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Section 1. Basic concepts and basic mathematics

1.1. History

For now (until I can write my own version)

Copied from http://history.hyperjeff.net/electromagnetism.html
Sketches of a History of

Classical Electromagnetism
(Optics, Magnetism, Electricity, Electromagnetism)
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	Many things are known about optics: the rectilinearity of light rays; the law of reflection; transparency of materials; that rays passing obliquely from less dense to more dense medium is refracted toward the perpendicular of the interface; general laws for the relationship between the apparent location of an object in reflections and refractions; the existence of metal mirrors (glass mirrors being a 19th century invention).

	ca

300

BC
	Euclid of Alexandria (ca 325 BC - ca 265 BC) writes, among many other works, Optics, dealing with vision theory and perspective.

Convex lenses in existence at Carthage.

	1st

cent

BC
	Chinese fortune tellers begin using loadstone to construct their divining boards, eventually leading to the first compasses. (Mentioned in Wang Ch'ung's Discourses weighed in the balance of 83 B.C.)

	1st

cent
	South-pointing divining boards become common in China.

	2nd

cent
	Claudius Ptolemy (ca 85 - ca 165) writes on optics, deriving the law of reflection from the assumption that light rays travel in straight lines (from the eyes), and tries to establish a quantitative law of refraction.

Hero of Alexandria writes on the topics of mirrors and light.

	ca

271
	True compasses come into use by this date in China.

	6th

cent
	(China) Discovery that loadstones could be used to magnetize small iron needles.

	11th

cent
	Abu Ali al-Hasan ibn al-Haitam (Alhazen) (965-1039) writes Kitab al-manazir (translated into Latin as Opticae thesaurus Alhazeni in 1270) on optics, dealing with reflection, refraction, lenses, parabolic and spherical mirrors, aberration and atmospheric refraction.

(China) Iron magnetized by heating it to red hot temperatures and cooling while in south-north orientation.

	1086
	Shen Kua's Dream Pool Essays make the first reference to compasses used in navigation.

	1155

-

1160
	Earliest explicit reference to magnets per se, in Roman d'Enéas. (see reference)

	1190

-

1199
	Alexander Neckam's De naturis rerum contains the first western reference to compasses used for navigation.

	13th

cent
	Robert Grosseteste (1168-1253) writes De Iride and De Luce on optics and light, experimenting with both lenses and mirrors.

Roger Bacon (1214-1294) (student of Grosseteste) is the first to try to apply geometry to the study of optics. He also makes some brief notes on magnetism.

Pierre de Maricourt, a.k.a. Petri Pergrinus (fl. 1269) writes Letter on the magnet of Peter the Pilgrim of Maricourt to Sygerus of Foucaucourt, Soldier, the first western analysis of polar magnets and compasses. He also demonstrates in France the existence of two poles of a magnet by tracing the directions of a needle laid on to a natural magnet.

Witelo writes Perspectiva around 1270, treating geometric optics, including reflection and refraction. He also reproduces the data given by Ptolemy on optics, though was unable to generalize or extend the study.

Theodoric of Freiberg (d ca 1310), working with prisms and transparent crystalline spheres, formulates a sophisticated theory of refraction in raindrops which is close to the modern understanding, though it did not become very well known. (Descartes presents a nearly identical theory roughly 450 years later.)

Eyeglasses, convex lenses for the far-sighted, first invented in or near Florence (as early as the 1270s or as late as the late 1280s - concave lenses for the near-sighted appearing in the late 15th century).

	16th

cent
	Girolamo Cardano (1501-1576) elaborates the difference between amber and loadstone.

	1558
	Giambattista Della Porta (1535-1615) publishes his major work, Magia naturalis, analyzing, among many other things, magnetism.

	1600
	William Gilbert (1544-1603), after 18 years of experiments with loadstones, magnets and electrical materials, finishes his book De Magnete. The work included: the first major classification of electric and non-electric materials; the relation of moisture and electrification; showing that electrification effects metals, liquids and smoke; noting that electrics were the attractive agents (as opposed to the air between objects); that heating dispelled the attractive power of electrics; and showing the earth to be a magnet.

	1606
	Della Porta first describes the heating effects of light rays.

	1618
	April 2nd, Francesco Maria Grimaldi discovers diffraction patterns of light and becomes convinced that light is a wave-like phenomenon. The theory is given little attention.

	1621
	Willebrord van Roijen Snell (1580-1626) experimentally determines the law of angles of incidence and reflection for light and for refraction between two media.

	1629
	Nicolo Cabeo publishes his observations on electrical repulsion, noting that attracting substances may later repel one another after making contact.

	1637
	René Descartes publishes his Dioptics and On Meteors as appendices to his Discourse on a Method, detailing a theory of refraction and going over a theory of rainbows which, while containing nothing essentially new, encouraged experimental exploration of the subject.

	1644
	Descartes' Principia philosophiae, describing magnetism as the result of the mechanical motion of channel particles and their displacements, and proposing the absence of both void and action at a distance.

	1646
	Thomas Browne coins the term "electricity" in his Pseudodoia Epidemica.

	ca

1650
	(Coffee begins to be important to and catch on in Europe.)

	1657
	Pierre de Fermat (1601-1665) formulates the principle of least time for understanding the way in which light rays move.

	1660
	Otto von Guericke (1602-1686) builds the first electrical machine, a rotating frictional generator.

	1661
	Fermat is able to apply his principle of least time to understand the refractive indices of different materials.

	1664
	Robert Hooke (see also: Robert Hooke) (1635-1703) puts forth a wave theory of light in his Micrographia, considering light to be a very high speed rectilinear propagation of longitudinal vibrations of a medium in which individual wavelets spherically spread.

	1665
	Francesco Maria Grimaldi's Prysico-mathesis de lumine coloribus et iride describes experiments with diffraction of light and states his wave theory of light.

	1669
	Erasmus Bartholin publishes A Study of Iceland Spar, about his discovery of double refraction.

	1675
	Robert Boyle (1627-91) writes Experiments and Notes about the Mechanical Origine or Production of Electricity. Electrical attraction, it was written, was "a Material Effluvium issuing from and returning to, the Electrical Body."

	1676
	Ole Christensen Rømer (1644-1710) demonstrates the finite speed of light via observations of the eclipses of the satellites of Jupiter, though he does not calculate a speed for light. His results were not widely accepted.

	1677
	Christiaan Huyghens (1629-95) extends the wave theory of light in his work Treatise on Light, unpublished until 1690.

	1687
	Isaac Newton (1642-1727) notes magnetism to be a non-universal force and derives an inverse cubed law for two poles of a magnet.

	1690
	Huyghens formulates his wave theory of light in Traité de la Lumière, giving the first numerical quote for the speed of light, usually attributed to Rømer, of 2.3 x 108 m/s.

	1704
	Newton's research on light culminates in the publication of his Optics, describing light both in terms of wave theory and his corpuscular theory.

	1709
	Francis Hauksbee's Physico-Mechanical Experiments on Various Subjects.

	1728
	James Bradley (1693-1762) discovers the phenomenon of steller aberration, confirming earlier suggestions by Rømer that the speed of light is finite.

	1729
	Stephen Gray (ca 1670-1736) shows static electricity to be transported via substances, especially metals.

	1733
	Charles-Francois de Cisternai du Fay (1698-1739) discovers that electric charges are of two types and that like charges repell while unlike charges attract.

	1745
	Kleist invents the Leyden jar for storing electric charge.

	1746
	William Watson (1715-89) suggests conservation of electric charge.

Jean Antoine Nollet's Essai sur l'electricité des corps.

	1747
	Benjamin Franklin (1706-90) proposes that electricity be modeled by a single fluid with two states of electrification, materials have more or less of a normal amount of electric fluid, independently proposing conservation of electric charge, and introducing the convention of describing the two types of charges as positive and negative.

Watson passes electrical charge along a two mile long wire.

	1750
	John Michell (1724-93) demonstrates that the action of a magnet on another can be deduced from an inverse square law of force between individual poles of the magnet, published in his work, A Treatise on Artificial Magnets.

	1759
	Franz Ulrich Theodosius Aepinus (1724-1802) publishes An Attempt at a Theory of Electricity and Magnetism, the first book applying mathematical techniques to the subject.

	1764
	Johannes Wilcke invents the electrophorus, a device which can produce relatively large amounts of electric charge easily and repeatedly. (See Links)

	1766
	Joseph Priestley (1733-1804) deduces the inverse square law for electric charges using the results of experiments showing the absence of electrical effects inside a charged hollow conducting sphere.

	1772
	Henry Cavendish publishes, "An Attempt to Explain some of the Principal Phenomena of Electricity, by Means of an Elastic Fluid."

	1775
	Alessandro Guiseppe Antonio Anastasio Volta (1745-1827) invents an electrometer, a plate condenser and the electrophorus.

	1777
	Charles Augustin de Coulomb's (1736-1806) research sets a new direction in research into electricity and magnetism.

	early

1780s
	Luigi Galvani (1737-98) uses the response of animal tissue to begin studies of electrical currents produced by chemical action rather than from static electricity. The mechanical response of animal tissue to contact with two dissimilar metals is now known as galvanism.

	1785
	Coulomb independently invents the torsion balance to confirm the inverse square law of electric charges. He also verifies Michell's law of force for magnets and also suggests that it might be impossible to separate two poles of a magnet without creating two more poles on each part of the magnet.

	1799
	Volta shows that galvanism is not of animal origin but occurred whenever a moist substance is placed between two metals. This discovery eventually leads to the "Volta pile" a year later, the first electric batteries.

	1800
	Volta writes a paper on electricity by contact.

	1801
	Thomas Young's (1773-1829) work on interference revives interest in the wave theory of light. He also accounts for the recently discovered phenomenon of light polarization by suggesting that light is a vibration in the aether transverse to the direction of propagation.

Johann Georg von Soldner (1776-1833) makes a calculation for the deflection of light by the sun assuming a finite speed of light corpuscles and a non-zero mass. (The result, 0.85 arc-sec, was rederived independently by Cavendish and Einstein (1911), but went unnoticed until 1921. )

	1807
	H Davy's lecture, "On Some Chemical Agents of Electricity," drawing close the possible relationships of chemical and electrical forces.

	1812
	Simeon-Denis Poisson (1781-1840) formulates the concept of macroscopic charge neutrality as a natural state of matter and describes electrification as the separation of the two kinds of electricity. He also points out the usefulness of a potential function for electrical systems.

	1813
	Measurements of specific heat of air as a function of pressure by Delarache and Bérard.

	1814
	Augustin Jean Fresnel (1788-1827) independently discovers the interference phenomena of light and explains its existence in terms of wave theory.

	1817
	Fresnel predicts a dragging effect on light in the aether.

	1818
	Fresnel's essay on optics and the aether.

	1820
	(July 21) Hans Christian Oersted (1777-1851) notes the deflection of a magnetic compass needle caused by an electric current after giving a lecture demonstration. Oersted then demonstrates that the effect is reciprocal.This initiates the unification program of electricity and magnetism.

July 27, André Marie Ampère (1775-1836) confirms Oersted's results and presents extensive experimental results to the French Academy of Science. He models magnets in terms of molecular electric currents. His formulation inaugurates the study of electrodynamics independent of electrostatics.

Fall, Jean-Baptiste Biot (1774-1862) and Felix Savart (1792-1841) deduce the formula for the strength of the magnitec effect produced by a short segment of current carrying wire.

	1825
	Ampère 's memoirs are published on his research into electrodynamics.

	1827
	Georg Simon Ohm (1789-1854) formulates the relationship between current to electromotive force and electrical resistance.

	1828
	George Green (1793-1841) introduces the notion of potential and formulates what is now called Green's Theorem relating the surface and volume distributions of charge. (The work goes unnoticed until 1846.)

	1831
	Michael Faraday (1791-1867) begins his investigations into electromagnetism.

	1832
	Gauss (1777-1855) independently states Green's Theorem without proof. He also reformulates Coulomb's law in a more general form, and establishes experimental methods for measuring magnetic intensities.

	1835
	Gauss formulates separate electrostatic and electrodynamical laws, including "Gauss's law." All of it remains unpublished until 1867.

	1838
	Faraday explains electromagnetic induction, electrochemistry and formulates his notion of lines of force, also criticizing action-at-a-distance theories.

Wilhelm Eduard Weber (1804-91) and Gauss apply potential theory to the magnetism of the earth.

	1839
	The potential theory for magnetism developed by Weber and Gauss extented to all inverse-squared phenomena.

	1842
	William Thomson (Lord Kelvin, 1824-1907) writes a paper, "On the uniform motion of heat and its connection with the mathematical theory of electricity," based on the ideas of Fourier. The analogy allows him to formulate a continuity equation of electricity, implying a conservation of electric flux.

	1845

to

1850
	Michael Faraday introduces the idea of "contiguous magnetic action" as a local interaction, instead of the idea of instantaneous action at a distance, using concepts now known as fields. He also estabishes a connection between light and electrodynamics by showing that the transverse polarization direction of a light beam was rotated about the axis of propagation by a strong magnetic field (today known as "Faraday rotation").

G T Fechner proposes a connection between Ampère's law and Faraday's law in order to explain Lenz's law.

	1846
	Weber proposes a synthesis of electrostatics, electrodynamics and induction using the idea that electric currents are moing charged particles. The interactions are instantaneous forces. Weber's theory contains a limiting velocity of electromagnetic origin with the value Sqrt(2) * c.

William Robert Grove's (1811-1896) Correlation of physical forces
The partial-drag theory of George Gabriel Stokes (1819-1903) is revived for the explanation of stellar aberration.

	1849
	A.H.L. Fizeau begins experiments to determine the speed of light.

	1851
	Fizeau's interferometry experiment confirming Fresnel's theoretical results.

	1852
	Stokes names and explains the phenomena of fluorescence.

	1854
	Bernhard Riemann (1826-66) makes unpublished conjectures about an 'investigation of the connection between electricity, galvanism, light and gravity.'

	1855
	Weber and R Kohlrausch determine a limiting velocity which turns up in Weber's electrodynamic theory, and that it's value is about 439,450 km/s.

	1855

to

1868
	James Clerk Maxwell (1831-79) completes his formulation of the field equations of electromagnetism. He established, among many things, the connection between the speed of propagation of an electromagnetic wave and the speed of light, and establishing the theoretical understanding of light.

	1858
	Riemann generalizes Weber's unification program and derives his results via a solution to a wave function of a electrodynamical potential (finding the speed of propagation, correctly, to be c). He claimed to have found the connection between electricity and optics. (Results published postumously in 1867.)

	1861
	Riemann uses Lagrange's theorem to deal with velocity-dependent electrical accelerations.

Gustav Robert Kirchhoff (1824-1887) formulates the model of the black body.

	1863
	John Tyndall's Heat Considered as a Mode of Motion.

	1864
	Maxwell publishes A Dynamical Theory of the Electromagnetic Field, his first publication to make use of his mathematical theory of fields.

	1865
	Maxwell's A Dynamical Theory of the Electromagnetic Field, formulating an electrodynamical formulation of wave propagation using Lagrangian and Hamiltonian techniques, obtaining the theoretical possibility of generating electromagnetic radiation. (The derivation is independent of the microscopic structures which may underlie such phenomena.)

	1870
	Hermann Ludwig Ferdinand von Helmholtz (1821-94) developes a theory of electricity and shows Weber's theories to be inconsistent with the conservation of energy.

	1873
	The first edition of Maxwell's Treatise on Electricity and Magnetism is published.

	1874
	George J Stoney estimates the charge of an electron to be about 10-20 Coulombs and introduces the term "electron."

	1875
	Heinrich Antoon Lorentz (1853-1928), in his doctoral thesis, derives the phenomena of reflection and refraction in terms of Maxwell's theory.

W Crookes performs experiments on cathode rays.

	1879
	Maxwell suggests that an earth-based experiment to detect possible aether drifts could be performed, but that it would not be sensitive enough.

	1881
	A.A. Michelson begins his interferometry experiments to detect a luminiferous aether.

	1884
	Heinrich Rudolf Hertz (1857-94) develops a reformulation of electrodynamics and shows his and Helmholtz's theories both amount to Maxwell's theory.

Poynting establishes that for electromagnetic radiation energy can be localized and flow (the first such energy localization principle established).

	1885

to

1887
	Oliver Heaviside (1850-1925) writes Electromagnetic induction and its propagation over the course of two years, re-expressing Maxwell's results in 3 (complex) vector form, giving it much of its modern form and collecting together the basic set of equations from which electromagnetic theory may be derived (often called "Maxwell's equations"). In the process, He invents the modern vector calculus notation, including the gradient, divergence and curl of a vector.

	1887
	Heinrich Rudolf Hertz experimentally produces electromagnetic radiation with radio waves in the GHz range, also discovering the photoelectric effect and predicting that gravitation would also have a finite speed of propagation.

W Voight, working through an analysis of Doppler effects using an elastic model of the luminiferous aether to describe optical properties, produces a set of relations between space and time intervals which are later rediscovered independently by Lorentz and now knows as the "Lorentz equations" (first so-called by Poincaré in 1904).

	1889
	George Francis FitzGerald (1851-1901) suggests that bodies contract in the direction of motion against the luminiferous aether by an amount which would account for the null results coming from the Michelson-Morley experiments on aether motion. (A more detailed calculation is performed independently by Lorentz in 1895.) FitzGerald also suggests that the speed of light is an upper bound on any possible speed. (This suggestion reappears in 1900 by Lorentz, in 1904 by Poincaré, and again in 1905 by Einstein.)

John William Strutt (Lord Rayleigh, 1842-1919) presents a model for radiation in terms of wave propagation.

	1890
	Hertz publishes his memoirs on electrodynamics, simplifying the form of the electromagnetic equations, replacing all potentials by field strengths, and deduces Ohm's, Kirchoff's and Coulomb's laws.

	1892

to

1904
	Lorentz completes the description of electrodynamics by clearly separating electricity and electrodynamic fields and formulating the equations for charged particles in motion.

	1893
	Wilhelm Carl Werner Otto Fritz Franz Wien (1864-1928) gives his displacement law of blackbody radiation.

	1896
	Wien theoretically derives the radiation distribution law.

Discovery of X-rays and Becquerel radiation.

Discovery of the Zeeman effect.

	1897
	JJ Thomson experimentally determines the charge-to-mass ration of electrons.

	1898
	Jules Henri Poincaré (1854-1912) suggests that a complete measurement theory must formulate a notion of distant synchronization and discusses its relevance to the apparent constancy of the speed of light.

	1899
	Lorentz refines the transformation laws, formulating the notion of local time and local coordinate systems in electrodynamics.

Thomson and Lenard begin experimental investigations of photoelectric radiation.

	1904
	Poincaré uses light signals as a functional technique to establish distant synchronization in application to Lorentz's electron theory, also putting forth the first formulation of a principle of electrodynamic relativity.

	1905
	Albert Einstein (1879-1955) analyzes the phenomena of the photoelectric effect and theorizes that light may be taken to be made up of vast amounts of packets of electromagnetic radiation in discrete units.

Einstein publishes his paper, "On the Electrodynamics of Moving Bodies," drawing out the symmetries of Lorentz's electromagnetic theory, underlying connection in measurement theory and the status of the electromagnetic aether.

	1907
	Hermann Minkowski (1864-1909), through considerations of the group properties of the equations of electrodynamics, reinterprets Einstein's relativity theory as a kind of geometry of spacetime, considered as a single medium.




1.2. Maxwell’s equations in integral and point forms

In the mid to late 1800’s Maxwell developed the concept of ‘fields’ and combined the work of previous researchers to provide a complete picture of classic electromagnetism using only 4 equations.  (Early in his research he had more than 4 equations.)  These equations, now known as ‘Maxwell’s equations’, can be written in either integral or ‘point’ forms.  Each of the equations still retain a name associated with earlier researchers. It should be understood that these equations, are not unlike Newton’s force equation,
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were developed from several thousand years of experimentation with electromagnetism.  Including conservation of charge, these equations describe all known classic electromagnetism.  The equations are: 

	Equation Name
	Integral Form
	Point Form

	Gauss’ Law
	
[image: image33.wmf]
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	Gauss’ Law for Magnetic induction
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	Faraday’s Law
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	Ampère’s Law
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	Charge conservation
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[image: image42.wmf]


DO NOT PANIC YET!  It is important to remember that Maxwell’s equations were developed from several thousand years of experimentation with electromagnetism.  In the rest of this section (e.g. all of Section 1) we will go through the fundamental mathematics and describe the physical processes that the mathematics describe.  By the end of this section, you should have a basic (although not complete) understanding of the fundamental mathematics and you should be able to describe the basic physical processes that the mathematics describe. 

We can break Maxwell’s Equations in to various groups, each related to a physical attribute.  First we have three equations, both of Gauss’ Laws and Charge conservation, which have a divergence or ‘Del dot’ functionality.  As we will see shortly vector fields that come from this form are diverging in nature.  This is not unlike wind coming from a firecracker or waves propagating across a pond resulting from you have thrown in a rock.  The other two equations, Faraday’s and Ampere’s, have curl or ‘Del cross’ functionality.  Such vector fields are rotational (twisting) in nature.  A typical example of this would be the wind from a hurricane or the flow of water as it spins going down a drain.  It is important to understand that all physically real vector fields must be diverging or twisting in nature.  It is mathematically shown (Helmholtz Theorem) in the supplementary material at the end of this section that all vector fields are at most a combination of diverging, twisting and uniform fields.  While we will talk about uniform fields, physically they cannot exist.  As will be seen later in the book, this limitation is due to the amount of energy required to produce such a field, infinite.  On the other hand, we can approximate that the field are uniform over small regions in examples and homework problems, and gain considerable understanding.

1.3. Concept, Nature and sources of vector fields

In electromagnetism we deal with scalars vectors, scalar fields and vector fields.  On top of this we have coordinate systems.  Understanding these and how they relate will be critical to your understanding of electromagnetism.  In a nut shell:

Scalars: A number or magnitude (say a =1.25).  A scalar does not have any direction associated with it.  An example is the Temperature of the air in the room you are sitting in or the temperature at various locations in a hurricane. 

Vectors: A number with an associated direction (say A = 1.25 North).  An example is the wind in the room you are sitting in or the wind inside of a hurricane.  The eye wall might have sustained winds of 200 MPH – rotating clockwise – but the air inside the eye is often very calm.  The directionality of a vector requires that we describe what happens in each direction.  For this we develop the concept of ‘unit vectors.’ Unit vectors are vectors of length one that point in a specific direction, say in the ‘north’ direction or the ‘x’ direction.  The unit vectors that you use depend on the coordinate system that you are using.  We will discuss the standard coordinate systems a little later.  (In these notes scalars are notated as small letters while vectors will be notated with bold-faced capitol letters having a ‘bar’, - , on top.  The single exception to this rule is the ‘unit’ vector which is defined to have length 1 and in effect only contains directional information.  Unit vectors are symbolized with lower case bold-faced letters having a ‘carrot’, ^, on top. )

Scalar Fields: This is a scalar that depends on where and when it is measured (say 
[image: image43.wmf]).  Scalar fields are more commonly called functions.  An example is the Temperature inside a hurricane or in a our room.

Higher in the air -> colder (usually)

Night -> colder

North -> colder 

Texas in the summer -> hot!

In our hurricane and room examples, the temperature changes, depending on the location. In a room it is usually hotter/colder near the air vent.  In electromagnetism the scalars you deal with might be a functions of time, position and local velocity – 7 free parameters in all. An example of this would be:


[image: image44.wmf]
Vector Fields: This is a vector that depends on where and when it is measured (say 
[image: image45.wmf]).  Vector fields are functions with directions associated with them.  An example is the wind inside a hurricane.  Note that each direction can have a different functional form, 
[image: image46.wmf].  ONE OF THE MOST IMPORTANT THINGS THAT YOU MUST DO WHILE WORKING ON AN ELECTROMAGNETISM PROBLEM IS – KEEP TRACK OF ALL OF THE PARTS, e.g. ‘BOOKKEEPING’.  While this might be a little boring sounding, it is really not that hard. After all, if a person with an MBA can do a little bookkeeping, so can you.

This brings us to the concept of coordinate systems.  In the proceeding paragraphs we have used two different coordinate systems, spherical (North-south-east-west-height is an example) and Cartesian (x, y and z).  You should already be used to these through your earlier experiences. While there are an infinite number of possible coordinate systems, we will only use three, Cartesian, spherical and cylindrical.  (I will attempt to add a generalized discussion of coordinate systems as a later addendum.) Each coordinate system has a definite well-defined method for locating a point or position and a method for giving a direction based on the defined unit vectors.  Each also relies on a well-defined origin.  Our three main coordinate systems are shown graphically below.  Note that the three unit vectors in each coordinate system are at right angles to each other and that one can get to any location in the system by simply adding various lengths of each unit vector. Further note that the cylindrical and spherical coordinate systems are defined in terms of the Cartesian (x, y, z) coordinate system.
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Cartesian (x, y, z)

Cylindrical (r, , z)

Spherical (, , )

Each of these coordinate systems have well defined methods for locating a position and giving a direction.  

Almost all coordinate systems that we use are ‘right-hand-rule’.  That is if we take our fingers and point them in the direction of the first unit vector and then bend them in the direction of the second unit vector our thumb will point in the direction of the third unit vector.  (Note that most screws, bolts etc are right handed i.e. if you want them to move in a direction then point your right hand thumb in that direction and turn the bolt in the direction your fingers point.)

One can determine the transformation from one coordinate system to the next by simply drawing the vectors and examining each of the pieces.  Let us take the transformation from cylindrical to Cartesian. 
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In the x-y plane this looks like


[image: image51.wmf]




In the above picture we have divided a vector along r into its two components, one along the x-axis and one along the y-axis.  Simple trigonometry tells us that these are of length 
x=r cos  

and

y = r sin 

Thus 
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The 
[image: image53.wmf] unit vector is at right angles to 
[image: image54.wmf] and thus as can be seen
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Similar results are found for all of the other vectors/scalars leading to the results shown at the beginning of the book.
So now, we have scalar and vector fields and ways to describe specific locations in space. Hopefully we already know how to add and subtract, multiple and divide scalars (if not read the supplemental material at the end of this section.)

1.4. Proof of Divergence and Stokes theorems

1.4.1. Divergence (Gauss’) Theorem


[image: image56.wmf]
Let us consider the ‘flux’, 
[image: image57.wmf] of a vector field, 
[image: image58.wmf], through an infinitesimal surface element, 
[image: image59.wmf].  (
[image: image60.wmf] is normal to the surface and 
[image: image61.wmf] is the area.)  Now the only part of the vector that actually passes through the surface is 
[image: image62.wmf].  (The rest of the field, 
[image: image63.wmf], does not pass through.)  Thus,


[image: image64.wmf]

[image: image65.wmf]
To find out how much of the field emanates from a volume, we must consider how much flux passes through a closed surface surrounding that volume.  This is simply,


[image: image66.wmf]
where 
[image: image67.wmf] is picked as the outward normal.  THIS FLUX IS A MEASURE OF THE SOURCE/SINK OF THE VECTOR FIELD IN THAT VOLUME.  THIS IS A VERY IMPORTANT CONCEPT.  We can use the analogy of a bathtub (or sink).  If the tap is on and the drain is plugged the bathtub will overflow and continue to overflow.  If on the other hand the drain is open and the tap is off, we can continuously pore water in.  This is in a nutshell what we find with the divergence theorem.

[image: image68.wmf]
We can now look at this equation a bit more closely.  Let us consider an infinitesimal volume shown in the figure.  If we consider each of the six sides we find that 


[image: image69.wmf]
Accounting for the small change in the vector field across the volume, we find that 
[image: image70.wmf]
Where 
[image: image71.wmf] is the center of the volume at time t.  We can now do a series expansion of each term of the individual 
[image: image72.wmf], so that 
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Plugging this into our equation for the outward flux we find


[image: image74.wmf]
Letting our infinitesimal volume go to zero so that 
[image: image75.wmf] we find that by putting the pieces together we get,


[image: image76.wmf]
or 
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This is the Divergence Theorem.  It is extremely important to the understanding of electromagnetism.  Further it is important for solving problems in electromagnetism.  Physically, the theorem states the total outward flux of a vector field is directly related to the source of the vector field.  (Think of a sink that can be filled forever – or for those of you with small children - floods forever.)

The latter two forms shown at the beginning of the section can be proved from the standard form by letting 


[image: image78.wmf]
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where a is a constant vector.  The exact derivations of these proofs are left as problems.
1.4.2. Stokes’ Theorem


[image: image80.wmf]
Stokes’ Theorem deals with the twist, or shear, of a vector field.  Stokes’ Theorem can be proved in much the same way that the Divergence theorem is proved.  To examine shear, one must look at how the field changes as one moves around a loop, as in the figure below.  


[image: image81.wmf]
Hence we look at
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Since this loop is entirely in two dimensions we can pick the coordinate system so that we are || to the x-y plane.  Thus, 
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Expanding, as before, we find


[image: image84.wmf]Now flipping integration order and letting 
[image: image85.wmf], we find
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The left-hand side of this equation shows us that we are measuring the twist of the vector field.  The right-hand side of the equation tells us that the twist is related to the curl of the field.  Thus, the curl is a measure of the twist of the vector field. 

As with the alternate forms of the divergence theorem, the alternate forms of Stokes’ Theorem, shown at the beginning of the section, can be proved from the standard form by letting 
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where a is a constant vector.  The exact derivations of these proofs are left as problems.
1.5. Equivalence of Point and Integral forms

We have shown Maxwell’s Equations in both ‘point’ and ‘integral’ forms.  Here we show that the two forms are equivalent.  To transform from the integral form to the point form we first look at the general form of the equations.   It is easy to see that the equations fall into two classes, a Divergence theorem form and a Stokes’ Theorem form.  
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We can use the Divergence theorem and Stoke’s Theorem to rewrite the above equations


[image: image90.wmf]
1.5.1. Gauss’ Law and Gauss’ Law for Magnetic induction

We will deal with the two forms of Gauss’s Law first.  As an initial step, we will combine the right and left-hand side terms to give,
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We note that these laws hold no matter what volume we are integrating over.  Thus we are forced to require 
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for all volumes, including any arbitrary point.  These equations are the point forms of Gauss’ equations.  

1.5.2. Ampere’s and Faraday’s Laws

In a similar vane, we can examine Ampère’s and Faraday’s Laws.


[image: image93.wmf]
Here however, we must consider what happens to the total time derivatives in each equation.  We can deal with this by noting that the above equations work for any surface, including an infinitesimally small surface.  When we look at such a surface, then the vector fields take on the values at the point in the center of the surface.  We shall label this point at 
[image: image94.wmf].  Rewriting our equations we find 
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but
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(The integral signs disappear because we are only considering a point.) Now however the above vectors are not functions of position because we have integrated over an infinitesimally small surface.  Thus the partial derivatives with respect to position must be zero.  This leaves
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for any point in space.  

We now have the complete set of Maxwell’s equations in point form.
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Example: For each of the following electric fields, find B that satisfies Faraday’s Law in Differential form.

a) 
[image: image99.wmf]
b) 
[image: image100.wmf]
Answer:

a) Faraday’s Law is 
[image: image101.wmf].  Thus
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b) 


[image: image103.wmf]
1.5.3. Charge conservation
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In addition to Maxwell’s four equations, we have our fifth fundamental equation of electromagnetism.  This equation is known as the continuity or charge conservation equation.  As with Maxwell’s equations, the continuity equation comes in either an integral or point form.  The continuity equation arises from the fundamental fact, e.g. found through experimental evidence, that charge is conserved.  (This is one of only a few fundamental parameters that appear to be conserved.  Another such parameter is spin.)  By conservation, we imply that we cannot create or destroy net charge.  Notice that this is different than creating and destroying an individual charge element.  For example, we can destroy an electron by colliding it with a positron.  The positron however has a positive charge equal in magnitude to that found on an electron.

By charge conservation, we have


[image: image105.wmf]
Now this holds for many charges or a single charge.  Thus, if we assume that the above is for just a single charge and add together a series of charges, we find that
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[image: image107.wmf]
This final equation is the point form of the continuity equation.  The equivalent integral form is
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1.6. Concept of vector and scalar potential

In this subsection we will show that 
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where A and 
[image: image110.wmf] are respectively the magnetic vector and electric scalar potentials.
1.6.1. Magnetic (Vector) potential

By now most individuals reading this book have the concept of ‘electric potential’ – at least when it comes to the potential in a circuit.  To get at this, we note a number of special things about Maxwell’s equations.  First is that there are no magnetic monopole, e.g. 
[image: image111.wmf].  This can be used to our advantage mathematically.  Because 
[image: image112.wmf] then we can define a new vector field such that 
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where A is known as the magnetic vector potential.  

Proof
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How well do we know the vector potential?  Like you found in circuits, the potential is always relative to something.  Thus, we can define a second vector potential 
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where
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For this to hold,
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Such fields are known as ‘conservative’ fields.  We can show that if a field is conservative than we can define a scalar potential
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As this must hold for each component of the vector


[image: image119.wmf]
Integrating each equation we get
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combining the two equations for Az we get 
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Repeating this exercise, we get
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where 
[image: image123.wmf] is a scalar function.  Mathematically this function can be either positive or negative.  For historical reasons it is chosen as negative in electromagnetism.

The converse of the above is also true, if 
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Sometimes it is advantageous to pick specific A’s to make the mathematics simpler.  Such choices are known as the ‘gauge’.  We will do this later in the book.
1.6.2. Electric (Scalar) potential

At this point we can finally define the electric scalar potential.  We know from above that a scalar potential can be defined IF the vector is conservative, e.g. the curl is zero.  Looking at Maxwell’s equations we see that this does not hold for the electric field.  However if we take into account the magnetic vector potential, we can rewrite Faraday’s Law as follows:
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where 
[image: image126.wmf] is the electric scalar potential.

1.7. Problems

1. Analytically prove the following. (Do this for arbitrary dimension)

a The commutative law : A + B = B + A
b The Associative Law : A + (B + C) = (A+B) + C
c A + B = C if and only if B = C - A
d A + 0 = A and A - A = 0
2. Show that in a 3-dimensional space, a set of three vectors A, B and C are linearly independent if and only if


[image: image127.wmf];

(Linear independence requires that:  a A + b B + c C = 0 if and only if a, b, c = 0).

3. Consider a system of n electric charges, e1 through en.  Let ri be the position vector of charge ei.  The dipole moment of the system of charges is defines as 


[image: image128.wmf]
and the center of the charge of the system is
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where 
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The system is called neutral is 



[image: image131.wmf]
a Show that the dipole moment of a neutral system is independent of the origin.

b Express this moment in terms of the centers of the systems of negative and positive charges making up the original system.

4. Prove that the scalar product is commutative [A•B=B•A] and distributive [A•(B+C)=A•B+A•C].

a Using the dot product, prove the law of cosines.

b Let U1 and U2 be two vectors in the x-y plane with angles  and  between U1 and x and U2 and x.  Using the dot product show that cos(-) = cos()cos()+sin()sin()

5. Prove that the area of a parallelogram with sides A and B is 
[image: image132.wmf].

6. Prove that the volume of a parallelepiped with side A, B and C is 
[image: image133.wmf].

Compute the divergence and the curl of each of the following Vector Fields.

7. V

8. V

9. V

Calculate the Laplacian 
[image: image134.wmf] of each of the following

10. 
[image: image135.wmf]


11. For 
[image: image136.wmf], evaluate 
[image: image137.wmf].

12. For 
[image: image138.wmf], evaluate 
[image: image139.wmf].

13. Which, if either, of the following force fields is conservative?  Calculate the work done moving a particle around a circle of x = cos t, y = sin t in the x-y plane.

a) 
[image: image140.wmf]
b) 
[image: image141.wmf]
Explain why you have gotten these answers.

14. In spherical coordinates, show that the electric field E of a point charge is conservative.  Determine and write the electric potential 
[image: image142.wmf] in rectangular (cartesian) and cylindrical coordinates.  Find 
[image: image143.wmf] using both cartesian and cylindrical coordinates and show that the results are the same as in spherical coordinates. 
15. Derive 
[image: image144.wmf] using methods similar to that used in class.  

16. For a simple closed curve C in a plane show by Green’s theorem that the area enclosed is 
[image: image145.wmf].

17. Find the area inside the curve 
[image: image146.wmf].

18. Prove 

[image: image147.wmf]
19. Determine the electric potential of a point charge from the electric field

[image: image148.wmf]
20. Determine the magnetic potential of a current element.

[image: image149.wmf]
1.8. Supplemental material

1.8.1. Vector Mathematics

Vectors also have an algebra associated with them.  

1.8.1.1. Vector Addition and Subtraction

Vector addition:

A+B=C


[image: image150.wmf]
If we pick the correct coordinate system – these are very easy problems.  What we need is to use an orthogonal coordinate system with unit vectors to describe the direction.  Fortunately, in Cartesian coordinates works well.  One must be careful using addition in Cylindrical and spherical coordinate as the unit vectors vary from point to point.  


[image: image151.wmf]
Vector Subtraction works in much the same way except one replaces the ‘b’ with ‘-b’

1.8.1.2. More Advanced Vector Algebra and Calculus

Now we need to begin using our vector algebra and calculus.  First the algebra.  We have two forms of multiplication, 
[image: image152.wmf] and 
[image: image153.wmf] for vectors.  Can we mix these operations?  Yes but what happens? E.g. what happens if 
[image: image154.wmf] or 
[image: image155.wmf]?  The second one is obvious.  Noting that 
[image: image156.wmf] is a scalar and ^ is a vector operation then the second one is zero.  The first complex term is more difficult.  We however can solve it following our few simple rules.  First, 
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Now 
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Finally, we have the similar terms 
[image: image159.wmf] or 
[image: image160.wmf]?  Again the second type is simple (= 0) – for the same reasons as above.  The first form however is more difficult.  Can we tell anything a prior?  Yes, we know that the final vector has to be at perpendicular to A.  This means that final vector can have components along B and C but not along A.  Hence 
[image: image161.wmf].  We can figure these terms out, again, by simple algebra.   
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This is somewhat of a mess but we notice that each term has two ‘x’ or two ‘y’ or two ‘z’ terms – so we gather them together and find that


[image: image163.wmf]
This is the ‘famous’ BAC-CAB formula that you should have learned in previous classes.

Now we need to go back and look at the differentiation operators and consider the means of the 
[image: image164.wmf] operator.  First let us consider a scalar field j, which might be the height on the side of a hill or mountain range.  Then let us consider a path s.  How does j change as we move along the path s?  For a very small change along s we find


[image: image165.wmf]
After a moments consideration one realizes that U is the direction along which the path s follows.  Hence U is the instantaneous tangent to the path s.

Example 1.1
Let 
[image: image166.wmf]be the temperature variation in a room.  In what direction is the temperature varying most rapidly?  Where 
[image: image167.wmf]is a maximum?  From above we know that


[image: image168.wmf]
to find the maximum, we simply need to maximize the inner product – hence the angle between U and 
[image: image169.wmf] must be zero.  This implies that the direction of maximum temperature change must be along 
[image: image170.wmf].  Therefore 
[image: image171.wmf]is the direction that we seek.

We can look at this is a more general form.  Assume that we have a path along a surface in three dimensions.  Can we find a path on the surface in which our scalar field is a constant = f.  Hence we seek a path in which 
[image: image172.wmf].  Thus, 
[image: image173.wmf], where as before U is the tangent to a path.  Using our knowledge of the inner product we find that 
[image: image174.wmf] if and only if 
[image: image175.wmf].  Therefore 
[image: image176.wmf] is a perpendicular or ‘normal’ to the direction of the constant curve. 
[image: image177.wmf] is sometimes called the ‘normal’ derivative and 
[image: image178.wmf] is often written 
[image: image179.wmf]. 
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Previously we defined the following derivatives

The gradient 
[image: image181.wmf]
The Divergence 
[image: image182.wmf]
and the Curl 
[image: image183.wmf].

Is there anything else that we can do?  Why of course.


[image: image184.wmf]
Putting all of the parts together, we find only four that are useful here and two of those are zero.  Of the two that remain the first is easiest to obtain but neither is hard.  First, 


[image: image185.wmf]
is simply the Laplacian.  The second, and harder one, we have already solved for.  We know from our BAC-CAB rule that 
[image: image186.wmf]. Therefore replacing 
[image: image187.wmf] we find, (keeping the order of differentiation correct)


[image: image188.wmf].

Now we need to change course and look at integration.

1.8.1.3. Vector Multiplication

Vector Multiplication is not so easy.  There are two main options – with other options used in more advanced electromagnetic theory.  The most useful are the ‘dot,’ or inner product, and the cross product.  THESE TWO OPTIONS ARE USED BECAUSE THEY FOLLOW WHAT IS OBSERVED IN THE PHYSICAL WORLD.  CERTAINLY OTHER ‘MULTIPLICATION’ METHODS ARE DEFINABLE BUT THEY ARE NOT USEFUL.

Dot (inner) product:


[image: image189.wmf]
where  is the angle between vector A and vector B.  Note that there are two forms of the equation and that they are equivalent.  This provides an easy method for determining angles etc.  Note also that a scalar is the result of this type of multiplication.  The law of cosines, and similar trigonometric laws, can be readily derived from the dot product. 

The second important type of multiplication is the cross product.  


[image: image190.wmf]

[image: image191.wmf]
where 
[image: image192.wmf] is the unit vector orthogonal to A and B.  This new vector is out of the plane defined by the vectors A and B. We can play games and prove how these two types of multiplication interact.  This however will be left to homework problems.  Note that the cross product is related to the ‘outer’ product multiplication of two Tensors (e.g. n dimensional matrices).  In mathematical textbooks, this multiplication is often denoted with a ‘wedge’ symbol (
[image: image193.wmf]).  We will use that same symbolism, rather than the 
[image: image194.wmf] or 
[image: image195.wmf] symbols to avoid confusion with the letter x.

Now a scalar field is simply a standard function.  As freshmen, we learned how to go beyond adding subtracting, multiplying and dividing and moved on to differentiation and integration.  We can do the same thing with vector fields.

1.8.1.4. Differentiation 

Let


[image: image196.wmf] 

then
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is an example of scalar differentiation.  Note that 
[image: image198.wmf] is short hand for 
[image: image199.wmf]

[image: image200.wmf]
is an example of inner-product differentiation and


[image: image201.wmf]
is an example of cross-product differentiation.  The most common differential vector is the ‘del’ vector, where 
[image: image202.wmf].  Other forms of this vector can be found in other coordinate systems and are derived such that identical results are found independent of coordinate system.  

There are two major operations that the del operator has on vector fields, the Divergence


[image: image203.wmf]
and the curl


[image: image204.wmf]
As we will show below, these two operations have physical significance. 
[image: image205.wmf] describes the source of a diverging vector field while 
[image: image206.wmf] describes the source of a twisting vector field.  WITH ONE EXCEPTION, ALL VECTOR FIELDS ARE ‘PRODUCED BY’ A TWISTING SOURCE OR A DIVERGING SOURCE OR SOME COMBINATION OF SUCH SOURCES.  The one exception is a uniform (non zero) field, but as will be seen later in the semester, this is type of vector field not physically possible for the electric of magnetic fields. (While uniform fields are nice to use in homework problems and as approximations, a truly uniform field across all space results in infinite energy – perhaps we can solve the energy crisis – not.)

The final major operation of the del operator is an operation on a scalar field, which is known as the gradient


[image: image207.wmf]
We will return to the Del vector shortly.  

1.8.1.5. LINE Integrals:

The work that a force does on an object is “W=Fr” where r is the distance moved.  In reality, the work done depends on the direction of the force.  For example gravity does not do work on a box that moves across a flat floor.  So in fact 
[image: image208.wmf].  If the force changes with position, ie is a vector field, then the work becomes 
[image: image209.wmf], where 
[image: image210.wmf] is a vector of infinitesimal length along the 
[image: image211.wmf] direction.


[image: image212.wmf]
____________________

Example 1.2
Let 
[image: image213.wmf] so that 
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Let us examine 4 paths from (0,0) to (2,1):
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Path 1: 
[image: image217.wmf] so that
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Path 2: 
[image: image219.wmf] so that
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Path 3: 
[image: image221.wmf] so that


[image: image222.wmf]
Path 4: 


[image: image223.wmf]
Thus we find that amount of work done by the force in this field depends on the direction of travel.  This is not unlike sliding a very heavy object across a floor.  Distance and direction, e.g path, do matter.
In some instances – for example if there were no friction – then the path that we took would not matter.  This is an example of a conservative force, e.g. the energy is conserved.  (The example above is a non-conservative force.)  This idea of conservative/non-conservative can be extended to general vector fields.  Further, we will come up with generalized rules for conservative/non conservative field.  To do this we will start with 


[image: image224.wmf]
The converse of the above is also true, if 
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For purely historical reasons in electromagnetism, we have chosen to use 
[image: image226.wmf] rather than 
[image: image227.wmf] to arrive at our potential 
[image: image228.wmf].  In either case, with the exception of the minus sign, the algebra and the results are the same.  (In gravity related potentials, the positive sign is used.)  

So now let us consider the work of a conservative force when moving from point a to point b
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which is clearly independent of path.  This was our original definition of a conservative force.  Gravity, and electrostatic forces are two examples of conservative forces.  

Example 1.3

[image: image230.wmf]
Is this a conservative field? It is if 
[image: image231.wmf].
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This implies that 
[image: image233.wmf].  So what is 
[image: image234.wmf]?
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Example 1.4
The electric field is given by 
[image: image236.wmf].  What is the potential?
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which is our standard potential introduced in earlier classes.

1.8.2. Describing Space

1.8.2.1. Coordinate systems

1.8.2.1.1. Cylindrical

1.8.2.1.2. Spherical

1.8.2.1.3. Generalized curvilinear

1.8.2.2. Points, curves, surfaces and volumes

Understanding how points, curves, surfaces and volumes are described is important for understanding electromagnetism and for solving problems.

Using one of our coordinate systems, we can describe any point in real space.  The standard notation is to give the positions as (x,y,z), (r,,z) or ().  For example, the point at x=5 on the x-axis would be given as (5,0,0).  The point at x=0, y=2, z=6 would be given as (0,2,6).  These points can also be described in cylindrical and spherical coordinates as shown in example XX.  

A curve or path is a one-dimensional object that can be written as (x(s), y(s), z(s)), where s is a free parameter.  You will note that x, y, and z are now functions of this free parameter and thus they are allowed to vary as s changes.  While this object might follow a path through our three-dimensional space, the path has only one free parameter and is thus a one-dimensional object.  (In a class on topology, one would learn that one can transfer the curve to a space in which only one of the components changes with s.  The transformation from Cartesian to cylindrical or spherical is a manifestation of such a topological transformation.)

Surfaces and volumes follow naturally from the definition of a curve.  A surface is a two-dimensional object that can be written as (x(s,t),y(s,t),z(s,t)), where both s and t are free parameters.  (Here, t does not necessarily stand for time; however, either s or t may represent time.)  Finally volumes are three-dimension objects that can be written as (x(s,t,u),y(s,t,u),z(s,t,u)).  Like points and curves, surfaces and volumes can be described in several different coordinate systems.  An example of a coordinate system translation for a surface is given in example XX.

1.8.2.3. Tangents and Normals

Now that we have developed our basic mathematical operations, we need to return to our study of points, curves, surface and volumes.  The first thing to note is that point in space (x,y,z) has a natural vector associated with it, namely the vector (x,y,z) that runs from the origin, (0,0,0), to the point (x,y,z).


[image: image238.wmf]
Here, 
[image: image239.wmf] is the vector describing the position along the curve at parameter s, while 
[image: image240.wmf] is the vector at 
[image: image241.wmf].  It is obvious that as 
[image: image242.wmf]comes closer to 
[image: image243.wmf], then 
[image: image244.wmf] comes closer to the tangent, 
[image: image245.wmf], of the curve at point described by the vector 
[image: image246.wmf].  Thus 
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For a two dimensional object, a surface, we have two free parameters.  From this, it is easy to extend our description of tangents to two dimensions.  Thus, we have 


[image: image248.wmf]


[image: image249.wmf]
where here our second free parameter is ‘t’.  (There are a couple of additional requirements which we will gloss over.  1) That t and s are independent, i.e.,
[image: image250.wmf], 2) That the tangents are not parallel, i.e.,
[image: image251.wmf], 3) That s and t describe the surface in a single valued manner, i.e., The same point in space is not described with two different values of s or t.)  These two tangents describe a planar surface that is locally tangent to the surface.  Now, if we want to determine the normal to the surface at that point, we simply take the normalized cross products of the tangents.  (Remember that the tangents have magnitude as well as direction.)  Thus, 


[image: image252.wmf].  Notice that reversing the order of the cross product will give you the opposite sign for the normal.  By convention, we will pick the outside normal on closed surfaces in electromagnetism.  

At this point, we need to look at integration over curves and surfaces.  Most of you can perform an integral of the forms  
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In the above, the free parameters are assumed to be x and y.  Now however, we are dealing with curves and surfaces that are not always so simple.  More general forms of the integrals are:

[image: image254.wmf]
To convert to our standard form, we must know the transformation between s and t and x and y.  

Example:

Now, what happens if our function is a vector field as opposed to the scalar field given above.  Then we want to look at 


[image: image255.wmf]
or similar forms.

1.8.3. Imaginary numbers, Phase and notation

1.8.4. Field lines

1.8.5. Delta functions

1.8.5.1. Dirac Delta function

1.8.5.2. Kronicker Delta function

1.8.6. Greens’ Theorem and Greens’ Functions

1.8.6.1. Greens’ Theorems


[image: image256.wmf]
All three forms of Green’s Theorem are generalizations of the Divergence theorem and the fundamental theorem of calculus.

Prove of Form 1

From the fundamental theorem of calculus, we know that,


[image: image257.wmf].

First, let us consider two functions 
[image: image258.wmf] and 
[image: image259.wmf].  Now we want to look at the surface integral of 
[image: image260.wmf] over an enclosed area A in the x-y plane.
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by the fundamental theorem of calculus.  Now let us integrate all the way around the edge of the area.
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Likewise, we can show that 
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Thus,
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While what we have done is for a rectangle, it also applies to any arbitrarily shaped area.  This can be seen by piecing together the area as in the figure below, and noting that adjacent sides cancel as they are in opposite directions.


[image: image266.wmf]
We find that the sides of two adjacent rectangles will cancel as the direction of integration is opposed.  This allows us to ‘build’ our arbitrary structure out of a set of rectangles.  What we have just proven is known as Green’s Theorem. (There is also a way to prove Green’s Theorem for a general shape.)  The surface is some area in the x-y plane and the enclosing curve C is in the counter-clock-wise direction.  The only requirement, which we have brushed over, it that 
[image: image267.wmf] and 
[image: image268.wmf] must have continuous first partial derivatives at every point in A.  (This is a requirement found in the Fundamental Theorem of Calculus.)

The other two forms of Green’s Theorem can be derived from combinations of the chain rule 


[image: image269.wmf]
and the Divergence theorem.  The exact derivations of these proofs are left as problems.
Example 1.5
Using our example from a non-conservative force, 
[image: image270.wmf] along path 
[image: image271.wmf] and back path 
[image: image272.wmf].  Then the work required to make the loop is, 
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This is the same result as one would find from before for the path PATH 2 – PATH 4 in the earlier example.

Example 1.6
Now let us consider
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Therefore
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By Green’s theorem
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Now 
[image: image279.wmf] and the differential normal in the x-y plane is 
[image: image280.wmf] from earlier.  Therefore we find that 


[image: image281.wmf].

This is the two-dimensional version of the Divergence theorem. 

Example 1.7
Now, if we pick
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then
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Now using Green’s Theorem we find
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This is Stokes’ Theorem in two-dimensions.

1.8.6.2. Greens’ Functions

1.8.7. Helmhotlz’ Theorem (independence of ‘
[image: image285.wmf]’ and ‘
[image: image286.wmf]’ fields)

Helwholtz’s Theorem states that any arbitrary vector field is a combination of diverging, twisting and constant vector fields.  This means that physically our sources for the electric and magnetic fields have to have divergence and Stokes’ like components. From our understanding of each t

Section 2. Static electric and magnetic fields

	Equation Name
	Integral Form
	Point Form

	Gauss’ Law
	
[image: image287.wmf]
	
[image: image288.wmf]

	Gauss’ Law for Magnetic induction
	
[image: image289.wmf]
	
[image: image290.wmf]

	Faraday’s Law
	
[image: image291.wmf]
	
[image: image292.wmf]

	Ampère’s Law
	
[image: image293.wmf]
	
[image: image294.wmf]

	Charge conservation
	
[image: image295.wmf]
	
[image: image296.wmf]


Because of the complexity of Maxwell’s equations, it is often best to first examine a simplified version to aid in understanding.  Thus, in this section we will examine what happens to time-invariant (e.g. static or 
[image: image297.wmf]) electric and magnetic fields.  This allows us to shorten the equations and to begin to develop an understanding of the physical processes that they describe.  

2.1. Electrostatics  

2.1.1. Physical interpretations

2.1.1.1. Gauss’ Law


[image: image298.wmf]
We know from the divergence theorem that the left hand side of the equation is the net flux of the displacement field that leaves the enclosed volume.  In comparison, the right hand side is the total charge contained inside the enclosed volume.  Thus, Gauss’ law indicates that point charges produce a diverging electric field.

2.1.1.2. Faraday’s Law

2.1.2. Coulomb’s Law

To fully understand the physical processes described by these laws, we need to examine the historical background and some simpler versions of this law. Over 200 years ago (in XXXX to XXXX to be exact) Coulomb studied the forces between charged objects.  He found that the force between the objects was proportional to the product of the charge on each object and inversely proportional to the square of the distance between the objects.  Further the force was directed along the line between the objects.  Hence, he observed that
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This force was just like that Newton had found for gravity about 100 years earlier
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Coulomb found that in free space that
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Based on Maxwell’s work, we find in SI units that 
[image: image302.wmf], where 
[image: image303.wmf] is the dielectric constant of free space.  (We will examine the physical interpretation of 
[image: image304.wmf] later.)  Furthermore, we can rewrite the force equation such that
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is defined as the “electric field” induced from charge 2 at point 1.  If we have more than 1 charge, then the electric field at a test point is
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We need to tie our new electric field to those that we have described in a somewhat arbitrary manner in Section 1.  To do this we need to find a scalar potential and to tie Coulomb’s Law to the static version of Maxwell’s equations.

2.1.3. From Coulomb to the scalar potential

We know that the electric field can be written in terms of a scalar field.  From Section 1 we found that
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For the static system 
[image: image309.wmf]and thus
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To show that we can write Coulomb’s Law in the same manner we need to examine the part of the Law that relates to the direction and the position, hence what can we do with 
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We also know that we need a 
[image: image312.wmf] type term.  The simplest to try is 
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This can now be plugged into E
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where 
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is the scalar potential for a point charge.

2.1.4. From Coulomb to Gauss

We are now going to tie Coulomb’s Law to Gauss’ Law for the electric field.  (In effect, we are going to ‘prove’ Gauss’ Theorem.)  We only need to show that it is consistent with either the integral or the point form, as we have already shown the two are equivalent.  Here we show that Coulomb’s Law is consistent with the integral form, derivation of this using the point form will be left as a homework problem.

[image: image316.wmf]
(This form of Gauss’ Law is slightly different version than what you where shown before, however, as you will see shortly, it is equivalent.)  Let us look at a single charge inside an arbitrary volume.  The integrand on the left hand side of the equation is
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where 
[image: image318.wmf] is the angle between the E  field and the surface normal for an arbitrary surface surrounding a point charge.  Examining a picture of the situation we see,


[image: image319.wmf]




where the surface 
[image: image320.wmf] is such that the normal on that surface is along E and hence part of a sphere. (In effect we have used a little geometry to ‘fold’ the initial surface back to be on the surface of a sphere.) Here 
[image: image321.wmf] is the solid angle of the surface area being considered and r is the radius of the sphere.  At this point, again using a little geometry, we know that 
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thus
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Now let us plug in Coulomb’s Law
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Be adding additional charges INSIDE the volume, we find that this is true for any number of charges.

To finish the ‘proof’ we need to consider a charge outside the volume.  For simplicity we will assume a point charge at the origin and an arbitrary volume some distance away.  Let us now consider only a small solid angle that contains part of that volume.  This looks like
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The right hand side of Gauss’ Law is clearly zero but what about the left hand side?  Breaking the integral into pieces
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We can clearly ‘collapse’ our integrals over these first two sections of our surface integral into sections of surfaces of spheres of radius r1 and r2.  Thus
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2.1.5. From Coulomb to Static Faraday

Now we need to show that Coulomb’s Law is consistent with the static version of Faraday’s Law.  As with Gauss’ Law, we can show that this is true for either the integral or the point form.  Here we choose to examine the consistency using the point form, leaving the derivation with the integral form as a homework problem.  Faraday’s Law for the static case is
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Noting that we have already shown that
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then
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2.1.6. How to calculate static E fields

We now have three different equations that we can use to calculate a static electric field from a distribution of point charges.  These are directly from Coulomb’s Law as well as the integral and point forms of Gauss’ Law.  We will deal with the general methods (and tricks) of making these calculations in this subsection.

2.1.6.1. From Coulomb’s Law

One can always calculate the electric field for an arbitrary distribution of charges directly from Coulomb’s Law.  While calculating the electric field directly from Coulomb’s law might seem to be the most straightforward and trivial, as you will see in the examples, it is often messy and difficult.  When this is the case, it is sometimes easier to use Gauss’ Law.  (If none of these are not possible, other techniques need to be employed – such as Green’s Functions and/or computational methods.)

The calculations using Coulomb’s Law come directly from 
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The question to ask at this point is, what is dq?  Well is common to talk about charge (or mass) in terms of the density.  Thus we can rewrite dq terms of 
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and thus
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2.1.6.2. From the integral form of Gauss’ Law

Using the integral form of Gauss’ Law is perhaps the easiest way to solve most geometrically simple problems of this form.  By geometrically simple, we mean those problems with a fair amount of symmetry.  (WE CANNOT USE GAUSS’ LAW FOR SYSTEMS WITHOUT SYMMETRY TO GET ANALYTIC SOLUTIONS.)  We can understand/determine how to solve the equation by looking at its form.


[image: image334.wmf]
Note that the surface is closed.  This implies that we can pick various surfaces that make solving the problem easier.  Thus if we pick surfaces such that 
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or 
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Now for those sections of the surface where 
[image: image337.wmf] try to pick things such that 
[image: image338.wmf].  It this point the integrals become fairly straightforward and hence makes the problems easy to solve.

Note that computational versions of Gauss’ Law can still be used to solve more complex problems. 

2.1.6.3. From the point form of Gauss’ Law

ADD HERE

2.1.7. Examples

2.1.7.1. Coulomb’s Law examples

Example 2.1 

Electric field from a line of charges


[image: image339.wmf]
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Now, we can determine the force by simply multiplying the charge and the electric field.  Thus,
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Example 2.2

[image: image342.wmf]




Now we would like to determine the force on a test charge above a large surface.  For simplicity, we will assume that the surface extends out to infinity.  In the physical world we might find this configuration in capacitors or above a SiO2 coated wafer in a plasma processing system.  As before, we first need to calculate the electric field.  By symmetry, the electric field from a sheet of charge on the x-y plane can be determined by finding the electric field any place along the z-axis, see the figure above.  Mathematically, it is given by
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We have made this change as 
[image: image344.wmf] is a function of 
[image: image345.wmf] while 
[image: image346.wmf] and 
[image: image347.wmf] are not.  Integrating around the angle, we find that the x and y terms drop as the integral of the sin and cos terms from 0 to 2 are zero.  Thus, we are left with a single term, in the z direction.
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From this we arrive at the force,
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Example 2.3
Let us now do the same thing for a sphere of radius a filled with a uniform distribution of charges, r.  For this problem we will look at the electric field outside of the sphere.  (You will learn how to calculate the field at all locations in a later chapter.)  Without loss of generality, we will pick a point, P, on the z-axis.  (This will make the problem ‘easier’ to solve.)  Our picture of the situation looks like:
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Noticing that R = P-r and that P does not change as we integrate over the volume.  Further while at first glance it appears that the integral is best done in spherical coordinates, it is tough that way.  Cylindrical would also appear to be easy but the integrals quickly become cumbersome. Thus we will use initially use Cartesian:
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At this point the integral is
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It is important to note that the limits on the integrand in for dx and dy are ± a value – with this value depending on where you are along the z-axis.  We also note that the functional form of the components along the x-axis and the y-axis are odd.  This means that both of those integrals must be zero, e.g. 
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So our equation collapses to
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Now we can convert to Cylindrical coordinates to solve the rest of the integral
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At this point we can see why we want P to outside of the sphere (see the last term and note what happens to the minus sign).  Outside of that, the integrals are not complicated and we arrive at 


[image: image358.wmf]Which is a mess.  There is a different way to get the answer to this problem and we will do it soon, showing


[image: image359.wmf]
2.1.7.2. Integral form examples

Example 1

Using a Gaussian surface to find the D field due to a uniform line of charges.


[image: image360.wmf]
By symmetry 
[image: image361.wmf] => pick a cylinder for integration surface.  
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Combining these together and we get
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Example 2

Using a Gaussian surface to find the E field everywhere due to an infinitely long cylindrical volume of charges with a density of 
[image: image365.wmf] and radius a.
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As with the previous example we can use symmetry to solve the problem.  We find that by symmetry 
[image: image367.wmf] => pick a cylinder for integration surface.  
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Now we need to get D (or E).
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Combining these together and we get
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Example 3

Using a Gaussian surface to find the E field everywhere due to an infinitely long hollow cylindrical volume of uniform charge density, 
[image: image371.wmf], with outer radius b and inner radius a.
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As with the previous 2 examples we can use symmetry to solve the problem.  We find that by symmetry 
[image: image373.wmf] => pick a cylinder for integration surface.  
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Now we need to get D (or E).
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Combining these together and we get
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Example 4

[image: image377.wmf]
We have from before


[image: image378.wmf], thus in region two (green)
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If we were to put a grounded external conductor around dielectric, that conductor would pick up enough charge to cancel the electric field in the external conductor.  Thus the net charge inside would be zero and E, D, P=0.

Example – surface charge in x-y plane

Example – sphere or radius a

Example 6

Given three point charges, Q1 = 50 nC, Q2 = 120 nC, and Q3 = -500 nC, what is the net flux across a surface surrounding the charges.
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Example 7
A point charge, Q, is at the origin.  What is the net flux through a portion of a sphere surrounding the charge.  The portion is given by 
[image: image382.wmf].
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Thus
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2.1.7.3. Point form examples

2.2. Magnetostatics

2.2.1. Gauss’ Law of Magnetic Induction – Physical interpretation


[image: image386.wmf]
The physical interpretation of Gauss’ Law for magnetic induction is similar to that for the electric field – with a major distinction that there are no point sources for magnetic fields. 

As with Gauss’ Law for the electric field, it is instructive to examine this law from a historical perspective. Approximately 30 years after Coulomb, Oerstad discovered that permanent magnets and currents through wires interact, i.e. exert forces.  Boit and Savart then showed that this force could be described mathematically by ‘breaking’ the wire into infinitesimal parts and that the forces from these parts fall off as the inverse of the square of the distance, 
[image: image387.wmf]. The magnetic force is somewhat similar to that found for the electric force and for gravitation.  The big distinction is that the direction of the force is not directed toward or away from the field source but rather at right angle to that direction.  Magnetic fields come from two sources, permanent magnets and ‘electro’ magnets – i.e. a magnetic field induced by a current.  We will see later that these two types of magnets are related as permanent magnets have little permanent current sources (electrons orbiting the center of the atoms).  We will start by discussing the force induced by electromagnets. 

2.2.2. Biot-Savart Law

Electromagnets were originally discovered by Oersted.  Oersted found that when he ran currents though two wires they produced forces on each other.  These currents also produced forces on permanent magnets. Boit and Savart showed later that if one ‘broke’ the wire short sections, one could describe the force between the wire elements. 
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The infinitesimal force between two infinitesimal lengths of current is:


[image: image389.wmf]
or using 
[image: image390.wmf] where 
[image: image391.wmf] (this is L vs I) is an infinitesimal length along our current carrier, 
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(At this point, one must understand basic vector calculus to have understood these forces – much less create this equation.)

While this is more complicated than the force for electric charges, it is similar in that it has two source terms, 
[image: image393.wmf] and 
[image: image394.wmf], and it drops off as 
[image: image395.wmf]. 
[image: image396.wmf] is the normalization constant for SI units.  The fact that this is an experimental law, just like Newton’s Law of gravity and the Coulomb’s Law (electric force) indicates that we cannot derive the above equation.  However, one could do the experiments again and show that they follow the above equation.  

While this equation is more complicated than Coulomb’s Law, it is of a very similar form.  Thus as with Coulomb’s Law we will use this to define the magnetic flux density field B.
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2.2.3. From Biot-Savart to the vector potential

We know that the magnetic field can be written in terms of a vector field.  From Section 1 we found that
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For the static system 
[image: image399.wmf]and thus
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In the previous section on Coulomb’s Law we discovered 
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Now we can plug this into B

[image: image402.wmf]
where we have used the chain rule, taking care to change signs for a flip in the order of the cross product.  Now, what be becomes of the second term?  Well dI is a vector that is associated with an element of current that is fixed in space.  Thus the curl has to be zero and
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where 


[image: image404.wmf]
is the vector potential for a point current.

2.2.4. From Biot-Savart to Gauss

At this point we need to tie Ampere’s Law to Gauss’ Law for the magnetic field.  (In effect, we are going to ‘prove’ Gauss’ Theorem for magnetic induction.)
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We know that 
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There are two (at least) ways to show the rest.  

1) Plugging the above equation into Gauss’ law, we find
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2) Again plugging the above equation into Gauss’ law, we find
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Where we have divided the integral into two terms.  Those with an outer normal of 
[image: image409.wmf], e.g. spherical, and a terms that would be due to the surface being tilted with respect to a sphere, e.g. 
[image: image410.wmf] in terms of
[image: image411.wmf] and 
[image: image412.wmf].  The first term is clearly zero because the vectors are in the same direction and thus the cross product is zero.  The second term(s) is zero because we are averaging the unit vectors, 
[image: image413.wmf] and 
[image: image414.wmf], around 4π stearadians.  Thus
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Derivation of this using the point form will be left as a problem.

2.2.5. From Biot-Savart to Ampere

In static conditions, Ampere’s law in Maxwell’s Equations states
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(The conversion between B and H fields will be explained later when we discuss material issues.) We know that
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so
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The first term on the right hand side is zero, as the divergence of a point of current is zero.  The second term on the right hand side is a delta function with,
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Thus we find
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where 
[image: image421.wmf] is equivalent to the current density, J, at that point.
Derivation of this using the Integral form will be left as a problem.

2.2.6. How to calculate static B fields

2.2.6.1. From Boit-Savart Law

The magnetic field from a linear current source is effectively the simplest real-world source of magnetic field.  It can be calculated as follows.  First, we will assume that the current travels alone the z-axis and we will calculate the B field in the x-y plane using cylindrical coordinates.  We can do this with out any loss of generality, as our current source is azimuthally symmetric.  (Picking the correct coordinate system often makes solving a problem easier.  This is the case here.) 


[image: image422.wmf]
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What does this look like?

Looking down the z-axis, we see the following


[image: image425.wmf]
Remember that this is what we are measuring with the curl of a vector field.

Example

Another useful example is the magnetic field produced by a loop of current.  This example is useful because electrons orbiting atoms can be approximated as a current loop.  Further, this is the standard configuration used to make electromagnets – ranging from those that can be used to pick up cars to the electromagnets used in sound speakers.  To keep things simple, we will assume that the loop is circular in nature but this does not have to be the case for electron orbits or for electromagnets.


[image: image426.wmf]
Again to maintain simplicity we will assume that the current loop is in the x-y plane and we will only consider the magnetic field along the axis.  (Determining off axis fields analytically is difficult.  Numerical solutions, however, are straight forward.)  
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Noting that the integrals of the cos and sin terms are zero, we find


[image: image428.wmf]
2.2.6.2. From the integral form

2.2.6.3. From the point form

2.2.7. Examples

2.2.7.1. Boit-Savart Law examples

The magnetic field from a linear current source is effectively the simplest real-world source of magnetic field.  It can be calculated as follows.  First, we will assume that the current travels alone the z-axis and we will calculate the B field in the x-y plane using cylindrical coordinates.  We can do this with out any loss of generality, as our current source is azimuthally symmetric.  (Picking the correct coordinate system often makes solving a problem easier.  This is the case here.) 
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What does this look like?

Looking down the z-axis, we see the following
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Remember that this is what we are measuring with the curl of a vector field.

Example

Another useful example is the magnetic field produced by a loop of current.  This example is useful because electrons orbiting atoms can be approximated as a current loop.  Further, this is the standard configuration used to make electromagnets – ranging from those that can be used to pick up cars to the electromagnets used in sound speakers.  To keep things simple, we will assume that the loop is circular in nature but this does not have to be the case for electron orbits or for electromagnets.
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Again to maintain simplicity we will assume that the current loop is in the x-y plane and we will only consider the magnetic field along the axis.  (Determining off axis fields analytically is difficult.  Numerical solutions, however, are straight forward.)  
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Noting that the integrals of the cos and sin terms are zero, we find
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2.2.7.2. Integral form examples

2.2.7.3. Point form examples

2.3. Physical properties of materials (types)

2.3.1. Electric materials


For the purposes of electromagnetism, electric materials are classified into three categories.  These are conductors, semiconductors and dielectrics (insulators).  These categories are based on how the material responds to electric fields.  

Conductors:  Allow the free flow of charge.

Semiconductors:  Allow the free flow of charge under certain conditions but not under other conditions.  

Dielectrics:  Do not allow the free flow of charge.

The differences between these types of materials can be understood from solid state theory.  [
]

Conductors
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Semiconductors
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Dielectrics
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In each of these we make assumptions about the materials and describe them.  
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While the above are "black-and-white" descriptions, materials properties truly cover a wide range of possibilities.  For example, dielectrics can and do conduct small amounts of electricity while no conductors are perfect; including super conductors.  We can begin to understand this "gray scale" reality by considering what happens in a vacuum and a general material.  In free space, which is to assume a perfect vacuum, an applied electric field will continually accelerate a free charged particle.  Inside of a material, this acceleration does not go on forever.  In fact, inside the material, the charged particles regularly collide with the neutral atoms and molecules.  See Fig. XX.  These collisions slow the charged particle – like a frictional drag.  Simple models of friction describe this drag force as 


[image: image441.wmf], 

where Fdrag is the force and v is the velocity.  Thus the force on the charged particle, q, can be described as


[image: image442.wmf].

Here, 
[image: image443.wmf] is the proportionality constant for the drag force and it has units of mass/time, 
[image: image444.wmf], where m is the charged particle's mass and 
[image: image445.wmf] is the effective time between collisions.  At some point the particle will reach a drift velocity, vdrift, such that the drag force balances the electric field force.  Then it is found that
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The full equation can be solved as follows.  First assume that the electric field is zero. We are then left with the equation,
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which can be easily solved to find
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where 
[image: image449.wmf] is an unknown constant.  Now we know that the electric field will cause a steady state drift, thus, we can assume that the velocity is of the form,
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This trial solution can be plugged into our original equation of motion to determine,  
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Adding these equations we find,
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Because of our original drift solution, we know that,
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Now what is ?   is an effective collision period between energy loss collisions.  Copper, a very good conductor, has  ~ 10-14 s.  This implies that if we 

Now we can go back to the drift situation (static).  There, we found that the drift velocity was given by 


[image: image454.wmf].

From this we can define the mobility, µ, 


[image: image455.wmf]
From this is easy to see that electrons drift in the direction opposite to the electric field while holes and ions drift in the direction of the field.  We can use this equation to prove a law that is fundamental to the study of circuits, namely Ohm's Law.  Assuming that we know the drift velocity, we can then calculate the current density from the charge density, n.
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where  is the conductivity.  


Throughout this discussion, we have made a few simplifying assumptions.  One of the more important is that the drift is independent of the direction.  If one considers a crystalline structure, one might imagine that the drift velocity depends on the direction of travel.  This is indeed the case.  This results in that both the mobility and the conductivity are matrices.  However, for the purposes of this book, we will assume that they are simply material dependent constants.  

Now, we return to examine specific properties of our materials.  First is an electrically isolated conductor in an electric field.  With no continuous source of electrons we quickly attain a state in which electrons are drawn to one side, leaving a net positive on one side of the metal and a net negative charge on the opposite side.  These charges produce an electric field internal to the metal, which just exactly cancels the external electric field originating outside the metal.  If this were not the case then the charge carriers would be free to move through the metal until the electric field was shielded out.  We will return to this later.
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Electric field through a electrically floating metal surface.

Dielectrics come in two varieties.  Dielectrics with permanent electric dipoles and those without permanent dipoles.  Water is the classic example of a material with permanent electric dipoles.  (Pure water – known as De-Ionized, DI, water - is a very poor conductor!)  Electric dipoles are typified by a pair charges of equal magnitude but opposite sign, q and -q, that are separated by a small distance and direction, l.  The dipole vector is defined as 
[image: image458.wmf].  In general, the orientation of these dipoles are mixed such that the average electric field is zero.  However, if an external electric field is applied, the dipoles will align, on average, with the external field, so as to reduce the local electric field.  
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When we have a dielectric in an electric field the dipoles align as such
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If we know the sum of all dipoles per unit volume, we get dipole field
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where we have assumed that there are N dipoles per unit volume.  How susceptible these dipoles are to aligning with the E field is given by the electric susceptibility constant.  (This number is experimentally derived.)  We define the electric susceptibility constant such that dipole field is 
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Example: The electric field of a simple dipole.  There are several ways in which the electric field strength for a simple dipole can be calculated.  One of the simpler is as follows.  First, we are going to calculate the field at a point P=(0,y,z), where the dipole is aligned along the z-axis.  There is no loss of generality using this coordinate system but it makes solving the problem easier.  
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Second, we know from earlier that the electric field for a point charge can be written as the negative gradient of the electric potential, 
[image: image464.wmf], where
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For the dipole system, the potential is the sum of the potentials and hence,
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For R>>l, as is typically the case, we can approximate the distance in terms of R and then Taylor expand to get,
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This gives a potential of
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Now using the gradient we find,
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On axis we find that the electric field is given by 
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We will see this same form for the magnetic field produced by a magnetic dipole later in this chapter.

2.3.2. The Polarization (Dipole) Field, P, and Displacement Field D.

Typically, electromagnetism is a macroscopic science.  Thus, rather than dealing with all of the point charges and 'point' dipoles, we consider averaged fields.  

The polarization field, P, is an example of an averaged field.  Here we are averaging over all of the dipole fields from each 'point' dipole.  Mathematically, this is written as,


[image: image471.wmf], 

where 
[image: image472.wmf] is the average dipole moment and n is the number of dipoles in the volume, vol.  

How susceptible these dipoles are to aligning with the E field is given by the susceptibility constant, 
[image: image473.wmf].  Thus it is found that 
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Because each of these dipoles produce small electric fields then the total electric field is given by
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and
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This is used to define a new type of electric field, known as the displacement field, D.  (The reason for this name will become obviously shortly.)  Mathematically the field is given by,


[image: image477.wmf],

where we have defined the permittivity or relative (to free space) dielectric constant, 
[image: image478.wmf], and the dielectric constant,
[image: image479.wmf].  Presently, these terms will appear to be an exercise in labeling.  However, they will become very useful in later chapters of this book.

2.3.3. Magnetic Materials

Magnetic materials come in 2.5 varieties.  These types are as follows

1) Dimagnetic materials without permanent magnetic dipoles.

2) Paramagnetic materials with permanent magnetic dipoles.

3) Ferromagnetic materials which are a special type of Paramagnetic materials.

Of particular interest is the paramagnetic materials.  The magnetic dipoles arise from the electron orbits around the atoms that comprise the material.  While these orbits can be very complex, we will for now assume that they are circular in nature.  (For a more complete discussion of electron orbits around atoms see almost any introductory quantum mechanics textbook.  See for example Cohen-Tannoudji et al.
)  Thus we have a magnetic field that is produced by the following 


[image: image480.wmf]
In diamagnetic materials there is little or no net electron drift around the atomic core.  In paramagnetic materials there is a net drift.  Typically randomization of the orientation of the atoms causes the net current and hence the magnetic dipole to average to zero.  Ferromagnets are special in that small regions tend to self align.  Like the electric dipole, we define the magnetic dipole as 
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We can now calculate the magnetic dipole moment using the above picture
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Here we have oriented the coordinate system such that we are considering a point P=(0,r,z) and the current element is in the x-y plane.  As with the electric dipole, this does not change the final result of the problem but it does make it simpler to solve.  Now we need to determine the magnetic field produced by our current loop.
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If we were to simply integrate we would be in error because 
[image: image484.wmf] and R change as we go around the circle.  Thus we need to convert to cartesian coordinates.  We find that
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so
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This equation can be easily numerically integrated but it is not so trivial to analytically integrate it.  However, if we make some simplifying assumptions we can find a solution at certain points.  First, we will only consider the magnetic field on the z-axis, hence r=0.  Second, we will only consider the magnetic field far from the source, hence z>>a.  Then 
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which is the same form as we found for the electric dipole.  Now, in almost complete analogy to the dielectric case, we will define some new vector fields.

2.3.4. The magnetization Field, M, and H Field.

The polarization field, P, is an example of an averaged field.  Here we are averaging over all of the dipole fields from each 'point' dipole.  Mathematically, this is written as,


[image: image488.wmf], 

where 
[image: image489.wmf] is the average dipole moment and n is the number of dipoles in the volume, vol.  

How susceptible these dipoles are to aligning with the B field is given by the susceptibility constant, 
[image: image490.wmf].  Thus it is found that 
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Likewise, we can define


[image: image492.wmf],

Boundary conditions

Up to this point, we have described what happens to electric and magnetic fields in specific materials. Clearly not all materials are the same and thus we need to look at how the fields change as one moves from one material to the next.  Here we will first examine an electric field incident on a metal, then an electric field between two dielectrics.  Finally, we examine the magnetic field between two materials

2.3.5. Electric fields

2.3.5.1. Metal-Dielectric boundaries

Let us look at the electric field at the interface between a metal and a dielectric (or free space).  A picture of such an interface might look like


[image: image493.wmf]
Using Maxwell’s equations we can determine what the static electric field looks like at the boundary.  Obviously for static fields, only Gauss’ Law and Faraday’s Law are germane to the problem at hand.  
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We will make use of Faraday’s Law first.  Here we will define a enclosing curve given by the points 1,2,3, and 4 in the above figure.  Then the integral on the left hand side of the equation becomes
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Now, we are going to let the lengths between 4 and 1 and between 3 and 2 go to zero.  (We will maintain the curves 1->2 and 3->4 completely on their respective sides of the boundary.)  At this point our integral becomes
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Now the curves 1->2 and 3->4 are the same except the direction of travel – which amounts to a minus sign in front of the integral.
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Where 
[image: image498.wmf] is the unit tangent to the surface along the curve d.  Since this is true for an arbitrary curve along the interface, it is true for all curves and hence for all tangents.  This implies
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where 
[image: image500.wmf] is the normal between the surfaces.  (This comes from the fact that all tangents are perpendicular to the normal.)  Now we note that side A is a metal and thus the electric field in that side is zero.  This means that the tangential components of the electric field in the dielectric must also be zero.

Now we need to determine what happens to the normal component of the electric field.  This, we determine from Gauss’ Law.  
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As before we will pick an arbitrary volume which is bisected by the surface boundary.


[image: image502.wmf]
Again we can divide our surface integral into part.  Thus the left hand side of the integral can be rewritten as
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As before, we are only interested in the field right at the surface so we let the sides of our volume shrink to zero length.  This makes the second integral go to zero.  Further the first and the third integrals are the same except the fields and the normals to the surfaces are in opposite directions.  Taking this into account we can rewrite the above equation as
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Now we need to consider what happens to the right-hand side of the equation in Gauss’ Law.  Because we are shrinking the tangential side of the volume to zero length, the volume integral becomes a surface integral.  e.g.
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This is the same surface as in our left hand term leaving
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Again we now note that side A is a metal and thus the electric field must be zero.  This leaves
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2.3.5.2. Dielectric-Dielectric boundaries

To determine the change in the electric field across a dielectric-dielectric boundary, we simply return to our general equations derived above – prior to our assumption that the electric field is zero in the metal.  There we found that  
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where 
[image: image509.wmf] is the normal into material A.  (We have added 
[image: image510.wmf] rather than n to the first equation to make the equations easier to remember.  Strictly speaking either normal can be used for that equation.)

2.3.6. Magnetic fields

As with determining the electric field across a boundary, we use two of Maxwell’s equations, Ampère’s Law and Gauss’ Law for Magnetic induction.
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We will start first with Ampère’s law – of course assuming that we have static fields.  Thus
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From the left-hand side of the equation we find


[image: image514.wmf]
Now, we are going to let the lengths between 4 and 1 and between 3 and 2 go to zero.  (We will maintain the curves 1->2 and 3->4 completely on their respective sides of the boundary.)  At this point our integral becomes
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Now the curves 1->2 and 3->4 are the same except the direction of travel – which amounts to a minus sign in front of the integral.
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Up to this point, we have simply repeated our derivation for the electric field.  Now, however, we have a change.  That is that the right-hand side of our equation is not zero.  Thus,
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where 
[image: image518.wmf] is the normal to the integral surface – not the material interface! - and 
[image: image519.wmf] is the unit tangent to the surface along the curve d>.    Further as we have made the lengths between 4 and 1 and between 3 and 2 go to zero, the surface integral on the right-hand side becomes a line integral and 
[image: image520.wmf] or 
[image: image521.wmf].  Thus, with a little bit of vector algebra,
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Now, we need to get the normal component.  We will calculate this just as we did for the electric field.
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From Gauss’ Law we find
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Example
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Let 
[image: image528.wmf] and 
[image: image529.wmf].  What are 
[image: image530.wmf] and 
[image: image531.wmf]?

First
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Now the normal components of B1 and B2 are the same while the tangential H1 and H2 are the same.  Thus,
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Now we can combine our knowledge from B2 and H2 to get
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2.4. The Lorentz Force Equation

Now, we will seek to combine the electric and magnetic forces.  We know that the force induced by a magnetic field on a current is given by 
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Now, let us consider what that current element is in the physical world.  All it is, is charge carriers each with charge q, traveling at velocity v along the path dl.  Thus, 
[image: image537.wmf].  Putting this into our force equation, we find
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Combining this with our electric field force we get
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This equation is known as the Lorentz Force equation and it describes all of the electromagnetic forces on charged particles.  

2.5. Stored Energy

We can look at the amount of energy stored in an electric field in way that is similar to looking at the energy stored in a mass lifted a height h.  We know that if we were to lift a mass m up a hill we will give that mass a potential energy of mgh, where g is the gravity.  In a similar manner if we were to move a charged particle into an electric field, we will put a potential on the charge of 
[image: image541.wmf], where 
[image: image542.wmf] is the local potential.  Now let us assume that we have a ‘universe,’ e.g. a very large volume, into which we can put charged particles.  Obviously the first charge, q1, that we put into our universe will not encounter any potential variation across the universe.  (Note that the electric potential is a relative value at thus we can set this value at any value we wish.  This is because only the change in potential is meaningful, the potential is defined such that the divergence is the electric field.  Typically we define a certain point as ‘ground’ that call that potential value zero.  Here we will find that we need to be somewhat more careful.)  Now, let us bring in a second charge, q2.  The work to bring this charge in from infinity is 
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where 
[image: image544.wmf] is the potential on 2 from 1.  Now let us bring in a third charge, q3.  At this point the work is
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We can continue this on through N charged particles.  Now we will get
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Now we can reverse the order in which we move the charges into our universe.  
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If we continue through all of our charges we get
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(Here we are decrementing the sums by –1 rather than the standard +1 step.)  Is important to note the work required to move the charges into position must be the same no matter which order the charge are brought into our universe.  Thus the two works given above must be the same.  If we now add the two equations together we get.
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but
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or the local potential.  Thus
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While this is the energy or work required to put the charges together, this form of the equation is difficult to work with.  Fortunately we can convert the equation using Gauss’ Law 
[image: image553.wmf] and our definition of the scalar potential, 
[image: image554.wmf].  First, we replace the charge density
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Noting that 
[image: image556.wmf] we can further rewrite the equation
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where the last step employs the divergence theorem.  Now we must consider what happens on the surface.  Because we are dealing with a ‘universe,’ the edge is effectively infinitely far away. Thus the surface area is infinitely large.  This means that if the potential is non-zero at the edge of our universe than we have an infinitely large amount of energy.  Physically an infinitely large amount of energy is nonsense.  (Honey, I’ve solved the energy crisis!)  This means that we must set the potential at the edge of the universe to zero.  Thus
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In a similar way we can show
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(Need to add proof for above.)
Example:

A charge is evenly distributed over a sphere of radius a.  
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First, we need to determine the electric field everywhere.  This we do from Gauss’ Law.
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Noting that this is spherically symmetric thus 
[image: image562.wmf].  We can now make our Gaussian surfaces spherical surfaces.
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The energy density is 
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Example:

We know from circuit theory that the energy stored in a capacitor is given by
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Can we prove this using electromagnetism?  Yes.  Consider the circuit
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The energy to assemble the charges on the surface of the capacitor is given by
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First we will assume that the electric field is contained entirely in the dielectric between the capacitor plates.  Further, we will assume that the electric field is uniform between the plates.  (This amounts to ignoring the curvature of the electric field at the edge of the capacitor.)  Thus we can show that 
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2.6. Problems

2.7. Supplemental material

2.7.1. The vector nature of material properties

2.7.2. Magnetic Monopoles?

2.7.3. Mirror charges and currents

Section 3. Time varying fields 

	Equation Name
	Integral Form
	Point Form

	Gauss’ Law
	
[image: image570.wmf]
	
[image: image571.wmf]

	Gauss’ Law for Magnetic induction
	
[image: image572.wmf]
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	Faraday’s Law
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	Ampère’s Law
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[image: image577.wmf]

	Charge conservation
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At this point, it is time to begin to use the complete set of Maxwell’s equations.  In this section, we will focus on fields that may change in time but that do not propagate.  This will allow us to develop a basic understanding of a number of economically useful items, including most discrete circuit elements (resistors, inductors and capacitors) as well as rail guns, electric motors and generators.

To start this section we will go through each of Maxwell’s Equations and give simple physical interpretations for each. 

3.1. Physical interpretation of Maxwell’s Equations

3.1.1. Gauss’ Laws

The physical interpretation of Gauss’ Laws for time varying fields is identical to that found for static fields.  (There is no change in the equations.)  Thus, other than to restate that point charges are the source for diverging electric field and there are no point sources for magnetic fields, we will not repeat those discussions here.

3.1.2. Faraday’s Law – Physical interpretation and use
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To fully understand Faraday’s Law, let us consider a surface area through which we are passing a time varying magnetic field. The left hand side of the equation suggests that if were to take some wire and make an open loop around the surface area, we would be able to develop a potential between the two ends of the wire.  This potential is known and the electromotive potential – or electromotive force (EMF).  Mathematically it is given by:
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Now let us assume that 
[image: image583.wmf] field decreases.  Faraday’s law states that the EMF will arise on the wire such that a current will arise in the direction shown above.  This current will in turn produce a magnetic field which supplements the decreasing flux.  In effect, Faraday’s Law states that nature wants the magnetic flux to remain a constant. This is known as Lenz’s Law.  

We can also look at this in a different manner.  If we have a conductor is moving through a time independent B field.  Lenz’s Law can be thought of in two ways.
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1) The current is such that the conductor experiences v^B field forces which oppose the motion.

2) The conductor distorts the magnetic field around the conductor by producing a current.  This would be similar to the air pattern around a rod that is pushed through the air.
3.1.2.1. Solving problems

3.1.3. Ampère’s Law – Physical interpretation and use
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 EMBED Equation.DSMT36  [image: image586.wmf]
Using Stokes’ Theorem we find that we can rewrite Ampère’s Law as
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On the right hand side of the equation we have the current of free charges flowing through a surface – the first term.  This implies that the second term must also be a current.  This ‘current’ is known as the displacement current 
[image: image588.wmf].  We will see later that 
[image: image589.wmf].  Making the surface integral over an infinitesimally small surface we find that 
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or
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[Note that 
[image: image592.wmf] from charge conservation. 
[image: image593.wmf] is also known as the ‘conduction’ current and is often given by 
[image: image594.wmf].]

3.1.3.1. Solving problems

Example:

How are the conduction current and the displacement current related in a circuit.
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If we pick two surfaces having the same boundary, we find
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In the there is almost no electric field while in the capacitor there is almost no conduction current.  Thus,
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This means that the current in the wire is carried by the displacement field in the capacitor.  Further, we can use the above analysis to determine the capacitance of the capacitor.  We know that the capacitance is defined by
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From above we know that 
[image: image599.wmf].  We know that the electric field is related to the potential by 
[image: image600.wmf].  If the electric field is straight across the capacitor then the electric field can be approximated as 
[image: image601.wmf], where d is the separation across the gap.  Then
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3.2. The Electromotive Force

Let us now assume that we can model our conductor as simply a set of charges which are moving with velocity v through B. Then by Lorentz’s force law, the force on the charges is given by 
[image: image603.wmf].  (This force is the direction of the current flow in the above figure.)  Assuming that the conductor is an open circuit, e.g. current can not flow, then this magnetic force must be balanced by an electric force which is built by an imbalance of charges in the conductor.  Thus our equation becomes
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Now we can determine the EMF
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Now what happens if the conductor is moving and 
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For now, we will assume that 
[image: image608.wmf].  Thus our equation becomes
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Thus, we can use this ‘form’ of Faraday’s Law to solve problems BUT IT IS SUBJECT TO ERRORS AS IT IS NOT STRICTLY CORRECT.  See the compliment at the end of this chapter for more information.

Example:

Two metal bars, each of length 1 m, are moving with the following velocities through a magnetic field.
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Assume that we can build a circuit out of rails that looks like


[image: image611.wmf]
Now we can calculate the emf produced 
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Example:

A loop of area A is rotating around the x-axis.  A static B field is in the z direction.  This looks like:
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The normal of the loop is given by
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while the magnetic field is given by 
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Now we wish to find the emf.
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This is of course how electric power generation occurs.  A winding is rotated, either by water flow, steam pressure, etc., in a static magnetic field.  It the circuit is open, this causes a voltage between the ends of the windings.  If the circuit is closed, i.e. you have a ‘light’ on, a current flows.

3.3. Applications

In this section we will discuss applications of non-propagating electric and magnetic fields.  This does not mean that they are static in nature.  Hence we will need to employ full Maxwell equations, including all of time dependent terms.

	Equation Name
	Integral Form
	Point Form

	Gauss’ Law
	
[image: image617.wmf]
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	Gauss’ Law for Magnetic induction
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	Faraday’s Law
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	Ampère’s Law
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	Charge conservation
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3.3.1. Electromagnets

3.3.2. Motors and rail guns

3.3.3. Circuit elements

3.3.4. Single particle motion

3.3.4.1. Plasma (Processing, Ionosphere, others)

3.3.4.2. Accelerators

Section 4. Propagating electromagnetic fields

4.1. Wave equation for Electric and Magnetic fields

Perhaps the most important aspect of electromagnetism is electromagnetic waves. In fact, as we will see in the rest of this book, electromagnetic waves play a crucial role in almost all major areas of applied electromagnetism.  This includes photonic applications such as found in fiber optics, as well as transmission line effects as found in all integrated circuits and board level connections.  (Perhaps the lone exception is in plasma theory where electromagnetic wave are important but do not dominate the process.)    

As we will see in the next section, these waves arise naturally out of the feedback interaction found between the electric and the magnetic fields, e.g. in Ampère’s Law and Faraday’s Law.  At first, we will keep all terms in our wave equation but later we will drop the source terms, the charge and current, and examine the fields in regions far from the source.  

4.1.1. Derivation of the Wave Equation

As we stated above, electromagnetic waves arise out of the interaction between the electric and magnetic fields, as found in Ampère’s and Faraday’s Laws.  We know from previous mathematics classes that the simple 1-D wave equation, for all waves whether they be water, sound or electromagnetic waves, is of the form
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where 
[image: image628.wmf]is the functional form of the wave and v is the velocity of the wave.  In 3 dimensions the simple wave equation becomes
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There is no obvious simple way to derive this using just Ampère’s and Faraday’s Laws.  However, we know that we desire a second order partial derivative in space and in time.  Thus we will first start by taking the time derivative of Ampère’s Law.  [Important: In this derivation, we are assuming that 
[image: image630.wmf], 
[image: image631.wmf] and 
[image: image632.wmf] are spatial and temporal constants.  This is often but not always true.]
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Making use of Ohm’s law, 
[image: image634.wmf], we arrive at for the right-hand side
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Now we flip the order of the derivatives of the left-hand side to get
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Plugging in Faraday’s Law and then Gauss’ Law
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or
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In the same way, we can take the time derivative of Faraday’s Law to arrive at


[image: image639.wmf]
where the last term would arise if magnetic monopoles existed.  This second derivation is left as an exercise. 

4.1.2. General solution to the wave equation

Often times the local charge density is either constant or more likely – zero.  Thus our equations reduce to 


[image: image640.wmf]
At this point, we have six equations describing the electromagnetic wave propagation


[image: image641.wmf]
In general any of the components of either the E field of H field can be functions of position or time.  Hence we need to solve the wave equation for some function 


[image: image642.wmf].

Hence the general form is:


[image: image643.wmf]
We can solve for F using separation of variables, letting


[image: image644.wmf].

Plugging this into our general wave equation and rearranging we find


[image: image645.wmf]
We notice that the left hand side of the equation is only a function of position, while the right hand side is only a function of time.  This implies that if one where to vary the position while keeping time a constant, the value on the right hand side must remain a constant – and hence both sides must be a constant.  In turn, each of the terms on the left hand side of the equation must also be constants as we can vary x, y and z independently.  We name these constants as


[image: image646.wmf]
(As will be seen shortly we use negative squares of constants as this will make it easier solving the second order differential equation. However, such ‘constants’ are still arbitrary in nature.) 

4.1.2.1. Temporal dependence

To fully understand the wave equation we need to understand the time dependence. To start with, we will simplify the equation by dropping the term that comes from the current (the single derivative term).  As we now a slightly simpler equation, we will replace 
[image: image647.wmf] with 
[image: image648.wmf], finding 


[image: image649.wmf]
The two solutions are mathematically equivalent. The first is easier to work with mathematically, while the second allows better physical understanding.  We first consider the second version of the solution.  We know that waves are sinusoidal in nature, and this is consistent with our solution.  We also know that is common to describe this sinusoidal nature in terms of a frequency, f, or angular frequency, 
[image: image650.wmf], where
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Thus if we make the substitution,
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At this point we will use the exponential form of the solution, as it is easier to work with in our complete solution.  In addition, we will find shortly that we only need one of the two terms. (The second term results in an identical set of results, with the exception of a sign flip.)  Thus we will use


[image: image653.wmf]
We can now find a solution for complete differential equation
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There are two ways in which this can be done.  

1) Assume that 
[image: image655.wmf]
2) Allow for a second part in T(t).

Because 
[image: image656.wmf] is still some arbitrary constant and we naturally write temporal dependence as in method 1, we will choose that method. (This does not change the end result, as can shown with a bit of algebra.)  Thus, going back to our original 
[image: image657.wmf] we find
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Notice now that 
[image: image659.wmf] is a complex number.  We need to examine this number to gain an understanding of what it means physically.  Let  
[image: image660.wmf]
We can determine the magnitude of 
[image: image661.wmf] in the following way 
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Looking at the real and imaginary term
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Solving this last term using the quadratic formula
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We eliminate the negative term in front of the square root for physical reasons.  Most notably because when 
[image: image666.wmf] then 
[image: image667.wmf] itself is imaginary. Thus,
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It follows directly that 
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At this point, we can go back and look at the difference between 
[image: image671.wmf] and 
[image: image672.wmf].  We note the difference in the initial equations is simply the assumption that 
[image: image673.wmf].  How does this assumption change 
[image: image674.wmf] and 
[image: image675.wmf]?
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At this point, to make any further headway, we need to examine the spatial dependent portions of the wave equation.

[Note: in some texts 
[image: image678.wmf] is labeled as ‘k’.]

4.1.2.2. Spatial dependence

The spatial dependence of the wave equation can be solved rapidly.


[image: image679.wmf]
This is the most general form of the spatial portion of the solution and holds for each component of the E and H fields.  We will return to it when we need to consider some applied systems.  However, it most textbooks the spatial components are reduced to 
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Mathematically we have just thrown away a number of possible combinations of the spatial terms.  For many systems this does not matter.  The complete set of spatial components in the exponentials are:


[image: image681.wmf]
We notice that the top two are simply the front and back octant of the cartesian coordinate system.  A short glance will also allow the reader to note that each row represents opposite octants.  Thus, as long as the coordinate system of the problem at hand can be properly oriented, than the simplified version of the spatial solution can be employed.  

4.1.2.3. Physical Interpretation wave equation solution

4.1.2.4. Relationship between the E and H fields in waves

Now that we have general solutions to the wave equation, we still need to make certain that our solutions match Maxwell’s equations. In particular we need to examine how the two fields, E and H, are linked so we need to use Faraday’s and Ampere’s Laws. (Gauss’ Laws become important at boundaries.)

From Faraday
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From Ampere
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Under most conditions the local current will be driven by the electric field in the wave. Thus we will set 
[image: image684.wmf] and arrive at
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4.1.2.5. Plane waves
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Often we define this ratio as the intrinsic impedance
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and we find for the magnitudes that
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and 
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4.1.2.6. Physical interpretation of the planar wave 
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We can tell something about these waves from the equations.  First let us look at the parts labeled ‘propagation’.
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 EMBED Excel.Chart.8 \s [image: image692.wmf]
If we allow t to vary – keeping z constant – we find that the wave returns to the same position in a time T.  Thus we know that 
[image: image693.wmf] or 
[image: image694.wmf], where f is the wave frequency.  Now let us assume that we are riding a peak of one of the waves – or for that matter any point on the wave.  Then, since we are maintaining the same height, 
[image: image695.wmf].  We can tell a number of things from this.  First 
[image: image696.wmf] is forward propagating – moving to positive z – while 
[image: image697.wmf] is backward propagating.  Second, the velocity or speed of light of the that point on the wave – known as the phase velocity – is given by 
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Thus the speed of light is material dependent.  It is only in free space that the speed of light approaches 3x1010 cm/s.  Further, since 
[image: image699.wmf], where 
[image: image700.wmf] is the wavelength,
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[Repeated note: in some texts 
[image: image702.wmf] is labeled as ‘k’.]

Now let us look at the part of the wave that is labeled as decay, 
[image: image703.wmf].  [We will ignore the backward propagating wave as the results are the same – we are just traveling in the opposite direction.]  Using a simple spread sheet, see chart below, we can show that this term cause the magnitude of the wave to decrease as you move forward.
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Finally, because 
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is complex,

then E and/or H are complex, e.g. there is a phase difference between the fields.

Example:

In to copper

4.2. Physical properties of Materials and waves

We have made all of these calculations with out considering the material that the wave is propagating through.  As with magnetic electric and materials we will break materials into classes.  Here we will define four classes.  [The reality of the situation is that materials are very complex and our classes are crude approximations of what is truly going on.]  The classes that we will define here are perfect dielectric, imperfect dielectric, imperfect conductor and perfect conductor.  [We have effectively used the first and the third definition before – when examining static electric fields in materials.]  There is obviously a lot more on this subject however we hope that the discussion below provides a good overview.

4.2.1. Perfect conductor

A perfect conductor implies that the conduction of charge is perfect.  Thus would imply that if any electric field where to exist in a material the charge would continue to accelerate – with out any collisional drag to slow them down.  Thus 
[image: image706.wmf].  There are no known prefect conductors in the universe.  However, some materials approach it.

4.2.2. Imperfect conductor 

This is what we defined as a conductor when we studied them for static magnetic fields.  Here 
[image: image707.wmf] but 
[image: image708.wmf].

4.2.3. Imperfect dielectric 

For dielectrics, conduction is almost nil.  However, conduction can still occur.  Here 
[image: image709.wmf] but 
[image: image710.wmf]
4.2.4. Perfect dielectric

Like the perfect conductor, this is an idealized situation.  Here we assume that there is no conduction what-so-ever. Thus 
[image: image711.wmf].

If 
[image: image712.wmf] then,
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Thus for the forward propagating plane wave we find that 
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Example

4.3. Skin depth

4.4. Power flow

4.4.1. Instantaneous power flow

We know from before that the energy/work density required to assemble a charge density or current density is given by 
[image: image717.wmf] and 
[image: image718.wmf] respectively.  Now we have electromagnetic radiation traveling from point to point.  This means that we have energy flowing from point to point.  We wish to know how fast, e.g. how much energy per unit time or power is flowing out of or into a given location.  The local energy density charges at a rate of 


[image: image719.wmf]
(NEED TO PROVIDE CORRECTED DEFINITION OF INNER PRODUCT.)  The first two terms on the right-hand side can be determined from Ampère’s Law 


[image: image720.wmf]
Taking the inner product of these equation with E or E* gives
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Plugging this into our power loss/gain equation we get
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The second term in the right-hand side 
[image: image723.wmf] is related to collisional slowing of charge carriers in the material, e.g. resistive heating of the material.  The other term is in the direction of the propagation of the electromagnetic waves.  If we now integrate over a small volume and then use the divergence theorem we find
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thus 
[image: image725.wmf] is the power flow out of the volume.  This is given a special name, the Poynting Vector after some French dude named ‘something or other’ Poynting.  This vector is often labeled either ‘P’ or ‘S’.  We will use ‘P’ in this book.  The Poynting vector represents the electromagnetic energy flow per unit area at a point.

NOTE: IF YOU DO NOT USE THE CORRECT FORM OF THE INNER PRODUCT, 
[image: image726.wmf], YOU WILL GET 
[image: image727.wmf] WHICH IS WHAT IS GIVEN IN MOST BOOKS.  THOSE SAME BOOKS THEN KIND OF SLIP IN 
[image: image728.wmf].  ALSO NOTE THAT I MIGHT BE WRONG IN THE ABOVE – BUT I DON’T THINK SO.  I WILL LOOK THIS OVER AGAIN TO SEE IF I HAVE MADE A MISTAKE.  AT THAT POINT I WILL ADD THE TIME AVERAGED POWER FLOW SECTION.

4.4.2. Time averaged power flow

We saw above that for a planar wave one or both of the fields must have complex terms and the phase between E and H is such that the power flow changes with time.  Often, we cannot easily measure this instantaneous power but we can measure the average power.  In addition, we can only measure the real parts of the E and H fields.   of the Poynting Vector.  

4.5. Second method of determining the wave equation

We can arrive at something along this line if we were to take the curl of either Ampère’s or Faraday’s Law.  We will start with Ampère’s Law


[image: image729.wmf]
The first term on the right hand side at first appears to be difficult to evaluate until one realizes that the conduction current can be related to the electric field through Ohm’s Law, 
[image: image730.wmf]. The second term can of course be replaced using Gauss’ Law.  Thus, we now have 


[image: image731.wmf]
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5.1.5. Problems
5.2. Waveguides

Waveguides are used in a variety of important applications.  There are two basic types of waveguides, those that use metal to confine the propagation of the electromagnetic waves and those that use graded dielectric materials to confine the propagation of the electromagnetic waves.  These different types are known colloquially as “microwave waveguides” and “optical fibers.”  In both cases, the physical structure of the system is designed to confine the electromagnetic radiation to a specific path, so as to deliver energy from a specific point to another.  Waveguides are different than transmission lines, as they do not have a ‘return path’ or ‘ground’.  Waveguides have a distinct advantage over transmission lines in that they tend to have less power loss per unit length and they can deliver higher power levels. In fact, losses on transmission line tend increase dramatically at frequencies above 5 GHz and hence waveguides are often required above those frequencies.  This is particularly true for high power applications, where losses from standard transmission lines could result in harmful levels of electromagnetic radiation in areas surrounding the system.  

To understand how these systems work, we will first examine what would happen if we tried to propagate a plane wave through one of these guides.  The only major assumption that we will make at this point is that there are electromagnetic fields inside the guide and none outside.  To make the mathematics easier, we will also assume that the waveguides have a simple geometry.  Specifically we will examine rectangular and cylindrical waveguides, however, we could easily extend our studies to other shapes.

IT IS BETTER TO GO FROM GENERAL SOLUTION (USING POSITIVE AND NEGATIVE PROPAGATING WAVES FROM EACH COMPONENT) TO WAVE EQUATION AND SHOW HOW THIS COMES ABOUT FROM BOUNDARY CONDITIONS

Rectangular waveguides

Rectangular waveguides look like:


[image: image732.wmf]



On end this looks like:


[image: image733.wmf]
where the z-axis is coming out of the page, we have assumed that the origin is at the center of the waveguide and the guide widths are ‘a’ along the x-axis and ‘b’ along the y-axis.

Now let us assume that we have a plane wave propagating along the z-axis.  Because this is a plane wave 


[image: image734.wmf]
In other words, the H and E fields are perpendicular (transverse) to each other and to the Poynting vector, P, which is in the 
[image: image735.wmf] direction.  (This is known as a transverse electric and transverse magnetic or TEM wave.)  Under these assumptions


[image: image736.wmf]
At this point we need to consider what happens at the boundary.  This will depend on the nature of the materials at the boundary.  We know that at the vary least the field outside the boundary is zero.  Let us for the moment only consider that at the boundary:


[image: image737.wmf]
(The other components of H and E depend on the material properties.)  Thus,
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and


[image: image739.wmf]
These however have to be consistent with our wave equation, where we have assumed that propagation occurs only in the z direction.


[image: image740.wmf]
Because of this we cannot have plane waves propagate down waveguides.

Physically this makes some sense.  One would not expect the wave (or a photon) to travel directly down the guide.  In fact, one would expect the wave to ‘bounce’ from one side of the guide to the other as it works its way down the guide.  This would look something like:


[image: image741.wmf]




On average the wave is propagating in the z direction but at any given instant/location, the actual direction of propagation is in the x-z or y-z plane (or some combination of planes). This means that we must write the solution to the wave equation in the form:


[image: image742.wmf]
Physically these equations state that we have an effective propagation constant 
[image: image743.wmf] and hence an effective wavelength.  By examining the figure, it is clear that the effective wavelength (
[image: image744.wmf]) has to be shorter that the wavelength found in free space (
[image: image745.wmf])


[image: image746.wmf]
To examine the limitations of our trial solutions, we now need to plug them into both Maxwell’s equations as well as the wave equation.  We will start with Maxwell’s equations.  In particular we need to examine how the two fields, E and H, are linked so we need to use Faraday’s and Ampere’s Laws. 

From Faraday


[image: image747.wmf]
From Ampere


[image: image748.wmf]
Under most conditions (certainly under any condition that is used commercially) there is no current in the waveguide.  (This does not preclude there from being current on the walls of the waveguide – and in fact we will find that it must be there for metal waveguides.) Thus we will set 
[image: image749.wmf] and arrive at
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At this point it is useful to look at the trial solution.  Here we note that 
[image: image751.wmf].  Thus  
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At this point let us examine the first of our equations.  We see that we have Hx in terms of Ez and Ey.  But we also have Ey in terms of Hx and Hz (the fourth equation).  We can combine them to get
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Putting them all together we find that we have each of the transverse components in terms of the components along the direction of propagation.  

[image: image757.wmf]
We also note that the transverse components are not well defined if 


[image: image758.wmf]
We will see shortly that this determines the cutoff frequency, below which waves will not propagate.

Now we need to examine what happens with our trial solution in the wave equation,


[image: image759.wmf]
These equations hold for each component of the E and H fields.  From the above derivation, we know that the components along the x and y axes can be determined from those along the z-axis.  Thus we only need to consider those components in our wave equations,
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As with the wave equation in free space, we can solve this differential equation by using separation of variables.  Specifically let
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so that,
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Since the first term on the left hand side is only a function of x and the second is only a function of y, we can replace them with constants, giving
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where
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and
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where
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While at this point, we can get general solutions to these differential equations, 


[image: image767.wmf]
and 


[image: image768.wmf]
to proceed further in this discussion we need to know what happens at the edge of the waveguides.  Since this depends on what the waveguide is used for, we will leave that for slightly later in this section. 

Problem – re-derive the above but keep J.  What does this imply physically?

Cylindrical waveguides

Cylindrical waveguides look like:


[image: image769.wmf]



On end this looks like:


[image: image770.wmf]




where the z-axis is coming out of the page, we have assumed that the origin is at the center of the waveguide and the guide diameter is d.

As with the rectangular waveguides, we will assume that the wave ‘bounces’ from one side of the guide to the other as it works its way down the guide.  This would look something like:


[image: image771.wmf]
On average the wave is propagating in the z direction but at any given instant/location, the actual direction of propagation is in the r-z plane. This means that we must write the solution to the wave equation in the form:
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As with the rectangular case, these equations state that physically we have an effective propagation constant 
[image: image773.wmf] and hence an effective wavelength.  Again, it is clear that the effective wavelength (
[image: image774.wmf]) has to be shorter that the wavelength found in free space (
[image: image775.wmf])
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To examine the limitations of our trial solutions, we now need to plug them into both Maxwell’s equations as well as the wave equation.  We will start with Maxwell’s equations.  In particular we need to examine how the two fields, E and H, are linked so we need to use Faraday’s and Ampere’s Laws. 

From Faraday
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From Ampere
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Again we will assume that 
[image: image779.wmf] and arrive at
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Again we note that 
[image: image781.wmf].  Thus  
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NEED TO COMPLETE FROM HERE

At this point let us examine the first of our equations.  We see that we have Hx in terms of Ez and Ey.  But we also have Ey in terms of Hx and Hz (the fourth equation).  We can combine them to get
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Putting them all together we find that we have each of the transverse components in terms of the components along the direction of propagation.  

[image: image787.wmf]
We also note that the transverse components are not well defined if 


[image: image788.wmf]
We will see shortly that this determines the cutoff frequency, below which waves will not propagate.

Now we need to examine what happens with our trial solution in the wave equation,


[image: image789.wmf]
These equations hold for each component of the E and H fields.  From the above derivation, we know that the components along the x and y axes can be determined from those along the z-axis.  Thus we only need to consider those components in our wave equations,
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As with the wave equation in free space, we can solve this differential equation by using separation of variables.  Specifically let
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so that,
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Since the first term on the left hand side is only a function of x and the second is only a function of y, we can replace them with constants, giving
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where
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and
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where
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While at this point, we can get general solutions to these differential equations, 
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and 
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to proceed further in this discussion we need to know what happens at the edge of the waveguides.  Since this depends on what the waveguide is used for, we will leave that for slightly later in this section. 

Problem – re-derive the above but keep J.  What does this imply physically?

5.2.1. Microwave waveguides

Microwave waveguides, also known as “waveguides,” are metal structures that are typically designed to transmit high levels of microwave power from one point to the next.  Microwave radiation is often considered to be that part of the electromagnetic radiation spectrum that falls between ~1 mm/300 GHz and ~30 cm/1 GHz in wavelength/frequency. 

Microwave frequencies are used for a wide variety of commercial applications.  These include telecommunication, radar, food preparation/safety and material processing via plasmas.  Within the telecommunication industry, microwaves are used to transmit large volumes of voice/data across country as well as to and from cell phones and cordless phones.  These tend to operate in the 1 to 5 GHz range, with steady increase in the high end of the frequency range as electronics technology improves.  Radar typically employs high power microwave radiation.  (High power is required for military, weather and commercial aircraft radar, where the distances to the object being tracked can be 100’s of km.  It is not necessary for police radar where the distance to the object is ≥ 1 km.)   The specific frequency depends on the application.  In general the shorter the wavelength, the better you are able to resolve smaller objects. In comparison, food preparation/safety typically employs high power radiation at only 2.45 GHz.  This is the natural frequency (energy) of the O-H-O bend. The radiation heats the food by supplying energy to the bend and hence to the food through heating of the H2O molecules. The final major application for microwaves is for the production of plasma to process materials.  Here a strong electric field is setup in the system.  This electric field accelerates local electrons which in turn collide with local neutral molecules, knocking off additional electrons and creating ions. While just about any microwave frequency could be used to do this, often 2.45 GHz is used because those microwave sources are readily available and inexpensive.

5.2.2. Optical waveguides (Optical fibers)

5.2.3. Problems
5.3. Cavities

5.3.1. rf (microwave ovens)

5.3.2. Lasers

5.3.3. Problems
5.4. Bulk circuit elements

5.5. Transmission lines (distributed circuit elements)

Arguably, transmission lines are one of the most important part of applied electromagnetism.  Transmission lines range from the high voltage, 11.4 kV, power transmission lines to the sub-micron data lines in integrated circuits.  It both cases, energy is transmitted from one location to another.  This includes data lines as energy transmission is required to transmit data.  

We will begin our study of transmission lines in a simplified manner.  Specifically we will examine two examples of transmission lines, the stripline and coax cable.  

5.5.1. Simple Transmission lines

Stripline transmission lines can be modeled as two parallel planar metal sheets separated by a dielectric.  As is shown in Fig XX, the metal sheets have a width w in the x direction and a separated by a distance d in the y direction.  For now, we will assume that the lines are infinitely long in the z direction.


[image: image799.wmf]
Figure XX:

Thus far we have ignored the ‘how’ power or information is fed from one point to the next.  This same how applies to a broad range of ‘devices’ including

1) Cables (Television/Cable, Telephone, Computer data lines, etc)

2) Lines on printed circuit boards

3) Interconnects inside integrated circuits

4) High voltages power lines

5) Standard household AC electrical power lines

We could approach each of these transmission lines separately however, it is more instructive to examine transmission lines in a generalized sense.  (Specific industrial/commercial uses of transmission lines have changed and will continue to with time.  Thus while certain specific uses of transmission lines maybe very common now, they might not be popular later in the carrier of the reader.)

There are a number of ways to approach transmission line theory.  In keeping with our generalized approach, we will use a very formal route using Maxwell’s equations.  All transmission lines consist of at least two elements, a ‘powered’ line and a ‘reference’ or line.  The reference line can be powered or ground (return) but we need a location from which to describe a relative potential.  

Let us consider the simplest case, a pair of infinitely long planar conductors separated by a dielectric.


[image: image800.wmf]If we cut through the line, we get a picture that looks like 
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Now, let us apply a bias between the two conductors, producing an electric field.

5.5.2. Problems
5.6. Plasmas

5.6.1. Problems
Section 6. Homework solutions

Homework solutions

Problem 1 

To solve these problems in general we first must assume that we are in n-dimensions.  

Thus,
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a) 


[image: image803.wmf]
b) 
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d)
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Problem 2

a) 


[image: image807.wmf]
b)


[image: image808.wmf]
c)


[image: image809.wmf]
d)
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Problem 3

a) 
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Problem 4

a)
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Problem 5

First we know that 
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If the vectors are linearly dependent then
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for some 
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Now assume that the vectors are linearly independent then we can write A as
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Problem 7

Consider two coordinate systems, O and O’, with multiple charges as such
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Now the dipole moment in coordinate O is given by 
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which is the same as in the O’ coordinate system.
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Dimensions do not match so this is not possible
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Problem 11

The projection of A on to B. is given by
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Problem 12

a)

Consider the three vectors A, B and C, where, 
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Consider two unit vectors 
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(The sin form of this equation can be derived with the cross product.)

Problem 13
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Problem 14

The vector which is a right angles to both A and B is given by the cross product
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to get the unit vector, we simply normalize
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Problem 15

The work is given by
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Problem 16

Consider the parallelogram
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We know from simple geometry that the area is base (B) times the height (A sin()) or
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Problem 17

Consider the parallelepiped, noting that the base is a parallelogram that we have placed in the x-y plane.  The volume is simply base area 
[image: image859.wmf] time height C cos() – or 
[image: image860.wmf]

[image: image861.wmf]
Problem 18

a)
[image: image862.wmf]
b)
[image: image863.wmf]
c)
[image: image864.wmf]
d) 
[image: image865.wmf]
e)
[image: image866.wmf]
Problem 19

a)


[image: image867.wmf]
b)


[image: image868.wmf]
c)


[image: image869.wmf]
Problem 20


[image: image870.wmf]
Set 2

Problem 1


[image: image871.wmf]
Problem 2


[image: image872.wmf]
Problem 3


[image: image873.wmf]
Problem 4

[image: image874.wmf]

[image: image875.wmf]
Thus


[image: image876.wmf]
Problem 5

[image: image877.wmf]
Problem 6
a)


[image: image878.wmf]

[image: image879.wmf]
b)


[image: image880.wmf]

[image: image881.wmf]
c)

(0,0) to (1,0) – Straight line! 
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(1,0) to (1,2) – Straight line! 
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Problem 7
a) (0,0) to (1,2) – Straight line! 
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b) (0,0) to (3,0) – Straight line! 
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Then (3,0) to (1,2) – Straight line! 
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Problem 9
a)
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We get a non-zero number because the field in not conservative.

b)
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This is because the field is conservative.
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Problem 1

Using our picture from class
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From the fundamental theorem of calculus, we know that,
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Thus
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Now let us integrate all the way around the edge of the area.
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Problem 2

By Green’s theorem
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Problem 3

By Green’s theorem
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Here
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Problem 4

Using problem 3
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Problem 5


[image: image913.wmf], over the volume bounded by x2 + y2 ≤ 4, 0 ≤ z ≤ 5.  (Remember the top and bottom!) 

First note that 
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First use the divergence theorem to convert the integral to a surface integral.
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Again use the Divergence Theorem
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Problem 7


[image: image918.wmf], over the unit cube in the first octant.  Again use the Divergence Theorem
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Problem 8


[image: image920.wmf], where  is a tin can defined by x2 + y2 ≤ 9, 0 ≤ z ≤ 5.  (Remember the top and bottom!). 
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Now using the Divergence Theorem
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Problem 9

[image: image923.wmf], where  is any surface with a bounding curve entirely in the x-y plane.

By Stoke’s Theorem 
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where A and A’ are two different surfaces with the same edge.  Thus we can evaluate the integral over a surface which is entirely in the x-y plane with the normal in the z direction.  
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Problem 10

There are at least two ways to do this problem.  First, since the surface is closed, we can divide it into two parts, each having the same edge.  From problem 9 we know that 
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here however the normals are in the opposite directions and thus the integral along the edge must be in opposite directions.
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The other way to do this is to use the Divergence Theorem
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� See for example Solid State Electronics by Streetman and Banerjee.  (Wiley??, New York, 19??)


� 	Cohen-Tannoudji, Diu and Laloë, Quantum Mechanics Vols 1 and 2, (Wiley Interscience, New York, 1977). ISBN 0-471-16433-1 and 0-471-16433-2
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		75		1.308996939		0.2588190451		0.9659258263

		78		1.3613568166		0.2079116908		0.9781476007

		81		1.4137166941		0.156434465		0.9876883406

		84		1.4660765717		0.1045284633		0.9945218954

		87		1.5184364492		0.0523359562		0.9986295348

		90		1.5707963268		6.12323399573677E-17		1

		93		1.6231562044		-0.0523359562		0.9986295348

		96		1.6755160819		-0.1045284633		0.9945218954

		99		1.7278759595		-0.156434465		0.9876883406

		102		1.780235837		-0.2079116908		0.9781476007

		105		1.8325957146		-0.2588190451		0.9659258263

		108		1.8849555922		-0.3090169944		0.9510565163

		111		1.9373154697		-0.3583679495		0.9335804265

		114		1.9896753473		-0.4067366431		0.9135454576

		117		2.0420352248		-0.4539904997		0.8910065242

		120		2.0943951024		-0.5		0.8660254038

		123		2.14675498		-0.544639035		0.8386705679

		126		2.1991148575		-0.5877852523		0.8090169944

		129		2.2514747351		-0.629320391		0.7771459615

		132		2.3038346126		-0.6691306064		0.7431448255

		135		2.3561944902		-0.7071067812		0.7071067812

		138		2.4085543678		-0.7431448255		0.6691306064

		141		2.4609142453		-0.7771459615		0.629320391

		144		2.5132741229		-0.8090169944		0.5877852523

		147		2.5656340004		-0.8386705679		0.544639035

		150		2.617993878		-0.8660254038		0.5

		153		2.6703537556		-0.8910065242		0.4539904997

		156		2.7227136331		-0.9135454576		0.4067366431

		159		2.7750735107		-0.9335804265		0.3583679495

		162		2.8274333882		-0.9510565163		0.3090169944

		165		2.8797932658		-0.9659258263		0.2588190451

		168		2.9321531434		-0.9781476007		0.2079116908

		171		2.9845130209		-0.9876883406		0.156434465

		174		3.0368728985		-0.9945218954		0.1045284633

		177		3.089232776		-0.9986295348		0.0523359562

		180		3.1415926536		-1		1.22464679914735E-16

		183		3.1939525311		-0.9986295348		-0.0523359562

		186		3.2463124087		-0.9945218954		-0.1045284633

		189		3.2986722863		-0.9876883406		-0.156434465

		192		3.3510321638		-0.9781476007		-0.2079116908

		195		3.4033920414		-0.9659258263		-0.2588190451

		198		3.4557519189		-0.9510565163		-0.3090169944

		201		3.5081117965		-0.9335804265		-0.3583679495

		204		3.5604716741		-0.9135454576		-0.4067366431

		207		3.6128315516		-0.8910065242		-0.4539904997

		210		3.6651914292		-0.8660254038		-0.5

		213		3.7175513067		-0.8386705679		-0.544639035

		216		3.7699111843		-0.8090169944		-0.5877852523

		219		3.8222710619		-0.7771459615		-0.629320391

		222		3.8746309394		-0.7431448255		-0.6691306064

		225		3.926990817		-0.7071067812		-0.7071067812

		228		3.9793506945		-0.6691306064		-0.7431448255

		231		4.0317105721		-0.629320391		-0.7771459615

		234		4.0840704497		-0.5877852523		-0.8090169944

		237		4.1364303272		-0.544639035		-0.8386705679

		240		4.1887902048		-0.5		-0.8660254038

		243		4.2411500823		-0.4539904997		-0.8910065242

		246		4.2935099599		-0.4067366431		-0.9135454576

		249		4.3458698375		-0.3583679495		-0.9335804265

		252		4.398229715		-0.3090169944		-0.9510565163

		255		4.4505895926		-0.2588190451		-0.9659258263

		258		4.5029494701		-0.2079116908		-0.9781476007

		261		4.5553093477		-0.156434465		-0.9876883406

		264		4.6076692253		-0.1045284633		-0.9945218954

		267		4.6600291028		-0.0523359562		-0.9986295348

		270		4.7123889804		-1.83697019872103E-16		-1

		273		4.7647488579		0.0523359562		-0.9986295348

		276		4.8171087355		0.1045284633		-0.9945218954

		279		4.8694686131		0.156434465		-0.9876883406

		282		4.9218284906		0.2079116908		-0.9781476007

		285		4.9741883682		0.2588190451		-0.9659258263

		288		5.0265482457		0.3090169944		-0.9510565163

		291		5.0789081233		0.3583679495		-0.9335804265

		294		5.1312680009		0.4067366431		-0.9135454576

		297		5.1836278784		0.4539904997		-0.8910065242

		300		5.235987756		0.5		-0.8660254038

		303		5.2883476335		0.544639035		-0.8386705679

		306		5.3407075111		0.5877852523		-0.8090169944

		309		5.3930673887		0.629320391		-0.7771459615

		312		5.4454272662		0.6691306064		-0.7431448255

		315		5.4977871438		0.7071067812		-0.7071067812

		318		5.5501470213		0.7431448255		-0.6691306064

		321		5.6025068989		0.7771459615		-0.629320391

		324		5.6548667765		0.8090169944		-0.5877852523

		327		5.707226654		0.8386705679		-0.544639035

		330		5.7595865316		0.8660254038		-0.5

		333		5.8119464091		0.8910065242		-0.4539904997

		336		5.8643062867		0.9135454576		-0.4067366431

		339		5.9166661643		0.9335804265		-0.3583679495

		342		5.9690260418		0.9510565163		-0.3090169944

		345		6.0213859194		0.9659258263		-0.2588190451

		348		6.0737457969		0.9781476007		-0.2079116908

		351		6.1261056745		0.9876883406		-0.156434465

		354		6.1784655521		0.9945218954		-0.1045284633

		357		6.2308254296		0.9986295348		-0.0523359562

		360		6.2831853072		1		-2.44929359829471E-16

		363		6.3355451847		0.9986295348		0.0523359562

		366		6.3879050623		0.9945218954		0.1045284633

		369		6.4402649399		0.9876883406		0.156434465

		372		6.4926248174		0.9781476007		0.2079116908

		375		6.544984695		0.9659258263		0.2588190451

		378		6.5973445725		0.9510565163		0.3090169944

		381		6.6497044501		0.9335804265		0.3583679495

		384		6.7020643277		0.9135454576		0.4067366431

		387		6.7544242052		0.8910065242		0.4539904997

		390		6.8067840828		0.8660254038		0.5

		393		6.8591439603		0.8386705679		0.544639035

		396		6.9115038379		0.8090169944		0.5877852523

		399		6.9638637155		0.7771459615		0.629320391

		402		7.016223593		0.7431448255		0.6691306064

		405		7.0685834706		0.7071067812		0.7071067812

		408		7.1209433481		0.6691306064		0.7431448255

		411		7.1733032257		0.629320391		0.7771459615

		414		7.2256631033		0.5877852523		0.8090169944

		417		7.2780229808		0.544639035		0.8386705679

		420		7.3303828584		0.5		0.8660254038

		423		7.3827427359		0.4539904997		0.8910065242

		426		7.4351026135		0.4067366431		0.9135454576

		429		7.4874624911		0.3583679495		0.9335804265

		432		7.5398223686		0.3090169944		0.9510565163

		435		7.5921822462		0.2588190451		0.9659258263

		438		7.6445421237		0.2079116908		0.9781476007

		441		7.6969020013		0.156434465		0.9876883406

		444		7.7492618789		0.1045284633		0.9945218954

		447		7.8016217564		0.0523359562		0.9986295348

		450		7.853981634		3.06161699786838E-16		1

		453		7.9063415115		-0.0523359562		0.9986295348

		456		7.9587013891		-0.1045284633		0.9945218954

		459		8.0110612667		-0.156434465		0.9876883406

		462		8.0634211442		-0.2079116908		0.9781476007

		465		8.1157810218		-0.2588190451		0.9659258263

		468		8.1681408993		-0.3090169944		0.9510565163

		471		8.2205007769		-0.3583679495		0.9335804265

		474		8.2728606545		-0.4067366431		0.9135454576

		477		8.325220532		-0.4539904997		0.8910065242

		480		8.3775804096		-0.5		0.8660254038

		483		8.4299402871		-0.544639035		0.8386705679

		486		8.4823001647		-0.5877852523		0.8090169944

		489		8.5346600423		-0.629320391		0.7771459615

		492		8.5870199198		-0.6691306064		0.7431448255

		495		8.6393797974		-0.7071067812		0.7071067812

		498		8.6917396749		-0.7431448255		0.6691306064

		501		8.7440995525		-0.7771459615		0.629320391

		504		8.7964594301		-0.8090169944		0.5877852523

		507		8.8488193076		-0.8386705679		0.544639035

		510		8.9011791852		-0.8660254038		0.5

		513		8.9535390627		-0.8910065242		0.4539904997

		516		9.0058989403		-0.9135454576		0.4067366431

		519		9.0582588179		-0.9335804265		0.3583679495

		522		9.1106186954		-0.9510565163		0.3090169944

		525		9.162978573		-0.9659258263		0.2588190451

		528		9.2153384505		-0.9781476007		0.2079116908

		531		9.2676983281		-0.9876883406		0.156434465

		534		9.3200582056		-0.9945218954		0.1045284633

		537		9.3724180832		-0.9986295348		0.0523359562

		540		9.4247779608		-1		3.67394039744206E-16

		543		9.4771378383		-0.9986295348		-0.0523359562

		546		9.5294977159		-0.9945218954		-0.1045284633

		549		9.5818575934		-0.9876883406		-0.156434465

		552		9.634217471		-0.9781476007		-0.2079116908

		555		9.6865773486		-0.9659258263		-0.2588190451

		558		9.7389372261		-0.9510565163		-0.3090169944

		561		9.7912971037		-0.9335804265		-0.3583679495

		564		9.8436569812		-0.9135454576		-0.4067366431

		567		9.8960168588		-0.8910065242		-0.4539904997

		570		9.9483767364		-0.8660254038		-0.5

		573		10.0007366139		-0.8386705679		-0.544639035

		576		10.0530964915		-0.8090169944		-0.5877852523

		579		10.105456369		-0.7771459615		-0.629320391

		582		10.1578162466		-0.7431448255		-0.6691306064

		585		10.2101761242		-0.7071067812		-0.7071067812

		588		10.2625360017		-0.6691306064		-0.7431448255

		591		10.3148958793		-0.629320391		-0.7771459615

		594		10.3672557568		-0.5877852523		-0.8090169944

		597		10.4196156344		-0.544639035		-0.8386705679

		600		10.471975512		-0.5		-0.8660254038

		603		10.5243353895		-0.4539904997		-0.8910065242

		606		10.5766952671		-0.4067366431		-0.9135454576

		609		10.6290551446		-0.3583679495		-0.9335804265

		612		10.6814150222		-0.3090169944		-0.9510565163

		615		10.7337748998		-0.2588190451		-0.9659258263

		618		10.7861347773		-0.2079116908		-0.9781476007

		621		10.8384946549		-0.156434465		-0.9876883406

		624		10.8908545324		-0.1045284633		-0.9945218954

		627		10.94321441		-0.0523359562		-0.9986295348

		630		10.9955742876		-4.28626379701574E-16		-1

		633		11.0479341651		0.0523359562		-0.9986295348

		636		11.1002940427		0.1045284633		-0.9945218954

		639		11.1526539202		0.156434465		-0.9876883406

		642		11.2050137978		0.2079116908		-0.9781476007

		645		11.2573736754		0.2588190451		-0.9659258263

		648		11.3097335529		0.3090169944		-0.9510565163

		651		11.3620934305		0.3583679495		-0.9335804265

		654		11.414453308		0.4067366431		-0.9135454576

		657		11.4668131856		0.4539904997		-0.8910065242

		660		11.5191730632		0.5		-0.8660254038

		663		11.5715329407		0.544639035		-0.8386705679

		666		11.6238928183		0.5877852523		-0.8090169944

		669		11.6762526958		0.629320391		-0.7771459615

		672		11.7286125734		0.6691306064		-0.7431448255

		675		11.780972451		0.7071067812		-0.7071067812

		678		11.8333323285		0.7431448255		-0.6691306064

		681		11.8856922061		0.7771459615		-0.629320391

		684		11.9380520836		0.8090169944		-0.5877852523

		687		11.9904119612		0.8386705679		-0.544639035

		690		12.0427718388		0.8660254038		-0.5

		693		12.0951317163		0.8910065242		-0.4539904997

		696		12.1474915939		0.9135454576		-0.4067366431

		699		12.1998514714		0.9335804265		-0.3583679495

		702		12.252211349		0.9510565163		-0.3090169944

		705		12.3045712266		0.9659258263		-0.2588190451

		708		12.3569311041		0.9781476007		-0.2079116908

		711		12.4092909817		0.9876883406		-0.156434465

		714		12.4616508592		0.9945218954		-0.1045284633

		717		12.5140107368		0.9986295348		-0.0523359562

		720		12.5663706144		1		-4.89858719658941E-16

		723		12.6187304919		0.9986295348		0.0523359562

		726		12.6710903695		0.9945218954		0.1045284633

		729		12.723450247		0.9876883406		0.156434465

		732		12.7758101246		0.9781476007		0.2079116908

		735		12.8281700022		0.9659258263		0.2588190451

		738		12.8805298797		0.9510565163		0.3090169944

		741		12.9328897573		0.9335804265		0.3583679495

		744		12.9852496348		0.9135454576		0.4067366431

		747		13.0376095124		0.8910065242		0.4539904997

		750		13.08996939		0.8660254038		0.5

		753		13.1423292675		0.8386705679		0.544639035

		756		13.1946891451		0.8090169944		0.5877852523

		759		13.2470490226		0.7771459615		0.629320391

		762		13.2994089002		0.7431448255		0.6691306064

		765		13.3517687778		0.7071067812		0.7071067812

		768		13.4041286553		0.6691306064		0.7431448255

		771		13.4564885329		0.629320391		0.7771459615

		774		13.5088484104		0.5877852523		0.8090169944

		777		13.561208288		0.544639035		0.8386705679

		780		13.6135681656		0.5		0.8660254038

		783		13.6659280431		0.4539904997		0.8910065242

		786		13.7182879207		0.4067366431		0.9135454576

		789		13.7706477982		0.3583679495		0.9335804265

		792		13.8230076758		0.3090169944		0.9510565163

		795		13.8753675534		0.2588190451		0.9659258263

		798		13.9277274309		0.2079116908		0.9781476007

		801		13.9800873085		0.156434465		0.9876883406

		804		14.032447186		0.1045284633		0.9945218954

		807		14.0848070636		0.0523359562		0.9986295348

		810		14.1371669412		0		1

		813		14.1895268187		-0.0523359562		0.9986295348

		816		14.2418866963		-0.1045284633		0.9945218954

		819		14.2942465738		-0.156434465		0.9876883406

		822		14.3466064514		-0.2079116908		0.9781476007

		825		14.398966329		-0.2588190451		0.9659258263

		828		14.4513262065		-0.3090169944		0.9510565163

		831		14.5036860841		-0.3583679495		0.9335804265

		834		14.5560459616		-0.4067366431		0.9135454576

		837		14.6084058392		-0.4539904997		0.8910065242

		840		14.6607657168		-0.5		0.8660254038

		843		14.7131255943		-0.544639035		0.8386705679

		846		14.7654854719		-0.5877852523		0.8090169944

		849		14.8178453494		-0.629320391		0.7771459615

		852		14.870205227		-0.6691306064		0.7431448255

		855		14.9225651046		-0.7071067812		0.7071067812

		858		14.9749249821		-0.7431448255		0.6691306064

		861		15.0272848597		-0.7771459615		0.629320391

		864		15.0796447372		-0.8090169944		0.5877852523

		867		15.1320046148		-0.8386705679		0.544639035

		870		15.1843644924		-0.8660254038		0.5

		873		15.2367243699		-0.8910065242		0.4539904997

		876		15.2890842475		-0.9135454576		0.4067366431

		879		15.341444125		-0.9335804265		0.3583679495

		882		15.3938040026		-0.9510565163		0.3090169944

		885		15.4461638801		-0.9659258263		0.2588190451

		888		15.4985237577		-0.9781476007		0.2079116908

		891		15.5508836353		-0.9876883406		0.156434465

		894		15.6032435128		-0.9945218954		0.1045284633

		897		15.6556033904		-0.9986295348		0.0523359562

		900		15.7079632679		-1		6.12323399573677E-16

		903		15.7603231455		-0.9986295348		-0.0523359562

		906		15.8126830231		-0.9945218954		-0.1045284633

		909		15.8650429006		-0.9876883406		-0.156434465

		912		15.9174027782		-0.9781476007		-0.2079116908

		915		15.9697626557		-0.9659258263		-0.2588190451

		918		16.0221225333		-0.9510565163		-0.3090169944

		921		16.0744824109		-0.9335804265		-0.3583679495

		924		16.1268422884		-0.9135454576		-0.4067366431

		927		16.179202166		-0.8910065242		-0.4539904997

		930		16.2315620435		-0.8660254038		-0.5

		933		16.2839219211		-0.8386705679		-0.544639035

		936		16.3362817987		-0.8090169944		-0.5877852523

		939		16.3886416762		-0.7771459615		-0.629320391

		942		16.4410015538		-0.7431448255		-0.6691306064

		945		16.4933614313		-0.7071067812		-0.7071067812

		948		16.5457213089		-0.6691306064		-0.7431448255

		951		16.5980811865		-0.629320391		-0.7771459615

		954		16.650441064		-0.5877852523		-0.8090169944

		957		16.7028009416		-0.544639035		-0.8386705679

		960		16.7551608191		-0.5		-0.8660254038

		963		16.8075206967		-0.4539904997		-0.8910065242

		966		16.8598805743		-0.4067366431		-0.9135454576

		969		16.9122404518		-0.3583679495		-0.9335804265

		972		16.9646003294		-0.3090169944		-0.9510565163

		975		17.0169602069		-0.2588190451		-0.9659258263

		978		17.0693200845		-0.2079116908		-0.9781476007

		981		17.1216799621		-0.156434465		-0.9876883406

		984		17.1740398396		-0.1045284633		-0.9945218954

		987		17.2263997172		-0.0523359562		-0.9986295348

		990		17.2787595947		0		-1

		993		17.3311194723		0.0523359562		-0.9986295348

		996		17.3834793499		0.1045284633		-0.9945218954

		999		17.4358392274		0.156434465		-0.9876883406

		1002		17.488199105		0.2079116908		-0.9781476007

		1005		17.5405589825		0.2588190451		-0.9659258263

		1008		17.5929188601		0.3090169944		-0.9510565163

		1011		17.6452787377		0.3583679495		-0.9335804265

		1014		17.6976386152		0.4067366431		-0.9135454576

		1017		17.7499984928		0.4539904997		-0.8910065242

		1020		17.8023583703		0.5		-0.8660254038

		1023		17.8547182479		0.544639035		-0.8386705679

		1026		17.9070781255		0.5877852523		-0.8090169944

		1029		17.959438003		0.629320391		-0.7771459615

		1032		18.0117978806		0.6691306064		-0.7431448255

		1035		18.0641577581		0.7071067812		-0.7071067812

		1038		18.1165176357		0.7431448255		-0.6691306064

		1041		18.1688775133		0.7771459615		-0.629320391

		1044		18.2212373908		0.8090169944		-0.5877852523

		1047		18.2735972684		0.8386705679		-0.544639035

		1050		18.3259571459		0.8660254038		-0.5

		1053		18.3783170235		0.8910065242		-0.4539904997

		1056		18.4306769011		0.9135454576		-0.4067366431

		1059		18.4830367786		0.9335804265		-0.3583679495

		1062		18.5353966562		0.9510565163		-0.3090169944

		1065		18.5877565337		0.9659258263		-0.2588190451

		1068		18.6401164113		0.9781476007		-0.2079116908

		1071		18.6924762889		0.9876883406		-0.156434465

		1074		18.7448361664		0.9945218954		-0.1045284633

		1077		18.797196044		0.9986295348		-0.0523359562

		1080		18.8495559215		1		-7.34788079488412E-16






_941527450.unknown

_1011307067.unknown

_1011776816.unknown

_1011777163.unknown

_1015597106.unknown

_1011776858.unknown

_1011777151.unknown

_1011307516.unknown

_1011307548.unknown

_1011774904.unknown

_1011307091.unknown

_1010137435.unknown

_1010140116.unknown

_1011305012.unknown

_1011305108.unknown

_1010140370.unknown

_1010140927.unknown

_1010139799.unknown

_1010139846.unknown

_1010137578.unknown

_941528947.unknown

_941608878.unknown

_941609069.unknown

_967010365.unknown

_941608978.unknown

_941528995.unknown

_941528770.unknown

_941442488.unknown

_941444227.unknown

_941527250.unknown

_941527349.unknown

_941444277.unknown

_941445729.unknown

_941442838.unknown

_941443435.xls
Chart1

		





Chart1

		0		0		0		0

		3		3		3		3

		6		6		6		6

		9		9		9		9

		12		12		12		12

		15		15		15		15

		18		18		18		18

		21		21		21		21

		24		24		24		24

		27		27		27		27

		30		30		30		30

		33		33		33		33

		36		36		36		36

		39		39		39		39

		42		42		42		42

		45		45		45		45

		48		48		48		48

		51		51		51		51

		54		54		54		54

		57		57		57		57

		60		60		60		60

		63		63		63		63

		66		66		66		66

		69		69		69		69

		72		72		72		72

		75		75		75		75

		78		78		78		78

		81		81		81		81

		84		84		84		84

		87		87		87		87

		90		90		90		90

		93		93		93		93

		96		96		96		96

		99		99		99		99

		102		102		102		102

		105		105		105		105

		108		108		108		108

		111		111		111		111

		114		114		114		114

		117		117		117		117

		120		120		120		120

		123		123		123		123

		126		126		126		126

		129		129		129		129

		132		132		132		132

		135		135		135		135

		138		138		138		138

		141		141		141		141

		144		144		144		144

		147		147		147		147

		150		150		150		150

		153		153		153		153

		156		156		156		156

		159		159		159		159

		162		162		162		162

		165		165		165		165

		168		168		168		168

		171		171		171		171

		174		174		174		174

		177		177		177		177

		180		180		180		180

		183		183		183		183

		186		186		186		186

		189		189		189		189

		192		192		192		192

		195		195		195		195

		198		198		198		198

		201		201		201		201

		204		204		204		204

		207		207		207		207

		210		210		210		210

		213		213		213		213

		216		216		216		216

		219		219		219		219

		222		222		222		222

		225		225		225		225

		228		228		228		228

		231		231		231		231

		234		234		234		234

		237		237		237		237

		240		240		240		240

		243		243		243		243

		246		246		246		246

		249		249		249		249

		252		252		252		252

		255		255		255		255

		258		258		258		258

		261		261		261		261

		264		264		264		264

		267		267		267		267

		270		270		270		270

		273		273		273		273

		276		276		276		276

		279		279		279		279

		282		282		282		282

		285		285		285		285

		288		288		288		288

		291		291		291		291

		294		294		294		294

		297		297		297		297

		300		300		300		300

		303		303		303		303

		306		306		306		306

		309		309		309		309

		312		312		312		312

		315		315		315		315

		318		318		318		318

		321		321		321		321

		324		324		324		324

		327		327		327		327

		330		330		330		330

		333		333		333		333

		336		336		336		336

		339		339		339		339

		342		342		342		342

		345		345		345		345

		348		348		348		348

		351		351		351		351

		354		354		354		354

		357		357		357		357

		360		360		360		360

		363		363		363		363

		366		366		366		366

		369		369		369		369

		372		372		372		372

		375		375		375		375

		378		378		378		378

		381		381		381		381

		384		384		384		384

		387		387		387		387

		390		390		390		390

		393		393		393		393

		396		396		396		396

		399		399		399		399

		402		402		402		402

		405		405		405		405

		408		408		408		408

		411		411		411		411

		414		414		414		414

		417		417		417		417

		420		420		420		420

		423		423		423		423

		426		426		426		426

		429		429		429		429

		432		432		432		432

		435		435		435		435

		438		438		438		438

		441		441		441		441

		444		444		444		444

		447		447		447		447

		450		450		450		450

		453		453		453		453

		456		456		456		456

		459		459		459		459

		462		462		462		462

		465		465		465		465

		468		468		468		468

		471		471		471		471

		474		474		474		474

		477		477		477		477

		480		480		480		480

		483		483		483		483

		486		486		486		486

		489		489		489		489

		492		492		492		492

		495		495		495		495

		498		498		498		498

		501		501		501		501

		504		504		504		504

		507		507		507		507

		510		510		510		510

		513		513		513		513

		516		516		516		516

		519		519		519		519

		522		522		522		522

		525		525		525		525

		528		528		528		528

		531		531		531		531

		534		534		534		534

		537		537		537		537

		540		540		540		540

		543		543		543		543

		546		546		546		546

		549		549		549		549

		552		552		552		552

		555		555		555		555

		558		558		558		558

		561		561		561		561

		564		564		564		564

		567		567		567		567

		570		570		570		570

		573		573		573		573

		576		576		576		576

		579		579		579		579

		582		582		582		582

		585		585		585		585

		588		588		588		588

		591		591		591		591

		594		594		594		594

		597		597		597		597

		600		600		600		600

		603		603		603		603

		606		606		606		606

		609		609		609		609

		612		612		612		612

		615		615		615		615

		618		618		618		618

		621		621		621		621

		624		624		624		624

		627		627		627		627

		630		630		630		630

		633		633		633		633

		636		636		636		636

		639		639		639		639

		642		642		642		642

		645		645		645		645

		648		648		648		648

		651		651		651		651

		654		654		654		654

		657		657		657		657

		660		660		660		660

		663		663		663		663

		666		666		666		666

		669		669		669		669

		672		672		672		672

		675		675		675		675

		678		678		678		678

		681		681		681		681

		684		684		684		684

		687		687		687		687

		690		690		690		690

		693		693		693		693

		696		696		696		696

		699		699		699		699

		702		702		702		702

		705		705		705		705

		708		708		708		708

		711		711		711		711

		714		714		714		714

		717		717		717		717

		720		720		720		720

		723		723		723		723

		726		726		726		726

		729		729		729		729

		732		732		732		732

		735		735		735		735

		738		738		738		738

		741		741		741		741

		744		744		744		744

		747		747		747		747

		750		750		750		750

		753		753		753		753

		756		756		756		756

		759		759		759		759

		762		762		762		762

		765		765		765		765

		768		768		768		768

		771		771		771		771

		774		774		774		774

		777		777		777		777

		780		780		780		780

		783		783		783		783

		786		786		786		786

		789		789		789		789

		792		792		792		792

		795		795		795		795

		798		798		798		798

		801		801		801		801

		804		804		804		804

		807		807		807		807

		810		810		810		810

		813		813		813		813

		816		816		816		816

		819		819		819		819

		822		822		822		822

		825		825		825		825

		828		828		828		828

		831		831		831		831

		834		834		834		834

		837		837		837		837

		840		840		840		840

		843		843		843		843

		846		846		846		846

		849		849		849		849

		852		852		852		852

		855		855		855		855

		858		858		858		858

		861		861		861		861

		864		864		864		864

		867		867		867		867

		870		870		870		870

		873		873		873		873

		876		876		876		876

		879		879		879		879

		882		882		882		882

		885		885		885		885

		888		888		888		888

		891		891		891		891

		894		894		894		894

		897		897		897		897

		900		900		900		900

		903		903		903		903

		906		906		906		906

		909		909		909		909

		912		912		912		912

		915		915		915		915

		918		918		918		918

		921		921		921		921

		924		924		924		924

		927		927		927		927

		930		930		930		930

		933		933		933		933

		936		936		936		936

		939		939		939		939

		942		942		942		942

		945		945		945		945

		948		948		948		948

		951		951		951		951

		954		954		954		954

		957		957		957		957

		960		960		960		960

		963		963		963		963

		966		966		966		966

		969		969		969		969

		972		972		972		972

		975		975		975		975

		978		978		978		978

		981		981		981		981

		984		984		984		984

		987		987		987		987

		990		990		990		990

		993		993		993		993

		996		996		996		996

		999		999		999		999

		1002		1002		1002		1002

		1005		1005		1005		1005

		1008		1008		1008		1008

		1011		1011		1011		1011

		1014		1014		1014		1014

		1017		1017		1017		1017

		1020		1020		1020		1020

		1023		1023		1023		1023

		1026		1026		1026		1026

		1029		1029		1029		1029

		1032		1032		1032		1032

		1035		1035		1035		1035

		1038		1038		1038		1038

		1041		1041		1041		1041

		1044		1044		1044		1044

		1047		1047		1047		1047

		1050		1050		1050		1050

		1053		1053		1053		1053

		1056		1056		1056		1056

		1059		1059		1059		1059

		1062		1062		1062		1062

		1065		1065		1065		1065

		1068		1068		1068		1068

		1071		1071		1071		1071

		1074		1074		1074		1074

		1077		1077		1077		1077

		1080		1080		1080		1080



Cos()

Sin()

exp

Angle (degrees)

Magnitude

1

0

1

-1

0.9934143879

0.052062642

0.9947776961

-0.9947776961

0.9841616273

0.1034395552

0.9895826647

-0.9895826647

0.9722949841

0.1539963969

0.9844147634

-0.9844147634

0.9578743672

0.203602482

0.9792738503

-0.9792738503

0.940966095

0.2521311053

0.9741597847

-0.9741597847

0.9216426458

0.2994598485

0.9690724263

-0.9690724263

0.8999823939

0.3454708732

0.9640116356

-0.9640116356

0.8760693326

0.3900511972

0.9589772739

-0.9589772739

0.8499927839

0.4330929553

0.9539692032

-0.9539692032

0.8218470977

0.4744936431

0.9489872862

-0.9489872862

0.7917313388

0.5141563432

0.9440313862

-0.9440313862

0.7597489657

0.5519899342

0.9391013674

-0.9391013674

0.7260074994

0.587909281

0.9341970947

-0.9341970947

0.6906181852

0.621835407

0.9293184336

-0.9293184336

0.6536956475

0.6536956475

0.9244652504

-0.9244652504

0.6153575391

0.683423784

0.9196374119

-0.9196374119

0.5757241852

0.7109601593

0.9148347859

-0.9148347859

0.5349182248

0.7362517736

0.9100572407

-0.9100572407

0.4930642484

0.759252361

0.9053046452

-0.9053046452

0.4502884346

0.7799224469

0.9005768693

-0.9005768693

0.4067181865

0.7982293857

0.8958737832

-0.8958737832

0.3624817676

0.8141473799

0.8911952581

-0.8911952581

0.3177079397

0.8276574795

0.8865411657

-0.8865411657

0.2725256034

0.8387475631

0.8819113783

-0.8819113783

0.2270634414

0.8474122999

0.8773057691

-0.8773057691

0.1814495665

0.8536530939

0.8727242118

-0.8727242118

0.1358111746

0.8574780095

0.8681665808

-0.8681665808

0.0902742043

0.8589016805

0.8636327511

-0.8636327511

0.0449630027

0.8579452008

0.8591225984

-0.8591225984

5.23313620399554E-17

0.8546359992

0.8546359992

-0.8546359992

-0.044494608

0.849007698

0.8501728303

-0.8501728303

-0.0884031676

0.8410999557

0.8457329694

-0.8457329694

-0.1316108645

0.8309582952

0.8413162949

-0.8413162949

-0.1740060106

0.8186339168

0.8369226855

-0.8369226855

-0.2154803191

0.8041834988

0.8325520209

-0.8325520209

-0.2559291668

0.7876689835

0.8282041813

-0.8282041813

-0.2952518449

0.7691573525

0.8238790474

-0.8238790474

-0.3333517946

0.7487203894

0.8195765007

-0.8195765007

-0.3701368306

0.7264344322

0.8152964231

-0.8152964231

-0.4055193487

0.7023801155

0.8110386975

-0.8110386975

-0.4394165201

0.6766421038

0.806803207

-0.806803207

-0.4717504689

0.6493088164

0.8025898355

-0.8025898355

-0.5024484358

0.6204721446

0.7983984675

-0.7983984675

-0.5314429244

0.5902271627

0.7942289881

-0.7942289881

-0.5586718329

0.5586718329

0.7900812829

-0.7900812829

-0.5840785685

0.5259067052

0.7859552384

-0.7859552384

-0.6076121461

0.4920346143

0.7818507413

-0.7818507413

-0.6292272701

0.4571603715

0.7777676792

-0.7777676792

-0.6488844001

0.4213904566

0.77370594

-0.77370594

-0.6665497996

0.3848327062

0.7696654125

-0.7696654125

-0.6821955686

0.3475960037

0.7656459858

-0.7656459858

-0.6957996595

0.3097899676

0.7616475498

-0.7616475498

-0.707345877

0.2715246425

0.7576699949

-0.7576699949

-0.7168238616

0.2329101914

0.753713212

-0.753713212

-0.7242290576

0.1940565911

0.7497770925

-0.7497770925

-0.7295626648

0.1550733316

0.7458615287

-0.7458615287

-0.7328315754

0.1160691189

0.7419664132

-0.7419664132

-0.7340482959

0.0771515848

0.7380916391

-0.7380916391

-0.7332308539

0.0384270008

0.7342371003

-0.7342371003

-0.730402691

8.94485317681337E-17

0.730402691

-0.730402691

-0.7255925422

-0.0380266938

0.7265883063

-0.7265883063

-0.718834301

-0.0755525295

0.7227938413

-0.7227938413

-0.7101668729

-0.1124793827

0.7190191923

-0.7190191923

-0.6996340155

-0.1487118008

0.7152642556

-0.7152642556

-0.687284168

-0.1841572378

0.7115289283

-0.7115289283

-0.6731702687

-0.2187262792

0.707813108

-0.707813108

-0.6573495624

-0.2523328555

0.7041166929

-0.7041166929

-0.6398833981

-0.2848944441

0.7004395815

-0.7004395815

-0.6208370168

-0.31633226

0.6967816732

-0.6967816732

-0.6002793318

-0.3465714338

0.6931428676

-0.6931428676

-0.5782827005

-0.3755411767

0.6895230649

-0.6895230649

-0.5549226891

-0.4031749334

0.6859221659

-0.6859221659

-0.5302778313

-0.4294105209

0.682340072

-0.682340072

-0.5044293809

-0.4541902547

0.6787766848

-0.6787766848

-0.4774610601

-0.4774610601

0.6752319067

-0.6752319067

-0.4494588025

-0.499174571

0.6717056405

-0.6717056405

-0.4205104942

-0.5192872136

0.6681977895

-0.6681977895

-0.3907057109

-0.5377602767

0.6647082576

-0.6647082576

-0.3601354539

-0.5545599676

0.6612369491

-0.6612369491

-0.3288918844

-0.569657454

0.6577837688

-0.6577837688

-0.297068058

-0.5830288914

0.6543486221

-0.6543486221

-0.2647576585

-0.5946554372

0.6509314148

-0.6509314148

-0.2320547341

-0.6045232503

0.6475320531

-0.6475320531

-0.1990534341

-0.6126234772

0.644150444

-0.644150444

-0.1658477487

-0.6189522243

0.6407864946

-0.6407864946

-0.1325312517

-0.623510517

0.6374401128

-0.6374401128

-0.0991968474

-0.6263042457

0.6341112069

-0.6341112069

-0.0659365218

-0.6273440988

0.6307996855

-0.6307996855

-0.0328410982

-0.6266454834

0.6275054578

-0.6275054578

-1.14668902980673E-16

-0.6242284336

0.6242284336

-0.6242284336

0.0324989815

-0.6201175073

0.6209685231

-0.6209685231

0.0645699115

-0.6143416711

0.6177256368

-0.6177256368

0.0961289296

-0.606934175

0.6144996858

-0.6144996858

0.1270944584

-0.5979324158

0.6112905817

-0.6112905817

0.1573874049

-0.5873777916

0.6080982365

-0.6080982365

0.1869313522

-0.5753155452

0.6049225628

-0.6049225628

0.215652742

-0.5617946001

0.6017634733

-0.6017634733

0.2434810479

-0.5468673872

0.5986208816

-0.5986208816

0.2703489371

-0.5305896641

0.5954947015

-0.5954947015

0.2961924236

-0.5130203265

0.5923848472

-0.5923848472

0.3209510088

-0.4942212135

0.5892912335

-0.5892912335

0.344567812

-0.4742569068

0.5862137756

-0.5862137756

0.3669896896

-0.4531945241

0.5831523892

-0.5831523892

0.3881673421

-0.431103508

0.5801069902

-0.5801069902

0.4080554101

-0.4080554101

0.5770774952

-0.5770774952

0.4266125582

-0.3841236727

0.5740638212

-0.5740638212

0.4438015466

-0.3593834064

0.5710658855

-0.5710658855

0.4595892914

-0.3339111656

0.5680836059

-0.5680836059

0.473946912

-0.3077847234

0.5651169007

-0.5651169007

0.4868497674

-0.2810828442

0.5621656885

-0.5621656885

0.4982774791

-0.2538850565

0.5592298884

-0.5592298884

0.5082139437

-0.226271426

0.55630942

-0.55630942

0.5166473321

-0.1983223296

0.5534042032

-0.5534042032

0.5235700776

-0.1701182306

0.5505141583

-0.5505141583

0.5289788526

-0.1417394564

0.5476392061

-0.5476392061

0.5328745337

-0.1132659787

0.5447792677

-0.5447792677

0.5352621548

-0.0847771968

0.5419342649

-0.5419342649

0.5361508507

-0.0563517251

0.5391041195

-0.5391041195

0.5355537888

-0.0280671848

0.5362887539

-0.5362887539

0.5334880911

-1.3066689662759E-16

0.5334880911

-0.5334880911

0.5299747454

0.0277747995

0.5307020542

-0.5307020542

0.5250385079

0.0551837709

0.5279305668

-0.5279305668

0.518707795

0.0821552438

0.5251735529

-0.5251735529

0.5110145676

0.1086194995

0.5224309371

-0.5224309371

0.5019942058

0.134508942

0.519702644

-0.519702644

0.4916853758

0.1597582629

0.5169885988

-0.5169885988

0.4801298894

0.1843045967

0.5142887273

-0.5142887273

0.4673725559

0.2080876686

0.5116029553

-0.5116029553

0.4534610277

0.231049934

0.5089312092

-0.5089312092

0.4384456393

0.2531367079

0.5062734158

-0.5062734158

0.4223792406

0.2742962861

0.5036295021

-0.5036295021

0.4053170254

0.2944800563

0.5009993958

-0.5009993958

0.387316355

0.3136426

0.4983830248

-0.4983830248

0.3684365773

0.3317417842

0.4957803172

-0.4957803172

0.3487388431

0.3487388431

0.4931912017

-0.4931912017

0.3282859189

0.3645984499

0.4906156074

-0.4906156074

0.3071419966

0.3792887782

0.4880534636

-0.4880534636

0.2853725026

0.3927815532

0.4855047001

-0.4855047001

0.2630439046

0.4050520927

0.482969247

-0.482969247

0.2402235174

0.4160793374

0.4804470349

-0.4804470349

0.216979309

0.4258458712

0.4779379945

-0.4779379945

0.1933797063

0.4343379316

0.475442057

-0.475442057

0.1694934023

0.4415454088

0.4729591541

-0.4729591541

0.1453891639

0.4474618364

0.4704892177

-0.4704892177

0.1211356419

0.4520843703

0.4680321801

-0.4680321801

0.0968011829

0.4554137595

0.4655879738

-0.4655879738

0.0724536443

0.4574543064

0.4631565319

-0.4631565319

0.0481602129

0.458213818

0.4607377878

-0.4607377878

0.0239872265

0.4577035474

0.458331675

-0.458331675

1.39590792194466E-16

0.4559381278

0.4559381278

-0.4559381278

-0.0237373435

0.4529354961

0.4535570803

-0.4535570803

-0.0471620371

0.4487168098

0.4511884674

-0.4511884674

-0.0702128289

0.4433063547

0.4488322241

-0.4488322241

-0.0928301344

0.4367314456

0.4464882859

-0.4464882859

-0.1149561841

0.4290223196

0.4441565884

-0.4441565884

-0.1365351627

0.4202120224

0.4418370677

-0.4418370677

-0.1575133431

0.4103362877

0.4395296603

-0.4395296603

-0.1778392126

0.3994334113

0.4372343028

-0.4372343028

-0.1974635912

0.3875441185

0.4349509325

-0.4349509325

-0.2163397433

0.374711427

0.4326794865

-0.4326794865

-0.2344234805

0.3609805043

0.4304199028

-0.4304199028

-0.2516732571

0.346398521

0.4281721192

-0.4281721192

-0.2680502569

0.3310145

0.4259360743

-0.4259360743

-0.2835184712

0.3148791623

0.4237117067

-0.4237117067

-0.2980447697

0.2980447697

0.4214989554

-0.4214989554

-0.3115989605

0.2805649643

0.4192977598

-0.4192977598

-0.3241538439

0.2624946071

0.4171080595

-0.4171080595

-0.3356852552

0.2438896139

0.4149297945

-0.4149297945

-0.3461721

0.2248067903

0.412762905

-0.412762905

-0.3555963802

0.2053036658

0.4106073317

-0.4106073317

-0.3639432116

0.1854383285

0.4084630154

-0.4084630154

-0.3712008321

0.1652692585

0.4063298975

-0.4063298975

-0.3773606017

0.1448551632

0.4042079193

-0.4042079193

-0.3824169936

0.1242548134

0.4020970227

-0.4020970227

-0.3863675775

0.1035268804

0.3999971498

-0.3999971498

-0.3892129934

0.0827297756

0.3979082432

-0.3979082432

-0.3909569183

0.0619214927

0.3958302454

-0.3958302454

-0.3916060241

0.0411594517

0.3937630996

-0.3937630996

-0.3911699286

0.0205003473

0.391706749

-0.391706749

-0.3896611374

1.43159179391651E-16

0.3896611374

-0.3896611374

-0.3870949803

-0.0202867883

0.3876262085

-0.3876262085

-0.3834895391

-0.0403063747

0.3856019067

-0.3856019067

-0.3788655694

-0.0600064112

0.3835881763

-0.3835881763

-0.3732464154

-0.0793359747

0.3815849623

-0.3815849623

-0.3666579188

-0.0982456932

0.3795922097

-0.3795922097

-0.3591283216

-0.1166878652

0.3776098638

-0.3776098638

-0.3506881632

-0.1346165734

0.3756378704

-0.3756378704

-0.3413701726

-0.1519877931

0.3736761753

-0.3736761753

-0.3312091549

-0.1687594936

0.3717247247

-0.3717247247

-0.3202418748

-0.1848917326

0.3697834653

-0.3697834653

-0.308506934

-0.2003467455

0.3678523437

-0.3678523437

-0.2960446461

-0.2150890256

0.3659313069

-0.3659313069

-0.2828969079

-0.2290853991

0.3640203025

-0.3640203025

-0.2691070675

-0.2423050919

0.3621192778

-0.3621192778

-0.2547197895

-0.2547197895

0.3602281809

-0.3602281809

-0.2397809186

-0.266303689

0.3583469599

-0.3583469599

-0.2243373408

-0.2770335443

0.3564755632

-0.3564755632

-0.2084368439

-0.2868887035

0.3546139395

-0.3546139395

-0.1921279758

-0.2958511385

0.3527620377

-0.3527620377

-0.1754599036

-0.3039054677

0.3509198072

-0.3509198072

-0.1584822712

-0.3110389703

0.3490871973

-0.3490871973

-0.1412450578

-0.317241594

0.3472641579

-0.3472641579

-0.1237984371

-0.3225059548

0.3454506389

-0.3454506389

-0.1061926366

-0.3268273294

0.3436465907

-0.3436465907

-0.0884777988

-0.3302036406

0.3418519638

-0.3418519638

-0.0707038445

-0.3326354355

0.340066709

-0.340066709

-0.0529203368

-0.3341258565

0.3382907773

-0.3382907773

-0.0351763491

-0.3346806057

0.3365241201

-0.3365241201

-0.0175203348

-0.3343079027

0.3347666888

-0.3347666888

-1.4274048637023E-16

-0.3330184355

0.3330184355

-0.3330184355

0.0173378196

-0.3308253052

0.331279312

-0.331279312

0.0344472788

-0.3277439654

0.3295492708

-0.3295492708

0.0512836392

-0.3237921544

0.3278282643

-0.3278282643

0.06780338

-0.3189898231

0.3261162455

-0.3261162455

0.0839643062

-0.3133590568

0.3244131674

-0.3244131674

0.0997256502

-0.306923992

0.3227189833

-0.3227189833

0.1150481697

-0.2997107288

0.3210336467

-0.3210336467

0.1298942394

-0.2917472385

0.3193571114

-0.3193571114

0.1442279384

-0.2830632671

0.3176893315

-0.3176893315

0.1580151307

-0.2736902347

0.3160302613

-0.3160302613

0.171223541

-0.2636611318

0.3143798553

-0.3143798553

0.1838228243

-0.2530104119

0.3127380681

-0.3127380681

0.1957846289

-0.2417738816

0.3111048549

-0.3111048549

0.2070826544

-0.2299885875

0.3094801708

-0.3094801708

0.2176927018

-0.2176927018

0.3078639713

-0.3078639713

0.2275927193

-0.2049254049

0.3062562121

-0.3062562121

0.2367628399

-0.1917267674

0.3046568491

-0.3046568491

0.2451854137

-0.1781376303

0.3030658385

-0.3030658385

0.2528450334

-0.1641994846

0.3014831366

-0.3014831366

0.259728553

-0.14995435

0.2999087

-0.2999087

0.2658251012

-0.1354446542

0.2983424857

-0.2983424857

0.2711260867

-0.1207131111

0.2967844506

-0.2967844506

0.2756251989

-0.105802601

0.295234552

-0.295234552

0.2793184012

-0.0907560501

0.2936927474

-0.2936927474

0.2822039183

-0.075616312

0.2921589947

-0.2921589947

0.2842822178

-0.0604260507

0.2906332516

-0.2906332516

0.2855559852

-0.0452276249

0.2891154765

-0.2891154765

0.2860300939

-0.0300629743

0.2876056276

-0.2876056276

0.2857115685

-0.0149735088

0.2861036636

-0.2861036636

0.2846095433

-1.39418466501303E-16

0.2846095433

-0.2846095433

0.2827352153

0.0148175248

0.2831232258

-0.2831232258

0.2801017913

0.0294398846

0.2816446703

-0.2816446703

0.2767244314

0.0438288442

0.2801738363

-0.2801738363

0.2726201862

0.0579472094

0.2787106833

-0.2787106833

0.2678079306

0.0717589187

0.2772551715

-0.2772551715

0.2623082925

0.0852291307

0.2758072607

-0.2758072607

0.2561435781

0.0983243075

0.2743669114

-0.2743669114

0.2493376927

0.1110122931

0.272934084

-0.272934084

0.2419160581

0.1232623882

0.2715087393

-0.2715087393

0.2339055272

0.1350454191

0.2700908381

-0.2700908381

0.2253342948

0.146333802

0.2686803417

-0.2686803417

0.2162318062

0.1571016031

0.2672772113

-0.2672772113

0.2066286629

0.167324592

0.2658814085

-0.2658814085

0.1965565263

0.1769802912

0.264492895

-0.264492895

0.1860480197

0.1860480197

0.2631116327

-0.2631116327

0.1751366282

0.1945089311

0.2617375838

-0.2617375838

0.1638565974

0.2023460463

0.2603707106

-0.2603707106

0.1522428317

0.2095442811

0.2590109757

-0.2590109757

0.1403307906

0.2160904677

0.2576583417

-0.2576583417

0.1281563858

0.2219733714

0.2563127715

-0.2563127715

0.1157558773

0.2271837009

0.2549742283

-0.2549742283
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		120		2.0943951024		-0.4055193487		0.7023801155		0.8110386975		-0.8110386975

		123		2.14675498		-0.4394165201		0.6766421038		0.806803207		-0.806803207

		126		2.1991148575		-0.4717504689		0.6493088164		0.8025898355		-0.8025898355

		129		2.2514747351		-0.5024484358		0.6204721446		0.7983984675		-0.7983984675
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		288		5.0265482457		0.1869313522		-0.5753155452		0.6049225628		-0.6049225628

		291		5.0789081233		0.215652742		-0.5617946001		0.6017634733		-0.6017634733

		294		5.1312680009		0.2434810479		-0.5468673872		0.5986208816		-0.5986208816

		297		5.1836278784		0.2703489371		-0.5305896641		0.5954947015		-0.5954947015

		300		5.235987756		0.2961924236		-0.5130203265		0.5923848472		-0.5923848472

		303		5.2883476335		0.3209510088		-0.4942212135		0.5892912335		-0.5892912335

		306		5.3407075111		0.344567812		-0.4742569068		0.5862137756		-0.5862137756

		309		5.3930673887		0.3669896896		-0.4531945241		0.5831523892		-0.5831523892

		312		5.4454272662		0.3881673421		-0.431103508		0.5801069902		-0.5801069902

		315		5.4977871438		0.4080554101		-0.4080554101		0.5770774952		-0.5770774952

		318		5.5501470213		0.4266125582		-0.3841236727		0.5740638212		-0.5740638212

		321		5.6025068989		0.4438015466		-0.3593834064		0.5710658855		-0.5710658855

		324		5.6548667765		0.4595892914		-0.3339111656		0.5680836059		-0.5680836059

		327		5.707226654		0.473946912		-0.3077847234		0.5651169007		-0.5651169007

		330		5.7595865316		0.4868497674		-0.2810828442		0.5621656885		-0.5621656885

		333		5.8119464091		0.4982774791		-0.2538850565		0.5592298884		-0.5592298884

		336		5.8643062867		0.5082139437		-0.226271426		0.55630942		-0.55630942

		339		5.9166661643		0.5166473321		-0.1983223296		0.5534042032		-0.5534042032

		342		5.9690260418		0.5235700776		-0.1701182306		0.5505141583		-0.5505141583

		345		6.0213859194		0.5289788526		-0.1417394564		0.5476392061		-0.5476392061

		348		6.0737457969		0.5328745337		-0.1132659787		0.5447792677		-0.5447792677

		351		6.1261056745		0.5352621548		-0.0847771968		0.5419342649		-0.5419342649

		354		6.1784655521		0.5361508507		-0.0563517251		0.5391041195		-0.5391041195

		357		6.2308254296		0.5355537888		-0.0280671848		0.5362887539		-0.5362887539

		360		6.2831853072		0.5334880911		-1.3066689662759E-16		0.5334880911		-0.5334880911

		363		6.3355451847		0.5299747454		0.0277747995		0.5307020542		-0.5307020542

		366		6.3879050623		0.5250385079		0.0551837709		0.5279305668		-0.5279305668

		369		6.4402649399		0.518707795		0.0821552438		0.5251735529		-0.5251735529

		372		6.4926248174		0.5110145676		0.1086194995		0.5224309371		-0.5224309371

		375		6.544984695		0.5019942058		0.134508942		0.519702644		-0.519702644

		378		6.5973445725		0.4916853758		0.1597582629		0.5169885988		-0.5169885988

		381		6.6497044501		0.4801298894		0.1843045967		0.5142887273		-0.5142887273

		384		6.7020643277		0.4673725559		0.2080876686		0.5116029553		-0.5116029553

		387		6.7544242052		0.4534610277		0.231049934		0.5089312092		-0.5089312092

		390		6.8067840828		0.4384456393		0.2531367079		0.5062734158		-0.5062734158

		393		6.8591439603		0.4223792406		0.2742962861		0.5036295021		-0.5036295021

		396		6.9115038379		0.4053170254		0.2944800563		0.5009993958		-0.5009993958

		399		6.9638637155		0.387316355		0.3136426		0.4983830248		-0.4983830248

		402		7.016223593		0.3684365773		0.3317417842		0.4957803172		-0.4957803172

		405		7.0685834706		0.3487388431		0.3487388431		0.4931912017		-0.4931912017

		408		7.1209433481		0.3282859189		0.3645984499		0.4906156074		-0.4906156074

		411		7.1733032257		0.3071419966		0.3792887782		0.4880534636		-0.4880534636

		414		7.2256631033		0.2853725026		0.3927815532		0.4855047001		-0.4855047001

		417		7.2780229808		0.2630439046		0.4050520927		0.482969247		-0.482969247

		420		7.3303828584		0.2402235174		0.4160793374		0.4804470349		-0.4804470349

		423		7.3827427359		0.216979309		0.4258458712		0.4779379945		-0.4779379945

		426		7.4351026135		0.1933797063		0.4343379316		0.475442057		-0.475442057

		429		7.4874624911		0.1694934023		0.4415454088		0.4729591541		-0.4729591541

		432		7.5398223686		0.1453891639		0.4474618364		0.4704892177		-0.4704892177

		435		7.5921822462		0.1211356419		0.4520843703		0.4680321801		-0.4680321801

		438		7.6445421237		0.0968011829		0.4554137595		0.4655879738		-0.4655879738

		441		7.6969020013		0.0724536443		0.4574543064		0.4631565319		-0.4631565319

		444		7.7492618789		0.0481602129		0.458213818		0.4607377878		-0.4607377878

		447		7.8016217564		0.0239872265		0.4577035474		0.458331675		-0.458331675

		450		7.853981634		1.39590792194466E-16		0.4559381278		0.4559381278		-0.4559381278

		453		7.9063415115		-0.0237373435		0.4529354961		0.4535570803		-0.4535570803

		456		7.9587013891		-0.0471620371		0.4487168098		0.4511884674		-0.4511884674

		459		8.0110612667		-0.0702128289		0.4433063547		0.4488322241		-0.4488322241

		462		8.0634211442		-0.0928301344		0.4367314456		0.4464882859		-0.4464882859

		465		8.1157810218		-0.1149561841		0.4290223196		0.4441565884		-0.4441565884

		468		8.1681408993		-0.1365351627		0.4202120224		0.4418370677		-0.4418370677

		471		8.2205007769		-0.1575133431		0.4103362877		0.4395296603		-0.4395296603

		474		8.2728606545		-0.1778392126		0.3994334113		0.4372343028		-0.4372343028

		477		8.325220532		-0.1974635912		0.3875441185		0.4349509325		-0.4349509325

		480		8.3775804096		-0.2163397433		0.374711427		0.4326794865		-0.4326794865

		483		8.4299402871		-0.2344234805		0.3609805043		0.4304199028		-0.4304199028

		486		8.4823001647		-0.2516732571		0.346398521		0.4281721192		-0.4281721192

		489		8.5346600423		-0.2680502569		0.3310145		0.4259360743		-0.4259360743

		492		8.5870199198		-0.2835184712		0.3148791623		0.4237117067		-0.4237117067

		495		8.6393797974		-0.2980447697		0.2980447697		0.4214989554		-0.4214989554

		498		8.6917396749		-0.3115989605		0.2805649643		0.4192977598		-0.4192977598

		501		8.7440995525		-0.3241538439		0.2624946071		0.4171080595		-0.4171080595

		504		8.7964594301		-0.3356852552		0.2438896139		0.4149297945		-0.4149297945

		507		8.8488193076		-0.3461721		0.2248067903		0.412762905		-0.412762905

		510		8.9011791852		-0.3555963802		0.2053036658		0.4106073317		-0.4106073317

		513		8.9535390627		-0.3639432116		0.1854383285		0.4084630154		-0.4084630154

		516		9.0058989403		-0.3712008321		0.1652692585		0.4063298975		-0.4063298975

		519		9.0582588179		-0.3773606017		0.1448551632		0.4042079193		-0.4042079193

		522		9.1106186954		-0.3824169936		0.1242548134		0.4020970227		-0.4020970227

		525		9.162978573		-0.3863675775		0.1035268804		0.3999971498		-0.3999971498

		528		9.2153384505		-0.3892129934		0.0827297756		0.3979082432		-0.3979082432

		531		9.2676983281		-0.3909569183		0.0619214927		0.3958302454		-0.3958302454

		534		9.3200582056		-0.3916060241		0.0411594517		0.3937630996		-0.3937630996

		537		9.3724180832		-0.3911699286		0.0205003473		0.391706749		-0.391706749

		540		9.4247779608		-0.3896611374		1.43159179391651E-16		0.3896611374		-0.3896611374

		543		9.4771378383		-0.3870949803		-0.0202867883		0.3876262085		-0.3876262085

		546		9.5294977159		-0.3834895391		-0.0403063747		0.3856019067		-0.3856019067

		549		9.5818575934		-0.3788655694		-0.0600064112		0.3835881763		-0.3835881763

		552		9.634217471		-0.3732464154		-0.0793359747		0.3815849623		-0.3815849623

		555		9.6865773486		-0.3666579188		-0.0982456932		0.3795922097		-0.3795922097

		558		9.7389372261		-0.3591283216		-0.1166878652		0.3776098638		-0.3776098638

		561		9.7912971037		-0.3506881632		-0.1346165734		0.3756378704		-0.3756378704

		564		9.8436569812		-0.3413701726		-0.1519877931		0.3736761753		-0.3736761753

		567		9.8960168588		-0.3312091549		-0.1687594936		0.3717247247		-0.3717247247

		570		9.9483767364		-0.3202418748		-0.1848917326		0.3697834653		-0.3697834653

		573		10.0007366139		-0.308506934		-0.2003467455		0.3678523437		-0.3678523437

		576		10.0530964915		-0.2960446461		-0.2150890256		0.3659313069		-0.3659313069

		579		10.105456369		-0.2828969079		-0.2290853991		0.3640203025		-0.3640203025

		582		10.1578162466		-0.2691070675		-0.2423050919		0.3621192778		-0.3621192778

		585		10.2101761242		-0.2547197895		-0.2547197895		0.3602281809		-0.3602281809

		588		10.2625360017		-0.2397809186		-0.266303689		0.3583469599		-0.3583469599

		591		10.3148958793		-0.2243373408		-0.2770335443		0.3564755632		-0.3564755632

		594		10.3672557568		-0.2084368439		-0.2868887035		0.3546139395		-0.3546139395

		597		10.4196156344		-0.1921279758		-0.2958511385		0.3527620377		-0.3527620377

		600		10.471975512		-0.1754599036		-0.3039054677		0.3509198072		-0.3509198072

		603		10.5243353895		-0.1584822712		-0.3110389703		0.3490871973		-0.3490871973

		606		10.5766952671		-0.1412450578		-0.317241594		0.3472641579		-0.3472641579

		609		10.6290551446		-0.1237984371		-0.3225059548		0.3454506389		-0.3454506389

		612		10.6814150222		-0.1061926366		-0.3268273294		0.3436465907		-0.3436465907

		615		10.7337748998		-0.0884777988		-0.3302036406		0.3418519638		-0.3418519638

		618		10.7861347773		-0.0707038445		-0.3326354355		0.340066709		-0.340066709

		621		10.8384946549		-0.0529203368		-0.3341258565		0.3382907773		-0.3382907773

		624		10.8908545324		-0.0351763491		-0.3346806057		0.3365241201		-0.3365241201

		627		10.94321441		-0.0175203348		-0.3343079027		0.3347666888		-0.3347666888

		630		10.9955742876		-1.4274048637023E-16		-0.3330184355		0.3330184355		-0.3330184355

		633		11.0479341651		0.0173378196		-0.3308253052		0.331279312		-0.331279312

		636		11.1002940427		0.0344472788		-0.3277439654		0.3295492708		-0.3295492708

		639		11.1526539202		0.0512836392		-0.3237921544		0.3278282643		-0.3278282643

		642		11.2050137978		0.06780338		-0.3189898231		0.3261162455		-0.3261162455

		645		11.2573736754		0.0839643062		-0.3133590568		0.3244131674		-0.3244131674

		648		11.3097335529		0.0997256502		-0.306923992		0.3227189833		-0.3227189833

		651		11.3620934305		0.1150481697		-0.2997107288		0.3210336467		-0.3210336467

		654		11.414453308		0.1298942394		-0.2917472385		0.3193571114		-0.3193571114

		657		11.4668131856		0.1442279384		-0.2830632671		0.3176893315		-0.3176893315

		660		11.5191730632		0.1580151307		-0.2736902347		0.3160302613		-0.3160302613

		663		11.5715329407		0.171223541		-0.2636611318		0.3143798553		-0.3143798553

		666		11.6238928183		0.1838228243		-0.2530104119		0.3127380681		-0.3127380681

		669		11.6762526958		0.1957846289		-0.2417738816		0.3111048549		-0.3111048549

		672		11.7286125734		0.2070826544		-0.2299885875		0.3094801708		-0.3094801708

		675		11.780972451		0.2176927018		-0.2176927018		0.3078639713		-0.3078639713

		678		11.8333323285		0.2275927193		-0.2049254049		0.3062562121		-0.3062562121

		681		11.8856922061		0.2367628399		-0.1917267674		0.3046568491		-0.3046568491

		684		11.9380520836		0.2451854137		-0.1781376303		0.3030658385		-0.3030658385

		687		11.9904119612		0.2528450334		-0.1641994846		0.3014831366		-0.3014831366

		690		12.0427718388		0.259728553		-0.14995435		0.2999087		-0.2999087

		693		12.0951317163		0.2658251012		-0.1354446542		0.2983424857		-0.2983424857

		696		12.1474915939		0.2711260867		-0.1207131111		0.2967844506		-0.2967844506

		699		12.1998514714		0.2756251989		-0.105802601		0.295234552		-0.295234552

		702		12.252211349		0.2793184012		-0.0907560501		0.2936927474		-0.2936927474

		705		12.3045712266		0.2822039183		-0.075616312		0.2921589947		-0.2921589947

		708		12.3569311041		0.2842822178		-0.0604260507		0.2906332516		-0.2906332516

		711		12.4092909817		0.2855559852		-0.0452276249		0.2891154765		-0.2891154765

		714		12.4616508592		0.2860300939		-0.0300629743		0.2876056276		-0.2876056276

		717		12.5140107368		0.2857115685		-0.0149735088		0.2861036636		-0.2861036636

		720		12.5663706144		0.2846095433		-1.39418466501303E-16		0.2846095433		-0.2846095433

		723		12.6187304919		0.2827352153		0.0148175248		0.2831232258		-0.2831232258

		726		12.6710903695		0.2801017913		0.0294398846		0.2816446703		-0.2816446703

		729		12.723450247		0.2767244314		0.0438288442		0.2801738363		-0.2801738363

		732		12.7758101246		0.2726201862		0.0579472094		0.2787106833		-0.2787106833

		735		12.8281700022		0.2678079306		0.0717589187		0.2772551715		-0.2772551715

		738		12.8805298797		0.2623082925		0.0852291307		0.2758072607		-0.2758072607

		741		12.9328897573		0.2561435781		0.0983243075		0.2743669114		-0.2743669114

		744		12.9852496348		0.2493376927		0.1110122931		0.272934084		-0.272934084

		747		13.0376095124		0.2419160581		0.1232623882		0.2715087393		-0.2715087393

		750		13.08996939		0.2339055272		0.1350454191		0.2700908381		-0.2700908381

		753		13.1423292675		0.2253342948		0.146333802		0.2686803417		-0.2686803417

		756		13.1946891451		0.2162318062		0.1571016031		0.2672772113		-0.2672772113

		759		13.2470490226		0.2066286629		0.167324592		0.2658814085		-0.2658814085

		762		13.2994089002		0.1965565263		0.1769802912		0.264492895		-0.264492895

		765		13.3517687778		0.1860480197		0.1860480197		0.2631116327		-0.2631116327

		768		13.4041286553		0.1751366282		0.1945089311		0.2617375838		-0.2617375838

		771		13.4564885329		0.1638565974		0.2023460463		0.2603707106		-0.2603707106

		774		13.5088484104		0.1522428317		0.2095442811		0.2590109757		-0.2590109757

		777		13.561208288		0.1403307906		0.2160904677		0.2576583417		-0.2576583417

		780		13.6135681656		0.1281563858		0.2219733714		0.2563127715		-0.2563127715

		783		13.6659280431		0.1157558773		0.2271837009		0.2549742283		-0.2549742283

		786		13.7182879207		0.1031657703		0.231714114		0.2536426754		-0.2536426754

		789		13.7706477982		0.0904227116		0.2355592173		0.2523180763		-0.2523180763

		792		13.8230076758		0.0775633875		0.2387155609		0.2510003946		-0.2510003946

		795		13.8753675534		0.0646244224		0.2411816277		0.2496895943		-0.2496895943

		798		13.9277274309		0.0516422783		0.2429578172		0.2483856394		-0.2483856394

		801		13.9800873085		0.0386531564		0.2440464247		0.2470884941		-0.2470884941

		804		14.032447186		0.0256929001		0.2444516151		0.2457981229		-0.2457981229

		807		14.0848070636		0.0127968997		0.2441793918		0.2445144904		-0.2445144904

		810		14.1371669412		5.66122751329697E-16		0.2432375614		0.2432375614		-0.2432375614

		813		14.1895268187		-0.0126635901		0.2416356932		0.241967301		-0.241967301

		816		14.2418866963		-0.0251603852		0.2393850743		0.2407036742		-0.2407036742

		819		14.2942465738		-0.037457708		0.2364986609		0.2394466465		-0.2394466465

		822		14.3466064514		-0.0495237712		0.2329910252		0.2381961833		-0.2381961833

		825		14.398966329		-0.0613277552		0.2288782983		0.2369522505		-0.2369522505

		828		14.4513262065		-0.0728398833		0.2241781097		0.2357148138		-0.2357148138

		831		14.5036860841		-0.0840314927		0.2189095228		0.2344838394		-0.2344838394

		834		14.5560459616		-0.094875102		0.2130929681		0.2332592936		-0.2332592936

		837		14.6084058392		-0.1053444743		0.206750172		0.2320411427		-0.2320411427

		840		14.6607657168		-0.1154146767		0.1999040839		0.2308293533		-0.2308293533

		843		14.7131255943		-0.1250621351		0.1925788002		0.2296238923		-0.2296238923

		846		14.7654854719		-0.1342646855		0.1847994857		0.2284247266		-0.2284247266

		849		14.8178453494		-0.1430016198		0.1765922937		0.2272318232		-0.2272318232

		852		14.870205227		-0.151253728		0.1679842832		0.2260451496		-0.2260451496

		855		14.9225651046		-0.1590033352		0.1590033352		0.2248646731		-0.2248646731

		858		14.9749249821		-0.1662343346		0.1496780672		0.2236903615		-0.2236903615

		861		15.0272848597		-0.1729322154		0.1400377469		0.2225221824		-0.2225221824

		864		15.0796447372		-0.179084086		0.1301122046		0.221360104		-0.221360104

		867		15.1320046148		-0.1846786928		0.1199317454		0.2202040943		-0.2202040943

		870		15.1843644924		-0.1897064341		0.1095270608		0.2190541216		-0.2190541216

		873		15.2367243699		-0.1941593692		0.0989291399		0.2179101544		-0.2179101544

		876		15.2890842475		-0.1980312233		0.0881691812		0.2167721613		-0.2167721613

		879		15.341444125		-0.201317387		0.0772785045		0.2156401112		-0.2156401112

		882		15.3938040026		-0.2040149119		0.0662884632		0.2145139731		-0.2145139731

		885		15.4461638801		-0.2061225014		0.0552303578		0.2133937159		-0.2133937159

		888		15.4985237577		-0.2076404969		0.0441353501		0.2122793091		-0.2122793091

		891		15.5508836353		-0.20857086		0.0330343789		0.211170722		-0.211170722

		894		15.6032435128		-0.2089171503		0.0219580773		0.2100679243		-0.2100679243

		897		15.6556033904		-0.2086844985		0.0109366911		0.2089708858		-0.2089708858

		900		15.7079632679		-0.2078795764		1.27289528893034E-16		0.2078795764		-0.2078795764

		903		15.7603231455		-0.2065105621		-0.01082276		0.206793966		-0.206793966

		906		15.8126830231		-0.2045871022		-0.0215029709		0.2057140251		-0.2057140251

		909		15.8650429006		-0.2021202694		-0.0320127057		0.204639724		-0.204639724

		912		15.9174027782		-0.1991225176		-0.0423247977		0.2035710331		-0.2035710331

		915		15.9697626557		-0.1956076332		-0.0524129073		0.2025079233		-0.2025079233

		918		16.0221225333		-0.1915906828		-0.0622515864		0.2014503654		-0.2014503654

		921		16.0744824109		-0.1870879588		-0.0718163388		0.2003983304		-0.2003983304

		924		16.1268422884		-0.1821169217		-0.0810836776		0.1993517894		-0.1993517894

		927		16.179202166		-0.1766961398		-0.0900311801		0.1983107138		-0.1983107138

		930		16.2315620435		-0.1708452265		-0.0986375375		0.197275075		-0.197275075

		933		16.2839219211		-0.1645847753		-0.1068826028		0.1962448446		-0.1962448446

		936		16.3362817987		-0.1579362931		-0.1147474337		0.1952199944		-0.1952199944

		939		16.3886416762		-0.1509221314		-0.1222143323		0.1942004963		-0.1942004963

		942		16.4410015538		-0.1435654158		-0.129266881		0.1931863223		-0.1931863223

		945		16.4933614313		-0.1358899743		-0.1358899743		0.1921774446		-0.1921774446

		948		16.5457213089		-0.1279202645		-0.1420698467		0.1911738356		-0.1911738356

		951		16.5980811865		-0.1196812997		-0.1477940967		0.1901754677		-0.1901754677

		954		16.650441064		-0.111198574		-0.1530517068		0.1891823136		-0.1891823136

		957		16.7028009416		-0.1024979871		-0.1578330591		0.1881943461		-0.1881943461

		960		16.7551608191		-0.093605769		-0.1621299478		0.1872115381		-0.1872115381

		963		16.8075206967		-0.0845484043		-0.1659355865		0.1862338625		-0.1862338625

		966		16.8598805743		-0.0753525563		-0.1692446124		0.1852612927		-0.1852612927

		969		16.9122404518		-0.0660449919		-0.1720530862		0.1842938019		-0.1842938019

		972		16.9646003294		-0.056652507		-0.1743584881		0.1833313637		-0.1833313637

		975		17.0169602069		-0.047201852		-0.1761597099		0.1823739516		-0.1823739516

		978		17.0693200845		-0.037719659		-0.1774570435		0.1814215394		-0.1814215394

		981		17.1216799621		-0.0282323694		-0.1782521653		0.180474101		-0.180474101

		984		17.1740398396		-0.0187661633		-0.1785481175		0.1795316104		-0.1795316104

		987		17.2263997172		-0.00934689		-0.1783492849		0.1785940418		-0.1785940418

		990		17.2787595947		1.95925153620589E-16		-0.1776613694		0.1776613694		-0.1776613694

		993		17.3311194723		0.0092495203		-0.1764913606		0.1767335678		-0.1767335678

		996		17.3834793499		0.018377213		-0.1748475025		0.1758106114		-0.1758106114

		999		17.4358392274		0.0273592108		-0.1727392584		0.174892475		-0.174892475

		1002		17.488199105		0.0361722958		-0.1701772718		0.1739791333		-0.1739791333

		1005		17.5405589825		0.0447939574		-0.167173325		0.1730705614		-0.1730705614

		1008		17.5929188601		0.0532024468		-0.1637402946		0.1721667343		-0.1721667343

		1011		17.6452787377		0.0613768284		-0.1598921046		0.1712676273		-0.1712676273

		1014		17.6976386152		0.0692970298		-0.1556436774		0.1703732157		-0.1703732157

		1017		17.7499984928		0.0769438875		-0.151010882		0.169483475		-0.169483475

		1020		17.8023583703		0.0842991904		-0.1460104808		0.1685983808		-0.1685983808

		1023		17.8547182479		0.09134572		-0.1406600739		0.1677179089		-0.1677179089

		1026		17.9070781255		0.0980672876		-0.1349780417		0.166842035		-0.166842035

		1029		17.959438003		0.104448768		-0.1289834866		0.1659707352		-0.1659707352

		1032		18.0117978806		0.11047613		-0.1226961725		0.1651039856		-0.1651039856

		1035		18.0641577581		0.1161364639		-0.1161364639		0.1642417624		-0.1642417624

		1038		18.1165176357		0.1214180054		-0.1093252631		0.163384042		-0.163384042

		1041		18.1688775133		0.1263101555		-0.1022839472		0.1625308009		-0.1625308009

		1044		18.2212373908		0.1308034983		-0.0950343044		0.1616820156		-0.1616820156

		1047		18.2735972684		0.1348898142		-0.0875984696		0.160837663		-0.160837663

		1050		18.3259571459		0.13856209		-0.0799988599		0.1599977199		-0.1599977199

		1053		18.3783170235		0.1418145258		-0.07225811		0.1591621632		-0.1591621632

		1056		18.4306769011		0.1446425384		-0.0643990072		0.15833097		-0.15833097

		1059		18.4830367786		0.1470427612		-0.0564444277		0.1575041176		-0.1575041176

		1062		18.5353966562		0.1490130407		-0.0484172719		0.1566815832		-0.1566815832

		1065		18.5877565337		0.1505524297		-0.040340402		0.1558633444		-0.1558633444

		1068		18.6401164113		0.1516611777		-0.0322365785		0.1550493786		-0.1550493786

		1071		18.6924762889		0.1523407174		-0.0241283993		0.1542396636		-0.1542396636

		1074		18.7448361664		0.1525936488		-0.0160382388		0.1534341772		-0.1534341772

		1077		18.797196044		0.1524237193		-0.0079881886		0.1526328974		-0.1526328974

		1080		18.8495559215		0.151835802		-1.11567137334944E-16		0.151835802		-0.151835802
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