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Lecture 3 “Introduction to material processing” is covered in a separate document (power point
slides).

Lecture 4 Basic Plasma Equations

In our first lecture, we dealt with some simple properties of fluids. While plasmas have many of
the qualities of fluids, they also have charged particles which are subject to electromagnetic
forces.

In undergraduate electromagnetism, we learned that the E-M forces were governed by a set of
equations known as Maxwell’s Equations. (Here we also include the equation for charge
conservation.)

VAE=-9JB

VAH=], +dD
Maxwell’s Equations Point Form: VID =P

V3B=0

VSI=-dp |

o

curve

§ Hedi= [[3,, 505+ [[D3as

Enclosing Surface Surface
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Maxwell’s Equations Integral Form: ﬁD >dS = '[ J _[ PredT

Enclosing Volume
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We can readily transfer from the point form of Maxwell’s equations to the integral from using
the Divergence and Stoke’s Theorems.

Divergence Theorem H VeVdr = ﬁV endo
Volume enclosing
surface
Stoke’s Theorem ”(V AV)endo = EEV o dr
surface enclosin g

In addition, we also found Lorentz Force Equation:, F = q(E + v A B), and Ohm’s Law:,
J=o0E.
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To keep things simple, we will at first just focus on plasma-induced fields. Of particular interest
is the first equation in our list of Maxwell’s equations, V A E = —d,B (Faraday’s Law). We
know that we can let B=VAA  where A is know as the magnetic vector potential. Thus,
rewriting Faraday’s law, we find

VAE=-9dVAA
U
VAE+IA)=0
U
E=-Vd-JA

where @ is the scalar potential. Often in laboratory plasmas there is no time varying magnetic
field and hence

JA=0

E=VO

NOTE THAT THIS IS NOT TRUE IN FUSION PLAMSAS NOR IS IT TRUE IN SOME ARC

TYPE PLASMAS! IN BOTH CASES THERE EXISTS A STRONG SELF-INDUCED TIME-
VARYING MAGNETIC FIELDS.

We can now plug our scalar potential back into Gauss’ Law to get

VYE=-VXVo
=-V’'®
P

£
This is known as Poisson’s equation. Assume that all of our charged particles are singly charged
positive ions, lon", and negatively charged electrons, ¢. (Electron-positron, Ion*-Ion’, etc,
plasmas also exist. We are just looking at the most typical.) Then Poisson’s equation becomes
vio=-F
£

e

:E(ne_ni)

where n, is the electron density and n, is the ion density. This tells us that a plasma can induce
an electric field that depends on the local densities of the charge carrier. Because of this, we will
begin to look at the velocity distribution function f(r,v,t)= f(x,y, Z,Vx,vy,vz,t) . The number of

b

particles that are inside a volume of dxdydzdv,dv,dv, is simply

f(x,y, Z,VX,Vy,VZ,t)dxdydzdvxdvydvz. Often the six coordinates are considered to be independent.
Then the rate of change of particles at point is
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of _ofdr ofav ot
dt ordt oJvdt ot

=(Vrf)2v+(va)Za+g—:

F of
=v V. f)+—3JV )+ —
SV, 1)+ v, 1)+ 5
This is the Boltzmann equation. If particles are not sourced/sunk at the point then the total
number does not change and hence

df of
—=0=(V_f)dv+(V. f +—
This is known as the collisionless Boltzmann equation or the Vlasov equation.

The velocity distribution and macroscopic quantities.

In the very first class, we talked about the velocity distribution of a gas, and an assortment of
different velocity distributions. Further, we related the velocity distribution, f(v), to a probability
distribution, p(y). Now, we want to return to the concept.

Expectation value

Let us assume that we can randomly pick a y from a set, having a probability p(y,) of picking y,.
What value would we expect to get — on average — for y? If I were to draw 100 y’s from a
basket, we would expect p(y,)*100 to be y,. Assume that I can also pick y,, y,, and y;. Then the
average of my 100 picks would be

)= (YoP(¥o) + YiP(¥,) + Yo P(¥:) + Ys P(Y; )
(P(¥o) + P(%1) + P(y:) + P(%:))

2 Yip(%)
- Xel)

If I were to have a continuous set of y’s then the equation becomes

[ wply)ay
[ pl(y)dy
as we have already used. (Often we normalize the probability such that I p(y)dy=1.) This

averaging is important as when we make a measurement, we are typically making a series of
measurements — even if we don’t know it — and our result is the average of our series of
measurements.

f(r,v,t) is our velocity and density distribution function and it is in a very real sense a probability
distribution — with 6 dimensions (r,v) and one free parameter (t)! (Because of this definition, r
and v are truly independent quantities — v does not depend on the location only f. Thus, if we
where to desire to know the average velocity then we look at

~ Jvf (r,v,t)dv
- Jf(r,v,t)dv '
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Likewise the average of the v* is simply
2
v f(r,v,t)dv
Al
J f(r,v,t)dv
We can do this for all sorts of averages

Irof(r,v,t)dr Jrlf(r,v,t)dr Jrzf(r,v,t)dr
Jf(r,v,t)dr ' If(r,v,t)dr ' Jf(r,v,t)dr o

Ivof(r,v,t)dv Jvlf(r,v,t)dv Jvzf(r,v,t)dv
Jf(r,v,t)dv ’ If(r,v,t)dv ' If(r,v,t)dv T

However, we are not interested in most of them. In fact we typically only look at

n(r,t) = J-Vof(I',V,t)dV density
[(r,t)=n{v)= Jv' f(r,v,t)dv particle flux
Ega = 3mn(v 2>:§m_[v2f(r,v,t)dv total kinetic energy

E angon = 3 P = 31KT = 1 (v — (v))’)

=1 mf v—(v))" f(r,v,t)dv
Ed|rected Elotal Erandom = %mn<V>2 dlreCted kl netiC enefgy

random kinetic energy/ pressure (P)

(These are known as the zeroth, first, and second moments of the distribution function.)
Why are we bringing this up again? Well we can do the same thing to Boltzmann’s Equation.

Zeroth moment of the Boltzmann Equation — The Equation of Continuity (Particle conservation
df )
j(d )dv Gain— Loss= f|czj(v2(Vrf) =3V, f)+—)dv
= J(vY(v.) dv+j( SV, 1) ) j(a—f)dv
ot

-|v zj(vf)dv+j(£z(v f))dw(i)j fdv

' m— " ot

an

=|V V., f

i+ (v o )

Now what happens to the central term on the right hand side? First let us assume that force, F, is
independent of the velocity. (Strictly speaking, this is not true as F =&(v AB).) Then the
integral becomes
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| (% E(va))dv - %zj (v, ))av

F, - F '

=—(f)) =—(0-0)=0

()= —(0-0)

The distribution goes to zero for physical reasons — we don’t want an infinite density. If the

force is dependent on velocity, it is typically just to first order as in the magnetic force. Then

f(%ﬁ(vvf))dv = %J((v AB)3V, f)dv

To solve this, we must deal with some vector identities. First,

AA(BAC)=B(A3C)-C(A3B) and
AYBAC)=(AAB)3C=—(BAA)3C....

Thus,

(vAB)XV f=(vAB)XV [f]
=V, [f]JvAB)
L (7.[f]av) 5

=(V, A[fV])3B-(fV, A[v])ZB
=V, J[fv]AB)- fV, v AB)
First we will look at the second term on the right.
V,SvAB)=0, (VB -V,B)+d, (VB -V,B)+d,(V,B ~-V,B,)

=0

Now we can go back to the integral and we find

J(%E(va))dv = _—qj((VAB)zVVf)dv
J [ v] /\B)

_q § fv /\B

surface

=0
Here fv goes to zero on the surface for physical reasons — we don’t want an infinite energy so f
must go to zero faster than v.

This leaves the continuity equation

fl=(v. v+ 1)

First moment of the Boltzmann equation — Momentum Conservation
Now we multiple Boltzmann’s equation

VIV, 1)+ DAY, )+ 5
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by mv and integrate over velocity to get

m_[ ( )dv AMomentum = mJ' ( AV, f)+ E(V f)+g—f)dv

_ n{ [V(v(V, ))av+ | v(% SV, f ))dv v J‘v(§)dv)

First we will look at the third part of the right-hand side

of d v
| (at)dv—at_jv(f)dv jat(f)dv
:%:Jv(f)dv:—ja(f)dv
=§:Iv(f)dv:
== [ntv)]

Now for the second term

¥ _a - -
fv(mZ(va))dv_ mjv[(E+VAB)§(VVf)]dv using the chain rule

=%JVV S [WE+vaB)|dv

This operat
on thep force Notice that this

notation is correct
—Thls is a tensor(matrix)

_[va S(E+vAB)dv—— f [f(E+vAB)|3V vdv
=0 from before

q
=— fv(E+vAB)d
mff v(E+v A B)dv

surface

=0 from before I=identity tensor

—EJ. fvVv, Z[(E+V/\B)]dV—%I[f(E‘i‘VAB)]E w dv

=~ ([f(E+vAB)]3Mdv
m

- q
= f(E B)
- [f(E+vAB)]dv

= —%H(E+<V>AB)

Finally, we can deal with the first term...

(HOLD ON THIS GETS EASIER!)
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Iv(v MV, f))dv=V, Ej fyvdv
=V, Jn(vv))

What precisely is this last term? Well let us consider what v is...
V= Viirected TV
Thus

Vr Z[n<VV>] = Vr Z[n<(vdir + Vrnd )(Vdir + Vrnd )>]
= Vr jn«vdirvdir + Vdirvrnd + VrndVdir + VrndVrnd )>] bUt

<Vdir> =Vg, SO

random

= Vr 2(nvdirvdir) + Vr 2nvdir <Vrnd> + Vr jn<vmdvrnd>)

S—
=0 — it is
random!

The last term we have dealt with before. We know for a Maxwellian that
, P
=1m(v’)=3KT = _ﬁ but for our calculations

V= Vrnd
Thus we find

P = mn<vrndvrnd >

(Notice that P is a tensor — as might make sense — Pressure is direction dependent)

Now going back to our momentum conservation equation we find

AMomentum = AM], = n{ [V(v(V, ))dv+ | V(rEn SV, f ))dv " Jv(%)dv)
n{ CAn(vY(v))+V Z%+—%n(E+< )AB)+ a[ n(v >])

ot

( V. An(v))+mn(v) 3V ((v)) + mV, 3P - gn(E + (v) AB) + m%[n(vﬂ)

using the continuity equation

fl=(v. v+ 57

and rearranging...
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AM| = m{v)V_Jn(v))+ mn(v) 3V, ((v))+ V_ 3P —an(E +(v) AB) + m%[n(vﬂ)
) m<v>(f ] 3?)+ (V) 3V, ((v)) + V, SP
—gn(E+(v)AB)+ mn%[(vﬂ + m<v>%
J
mn(a§t> (V)2V, <V>) = AM|, - mv)f|_ -V .3P+agn(E+(v)AB)

momentum - momentum change
lost via via particle gain/loss
collisions

This is slightly different then Lieberman but it is correct.
This is also known as the fluid equation of motion

Energy Conservation (Heat flow equation)
Now we multiply Boltzmann’s equation

—:vz(Vrf)+%§(va)+g—f

by 4 mv’ and integrate over velocity to get
tmfv ( )dv AEnergy = rrU vV, f)dv+ [v ( z(vvf))dwjvz(i;_‘;)dv).

This is trivial and is left to the reader (yeah right!)

Rather than go through this derivation, we will accept Lieberman’s formula. (We don’t have
time to do this in class now anyway and the first two formula are more important.)

SIDE NOTE ON VECTORS
We know that in matrix notation the inner product is
A (B
AXB=(A (3B,
A ) \B,
. (8
=(A A A)B
BZ
=AB,+AB +AB,

What we have above is the form
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— u . .

A ) B, multiply squential
AB=| A | B, row elements of A with
A \ B column elements of B

4

AB. AB. AB
=|AB AB AB
AB, AB AB

Equilibrium Properties
Boltzmann’s Relation
Boltzmann’s relation makes use of the momentum conservation equation

mn(% +(v) ZVr<v>) =AM|, - m(v)f|_ -V, SP+an(E+(v) AB).

Under many conditions, most of these terms are small, particularly for the electron. This is
particularly true for the electrons. If we assume that the electron is massless, m, = 0, then our
equation reduces to

0=-V,3P+gn(E+(v)AB).

If we further assume that the electron is either traveling along the B field or that B=0 then

V.>P=0nE
but
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P 0 0
V.SP=V3 0 B 0
0 0 P
0,P, +90,P,+9,P, =0, 3P =0,(nkT,)
=KT.0,(n)
=gnE = gn(-V®)
U
2.0=X15 m)
en
U
D= KT, In(n)+ const
e ET)
U

ed
n=n, exp(ﬁ]

Boltzmann Relation
n=n,ex ol
PlkT,

Debye Length
We can now calculate the Debye length — an effective length over which a plasma will shield an

electric field. (The length is the 1/e distance for reducing a potential.)
First, we have Poisson’s equation

Vip=_P
E

:S(ne_ni)

We make the further assumption that the density of the electrons in absence of the potential is the
same as the ion density. (We make this assumption because if either the electrons or the ions
were to leave an area, a significant electric field would be setup to try to pull them back
together.) Thus,

n="n

Plugging this and the Boltzmann relation into Poisson’s equation gives

V@ = ﬂ(exp(@) - 1)
£ KT

Now, using the Taylor series expansion of the exponential, which we assume is approximately 1,
gives
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ro-tle @)

_end
ekT
Solving the differential equation leaves

=P, exp(ij where

Debye

1
en, ) 2
lDebye = (Flk_T)
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