
CS6371 ALP HW2 2008 Spring Solution 1 

Problem 1. Simplify the following λ-expression. 

 
a. (  ( (  (λx. λy. λz. xz (yz) ) (λx. λy. x) )   (λx. λy. x)   )  ( λx. λy. x)   ) 
      =K1  =K2  =K3 
 
=> ( ( ( (λx. λy. λz. xz (yz) ) K1 )  K2   )  K3   ) 
=> ( ( ( ( λx. λy. λz. xz(yz) ) K1  )   K2   ) K3  )  
=> ( ( ( ( λx. λy1. λz. x z (y z) ) K1   )  K2 ) K3 ) 
=> ( ( ( [K1  / x ]  λy. λz. x z (y z)    )   K2 ) K3 ) 
=> ( ( ( λy. λz. K1 z (y z)  )  K2)   K3) 
=>  (    (   λy. λz. K1 z (y z)  )  K2)  K3  ) 
=>  (    [  K2   / y ]  λz. K1 z (y z) )  K3 ) 
=>  (     λz. K1 z (K2  z) K3) 
=>  (     λz. K1 z (K2 z)  K3 ) 
=>  (     [K3/ z] K1 z (K2 z)   ) 
=>  (     K1 K3 (K2 K3)  ) 
=>  (    (λx. λy. x)  K3 (K2 K3) )  
=>  K3 
=> (λx. λy. x)  
 
 
b. (λx.(xy)) (λz.z) 
 
=> ( λx.(x y) )( λz.z ) 
=> [ (λz.z)  / x] (x y)  
=> ((λz.z)  y) 
=> [z/y] z 
=> y 
 
 
 
c. (  (λf.(   (λg.((f f)g)) (λh.(k h))  )  )   ( λx.( λy.y))  ) 
 
=> (  [( λx.( λy.y)) /f] (   (λg.((f f)g)) ( λh.(k h))   )   ) 
=> (  (λg.(((λx.( λy.y)) ( λx.( λy.y)) )  g)) ( λh.(k h))   )  
=> ( [( λh.(k h))   / λg ] (((λx.( λy.y)) ( λx.( λy.y))  )  g))   )  
=> (   (  (λx.( λy.y)) (λx.( λy.y))  )  ( λh.(k h))   )  
=> (   (  (λx1.( λy1.y1)) (λx.( λy.y))  )  ( λh.(k h))   )  
=> (   ( [ (λx.( λy.y)) /x1] ( λy1.y1))   ( λh.(k h))   )  
=> (   ( λy1.y1) ( λh.(k h)) )  
=> (  [( λh.(k h))/y1] y1) )  
=> ( λh.(k h))  
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d. (λg.(( λf.(( λx.(f(x x)))( λx.(f (x x)))))g)) 
 
=> ( λg.(   (   λf.(  (λx.(f(x x))) (λx.(f (x x)))   )   )   g) ) 
=> ( λg.(   (   λf.(  (λx.(f(x x))) (λx.(f (x x)))   )   )   g) ) 
 
 
 
=> ( λg.(   [g/f] λf.(  (λx.(g (x x))) (λx.(g (x x)))   )   )   ) 
=> ( λg.(  (λx.(g (x x))) (λx.(g (x x)))   )   ) 
=> ( λg.(  [(λx.(g (x x))) /x] g(x x)  )  ) 
=> ( λg.(  g(   (λx.(g (x x)))   (λx.(g (x x)))   )  )  ) 
 
=> ( λg.(  g(   (λx1.(g (x1 x1)))   (λx.(g (x x)))      )  )  ) 
=> ( λg.(  g(   [  (λx.(g (x x)))   / x1] (g (x1 x1)))   )  ) 
=> ( λg.(  g(   (g (  (λx.(g (x x))) (λx.(g (x x))) ))  )   )  ) 
=> ( λg.(  g(   (g (  (λx2.(g (x2 x2))) (λx.(g (x x))) ))  )  )  ) 
=> ( λg.(  g(   (g (  [(λx.(g (x x))) / x2] λx2.(g (x2 x2)) ))   )  ) 
=> ( λg.(  g((g((g((λx.(g (x x))) (λx.(g (x x)))  ) ))   )) 
and so on, not terminating. 
 
 
e. If S=((( λx. λy. λz. xy(yz)) 
 K=( λx. λy.x)) 
 I=(λx.x)) 
 
 Since  (A) SKK=I, (B) SKKK=K 
 

(a) I(SKK)(SKKK)=I (I) K = I K = K 
(b) (SKK)IK=I I K = K  

 
SKK=(     (    ( λx. λy. λz. xy(yz) ) ( λx. λy. x)    )     ( λx. λy. x)    ) 
      =>(     (    ( λx. λy. λz. xy(yz) ) ( λx1. λy1.x1)    )     ( λx. λy.x)    ) 
      =>(     (    [( λx1. λy1.x1) /  x]( λx. λy. λz. xy(yz) )   )     ( λx. λy.x)    ) 

=>(     ( λy. λz. ( λx1. λy1.x1) y(yz) )  ( λx. λy.x) ) 
=>(     [( λx2. λy2.x2)  / y] λz. ( λx. λy1.x) y(yz)    ) 
=>(     λz. ( λx. λy1.x) ( λx2. λy2.x2)  (( λx2. λy2.x2)  z) )    ) 
=>(     λz. ( λx. λy1.x) ( λx2. λy2.x2)  ([z\x2] λy2.x2)    ) 
=>      (λz. ( λx. λy1.x) ( λx2. λy2.x2) (λy2.z )  ) 
=>      (λz. [( λx2. λy2.x2) /  x] λy1.x ) 
=>      (λz.  λy1. ( λx2. λy2.x2) ) 
=>      ( λx. λy1.x) (λx2. λy2.x2)  ) 
=>      (λx2. λy2.x2)  ) 
=>      ( λx. x) ) 
 

SKKK=(     ( ( λx. λy. λz. xy(yz) ) ( λx. λy.x) )     ( λx. λy.x) )   ( λx. λy.x) )    
SKKK=(SKK)K=IK=K 


