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Abstract—We consider simultaneously approximating all the columns of a data matrix in terms of few selected columns of another

matrix that is sometimes called “the dictionary”. The challenge is to determine a small subset of the dictionary columns that can be used

to obtain an accurate prediction of the entire data matrix. Previously proposed greedy algorithms for this task compare each data

column with all dictionary columns, resulting in algorithms that may be too slow when both the data matrix and the dictionary matrix are

large. A recent approach for accelerating the run time requires large amounts of memory to keep temporary values during the run of the

algorithm. We propose two new algorithms that can be used even when both the data matrix and the dictionary matrix are large. The

first algorithm is exact, with output identical to some previously proposed greedy algorithms. It takes significantly less memory when

compared to the current state-of-the-art, and runs much faster when the dictionary matrix is sparse. The second algorithm uses a low

rank approximation to the data matrix to further improve the run time. The algorithms use new recursive formulas for computing the

greedy selection criterion. The formulas enable decoupling most of the computations related to the data matrix from the computations

related to the dictionary matrix.

Ç

1 INTRODUCTION

REPRESENTING large amounts of data in terms of a small
number of atoms taken from a given dictionary is com-

putationally challenging. Greedy algorithms that solve this
problem are routinely applied in areas such as signal proc-
essing and machine learning (e.g., [1], [2], [3], [4], [5]), where
the amount of data and the size of the dictionary are man-
ageable. But applying previously proposed algorithms
to large databases may be impractical. For example, in
Section 7 we discuss a commonly available large and sparse
dataset. Selecting a hundred columns from it using the stan-
dard naive approach may take hundreds of thousands of
years, while an algorithm presented here takes less than 4
minutes to complete the same task.

While there are many studies that analyze the accuracy of
the greedy scheme (e.g., [6], [7], [8], [9], [10], [11]) there is a
relatively small amount of published work aimed at reduc-
ing the run time. We are aware of the studies in [8], [12]. The
study in [12] addresses the number of passes over the dictio-
nary, but considers only the case where the data matrix has a
single column. As discussed in Section 2, the algorithm
established in [8] by Civril and Magdon-Ismail, that we call
“The CM Algorithm”, produces a significant improvement
in run time over the naive algorithms, at the cost of increased
memory requirements for keeping intermediate values. As
discussed in Section 7 the CMalgorithmmay require 240 gig-
abytes of memory for selecting a hundred columns from one

of the datasets we experimented with. By contrast, an
algorithm presented here uses only 150megabytes.

We propose two new greedy algorithms. They require
significantly less memory than previously proposed algo-
rithms, retaining in temporary memory only two values for
each column of the dictionary. This compares favorably
with previous algorithms that typically require partial
orthogonalization of the dictionary matrix. When the dictio-
nary matrix is sparse, the partial orthogonalization is non-
sparse, so that a non-sparse copy of the partially orthogonal-
ized dictionary may have to be kept in temporary memory.

The first algorithm that we propose is exact, producing
the same output as other greedy algorithms. The second
algorithm uses a low rank approximation of the data matrix
to further improve the run time. The output of the second
algorithm is no longer identical to exact greedy algorithms,
but the run time is much faster and our experiments show
that the results are very similar to the results produced by
exact greedy algorithms.

The proposed algorithms make use of the (surprising)
observation that the computations related to the data matrix
can “almost” be decoupled from the computations related
to the dictionary matrix. Specifically, we derive recursive
formulas that show how to determine the selection of the
j+1th atom from the dictionary using computations that
were already performed when the jth atom was selected.
Since what remains to be calculated is independent of the
data matrix, the computations involving the data matrix are
decoupled from the computations involving the dictionary.
Using these recursive formulas, which to the best of our
knowledge are new, the only computations that involve
both the dictionary and the data matrix are those performed
while selecting the first atom.

The first algorithm that we propose, the Improved Simul-
taneous Orthogonal Least Squares (ISOLS)-exact, computes
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the values necessary to select the first atom, and then applies
the recursive formulas to select the additional atoms. When
applied to dense dictionaries it has the same asymptotic com-
plexity as the CM, but it uses significantly less memory. It
also runs faster than the CMwhen the dictionaries are sparse.

The second algorithm that we propose, the ISOLS-low-
rank, improves over the first algorithm by replacing the
data matrix with a low rank approximation. Recent studies
(e.g., [13], [14], [15], [16]) have shown that low rank approxi-
mations can be computed very rapidly with randomized
algorithms, so that the run time of the proposed algorithm
is typically not affected by the complexity of computing the
low rank approximation.

1.1 Problem Statement and Related Work

Let Y be a datamatrix ofm rows andN columns. Its columns
are y1; . . . ; yN , where a column yi is anm dimensional vector.
Similarly, letX be a “dictionary” matrix ofm rows and n col-
umns. Its columns, also called “atoms”, are x1; . . . ; xn, where
a column xi is anm dimensional vector. Consider an approx-
imation of thematrix Y in terms of thematrixX:

Y � X �A: (1)

The matrix A is n�N , and can be easily computed using
standard least squares techniques. The approximation in (1)

is called a sparse approximation if all but a small number of A
rows are zero. (See, e.g., [6], [7], [8], [9], [12], [17], [18], [19].)

Suppose k � n is the number of nonzero rows in A, then the
approximation in (1) can be written as

Y � SA: (2)

Here S ¼ ðxs1 ; . . . ; xskÞ is the m� k selection matrix created
from the k columns of X corresponding to the k nonzero

rows of �A, and A is k�N , created from the k nonzero rows

of �A. Observe that neither A nor S are sparse in (2). The
quality of the selected columns in S is determined by the
following error:

E ¼ min
A
kY � SAk2F (3)

where the matrix norm is the Frobenius norm. We are inter-
ested in the case where n (the dictionary size) is big and k
(the selection size) is small, as illustrated in Fig. 1. This
approximation and closely related variants have attracted a

lot of attention. Optimal solutions, as well as approximations
within a constant are known to beNP-hard even for theN ¼ 1
case [20], [21]. There are two common approaches for comput-
ing an approximate solution. The first approach recasts the
approximation as an l1 or l0 convex optimization (e.g. [17],
[18]). The second approach is greedy, selecting the k columns
fromX one after the other (e.g. [6], [7], [8], [10], [11], [20], [22],
[23]). There is ample evidence (e.g. [12]) that the l1 algorithms
run much slower than the greedy approach. In this paper we
consider only the greedy approach.

Referring to the matrixX as a dictionary is common in the
signal processing literature where in the heavily analyzed
case ofN ¼ 1 thematrix Y is called “the signal”. Applications
include wavelet decomposition (e.g. [1], [24]), image process-
ing (e.g. [25]), and video coding (e.g. [26]). The case N ¼ 1 is
also common in machine learning and related studies, where
it is known as feature selection in linear regression (e.g. [2],
[3], [5], [27]). Detailed analysis appears, for example, in [28].
Applications to finance are described in [29]. Another heavily
researched special case hasX ¼ Y , taking the dictionary to be
the same as the data matrix. Here the challenge is to approxi-
mate the data matrix Y by a small subset of its columns. This
is sometimes called “unsupervised feature selection” in
machine learning (e.g. [2], [30]) and “column subset selection”
in computational linear algebra (e.g. [31]). The most impor-
tant application in numerical linear algebra is the computa-
tion of a stable QR factorization, which can be achieved by
computing the orthogonal matrix Q only from the selected
column subset [31]. Using this framework for unsupervised
feature selection was shown to be useful in areas such as text
classification [32] and the analysis ofmicroarray data [33].

1.2 Paper Organization

Thepaper is organized as follows. Section 2 reviewspreviously
proposed greedy algorithms for the sparse matrix approxima-
tion. Their run time and memory requirements are summa-
rized in a table shown in Fig. 3. Our main result is based on
recursive formulas, derived in Section 3, for solving the SOLS
variant. The improved algorithms are presented in Sections 4
and 5. Experimental results are discussed in Section 6.

2 GREEDY ALGORITHMS

In this section we describe the main variants of previously
proposed greedy algorithms for computing a sparse approx-
imation in terms of dictionary atoms. Algorithm GREEDY in
Fig. 2 is the basic greedy approach for selecting a subset of k
columns from the matrix X to estimate the matrix Y . It
includes as special cases all the algorithms discussed in this
paper. For clarity, our presentation of Algorithm GREEDY

Fig. 1. The relevant complexity parameters. The data matrix Y ism�N,
the dictionary matrix X is m� n, and the selection matrix S is m� k.
The matrix X has z nonzero elements. The matrix Y is sometimes
approximated by a rank-dmatrix.

Fig. 2. Algorithm GREEDY. The greedy framework of algorithms dis-
cussed in the paper.
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ignores some steps that do not have a significant impact on
the run time, such as restricting the selection in 1.2 only to
previously unselected vectors.

The algorithm run time is typically dominated by
Step 1.1, which computes fðxÞ (the selection criterion) kn
times. In estimating the required amount of memory we
assume that the storage of the input matrices X and Y is
“free”, but that this storage cannot be reused. This assump-
tion is justified in situations where the matrices are sparse,
or when they are stored in a secondary memory that cannot
be (cheaply) overwritten.

2.1 Orthogonal Projections

The following definitions and notation are useful in describ-
ing the various algorithms. We write Orthogonalðx;GÞ for
the error (vector) of estimating the vector x in the column
space of the matrix G. It is defined as follows:

Orthogonalðx;GÞ ¼ x�Ga

where a minimizes jx�Gaj2:

The vector Ga is the best l2 approximation of the vector x in
the column space of G. A common technique for computing
orthogonal projections (see [31]) is to compute a matrix Q
with columns that form an orthonormal basis to the column
space of G. This can be done, for example, by the QR factori-
zation of G. Given such Qwe have:

Orthogonalðx;GÞ ¼ Orthogonalðx;QÞ ¼ x�QQTx

¼ x�
X

qjq
T
j x;

where the summation is over all the columns of Q. In partic-
ular we have the following recursion:

Orthogonalðx;QjÞ ¼ Orthogonalðx;Qj�1Þ � qjq
T
j x;

where Qj ¼ ðQj�1; qj Þ. We write Orthonormalðx;GÞ for the
direction of Orthogonalðx;GÞ. It is defined as follows:

Orthonormalðx;GÞ ¼ r

jrj ; r ¼ Orthogonalðx;GÞ:

2.2 The Matching Pursuit (MP) Algorithm

The Matching Pursuit algorithm was proposed in [22]. It is
applied with N ¼ 1, where the data matrix Y consists of a
single vector y. A pseudo-code is shown below, where steps
0, 1.1, and 1.3 are different from Algorithm GREEDY.

Input:X; Y; k. Output: S.
0.NormalizeX: xi  xi=jxij. Set r0 ¼ y.
1. Run iteration j ¼ 1; . . . ; k:

1.1 for i ¼ 1; . . . ; n : fðxiÞ ¼ jrTj�1xij.
1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 a ¼ xT

sj
rj�1, rj ¼ rj�1 � axsj .

Observe that the value of fðxiÞ is inversely related to
the angle between xi and the residual rj�1. Thus, the
selection of xsj in Step 1.2 is the dictionary column “most

similar” to (having the smallest angle with) the residual
vector rj�1. Step 1.3 updates the residual by removing
the projection on the selected vector xsj from the current

residual vector.
Using all coordinates of xi for computing the dot prod-

uct in 1.1 gives OðkmnÞ run time. When X is sparsely rep-
resented by z nonzero values the dot products can be
computed more efficiently and the run time reduces to
OðkzÞ. Since only the vectors y; rj; xj need to be kept in
memory the amount of memory needed by the MP algo-
rithm is OðmÞ.

2.3 The Orthogonal Matching Pursuit (OMP)
Algorithm

The OMP is only slightly more expensive than the MP but it
is expected to select a better set of dictionary columns. For
theoretical analysis see, e.g., [6], [10], [11].

The OMP is applied with N ¼ 1, so that the data
matrix Y consists of a single vector y. It uses the same
selection criterion as the MP, but calculates the residual
vector as the orthogonal projection error. As discussed
in Section 2.1 this can be done efficiently by maintaining
an orthogonal matrix Q whose columns form an ortho-
normal basis to the selected vectors. With this implemen-
tation the changes to Algorithm GREEDY are in steps 0,
1.1, and 1.3.

Input:X; Y; k. Output: S.
0.NormalizeX: xi  xi=jxij. Set r0 ¼ y.
1. Run iteration j ¼ 1; . . . ; k:

1.1 for i ¼ 1; . . . ; n : fðxiÞ ¼ jrTj�1xij.
1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 qj ¼ Orthonormalðxsj ; Qj�1Þ

Qj ¼ ðQj�1; qj Þ
a ¼ qTj rj�1, rj ¼ rj�1 � aqj

Fig. 3. Comparison of various algorithms. The SOLS, CM, and ISOLS-exact produce identical output. TLRðY Þ is the cost of computing a low rank
approximation for Y .
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The calculations in Step 1.1 dominate the run time of the
algorithm so that it is essentially the same as the run time of
the MP, namely OðkmnÞ. The OMP requires more memory
to keep and maintain the m� k matrix Q, leading to OðkmÞ
memory requirement.

2.4 The Orthogonal Least Squares (OLS) Algorithm

The OLS algorithm is only slightly more expensive than
the OMP but it is expected to select a better set of dictio-
nary columns. As the MP and the OMP it is implemented
for N ¼ 1 so that the data matrix Y consists of a single
vector y. We use the name OLS following [10], [34]. The
algorithm has sometimes been called OMP (e.g. [35]),
OOMP (e.g. [23]), and Forward Selection (e.g. [3]) among
others. See [34] for additional details about the naming of
the algorithm. For a theoretical analysis of the OLS see,
e.g. [10], [20]. For applications to feature selection see, e.g.
[2], [3]. For applications related to signal processing see,
e.g. [4]. For applications related to computer vision see,
e.g. [36]. For applications related to numerical linear alge-
bra see, e.g. [20].

The main idea behind the OLS is to select at each itera-
tion the vector that reduces the prediction error the most.
Let e be the squared error of predicting y from the selection
S, and let Q be an orthonormal basis for the column space
of S. We have

e ¼ min
a
jy� Saj2 ¼ j Orthogonal ðy; SÞj2

¼ jy�QQTyj2 ¼ jyj2 � jQTyj2:

This shows that minimizing e can be achieved by finding Q

that maximizes jQTyj. The greedy search can be simplified
by noticing the following recursion. Let Qj denote the sub-
matrix with the first j columns of Q. Then

��QT
j y
��2 ¼ ��QT

j�1y
��2 þ ��qTj y��2;

where qj is the last column of Qj. This shows that the best
greedy selection of xsj is the vector xsj satisfying the follow-

ing criterion:

xsj ¼ argmax
xi
jqTi yj; qi ¼ Orthonormal ðxi;Qj�1Þ: (4)

When qi is orthogonal to Qj�1 we have: qTi y ¼ qTi rj�1, where
rj�1 ¼ Orthogonalðy;Qj�1Þ. Therefore the local optimality
criterion (4) can also be expressed as

xsj ¼ argmax
xi
jqTi rj�1j

qi ¼ Orthonormalðxi;Qj�1Þ
rj�1 ¼ Orthogonalðy;Qj�1Þ:

(5)

Using either (4) or (5) requires partial orthogonalization of
the entire matrix X. It is common to use the recursion speci-
fied in Section 2.1 and replace the vector xi with its partial
orthogonalization. A typical implementation of the OLS
using the local optimality criterion (5) (e.g. [20]) can be
achieved as shown below, with changes only to steps 0, 1.1,
and 1.3 of the GREEDY algorithm:

Input:X; Y; k. Output: S:
0. Set r0 ¼ y.
1. Run iteration j ¼ 1; . . . ; k:

1.1 for i ¼ 1; . . . ; n :
xi  xi � qjq

T
j xi, fðxiÞ ¼ jrTj�1xij=jxij.

1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 qj ¼ Orthonormalðxsj ; Qj�1Þ

Qj ¼ ðQj�1; qj Þ
a ¼ qTj rj�1, rj ¼ rj�1 � aqj

The algorithm run time is dominated by Step 1.1 that
takes about twice the time of the corresponding Step 1.1 of
the OMP. What makes the OLS significantly more costly
is the fact that the vectors xi in Step 1.1 are not the original
dictionary columns, since they have been partially orthogo-
nalized with respect to the previously selected vectors. The
partial orthogonalization results in loss of sparsity, and the
need for additional memory to store the partially orthogo-
nalized dictionary. This requires additional mn memory,
with no run time savings for sparse dictionaries.

2.5 The Simultaneous Orthogonal Matching
Pursuit (SOMP) Algorithm

The SOMP is a direct generalization of the OMP for han-
dling a data matrix of N columns [7]. Changing steps 0, 1.1,
1.3 of the GREEDY algorithm we get:

Input:X; Y; k. Output: S.
0.NormalizeX: xi  xi=jxij. Set R0 ¼ Y .
1. Run iteration j ¼ 1; . . . ; k:

1.1 Let rj;1; . . . ; rj;N be Rj columns. for i ¼ 1; . . . ;

n : fðxiÞ ¼
PN

t¼1 jrTj�1;txij.
1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 qj ¼ Orthonormalðxsj ; Qj�1Þ

Qj ¼ ðQj�1; qj Þ
for t ¼ 1; . . . ; N :
Rj ¼ Rj�1 � qjq

T
j Rj�1

As in the previous cases the calculations in Step 1.1 domi-
nate the run time. They require knN dot products of m-vec-
tors that take OðkmnNÞ. This can be reduced to OðkzNÞ
when the dictionary is sparse. The amount of memory used
by the algorithm to keep the matrices Q and R is kmþmN .

2.6 The Simultaneous Orthogonal Least Squares
(SOLS) Algorithm

The SOLS is a direct generalization of the OLS for handling
a data matrix of N columns. The algorithm is analyzed in
[8], [9], [19].

As in the case of the OLS, the column selected from the
dictionary is the one that reduces the prediction error the
most. The following discussion mirrors the discussion in
Section 2.4. Let ei be the squared error of predicting yi from
the selection S, and let Q be an orthonormal basis for the
column space of S. The global error E is defined by:

E ¼PN
i¼1 ei. From the derivation in Section 2.4 we have:

ei ¼ jyij2 � jQTyij2
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so that E ¼Pi jyij2 �
P

i jQTyij2. Therefore the minimum of

E can be achieved by maximizing
PN

i¼1 jQTyij2. Let Qj be
the submatrix of the first j columns in Q, and let qj be the

last column of Qj, so that Qj ¼ ðQj�1; qj Þ. We have:

2
XN
i¼1

��QT
j yi
��2 ¼Xj

t¼1
qTt

X
i

yiy
T
i

 !
qt

¼
Xj
t¼1

qTt YY
T qt ¼

Xj
t¼1
jY Tqjj2

¼ kY TQjk2F ¼ kY TQj�1k2F þ jY Tqjj2;

where the matrix norms are the Frobenius norms. This
shows that the best greedy selection of xsj is the vector xsj

satisfying the following local optimality criterion:

xsj ¼ argmax
xi
jY Tqij; qi ¼ Orthonormalðxi;Qj�1Þ: (6)

Since qi is orthogonal to Qj�1 we have: Y T qi ¼ RT
j�1qi where

Rj�1 ¼ Y �Qj�1QT
j�1Y . Therefore the local optimality crite-

rion (6) can also be expressed as

xsj ¼ argmax
xi
jRT

j�1qij
qi ¼ Orthonormalðxi;Qj�1Þ
Rj�1 ¼ Y �Qj�1QT

j�1Y:
(7)

The implementation of the SOLS using the local optimality
criterion (7) can be achieved with changes to steps 0, 1.1, 1.3
of Algorithm GREEDY:

Input: X;Y; k. Output: S.
0. Set R0 ¼ Y .
1. Run iteration j ¼ 1; . . . ; k:
1.1 for i ¼ 1; . . . ; n :

xi  xi � qjq
T
j xi, fðxiÞ ¼ jRT

j�1xij=jxij.
1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 qj ¼ Orthonormalðxsj ; Qj�1Þ

Qj ¼ ðQj�1; qj Þ
Rj ¼ Rj�1 � qjq

T
j Rj�1

As in previous cases the calculations in Step 1.1 dominate the
run time. This step is visited kn times, and the matrix-vector
product costs OðmNÞ. Therefore the run time is OðkmnNÞ. It
cannot be reduced when the dictionary X is sparse since the
partial orthogonalization ofX destroys its sparsity.

2.7 The CM Algorithm

Civril and Magdon-Ismail describe in [8] a fast imple-
mentation of the SOLS algorithm that we call The CM
Algorithm. Their motivation was column subset selection,
which they achieve as follows. Suppose the goal is to
select k columns from a matrix A. Set the dictionary
matrix X to be the same as A, and construct the data
matrix Y consisting of the k dominant singular vectors
of A, scaled by their singular values. It is shown in [8]
that with this setting the SOLS output gives a good col-
umn subset selection. To obtain a fast algorithm the
authors establish the CM, an optimized SOLS algorithm,
as shown below

Input:X; Y; k. Output: S.
0.NormalizeX: xi  xi=jxij for all i.
For each x; y compute D0ðx; yÞ ¼ yTx.

1. Run iteration j ¼ 1; . . . ; k:
1.1 fðxiÞ ¼

P
y D

2
j�1ðxi; yÞ for all unselected xi.

1.2 xsj ¼ argmaxfðxiÞ. Add xsj to S.
1.3 for all x; y:

1.3.1 Compute dys ¼ yTxsj , dxs ¼ xTxsj

1.3.2 y y� dysxsj

1.3.3 x x� dxsxsj , x x=jxj
1.3.4 ujðx; yÞ ¼ Dj�1ðx; yÞ � d2ys,

vjðx; yÞ ¼ jx� dxsxsj
Djðx; yÞ ¼ ujðx; yÞ=vjðx; yÞ

The main idea is to keep the values of all dot products
between X columns and Y columns in the table D, and
update these values after each iteration (Step 1.3.4).

Observe that following: Line 1.1 computes fðxÞ ¼ jY Txj2,
which is the same as the SOLS since Y is the same as
Rj�1 in the SOLS. Lines 1.3.2, 1.3.3 are a direct imple-
mentation of the Gram-Schmidt orthogonalization,
applied to the columns of X and Y . It is shown in [8]
that line 1.3.4 updates the values of Dðx; yÞ to the dot
product of the updated x; y.

There are nN dot products to be maintained, and com-
puting their initial values has an associated cost of roughly
2mnN (Line 0). Updating these values (Line 1.3.4) takes
roughly 4knN (with additional optimization of the formula
for vjðx; yÞ). The Gram Schmidt orthogonalization in 1.3.1,
1.3.2 takes roughly 2kmðnþNÞ. This gives a total of
OðmnN þ knN þ kmnÞ run time. Assuming that k does not
dominate m and N this can be simplified to OðmnNÞ, the
complexity of initializingD.

The sparsity of X can be used during the initialization,
but not during the updates where X is partially orthogonal-
ized. Thus, the term mnN can be replaced by zN , but the
term knN can no longer be ignored. This gives run time of
OðknN þ zNÞ for a sparseX.

The CM keeps the n�N matrix D in memory. The par-
tial orthogonalization of the dictionary requires additional
mn when the space allocated for the dictionary cannot be
reused (e.g., when it is sparse).

Examining Fig. 3 we see that the CM improves the run
time by a factor of k over the naive SOLS. The improvement
for a sparse X is even more impressive. When z � kn the
run time of the CM is OðknNÞ, better than the naive SOLS
by a factor ofm.

2.8 Our Results

As mentioned in Section 1 the algorithms we describe use
formulas that allow recursive efficient calculations of the
selection criterion. The version that we call “ISOLS-exact”
produces the same output as the SOLS and the CM. It runs in
time OðmnNÞ on dense dictionaries, and in OðkmN þ zNÞÞ
on sparse dictionaries. The algorithm keeps two values for
each column of the dictionary in addition to the matrix Q,
that is of sizem� k.

The second algorithm that we call “ISOLS-lowrank”
approximates the data matrix and produces results that
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may not be identical to the “ISOLS-exact”. But it has a much
faster run time. Comparing these algorithms to the CM we
observe the following.

� The memory requirements of the CM are worse than
the memory requirements of our algorithms.

� Assuming the same low rank approximation for the
data matrix by the CM, consider the sparse case
where z � n. The complexity of the CM is roughly
OðdknÞ, which is worse than the OðdnÞ of the ISOLS-
lowrank by a factor of k.

3 RECURSIVE SOLS CRITERION

Our main result is described in this section. We analyze the
selection criterion in Line 1.1 of the SOLS algorithm and
show that it can be calculated recursively.

The matrix Qj�1 ¼ ðq1; . . . qj�1Þ is known at Line 1.1 of the

SOLS. The vector qji is computed for a candidate vector xi at
Iteration-j by

rij ¼ xi �Qj�1QT
j�1xi; qij ¼

rij
jrijj

: (8)

Applying the criterion in (6) the selection is computed by

xsj ¼ argmax
xi
jY T qijj2

¼ argmax
xi

jY T rijj2
jrijj2

¼ argmax
xi

ui
j

vij
;

(9)

where ui
j ¼ jY Trijj2; vij ¼ jrijj2. We proceed to show that

both ui
j and vij can be computed recursively. The recursion

for vij is well known, but to the best of our knowledge the

recursion for ui
j is new. We state the result as a theorem.

Theorem. Let Y be m�N , let Qj be m� j with orthonormal
columns, and let qj be the last column of Qj, so that
Qj ¼ Qj�1; qjð Þ. For any vector x define:

rj ¼ x�Qj�1QT
j�1x

uj ¼ jY Trjj2; vj ¼ jrjj2; fj ¼ uj

vj
:

If uj and vj are known then fjþ1 can be computed by steps 1-5
described below, where Step 1 is independent of x, and steps 2-
5 are independent of N .

1: cj ¼ YY Tqj; dj ¼ cj �Qj�1QT
j�1cj; bj ¼ qTj cj

2: aj ¼ qTj x; gj ¼ dTj x

3: ujþ1 ¼ uj þ a2
jbj � 2ajgj

4: vjþ1 ¼ vj � a2
j

5: fjþ1 ¼ ujþ1
vjþ1

:

Proof. The value of rj as defined in (8) satisfies

rjþ1 ¼ x�QjQ
T
j x ¼ rj � qjq

T
j x:

This gives the following fundamental recursion:

rjþ1 ¼ rj � ajqj: (10)

Observe that qj and rjþ1 are orthogonal. Writing (10) as
rjþ1 þ ajqj ¼ rj and taking squared norms of both sides

gives: jrjþ1j2 þ a2
j ¼ jrjj2. This proves the recursion on

line 4. above. This recursion is well known. It was previ-
ously used, for example, in [8], [37].

We proceed to derive the recursion for uj, given by the
formula in line 3., that to the best of our knowledge is
new. From the fundamental recursion (10):

Y Trjþ1 ¼ Y Trj � ajY
T qj:

Taking norms:

ujþ1 ¼ jY T rjþ1j2 ¼ jY T rj � ajY
T qjj2

¼ uj þ a2
jbj � 2ajc

T
j rj:

It remains to show that cTj rj ¼ dTj x, and this follows by
direct observation. tu

3.1 Complexity

Step 1. The computation of cj as specified in Step 1 in the
theorem can be done in one pass as follows:

cj ¼
XN
i¼1

yi
�
yTi qj

�
:

The cost is roughly 4mN flops. Similarly, the cost of calcu-
lating dj is roughly 5ðj� 1Þm, and the cost of calculating bj

is 2m. Summing up these costs for j ¼ 1; . . . ; k gives roughly
4kmðN þ 1Þ flops.

Step 2. The cost of the two dot products is roughly 4m
flops.

Steps 3, 4, 5. These steps take roughly 8 flops.

4 THE ISOLS-EXACT ALGORITHM

In this section we describe the ISOLS-exact, a straightfor-
ward implementation of the formulas in the theorem. In
order to apply the recursion in the theorem we need the val-
ues of u0; v0 for all columns ofX. The ISOLS-exact computes
these values, then selects the first column, and then applies
the recursion to select the rest of the columns. The detailed
algorithm is shown in Fig. 4. The values needed for select-
ing the first column of X are calculated in Step 0.1, and the
first selection is identified in Step 0.2. The remaining k� 1
selections are computed by the k� 1 iterations of Step 1.

4.1 Complexity

There are three distinct components that affect the run time:
the global initialization in Step 0.1, the initial calculation in
each iteration, performed in Step 1.0, and the two dot prod-
ucts in Step 1.1.

Dense dictionary. The expensive computation in Step 0.1 is
the calculation of ui

0 that takes roughly 2mnN flops. The cost
of Step 1.0 is dominated by the evaluation of cj. Taking into
account the evaluation of both cj and dj gives roughly
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4ðk� 1ÞmðN þ 1Þ flops for the run time of Step 1.0. The cost

of Step 1.1 is dominated by the calculation of ai
j; g

i
j which is

roughly 4mn flops. This gives an asymptotic run time of
OðmnNÞ, dominated by the global initialization.

Sparse dictionary. The number of flops needed to perform a
dot product between a non-sparse and a sparse vector is the
number of nonzero entries in the sparse vector. Therefore,
when X is sparse the complexity of Step 0.1 is reduced to
OðzNÞ, where z is the number of non-zeros in the matrix X.
Similarly, the complexity of Step 1.1 is reduced to 4z. But there
is no change in the complexity of Step 1.0 since it is indepen-
dent of X. This shows that the run time of Step 1.1 cannot be
ignored since km may be larger than z. The asymptotic run
time including both Step 0.1 and Step 1.0 isOðNðkmþ zÞÞ.

Memory. The algorithm requires a temporary storage of
km for the matrixQ, and a temporary storage of 2n for keep-
ing the values ui; vi for each column of the dictionaryX.

5 THE ISOLS-LOWRANK ALGORITHM

The analysis in Section 4 shows that the asymptotic run
time of the ISOLS-exact is proportional to N , the number
of columns of the data matrix Y . Observe that Y appears
only in steps 0.1 and 1.0 of the ISOLS-exact, and that in

both cases the computation depends only on YY T . This
suggests an approximate algorithm where Y is replaced
by the matrix H that has fewer columns, but can still

approximate Y in the sense that HHTx � YY Tx for an

arbitrary vector x. More specifically we need HHT to

approximate YY T in the spectral norm. The resulting
algorithm is described below as a modification of the
ISOLS-exact.

Input: X;Y; k; d. Output: S.
0.0 Compute anm� dmatrixH such that HHT � YY T .
0.1 Compute ui

0 by: u
i
0 ¼ jHTxij2

1.0 Compute cj by: cj ¼ HHTqj.

Modifications to the ISOLS-exact algorithm that give the
ISOLS-lowrank algorithm.

5.1 Complexity

There are four distinct parts that affect the run time of the
ISOLS-lowrank algorithm: Step 0.0, where the low rank
approximation is computed, and steps 0.1, 1.0, 1.1, that
were discussed in Section 4.1. We write TLRðY Þ for the run
time of computing the low rank approximation of Y , and
discuss it in Section 5.2.

Dense dictionary. It is clear from the analysis in Section 4.1
that Step 0.1 dominates steps 1.0 and 1.1 with asymptotic
complexity of OðdmnÞ. This gives asymptotic complexity of
Oðdmnþ TLRðY ÞÞ for running the ISOLS-lowrank with a
dense dictionary.

Sparse dictionary. Using same arguments as in Section 4.1
the asymptotic run time with sparse dictionaries is
Oðdðkmþ zÞ þ TLRðY ÞÞ.

Memory. The algorithm requires storage of km for the
matrix Q, and 2n for keeping the values ui; vi for each col-
umn of the dictionaryX.

5.2 Low Rank Approximations to the Data Matrix

The ISOLS-lowrank replaces the m�N data matrix Y with
the m� d matrix H. The matrix H approximates the matrix

Y in the sense that kHHT � YY Tk2 is small. It is known that
the best low rank approximation can be obtained from the
truncated SVD of Y . Suppose the SVD of Y is given by:

Y ¼ USV T , then YY T ¼ US
2UT , and the best possible HHT

is
Pd

j¼1 s
2
juju

T
j , where the vectors uj are the columns of the

orthogonal matrix U . This is clearly satisfied if the matrix H
is chosen to be:

H ¼ ðh1; . . . ; hdÞ; hj ¼ sjuj for j ¼ 1; . . . ; d:

This shows that the matrixH can be calculated from the trun-
cated SVD of the matrix Y . Classical iterative approaches for
calculating the truncated SVD run inOðdmNÞ time (e.g., [31]).

Recently proposed algorithms that use randomization
can compute the SVD much faster. See, e.g., [13], [14], [15],
and the experimental evaluation in [16]. Since our goal is
computing the matrix H and not the SVD, we observe that
in some of these algorithms it is not necessary to pass
through the SVD, as the desired matrix H is computed in
the early or the intermediate stages of the algorithm. We
illustrate this with the algorithm of [13].

To apply the algorithm of [13] for computing H we need
the squared norms of all the columns of Y . This is some-
times known in advance, or can be calculated in one pass at
the cost of roughly 2mN . Given these norms, the algorithm
selects d columns at random, where the probability of select-

ing the column yi is proportional to jyij2. Without loss of
generality suppose the selection is y1; . . . ; yd. The desired
matrixH is formed by:

H ¼ ðh1; . . . ; hdÞ; hj ¼ yj=jyjj2 for j ¼ 1; . . . ; d:

To obtain the same accuracy as with d SVD vectors, the
method described above requires sampling of Oðd log dÞ
vectors.

Fig. 4. The ISOLS-exact algorithm.
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6 EXPERIMENTAL EVALUATION

In this section we describe experiments with proposed algo-
rithms. Our goal was to evaluate the run time, the accuracy,
and the stability of the algorithms.

Run time. The relevant parameters for run time are k, z,
and d. Since the asymptotic run time is linear in kmþ z we
expect the sparsity of the dictionary matrix to have a big
impact on the run time when z is bigger than km. When z is
smaller than km the effects of increased sparsity should be
marginal.

Accuracy. We wish to determine by how much the low
rank approximation to the data matrix degrades the selec-
tion quality.

Stability. A known problem with algorithms that require
orthogonalization of large matrices is the loss of orthogonal-
ity among the vectors because of numerical instability. This
may lead to the selection of redundant columns not contrib-
uting to the reduction of the error. We examined the results
to identify stability issues.

6.1 Some Details about the Implementation

6.1.1 Low Rank Approximation

In our implementation the low rank approximation of the
data matrix Y was computed using the technique of [15].
The idea is to compute a low rank orthonormal matrix V of
dimensions m� d that approximately spans the column
space of Y . Using V , one can compute the d� d matrix

W ¼ V TYY TV in one pass over the data. Let W ¼ SST be

the Cholesky decomposition of W , and set HT ¼ STV T ,
where H is m� d. It is easy to show (see [15]) that if V is a

good in the sense of VV TY � Y then H is good in the sense

ofHHT � YY T .
The algorithm of [15] for computing V uses randomiza-

tion. The main idea is to run several power iterations with
an initial random estimate for V . The paper shows how to
create the randommatrix in such a way that the power itera-
tions can be computed very efficiently. In our implementa-
tion we followed the simpler and slower version of the
algorithm, where the entries of the initial matrix V are ran-
dom Gaussian values drawn with 0 mean and a variance of
1. As we show, even with this slower implementation the
time required for computing the low rank approximation is
of the same order of magnitude as the time needed to run
the ISOLS-lowrank.

6.1.2 Orthogonalization

Our algorithms compute and manipulate an orthogonal
matrix Q. Instead of keeping it explicitly we used the well
known technique of Householder transformations [31] to
indirectly represent it. Observe that the matrix Q is used in
steps 1.0 and 1.3 of the algorithm. Both steps can be imple-
mented within the Householder representation, so that only
the calculations involving the vector qj need to be per-
formed outside of the Householder representation.

6.2 The Experiments

We describe experiments with three datasets that are pub-
licly available. The first is sparse, the second is very sparse,
and the third is not sparse. Two experiments were

conducted with each dataset, and each experiment involved
seven runs, as explained below.

Experiment 1. In this experiment we initially took both the
data matrix Y and the dictionary matrix X to be the same as
the given dataset This is the case Y ¼ X, the classical col-
umn subset selection problem, discussed in Section 1. We
ran this experiment with k in the range of 1-100, and for var-
ious values of d, the reduced rank of the data matrix. We
note that the experiments with the reduced rank data matrix
belong to the Y 6¼ X case, and this task cannot be performed
by classical column subset selection algorithms. The follow-
ing values of dwere used: f1; 5; 10; 20; 50; 75; 100g.

Experiment 2. The data matrix Y was the same as the data-
set, and the value of d ¼ 50 was used as the rank of H in
ISOLS-lowrank. The dictionary matrix X was created by
randomly zeroing out entries in the dataset so that the spar-
sity of the dictionary was increased. For p in the range of
f1; 5; 10; 20; 50; 75; 100g we zeroed out entries with probabil-
ity of (1� p=100). Thus, p is the expected percentage of
retained values. Observe that p ¼ 100 is a special case of
Experiment 1, but for smaller values of p the data matrix
and the dictionary matrix are distinct. If the dataset is sparse
with z nonzero value, the zeroing process reduces the value
of z to an expected value of zp=100. We note that all these
experiments belong to the Y 6¼ X case. The goal of zeroing
out matrix entries is to simulate being given a sparser matrix.

Reported measurements. In each experiment we measured
the run time and the approximation error as a function of
d and p. In the case of ISOLS-lowrank the reported run
time does not include the time taken to compute the low
rank approximation to Y . Unfortunately the measure-
ments of run time appear to depend on the hardware and
the operating system. Our java implementation was influ-
enced by background processes, giving slightly different
results in different runs with exactly the same parame-
ters. The variation was typically no more than 10 percent,
and it was especially evident when measuring short time
periods. Still, we believe that the order of magnitude of
the observed time properly reflects the run time depen-
dency on the above parameters.

The approximation error was calculated according to
Equation (3), and normalized so that the highest possible
value (the squared norm of Y ) was 100. Thus, the reported
approximation error values are the percentage of the error
as given by Equation (3). The time it took to calculate the
low-rank approximation of the matrix Y is discussed in
Section 6.2.4.

6.2.1 Experiments with the TechTC01 Dataset

This dataset is part of the Technion repository of text catego-
rization. It hasm ¼ 163 rows,N ¼ 29;261 columns, and den-
sity of 0:0224. The value of km and the expected number of
zeros in term of p are given by:

km � 1:6 � 104; z ¼ 0:0224mNp=100 � 1:1 � 103p:
Here the values of km and z are similar. For p ¼ 100 (the orig-
inal dataset) km > p, but for p ¼ 1 the inverse relation holds.
The results of the experiments are summarized in Fig. 5.

Run time dependency on d. Running the ISOLS-exact to
select 100 dictionary columns took 774 seconds. Using
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ISOLS-lowrank with d ¼100 took about 6 seconds. This is a
speedup by a factor of 129, while the error of the selected
columns is almost identical. Our crude algorithm for com-
puting the low rank approximation took 8 seconds for
d ¼ 100. Taking this number into account still gives a
speedup by a factor of 55.

In the asymptotic limit the run time is expected to be line-
arly related to d. The observed results do not show this lin-
ear dependency. (For example, the run time for d ¼ 100 is
not 10 times the run time for d ¼ 10.) This was observed
with other datasets as well, and indicates that the asymp-
totic expression is inaccurate for these small d values. The
strange behavior for d < 10 is most likely the result of oper-
ating system peculiarities. Slightly different results were
obtained in different runs of the same experiment.

Taking advantage of sparsity. The experimental results here
are consistent with the prediction. When given a 10 times
sparser dictionary (p ¼ 10) there is an increase in speed by a
factor of about 2. Going from 10 times sparser to 100 time
sparser (p ¼ 1) increases the speed only by a factor of 1.2.

Approximation error. The table and plots show the error of
predicting the entire data matrix from selected dictionary
columns. Because of the rapid decrease in the error we
describe the results of each experiment with two plots. The
first plot (on the left) shows the results for all tested values of
k, while the second plot shows the results only for k in the
range of 50-100. Observe that there is very little difference
between the error of the columns selected by the ISOLS-exact

and those selected by the ISOLS-lowrank. Even in the
extreme case where the entire data matrix is approximated
by a single vector, the ISOLS-lowrank finds 100 columns that
reduce the approximation error to less than 3 percent.

6.2.2 Experiments with the Day 1 Dataset

This dataset is part of the “URL_reputation” collection at the
UCI Repository. It has m ¼ 20;000 rows and N ¼ 3;231;957
columns. The data is very sparse, having density of

3:6 � 10�5. It occupies about 40 megabytes of memory, while
a non-sparse representation would require about 240 giga-
bytes. We ran the same set of experiments with this dataset
as with the TechTC01 dataset. The value of km and the
expected number of zeros in term of p are given by

km ¼ 2 � 106; z � 2 � 104p:
In this case for p < 100 we have z < km, so that the algo-
rithm cannot benefit significantly from an increase in spar-
sity. The results are summarized in Fig. 6.

Run time dependency on d. ISOLS-exact runs too slow on
this dataset, and the program was terminated after running
for 12 hours. By contrast the ISOLS-lowrank terminates in
about 3minutes. As in the previous case therewas only amar-
ginal improvement in the run time for values of d below 100.

Taking advantage of sparsity. As predicted, the results
showed very little improvement in time when the algorithm
was given sparser dictionaries.

Fig. 5. Experiments with the TechTC01 dataset. The top part shows time dependency on d, the rank of H in ISOLS-lowrank, and on p, the sparsity
percentage. The table and the plots show how the these parameters affect the accuracy. The error is specified as percentage of the initial error.
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6.2.3 Experiments with the Gisette Dataset

This dataset was used in the NIPS 2003 selection challenge.
It is dense, has m ¼ 6;000 rows and N ¼ 5;000 columns. The
value of km and the expected number of zeros in term of p
are given by:

km ¼ 6 � 105; z ¼ 3 � 105p:

In this case z > km for p > 2, so that the algorithm is
expected to benefit significantly from an increase in spar-
sity. The results are summarized in Fig. 7.

Run time dependency on d. Running the ISOLS-exact to
select 100 dictionary columns took 6143 seconds. Using
ISOLS-lowrank with d ¼ 100 took about 200 seconds. This is
a speedup by a factor of 30, while the error of the selected
columns was almost identical. Our crude algorithm for
computing the low rank approximation took 66 seconds for
d ¼ 100. Taking this number into account still gives a
speedup by a factor of 23.

As with the previous datasets there is only a marginal
improvement in the run time for d values in the range
1-100.

Taking advantage of sparsity. As predicted by the values of
z and km the algorithm benefits from increase sparsity.
When given a 10 times sparser dictionary (p ¼ 10) there is
an increase in speed by a factor of about 16. Going from
10 times sparser to 100 time sparser (p ¼ 1) increases the
speed by a factor of about 4.

6.2.4 Computing Low Rank Approximations

Fig. 8 shows the amount of time it took to compute the low
rank approximation in the experiments. For the “TechTC01”
and the “Day1”, the computation of low rank approxima-
tion took longer to calculate than running the ISOLS. Calcu-
lating the low rank approximation for the “gisette” dataset
was faster than running the ISOLS. We wish to point out, as
discussed in Section 6.1.1 that these running times can be
significantly improved by running better algorithms for
computing low rank approximations.

6.2.5 Stability

Wedid not observe any stability issues. In all cases the predic-
tion error kept improving when additional columns are
selected, indicating that no redundant columnswere selected.

7 CONCLUDING REMARKS

The problem discussed in this paper, approximating one
matrix in terms of a small number of columns of another
matrix, is well known and appears to have many practical
applications. The majority of previous studies address the
accuracy of the proposed algorithms but not the resources
needed to apply it to large matrices. It appears that the CM
algorithm of Civril and Magdon-Ismail, established in [8], is
the current state-of-the-art. It reduces the OðkmnNÞ run
time of the naive approach to OðmnNÞ. In the sparse case
where there is only a small number of nonzero values in

Fig. 6. Experiments with the Day1 dataset. The top part shows time dependency on d, the rank ofH in ISOLS-lowrank, and on p, the sparsity percent-
age. The table and the plots show how the these parameters affect the accuracy. The error is specified as percentage of the initial error.
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each column the run time reduces further to OðknNÞ. With a
low rank approximation to the data matrix the run time of
the CM can be further reduced to OðdknÞ. On the other
hand, the CM does not improve on the memory require-
ments of the naive approach, as both require OðmnÞ mem-
ory to store a partially orthogonalized dictionary matrix.
The CM requires an additional temporary storage of nN .

The algorithms presented in this paper use an entirely
different approach than the CM. They have the same
asymptotic complexity for the non-sparse case, and a better
asymptotic complexity of OðnNÞ for the sparse case. Using
a low rank approximation to the data matrix the run time is
further reduces to OðdnÞ. In addition to the run time our

algorithms also require a significantly smaller amount of
memory, roughly kmþ 2n floats.

Prior to the work presented here it would have been a
major challenge to use large sparse matrices as a dictio-
nary. (Efficient probabilistic algorithms exist for the case in
which the dictionary is the same as the data matrix (e.g.,
[38]), but not for the general case.) Consider the example
of the Day1 dataset of Section 6.2.2. In that example
k ¼ 100, d ¼ 100, m ¼ 20;000, n ¼ 3;231;957, N ¼ 3;231;957.
In our experiments it took less than 4 minutes to select 100
columns, and the algorithm used less than 150 megabytes
of memory. The naive method would be roughly nN=d
times slower, taking more than 600 thousand years. It

Fig. 7. Experiments with the gisette dataset. The top part shows time dependency on d, the rank of H in ISOLS-lowrank, and on p, the sparsity per-
centage. The table and the plots show how the these parameters affect the accuracy. The error is specified as percentage of the initial error.

Fig. 8. Running time for computing low rank approximations.
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would also require roughly 240 gigabytes of memory.
Using the CM the run time would be only about 100 times
slower than in our approach, taking roughly 7 hours. But it
would still require around 240 gigabytes of memory.
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