery of equilibrium statistical physics and simply treat the departure from equilibrium as a
small perturbation on the equilibrium state.
One approach to linear response theory is represented by the Kubo formula for the conductivity [22, 23]
 ∞
σij = β
dt eiωt Ji (0)Jj (t)eq ,
(45)
0

where the brackets indicate an average over the equilibrium state. This is a form of the ﬂuctuation-dissipation
theorem, relating a transport coeﬃcient, which necessarily characterizes a dissipative process, to the ﬂuctuations about the equilibrium state. Another well-known form of the ﬂuctuation-dissipation theorem is the
Einstein relation connecting the mobility and the diﬀusivity in classical transport theory: µ = qD/kB T . The
Kubo formula expresses the conductivity in terms of the autocorrelation of the current density; if one can
calculate this autocorrelation from the equations of motion, for example, one can evaluate the frequencydependent conductivity.
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Figure 1: Resonant states of a double quantum-well structure under that voltage bias which brings the
resonances into alignment. The resonances were located by ﬁnding the eigenvalues of (44). In (a) the
conduction-band proﬁle is shown along with an indication of the energy and localization of the resonances.
The lower-energy resonant wavefunction is shown in (b) and the higher-energy resonant wavefunction is
shown in (c).
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1

Conductance — The Landauer Formula

Another general approach to near-equilibrium transport is embodied in the celebrated Landauer formula
[24, 25, 26]. This formula expresses the conductance of a system at T = 0 in terms of the quantum
mechanical transmission coeﬃcients discussed above.
The Landauer formula has become the standard theoretical model by which the results of experiments
on electron waveguides [3] and ballistic magnetotransport are interpreted. The presently accepted form of
the Landauer formula may be readily derived from the expression for the one-dimensional tunneling current
(29). In the limit of absolute zero temperature, the Fermi-Dirac distribution function (13) becomes a step
function:
lim fFD (E − EF ) = Θ(EF − E).

kB T →0

(46)

If a small bias voltage ∆V is applied to the system, EF r = EF l − q∆V . Then
fFD (E − EF l ) − fFD (E − EF r ) ≈ q ∆V δ(E − EF ),
and the integral in (29) may be evaluated to obtain the conductance:
g=

∆I
q2 
T (EF , k⊥),
=
∆V
h

(47)

k⊥

where, in the tradition of this ﬁeld, the factor of 2 due to the spin degeneracy is implied in the sum over the
transverse modes (which are now termed “channels”). The constant q 2 /h is the “quantum of conductance,”
and is equal to 39.6 µS, or its inverse is 25.2 kΩ.
One can obtain an alternative form of the Landauer formula by considering a diﬀerent deﬁnition of the
voltage drop ∆V [27, 28]. Equation (47) is obtained if one deﬁnes the voltage drop by measuring the chemical
potentials deep within the respective reservoirs. In experimental terms, this corresponds to a two-terminal
measurement. In practice one often employs the Kelvin probe, or a four-terminal arrangement, separating
the current conducting from the voltage sensing terminals. In this case it appears that the Landauer formula
must be modiﬁed because the measured voltage drop will not equal (EF l − EF r )/q. The problem is that, if
the transmission coeﬃcient T = 0 is nonzero, the densities of electrons on either side of the device will not
have the same values that they would have in equilibrium. Suppose that the potential for electrons is lower
in the right-hand electrode, so the electron ﬂow is from left to right. If the device had a very large energy
barrier, so T ≈ 0, the electron density due to the states with energies E such that EF r < E < EF l consists
of two equal parts: that due to the incident electrons and that due to the reﬂected electrons. Now, if T = 1,
no electrons are reﬂected, but the density of incident electrons is still the same, so there is only one-half
the electron density in the energy range EF r < E < EF l in the left-hand lead. Over a small energy range,
the Fermi level is proportional to the electron density, and also the electron deﬁcit on the left-hand side is
proportional to T , so we have
EF l = EF l − 12 T (EF l − EF r ) = EF l − 12 qT ∆V,

(48a)

where EF l is the quasi-Fermi that would be measured in the left-hand lead. Now the electron density
which was missing from the left-hand lead appears in the right-hand lead, raising its quasi-Fermi level.
Consequently,
EF r = EF r + 12 qT ∆V.
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(48b)

The measured voltage drop is now
∆V  = (EF l − EF r )/q = (1 − T )∆V = R∆V.

(48c)

Correcting the Landauer formula (49) for the measured voltage drop leads to
g=

∆I
q2 T
=
,
∆V 
h R

(49)

which was, in fact, the form originally proposed by Landauer [24].
Which of these two forms, (47) or (49), is appropriate for a given measurement is still a subject of some
debate [26]. The question is whether the experimental voltage probes are suﬃciently weakly coupled to the
transporting system so as to give an unbiased measurement of the local quasi-Fermi level as assumed above.
To provide an explicit description of multiprobe experiments, Büttiker derived a formula for the current in
each lead in a multiprobe system [29]:
Ii =


q
(1 − Rii )EF i −
h




Tij EF j  ,

(50)

j =i

where i and j index the leads. This formula is derived assuming that the current in each lead is carried by
only one channel. In this connection, one should also note the more general formula for the multi-channel
case (assuming the quasi-Fermi level correction), derived by Büttiker et al. [29]. If there are N conducting
channels to the left and N  conducting channels to the right,
N 
2q 2
i=1 Ti
g=
 
−1  
  
−1 .

πh̄
N
N
N
N
−1
−1
−1
−1
1+
−
i=1 vri Ti
i=1 vri
i=1 vli Ri
i=1 vli

(51)

Because this equation is expressed in terms of the electron velocities, is also valid for non-parabolic energy
band structures, as discussed previously.
Despite the attention directed toward linear-response theories, they remain severely limited in the range
of physical situations which they address. The Landauer formula is only valid at very low temperatures and
very small bias voltages. A ﬁnite-temperature form has been derived [28], but it is merely a restatement
of the tunneling theory described in Section II. In fact the Landauer formula in its various forms contains
no physics beyond that contained in the tunneling theory. In particular, it does not deal with dissipative
scattering processes within the transporting system. The Kubo formula, on the other hand, can include
such processes if they are incorporated into the evaluation of the current correlation functions. Neither of
these approaches is appropriate for a “small-signal analysis” in the engineering sense of this term. Such
an analysis studies small departures from a steady-state, but typically far from equilibrium situation (a
signiﬁcant voltage drop occurs). The linear-response theories study small departures from equilibrium, not
from a non-equilibrium state.

IV
1

Far-From-Equilibrium Transport
Mixed States and Distribution Functions

When a system such as an electron device is driven far from equilibrium by the application of an external
voltage, both coherent and incoherent processes will generally occur within the device. Coherent processes
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include tunneling and ballistic transport, and incoherent processes include dissipative scattering via phonons,
for example. Coherent eﬀects are described by adding complex-valued amplitudes (that is, values of the
wavefunction), which is done implicitly in the solution of Schrödinger’s equation above. Incoherent eﬀects
are described by superposition of real-valued probabilities. An example of such incoherent superposition is
the summation of the current density over energies and transverse modes to obtain the total current density,
as discussed in Subsection 2. We can formalize the statistical summation procedure described there into a
mathematical object known as the density matrix [30, 31]. In terms of the continuum position variable x,
the density matrix is actually a complex-valued function of two arguments, and has the general form:

Pi ψi (x)ψi∗ (x ),
(52)
ρ(x, x ) =
i

where the ψi form a complete set of states (not necessarily the eigenstates of the Hamiltonian), and the Pi
are real-valued probabilities for ﬁnding an electron in each state ψi . With this deﬁnition, the expectation
value of any physical observable represented by an operator A is given by:

A = Tr(Aρ) = (Aρ)(x, x) dx,

(53)

where A is taken to operate with respect to the ﬁrst argument of ρ. Inserting (52) into (53) and rearranging
the expression, we get the more familiar form for the expectation value:
 
A =
Pi ψi∗ (x)Aψi (x) dx.

(54)

i

In particular, the particle density is given by
n(x) = ρ(x, x),
and the current density is
J(x) =

qh̄
im∗



∂
∂
−
∂x
∂x

(55a)

ρ.

(55b)

If E(k) is non-parabolic, a more complicated expression is required for the current density.
If the motion of the particles described by the density matrix is purely ballistic (no energy loss) and
deﬁned by a Hamiltonian H, the equation describing the evolution of the density matrix may be derived by
substituting Schrödinger’s equation into (52). The result is the Liouville-von Neumann equation:
1
∂ρ
= [Hρ − ρH] ≡ Lρ ρ,
∂t
ih̄

(56)

where Lρ is a linear operator which operates upon the density matrix and is called the Liouville operator.
(Since it operates upon ρ, which is itself a quantum-mechanical operator, Lρ is technically a superoperator
[5].) The Liouville equation acts upon the density matrix by evolving the wavefunctions, but does not change
the probabilities Pi . This is a characteristic of ballistic, or conservative, motion. Irreversible, or dissipative,
processes involve transitions between quantum states, and are described by operators which modify the
probabilities Pi . Such operators are discussed below.
In the classical systems, the quantity which describes the state of the system corresponding to ρ is the
phase-space distribution function fc (r, p) where r is now the position and p is the momentum. The classical
Liouville equation is
∂fc (r, p, t) ∂V ∂fc (r, p, t)
∂fc (r, p, t)
= −v
+
≡ Lc ,
∂t
∂r
∂r
∂p
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(57)

where v is the velocity and V is the potential in which the particles are moving. The particle and current
densities are obtainable from the classical distribution function by

n(r, t) =
dp fc(r, p, t),

J(r, t) =
dp v(p)fc (r, p, t).

(58a)
(58b)

The Liouville equation, in either the classical (57) or quantum (56) context, describes only ideal, conservative motion. Within the scope of these equations, particles can only oscillate within the system, unless
one applies boundary conditions which permit particles to escape from it. The form of the equations (for
closed systems) does not describe an approach to a steady-state, neither equilibrium nor non-equilibrium.
The reason for this involves the eigenvalue spectrum of Lρ and Lc. The solutions of (56) will consist of
a linear combination of terms with time dependence e−iωi t/h̄ , where −iωi are the eigenvalues of Lρ . The
Liouville operator [as deﬁned in (56), including the imaginary factor] is anti-Hermitian, so the frequencies
ωi are purely real. Thus the transformation which maps the state of the system at some initial time into
some later time is a unitary linear transformation, and we will call the behavior described by such equations
“unitary time evolution.” Devices of course usually approach a steady state after a suﬃciently long time.
To describe this behavior, we must incorporate irreversible processes into the equations.
2

Irreversible Processes and Master Equations

Irreversible or energy-dissipating processes always involve transitions between quantum states. Such processes are described, at the simplest level, by master or rate equations [32]. The operators which generate
the time-evolution in such equations are of a very diﬀerent form from that of the Liouville operator.
If the state of a system is described by an array of probabilities or occupation factors Pi for a particle
to occupy a (stationary) quantum level i, the time evolution of that system is determined by the rates of
transition between the levels i. These rates are usually estimated using the “Fermi golden rule:”
Wij = (2π/h̄)|i|Hint |j|2 δ(Ei − Ej ),

(59)

where Hint is the Hamiltonian describing the interaction that causes the transitions, and Wij is the transition
rate from state j to state i. The δ-function ensures energy conservation, but it must be remembered that Ei
and Ej are the total energy of each state, including, for example, the energy in an emitted phonon. Thus
(59) can describe energy-dissipating processes despite its appearance. If one assumes that these transitions
occur independently within any small time interval (the Markov assumption), the transition from state j to
state i will produce changes in the corresponding occupation factors:
dPi = −dPj = Wij Pj dt.

(60)

The occupation of state i increases and that of state j decreases as a result of this particular process, and
the amount of change depends only upon the occupation of the initial state. (We neglect here the Pauli
exclusion principle, which leads to nonlinear master equations.) If we sum (60) over all possible transition
processes, we obtain the master equation:
dPi /dt =



[Wij Pj (t) − Wji Pi (t)] = M P,

j
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(61)

where M is the master operator, whose matrix elements are given by

i = j
Wij

Mij =
.
− j =i Wij i = j

(62)

Notice the form of this operator. The oﬀ-diagonal elements are all positive and the diagonal elements are
all negative, with a magnitude equal to the sum of the oﬀ-diagonal elements in the same column. (If one
considers an open system, the coupling to external reservoirs can lead to master operators in which the
magnitude of the diagonal elements exceeds the sum of the oﬀ-diagonal elements [5].) The eigenvalues of an
operator of this form will all have real parts less than or equal to zero [5, 32]. Thus the solutions of (61) will
consist of a linear combination of terms with a decaying exponential time-dependence, and so will always
show a stable approach to some steady state.
The Pauli master equation [33] is the most commonly used model of irreversible processes in simple
quantum systems. It can be derived from elementary quantum mechanics plus a Markov assumption. Within
these assumptions, the density matrix has the form (52) with the states i being the eigenstates of the system
Hamiltonian, and remains of this form at all times. The Pauli master equation is then just (61) with the
Fermi golden-rule rates (59). There are a number of conceptual problems with the Pauli equation [33] , not
the least of which is that it produces violations of the continuity equation [5]. It is nevertheless employed,
either explicitly or implicitly, in almost all semi-classical treatments of electron transport in semiconductors.
Master operators most often occur in the description of stochastic (random) processes, where they
describe the average behavior of the system. In such cases there will always be ﬂuctuations (noise) about the
solution of the master equation. Diﬀusion phenomena are the classic example of this. The master operator
in the classical diﬀusion equation ∂n/∂t = D∇2 n is just the laplacian ∇2 . By examining the form of the
ﬁnite-diﬀerence approximation to the second derivative (34), it is easy to see that this has the form of a
master operator (62).
Another case of particular importance (and a source of some confusion) is the gradient operator, which
appears in the classical Liouville equation (57) and in the drift term of the drift-diﬀusion equation (−v∇n),
among many other contexts. The unique property of this operator is that, depending upon the boundary
conditions imposed, ∇ can be an anti-Hermitian operator (generating unitary time-evolution), or −v∇ can
be a master operator (generating an approach to a steady state). If one applies periodic boundary conditions,
the eigenstates of ∇ are of the form eikx , with real-valued eigenvalues k. The ﬁnite-diﬀerence approximation
appropriate to this situation is the centered-diﬀerence form
(∂φ/∂x)j = (φj+1 − φj−1 )/2∆,

(63)

which (if written in matrix form) is clearly anti-Hermitian. On the other hand, if one applies initial conditions
to −v∇, a single boundary condition should be imposed on the left if v > 0 or on the right if v < 0. The
appropriate discretization in this case is the upwind diﬀerence [5, 34]



|v| −nj + nj−1 , v > 0,
∂n
=
−v
∂x j
∆ −nj + nj+1 , v < 0,

(64)

which clearly has the form of a master operator. The upwind diﬀerence is known to produce excellent
stability in ﬂuid dynamic calculations [34], and the master-operator form is the ultimate explanation of its
success.
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2.1

The Boltzmann Equation

The Boltzmann equation is the basis for the standard models of electron transport in semiconductors in a
semi-classical approximation. It consists of the classical Liouville equation (57) augmented by a master operator of precisely the form (61) to describe collisions between electrons and other particles. The Boltzmann
equation is commonly written in the form [35]:
∂f(r, p, t)
= −
∂t
+

v(p) · ∇f(r, p, t) − F · ∇p f(r, p, t)

[W (p , p)f(r, p, t) − W (p, p )f(r, p , t)] ,

(65)

p

where F is the force on the electron (due to the electric ﬁeld, for example). W (p , p) is the scattering rate
from p to p , as in (59), but now p is a continuous variable. These scattering rates are conventionally
obtained by evaluating the Fermi golden rule for scattering between plane-wave states with wavevectors
k = p/h̄, and k = p /h̄. Note that these are the scattering rates between inﬁnitely extended states, but
in the Boltzmann equation, each scattering event is assumed to take place at a single point. (If we did not
assume this, the continuity equation would be violated.)
The diﬀerent scattering mechanisms in semiconductors and their rates has been the subject of much
theoretical and experimental work. Expressions for these scattering rates can be found in the works of
Conwell [36], and Ridley [37]. The evaluation of low-ﬁeld transport properties of bulk semiconductors is
described in detail by Rode [38]
2.2

Numerical Evaluation Methods

The solution of the Boltzmann equation presents a rather diﬃcult problem, because of the large number
of variables involved. For a general three-dimensional system there are six arguments of the distribution
function (three components each of r and p). If we were to simply discretize the Boltzmann equation, we
would need to represent the distribution function f by an array with six subscripts, corresponding to the
six arguments of the continuous function. If we used only ten values for each subscript, the f array would
have 106 elements, and each evaluation of f would require a corresponding number of operations. Such a
discretization of the Boltzmann equation has in fact been investigated by Aubert, Vaissiere, and Nougier
[39], for the case of a spatially homogeneous system, so that only the three velocity arguments are required.
By far the most widely used technique for evaluating the Boltzmann description of electron transport
has been the Monte Carlo method [40, 41, 42, 43]. With this technique, one does not solve the Boltzmann
equation directly, but one rather simulates the motion of classical electrons subjected to a combination of
free-ﬂight motion and instantaneous random scattering events. The distribution function is then estimated by
statistical averages over long times or many particles. The state of the system is represented by the position
and velocity vectors of each of a large number of particles. The velocity and position of each particle are
integrated over time until a collision is deemed to have occurred (based upon the value of a randomly-chosen
value with an appropriate distribution). Other random values then determine the particular scattering
mechanism and the velocity of the electron after the scattering. After the scattering, the free-ﬂight motion
of the electron is again integrated until the next collision. This procedure is performed for all particles in
the chosen ensemble to evaluate the time-evolution of the device. The openness of the device is modeled
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by procedures which treat the escape of electrons into and injection of electrons from the contact regions
[44, 45].
The Monte Carlo technique permits one to include many of the physical eﬀects that inﬂuence electron
transport, and to include them at an extremely detailed level. Eﬀects which have been incorporated include
the detailed energy-band structure of the semiconductor [46], electron-electron interactions at the level of the
self-consistent potential or at a more detailed electron-electron collision description [47], and higher-energy
events such as impact ionization [45]. However, there is one very signiﬁcant constraint imposed by the Monte
Carlo procedure: only processes describable by a master operator can be modeled.
2.3

The Wigner Distribution Function

The Wigner distribution function is a mathematical transform of the density matrix which approaches the
classical distribution function fc as the system becomes classical (with large dimensions, slowly varying
potentials, and/or high temperatures) [5, 48, 49, 50, 51]. This representation of the statistical state has
proven to be useful in modeling quantum-eﬀect devices such as the resonant-tunneling diode [52, 53, 54, 55].
To derive the Wigner function from the density matrix ρ(x, x ) deﬁned in (52) one rewrites the arguments
(x, x) as r = 12 (x + x ) and r  = x − x , and then Fourier transforms r  into a momentum variable p. Thus:
 ∞

dr  ρ (r + 12 r  , r − 12 r  ) e−ipr /h̄ .
(66)
fW (r, p) =
−∞

Applying the same procedure (which is known as the Wigner-Weyl transformation) to the Liouville-von
Neumann equation (56) gives:
∂fW
p ∂fW
1
=− ∗
−
∂t
m ∂r
h̄



∞

−∞

dp
VW (r, p − p )fW (r, p ),
2πh̄

where the kernel of the potential operator is given by:
 ∞
dr  sin(pr  /h̄) [V (r + 12 r  ) − V (r − 12 r  )] .
VW (r, p) = 2

(67)

(68)

0

Let us examine the form of these equations. Because (67) is derived from (56) by a mathematical transformation, we would expect that it should also describe unitary time evolution. The condition for unitary
evolution is that LW be an anti-Hermitian operator. The potential operator is anti-Hermitian [because
VW (r, −p) = −VW (r, p)], and the drift term is anti-Hermitian if periodic boundary conditions are imposed.
On the other hand, we have seen that if initial conditions are imposed, the drift term is a master operator, and the equation then describes irreversible time evolution. This is the origin of the usefulness of the
Wigner representation for describing electron devices. One applies boundary conditions to fW so as to ﬁx
the distribution of electrons entering the domain:
fW (xl , p)|p>0 = fl (p),

(69a)

fW (xr , p)|p<0 = fr (p),

(69b)

where fl (p) and fr (p) are the distribution functions in the left- and right-hand contacts (reservoirs),
respectively. Because these boundary conditions introduce irreversibility into the Liouville equation, one can
now evaluate the time-evolution of a device, and observe an approach to steady-state [5]. Inelastic processes
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Figure 2: Theoretical I(V ) curves for a model resonant-tunneling diode structure . The solid line shows the
results of the tunneling theory, equation (28). The dashed line shows the result of evaluating the Wigner
function using a local model of the variation of the eﬀective mass [52]. The dotted line shows the result
of a Wigner function calculation using the nonlocal eﬀective-mass model of Tsuchiya and co-workers [58].
(Calculations by C. Fernando, University of Texas at Dallas.)
such as phonon scattering may be included in a semi-classical way by adding the Boltzmann collision term
[the integral expression in (65)] to the Liouville equation (56) [56, 54], or by even simpler schemes such as
the relaxation time approximation [53, 57].
The open-system Wigner function approach has proved to be of use in understanding the behavior of
resonant-tunneling diodes. This technique permits evaluation of steady-state behavior in the form of the
I(V ) curve, and calculations of the large-signal transient response and small-signal ac response [5]. The
I(V ) curves derived from this model show the expected negative diﬀerential-conductance region, but the
ratio of the peak to valley currents is always smaller than that obtained from the tunneling theory (28),
and is often less than that observed experimentally. Recently, Tsuchiya and co-workers have developed an
improved formulation of the Liouville equation (67) which takes the spatial variation of the eﬀective mass
into account, and which leads to larger peak-to-valley ratios than the simpler theory [58]. These diﬀerent
formulations are compared in Figure 2.
2.4

Green’s Functions

A more sophisticated approach to quantum transport theory is supplied by the Green’s-function formulation
of many-body theory. This approach had its origins in the development of the theory of quantum electrodynamics in the late 1940’s and early 1950’s, and inherits this ﬁeld’s emphasis on perturbation expansions
described in diagrammatic form. The non-equilibrium Green’s-function theory was formulated by Kadanoﬀ
and Baym [59] and by Keldysh [60], was elaborated by Langreth [61], and is described in the text by Mahan
[62]. The problems and promise of applying this approach to electron devices has been discussed by Jauho
[63]. In particular, most of the development of the Green’s function approach has assumed uniform electric
ﬁelds, which is not adequate for the description of quantum devices. Among the more recent work in this
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area which addresses problems beyond the uniform ﬁeld are those of Sols [64] and Rammer [65].
The non-equilibrium Green’s functions are deﬁned as expectation values of single-particle creation and
annihilation operators, and they describe the state and time evolution of the system. There are four independent functions which appear in the formalism. In the conventional notation G< gives the distribution of
electrons (and reduces to the density matrix or Wigner function in certain limits), G> gives the distribution
of holes, Gr describes time evolution into the future and Ga describes time evolution into the past. These
Green’s functions are determined by solving a set of Dyson equations (an integral form of Schrödinger’s
equation) which form a convenient starting point for the development of a perturbation expansion.
Each of the Gs has two position and two time arguments, which can be transformed via the Wigner-Weyl
procedure into one each of a position, momentum, time, and energy (or frequency) argument. The presence
of the energy dependence (or the two time arguments) distinguishes the Green’s function approach from the
Wigner function scheme described above. Because the Wigner function measures the state of the device at a
particular time, and its evolution is described by a ﬁrst-order diﬀerential equation, it can only comprehend
external interactions which occur instantaneously in time. Such behavior is termed “Markovian.” The energy
dependence of the Green’s functions permits a description of processes which are not local in time, or “nonMarkovian” processes, because the energy argument provides a way to include convolution integrals over the
past history of the system. An example of a process which is non-Markovian is the resonant absorption or
emission of a phonon. In order for the energy of the phonon to be well-deﬁned, the interaction must occur
over a time greater than the oscillation period of the phonon. A non-Markovian Green’s function approach
can accurately describe such processes, the Markovian Wigner function approach cannot.
It is fair to say that work on the Green’s function approach has produced a great many mathematical
formulations and very few explicit calculations of realistic systems. Among the latter is the work of Lake
and Datta [66]. They model the resonant-tunneling diode, and include interactions between the electrons
and localized phonons. The locality of the interaction removes the momentum argument from the Green’s
function, and also removes any notion of momentum conservation from the model.
One can identify a general principle here, to the eﬀect that if any of the position, momentum, or energy
arguments are missing from the distribution function in a given theory, then a corresponding conservation
law is not enforced within that theory. If the position argument is not present, as in the case of the Pauli
master equation, then the continuity equation is not enforced. If the momentum argument is absent, as
in the approach of Lake and Datta, then conservation of momentum is not enforced. And ﬁnally, if the
energy argument is absent, as in the Markovian Wigner function theory, then conservation of energy is not
enforced. Thus it appears that the only completely satisfactory theory will be a complete Green’s function
theory which includes all four arguments. Such an approach has not yet been developed into a numerically
tractable form.

V

Summary

One can model the transport of electrons through quantum devices at a number of diﬀerent levels of sophistication. The simplest level consists of solving the single-particle Schrödinger equation. Because devices
are open systems, the solutions of Schrödinger’s equation describing unbounded scattering states are the
appropriate basis in which to consider electron transport. Semiconductor heterostructures create some com22

plications in the application of conventional scattering theory, because the electron dispersion relation (band
structure) will be non-parabolic and will vary with position. These eﬀects require that the group velocity
v be used in most of the fundamental equations of scattering theory where the wavevector k conventionally
appears. Extremely robust and eﬃcient numerical techniques have recently been developed which permit
evaluation of scattering states, taking into account the these complications.
The near-equilibrium transport properties of a quantum device can be well described with a knowledge
of the quantum transmission amplitudes and by invoking the Landauer conductance formula. However,
to fully describe the far-from-equilibrium transport on which useful devices depend, one must describe the
device in terms of quantum stastical mechanics. Semi-classical formulations, such as the Boltzmann equation
and the techniques used to evaluate it, cannot properly deal with quantum interference eﬀects except insofar
as they can be described in terms of transition rates. More comprehensive quantum kinetic theories using
the Wigner distribution function or non-equilibrium Green’s functions have been and are continuing to be
developed. To date, however, all of the theories which for which practical computational schemes have been
implemented suﬀer from an inability to deal with one or another of the fundamental conservation laws. Thus
there is no one theoretical tool which provides a satisfactory model of all aspects of quantum device behavior.
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