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Principal Component Analysis (PCA) is a classical dimensionality reduction technique that computes
a low rank representation of the data. Recent studies have shown how to compute this low rank repre-
sentation from most of the data, excluding a small amount of outlier data. We show how to convert this
problem into graph search, and describe an algorithm that solves this problem optimally by applying a
variant of the A∗ algorithm to search for the outliers. The results obtained by our algorithm are optimal
in terms of accuracy, and are shown to be more accurate than results obtained by the current state-of-
the-art algorithms which are shown not to be optimal. This comes at the cost of running time, which is
typically slower than the current state of the art. We also describe a related variant of the A∗ algorithm
that runs much faster than the optimal variant and produces a solution that is guaranteed to be near the
optimal. This variant is shown experimentally to be more accurate than the current state-of-the-art and
has a comparable running time.
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1. Introduction

Principal component analysis (PCA) is arguably the most widely used dimensionality
reduction technique. Given a data matrix X of size m × n and a desired low rank
r ≤ min{m,n}, the PCA approach computes an orthogonal matrix V of size m × r

(the principal components) and a coefficients matrix A of size r × n such that

X ≈ V A . (1)

In particular, for each column xi of X this approximation implies

xi ≈ V ai , i = 1, . . . , n , (2)

where ai is the ith column ofA. Thus, when the error of the approximations in (2) is small,
one can use the r dimensional vectors ai as representatives of them dimensional vectors xi
in the vector space spanned by V . See Ref. 1 for many applications of the PCA technique.
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Outliers

Our Algorithm Classical PCA

Fig. 1. Visualizing PCA of 2-dimensional points.

Consider as an example the case where m = 2 and r = 1. In this case the columns of
the 2 × n matrix X can be visualized as 2-dimensional points, and the matrix V consists
of a single column vector that specifies a 2-dimensional direction. This is illustrated in
Fig. 1, where the direction specified by V is a line that passes through the origin and
approximately passes through all of the points.

The quality of the representation in the reduced dimension depends on the quality of
the approximations in (1) and (2). It is known (e.g., Ref. 3) that the reduction to r dimen-
sions that minimizes the approximation error of (1) in the Frobenius norm can be obtained
by selecting the r columns of V to be the r eigenvectors corresponding to the r largest
eigenvalues of the matrix B = XXT .

Outliers in a dataset are the set of points which deviate from the general pattern of the
bulk of the data and it is desirable to detect and remove these outliers in order to compute
accurate statistics of the dataset.2 As illustrated in Fig. 1 the PCA tends to be sensitive to
outliers. Previous studies have considered many robust variants of the basic PCA technique.
See Ref. 4 for a recent survey with nearly 500 citations. We discuss here in some detail two
important variants. The first variant approximates X as the sum of a sparse matrix and a
low rank matrix. In matrix notation this approximation can be written as

X ≈ S + V A , (3)

where S is sparse and V is m× r. In vector notation

xi ≈ si + V ai , i = 1, . . . , n , (4)

where si is the ith column of S and ai is the ith column of A. See Refs. 5 and 6 for
additional details.

The representation given by Eq. (3) is a good model for the data in cases where the
likelihood that a matrix entry is wrong is independent of its location in the matrix. Unlike
this variant, the second variant that we discuss assumes that the errors are concentrated
in a small number of matrix columns. These columns are considered to be “outliers.” See
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Refs. 7–9 for additional details. To formally describe this variant we use the following
notation. Let Q be the indicator set of the outlier columns and let P be the indicator set
of all the other columns. Let XP be the matrix created from the columns in P . In matrix
notation the robust PCA approximation is given by

XP ≈ V A , (5)

where V is m× r. In vector notation

xi ≈ V ai , i ∈ P . (6)

Observe that this model provides no information about the approximation of an outlier vec-
tor, while the previous model may still be used to approximate most of its coordinates. As
illustrated in Fig. 1, the approximation obtained by PCA can be significantly improved if
the approximation is not required to include the outliers. Thus, in this model the challenge
is to identify the outlier vectors.

In this paper we propose algorithms for the second variant described above. The algo-
rithms use variants of A∗ search, a classical heuristic search technique in AI. We prove that
one of our proposed algorithms computes the best possible solution, and another algorithm
computes a solution that cannot be too far from the best solution. Such performance guar-
antees are not available for previously proposed algorithm that address the same problem.
Experimental results show that the optimal algorithm is more accurate than previously pro-
posed algorithms. Thus, these experiments show that the currently available algorithms are
not optimal. On the other hand, the running time of the optimal algorithm may be signifi-
cantly slower than that of some of the competitors, especially on large data. To handle these
situations we propose a related heuristic search algorithm, modeled after the weighted A∗

variant. The resulting algorithm is not optimal, but comes with a bound which shows how
far it can be from the optimal. This algorithm outperforms current state-of-the-art algo-
rithms in terms of accuracy, and has a comparable running time.

The paper is organized as follows. A precise definition of the problem being addressed
is given in Section 2, which also includes a review of previous work. The main tools that
are used in the design of our algorithms are described in Section 3. They include the A∗

algorithm, the weighted A∗ algorithm, and specialized eigenvalue routines. The main ideas
behind our approach are discussed in Section 4. They include the introduction of a subset
graph, and the A∗ algorithm that searches the graph. The heuristics that guarantee the
performance of our algorithm are described in Section 5, which also includes a proof of
the algorithm optimality/suboptimality. Experimental results are described in Section 6.

2. The Problem Being Addressed

We consider the following optimization problem. The input is the matrix X of size m×n,
a number k ≤ n of outliers, and the desired number r of principal components. The output
is the index subset P such that |P | = n− k, an orthogonal matrix V of size m× r, and a
matrix A of size r × (n− k). The output is computed to minimize the following error

e(P, V,A) = ‖XP − V A‖2F . (7)
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In the above equation XP is the matrix consisting of the columns of X with index values
in P . Thus, the error in (7) evaluates how well the low dimensional model fits the non-
outlier columns. The error is not affected by how accurate the model fits outlier vectors. It
is easy to see that when Q, the set of k outlier columns is known, the values of P , V , A
that minimize (7) can be easily calculated as follows

P (Q) = {1, . . . , n}\Q (P is the complement of Q)

V (Q) is the matrix of the r principal components of XP (Q)

A(Q) = arg minA ‖XP (Q) − V (Q)A‖2F = V +XP

(8)

where V + is the pseudoinverse of V . This shows that the error in (7) is a function of Q

e(Q) = e(P (Q), V (Q), A(Q)) . (9)

Therefore, in this variant of robust PCA the challenge is to identify the outlier columns.
Since there are

(
n
k

)
possible choices of k column subsets, the exhaustive search approach

of evaluating the errors of all such subsets and then selecting the subset with the smallest
error is unacceptably slow. To the best of our knowledge this paper is the first to propose
an algorithm that is guaranteed to find the optimal solution to this problem, and runs sig-
nificantly faster than exhaustive search.

2.1. Previous approaches

We briefly describe previous approaches that address the computation of robust PCA by
outlier removal, but do not guarantee an optimal solution. (We note that with non-optimal
algorithms one typically has no way of telling whether or not the result is optimal.)

Instead of searching for the outliers, some robust estimation approaches attempt to
minimize their influence on the predicted model. For example, in the line fitting example
shown in Fig. 1, one may attempt to evaluate the error in terms of absolute deviations
instead of squared deviations as implied by the Frobenius norm. See Refs. 10 and 11 for
additional details.

A fast technique of identifying outliers is based on “leverage scores”. Let X = V ΣUT

be the SVD of the matrix X . Then U is an n ×m matrix with orthonormal columns. Let
u1, . . . , uk be the columns of U corresponding to the k largest singular values. Define the
Leverage Score of Column i as follows

Leverage Score(i) =
k∑

j=1

(uj(i))
2 , for i = 1, . . . , n . (10)

It is known that outlier columns have high leverage scores, so that the k largest leverage
score values can be used to identify the desired k outliers. See Refs. 12 and 13 for additional
details. An experimental comparison between the leverage score method and our approach
is described in Section 6.

Another approach to outlier detection for computing robust PCA is the Outlier Pursuit
algorithm. It uses a relaxation of the optimization problem in (7) that leads to a convex op-
timization problem. See Refs. 7 and 8 for additional details. An experimental comparison
between the outlier pursuit method and our approach is described in Section 6.
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A recent approach to outlier detection for robust PCA is the “Coherence Pursuit”, de-
scribed in Ref. 9. It is a very fast method that can be applied effectively to large datasets.
Unfortunately, what they consider to be outliers is different from what is considered an
outlier in previous work. They ignore vector lengths and their measure of coherence is re-
lated to the average of Cosine of the angle between a vector and all other vectors. As such,
their accuracy results cannot be compared with ours or the other methods reviewed here.

3. The Main Tools

Our algorithms are based on the classical A∗ algorithm with heuristics that require an
efficient computation of eigenvalues. These tools are reviewed in this section.

3.1. A∗ algorithms for searching graphs

A∗ search is a well known heuristic search algorithm for graphs. See for example Refs. 14–
16. In its standard formulation the algorithm computes a path between two given nodes,
guided by a heuristic function hi that can be computed at each node ni. The algorithm
expands nodes according to a criterion fi, which is computed from hi by the following
formula

fi = gi + hi .

In the above formula gi is the distance between the initial node and ni, and the heuristic
function hi is problem specific. The optimality of A∗ (the guarantee that it finds the optimal
solution) depends on particular properties of hi. Consistency of hi (see above references
for the definition) guarantees optimality in a fast variant where each graph node is visited
at most once. The weaker condition of admissibility (see above references for the defini-
tion) is sufficient to guarantees optimality in a slower variant that may visit the same node
multiple times.

3.2. Weighted A∗ algorithms for searching graphs

The only difference between the A∗ algorithm and the weighted A∗ algorithm is a slightly
different method of combining the values of gi and hi. Specifically, the algorithm expands
nodes according to a criterion f ′i which is given by the following formula

f ′i = gi + (1 + ε)hi = fi + εhi , ε ≥ 0 .

For ε > 0 the weighted A∗ algorithm is not guaranteed to find an optimal solution even if
the heuristic h is consistent, but it typically runs significantly faster than the A∗ algorithm.
It is guaranteed to find a solution within a multiplicative factor of (1+ε) from the optimal.15

3.3. Rank-one update eigenvalue calculations

The heuristic evaluations in our algorithms use eigenvalues, which are expensive to cal-
culate directly. As we show most of these eigenvalue calculations can be done efficiently
using the technique of rank-one update. Let X1 be an m × k matrix, and let X2 be an
m×(k−1) matrix, constructed by removing the single column x fromX1. Suppose we are
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given the eigenvalues and the eigenvectors of the matrixB1 = X1X
T
1 . The heuristics in our

algorithms require efficient calculations of the eigenvalues of B2 = X2X
T
2 = B1 − xxT ,

where x is the column that is removed from X1.
This rank-one update problem has attracted a lot of attention. It was shown in Ref. 17

that the eigenvalues of B2 are roots of a “secular” equation, that can be constructed from x

and the eigenvalues and eigenvectors of B1. Studies of efficient numerical procedures for
computing the roots of the secular equation can be found in Refs. 18–21. We use the Gragg
method, as described in Refs. 20 and 21 in our implementation.

4. Our Approach

As shown in Eq. (9) it is possible to assign an error value to each column subset of X . Our
main idea is to consider a graph that describes the relationship between these subsets, and
then perform a graph search for a subset of size k that has the smallest error. The subset
graph that we create is the same as the one used in Refs. 22 and 23. The search techniques
that we propose are also similar to those described in these studies. Specifically, we use a
variant of the A∗ algorithm to compute the optimal solution, and a variant of the weighted
A∗ algorithm to compute a solution with guaranteed bounds on suboptimality.

The main difference between these previous studies and the current work is the heuris-
tics that are being used. We propose heuristic functions that are specifically designed to
identify the outliers, and provide proofs of optimality and suboptimality for the algorithms
that use these heuristic functions. (The algorithms in Refs. 22 and 23 cannot be used to
detect outliers.)

4.1. The subset graph

We create the same column subset graph as in Refs. 22 and 23, where nodes correspond to
column subsets, and there is an edge from subsetQi to subsetQj if adding a single column
to Qi creates Qj . As an example, the graph associated with the matrix X = (x1, x2, x3) is
shown in Fig. 2.

Even though a subset graph is not a tree, it has two properties that are typically associ-
ated with trees. The first property is that it has a root, corresponding to the empty subset.

{}

{x1} {x2} {x3}

{x1, x2} {x1, x3} {x2, x3}

{x1, x2, x3}

Fig. 2. An example of the column subset graph of 3 columns.
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Input: X ,k,r.
Output: a subset Q of outlier columns.
Data Structures: Each node ni keeps the subset Qi, and the associated heuristic

value f ′i . The algorithm maintains two lists: the fringe list L,
and the closed nodes list C.

Initialization: Put an empty subset into L.
1 while L is nonempty do
2 Pick ni with the smallest f ′i from L.
3 if Qi contains k columns then
4 Stop and return Qi as the solution subset.
5 else
6 Add ni to C.
7 for each child nj of ni do
8 if nj is not in C or L then
9 Compute f ′j from X , Qj , k, and r.

10 Put nj with its corresponding f ′j in L.
11 end
12 end
13 end
14 end

Fig. 3. The algorithm for identifying the subset of outlier columns.

The second is that all paths leading from a root to a node can be considered to be equiva-
lent. For example, if the goal node {x1, x3} is found, it is irrelevant if it is reached by the
path {} → {x1} → {x1, x3} or by the path {} → {x3} → {x1, x3}. This is similar to
the case of a tree where the path leading to a node is irrelevant since there is a unique path
leading from the root to any node.

4.2. The algorithm

The algorithm in Fig. 3 performs the search for the outlier columns. It is similar to the stan-
dard A∗ algorithm except for the following notable difference. The standard A∗ algorithm
updates a node in the fringe if a better path to it is found (in Line 8 of the algorithm, when
nj is in the fringe). In our algorithm there is no such update. As explained in Section 4.1,
in the problem we solve the nodes are identified with subsets. All paths to the same subset
are equivalent, and the value of the node depends only on the subset and not on the path
leading to the subset.

The algorithm maintains two lists: the fringe list L contains nodes to be examined,
and the closed nodes list C contains nodes which are marked as “closed” and need not be
visited again. As we show in Section 5, by properly defining the function f ′ the algorithm
finds the desired outliers.
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October 19, 2018 9:15 IJAIT S0218213018600138 page 8

1st Reading

S. Shah et al.

5. The Heuristics

In this section we describe the heuristic functions that are used by the algorithm in order
to compute the outliers. In typical usage of A∗ it is enough to define the function hi and
then combine it with the depth gi to construct fi and/or f ′i . In our case there is no obvious
choice for gi and hi. Instead, we define gi and fi without using hi. Since our definition
of these functions is nonstandard, the optimality of the algorithm does not follow from the
known theory and must be proved explicitly.

Recall that a subset Qi is identified with each node ni in the graph. Let ki be the size
of Qi. We proceed to define the values of f ′i , fi and gi at a node i. To simplify notation we
write |M | for the number of columns of a matrix M . Define

Pi = {1, . . . , n}\Qi (Pi is the complement of Qi)

gi = minV,A ‖XPi − V A‖2F , subject to |V | = r

fi = minU,A ‖XPi
− UA‖2F , subject to |U | = r + k − ki

(11)

In the above equation XPi
is the matrix created from the columns of X in the subset Pi.

Using these definitions the value of f ′i is defined as

f ′i = fi + εgi , ε ≥ 0 . (12)

Clearly, the definition of the functions fi and gi in Eq. (11) is different from the definition
of these functions in the classical A∗. We point out the properties that these functions share
with the fi, gi that are used in the classical A∗ algorithm. These properties motivate our
notation. The proof of these properties is given in Section 5.1.

• fi is monotonically increasing along any path.
• If fi is used as f ′i in the algorithm, the optimal (minimum error) solution is found.
• Defining f ′i as in (12) and selecting nodes with the smallest f ′i gives a solution with

performance guarantees.
• At a goal node fi = gi.

There is, however, a major difference between our definition of gi and the way it is defined
in the classical theory of A∗ search. With the classical definition of gi as the distance from
the root to ni, the value of gi is monotonically increasing along any path. By contrast,
we will show that the value of gi in our algorithm is monotonically decreasing along any
path. We proceed to show that using f ′i as defined in (12) guarantees sub-optimality. The
optimality result for f will follow as the special case when ε = 0.

5.1. Optimality and suboptimality theorems

We begin with the suboptimality proof for the case in which f ′ is used with ε ≥ 0. The
optimality proof is obtained as a simple corollary when setting ε to 0.

Theorem 1 (The suboptimality theorem). Let n∗ be an optimal solution node with the cor-
responding values: Q∗, P ∗, V ∗, A∗, that minimize the error in (9). Suppose the algorithm
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in Fig. 3 terminates at a node n∗∗ with the corresponding values: Q∗∗, P ∗∗, V ∗∗, A∗∗.
Then

‖XP∗∗ − V ∗∗A∗∗‖2F ≤ ‖XP∗ − V ∗A∗‖2F + εgmax , (13)

where gmax = maxi gi, the value of g at the root (initial) node.

The proof will be given in terms of Claim 4 stated below. Claims 2 and 3 are used in
the proof of Claim 4. Claim 1 is used in the proof of Claim 2. In the proofs we use the
following notation. We write |M | for the number of columns of a matrix M , and [M |x] for
the matrix formed by appending a column x to the matrix M .

Claim 1. Let [X|x] be the matrix formed by appending a column x to the matrix X , and
let [U |u] be the matrix formed by appending a column u to the matrix U . Then for any
column vector x, and any t ≥ 0

min
A,|U |=t

‖X − UA‖2F ≥ min
A′,u,|U |=t

‖[X|x]− [U |u]A′‖2F .

Proof. Let A1, U1 be the minimizers of the left hand side. Consider the assignment of
values to the right hand side that does not necessarily minimizes it: U = U1, u = x, and
A′ =

(
A1 0

0 1

)
. Then manipulating the right hand side we get

min
A′,u,|U |=t

‖[X|x]− [U |u]A′‖2F ≤ ‖[X|x]− [U1|x]A′‖2F

= ‖[X|x]− [U1A1|x]‖2F
= ‖[X − U1A1‖2F
= min

A,|U |=t
‖X − UA‖2F .

Claim 2. fi is monotonically increasing along any path.

Proof. We need to show that if nj is the child of ni then fj ≥ fi. Plugging in the definition
of fi as given in (11) we need to show

min
A,|U |=r+k−kj

‖XPj
− UA‖2F ≥ min

A′,|U ′|=r+k−ki

‖XPi
− U ′A′‖2F .

Since nj is the child of ni the following two properties hold: kj = ki + 1, and [XPj
|x] =

XPi , where x is a column of X . Therefore, we need to prove

min
A,|U |=r+k−ki−1

‖XPj − UA‖2F ≥ min
A′,|U ′|=r+k−ki

‖[XPj |x]− U ′A′‖2F

= min
A′,u,|U |=r+k−ki−1

‖[XPj
|x]− [U |u]A′‖2F .

This follows from Claim 1 with t = r + k − ki − 1.

Claim 3. For every goal node ni the following holds: gi = fi.

Proof. At a goal node ki = k, and the claim follows trivially from (11).

1860013-9
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Claim 4. Suppose the theorem is false. Then for any node nz on the path from the root to
n∗ the following condition holds: f ′z < f ′∗∗.

Proof. The assumption that the theorem is false can be written as g∗∗ > g∗ + εgmax. The
claim can now be proved by the following chain of equalities/inequalities.

f ′∗∗ = f∗∗ + εg∗∗ = g∗∗ + εg∗∗ (from Claim 3)

> g∗ + εgmax + εg∗∗ (from the assumption)

= f∗ + εgmax + εg∗∗ (from Claim 3)

≥ fz + εgmax (from Claim 2)

≥ fz + εgz

= f ′z .

Proof of the Suboptimality Theorem. If the theorem is false then from Claim 4 it
follows that all nodes on the path from the root to n∗ have smaller f ′ values than f ′∗∗.
Since at any given time at least one of them is in the fringe list, they should all be
selected before n∗∗ is selected. But this means that n∗ is selected as the solution and
not n∗∗.

Clearly, the suboptimality theorem implies that running the algorithm with ε = 0 produces
an optimal solution. We state this result as “the optimality theorem.”

Theorem 2 (The Optimality Theorem). Let n∗ be an optimal solution node with the cor-
responding values Q∗, P ∗, V ∗, A∗ that minimize the error in (9). Suppose the algorithm
in Fig. 3 is applied with ε = 0 and the algorithm terminates at a node n∗∗ with the corre-
sponding values Q∗∗, P ∗∗, V ∗∗, A∗∗. Then

‖XP∗∗ − V ∗∗A∗∗‖2F = ‖XP∗ − V ∗A∗‖2F .

We proceed to prove some additional results about gi. They motivate a variant of our
algorithm in which we take f ′i = gi, or, equivalently, when the value of ε in Eq. (12)
approaches infinity.

Claim 5. The value of gi is monotonically decreasing along any path.

Proof. We need to show that if nj is the child of ni then gj ≤ gi. Plugging in the definition
of gi as given in (11) we need to show

min
A,|V |=r

‖XPj
− V A‖2F ≤ min

A′,|V ′|=r
‖XPi

− V ′A′‖2F = min
A′,|V ′|=r

‖[XPj
|x]− V ′A′‖2F ,

where x is the column removed from XPi
to obtain XPj

. The claim follows from the fact
that the right hand side is the error in estimating the same matrix that appears in the left
hand side plus an additional column vector.

1860013-10
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Theorem 3 (The Dual Bound Theorem). Let di be the value of the best goal node below
ni. Then

1. fi ≤ di ≤ gi for every i.
2. At every goal node: fi = di = gi.

Proof. 1 follows from Claims 2 and 5. 2 follows from 1 and Claim 3.

5.2. Running time

The running time of the algorithm depends heavily on the calculation of the heuristic values
fi, gi, as defined in (11). In this section we show that the computation involves estimating
sums of eigenvalues, and can be done efficiently for the problem at hand. Recall that the
function fi is defined as follows

fi = min
U,A
‖XPi − UA‖2F , subject to |U | = r + k − ki .

Without loss of generality we can assume that U is an orthogonal matrix, which gives the
following formula for the minimizer: A = UTXPi . With the definition Bi = XPiX

T
Pi

,
and exploiting the relationship between the Frobenius norm and the trace operator one can
derive the following expression

fi = trace{(XPi
− UUTXPi)(XPi

− UUTXPi)
T }

= trace{Bi} − trace{UTBiU} .

These traces can be expressed in terms of the eigenvalues of Bi

trace{Bi} =

m∑
t=1

λt , trace{UTBiU} =

r+k−ki∑
t=1

λt .

Therefore

fi =

m∑
t=r+k−ki+1

λt .

The most expensive computation step of the algorithm is in line 9, where the function f ′j
needs to be computed for all the children of ni. This requires computing eigenvalues of
many matrices of the form: Bj = XPj

XT
Pj

= Bi − xjxTj where xj is a column of X . As
discussed in Section 3 this can be done efficiently using rank-one update algorithms.

6. Experimental Results

This section describes experimental results with our robust PCA algorithms. The experi-
ments were performed on various datasets and compared with results obtained with two
competitors: the Outlier Pursuit algorithm as described in Refs. 7, 8, and the Leverage
Score algorithm as described in Refs. 12 and 13. The code for the Outlier Pursuit algo-
rithm was obtained from the authors. The data we use includes a simple toy example,
datasets from the UCI Machine Learning repository,24 datasets of facial images taken from
the Yale Face Database,25 and synthetic datasets where the number of outliers is known.

1860013-11
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0 outliers (k = 0, r = 1) 1 outlier (k = 1, r = 1) 2 outliers (k = 2, r = 1)

3 outliers (k = 3, r = 1) 4 outliers (k = 4, r = 1) 5 outliers (k = 5, r = 1)

6 outliers (k = 6, r = 1) 7 outliers (k = 7, r = 1) 8 outliers (k = 8, r = 1)

Fig. 4. A toy example of data consisting of 10 points, and the first principal component after optimally removing
outliers. Data points are marked with an “o”, and outliers with an “x”.

6.1. A toy example

The first experiment that we describe is a toy example consisting of 10 points. It is intended
to show that optimally identifying outliers involves combinatorial search, since each point
may sometimes be considered an outlier depending on the total number of outlier points.

The results are shown in Fig. 4. The data consists of 10 points which roughly show
a line from the top left to the bottom right, and another line from the bottom left to the
top right. As shown, without outlier removal, or even with the removal of one outlier, the
principal component direction is some average between the two directions. The removal of
2, 3, 4, 5 outliers allows the algorithm to determine the top-left to bottom-right direction as
the principal component direction, since it has more points than the bottom-left to top-right
direction. However, with 6 outliers the algorithm determines the principal component di-
rection to be the bottom-left to top-right direction, since the points in that direction fit a line
very accurately. Further increasing the number of outliers gives different choices. In par-
ticular, when only two non-outlier points are left the principal component approximation
error is 0.

6.2. Effectiveness

As discussed in Section 2 robust PCA improves the model accuracy for the non-outlier
points. The experiment described in this section demonstrates this on a real dataset from
the UCI repository. Table 1 shows the error averaged over non-outlier points as a func-
tion of k, the number of outliers. The average error Ae(k) was computed with the
following formula
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Ae(k) = min
A,|V |=r

‖XP − V A‖2F
(n− k)

,

where the columns of XP are the n− k non-outlier points.
The results in Table 1 were computed with the optimal algorithm (ε = 0). The values

of Ae(k) for r = 2 and r = 3 are shown for various values of k. The first row for k = 0

corresponds to the baseline error, when none of the outliers are removed. Clearly, Ae(k) is
reduced with the increase in k, giving an improved principal components data model.

Table 1. Reduction of average error with the increase in
number of outliers.

Lung Cancer Dataset (m = 27, n = 57)

k Ae(k) for r = 2 Ae(k) for r = 3

0 (baseline) 15.438 13.217
1 15.133 12.828
2 14.845 12.455
4 14.213 11.736
6 13.580 10.982
8 12.836 10.081

6.3. Accuracy and speed comparison

In the experiment described in this subsection we investigate the effect of ε on the run-
ning time and on the accuracy of our algorithms. These results are compared to the results
obtained by the Outlier Pursuit and the Leverage Score methods. The Outlier Pursuit al-
gorithm takes as input the data matrix X and a parameter λ (see the discussion in Ref. 7).
It returns two matrices L and C, where the left singular vectors of L form the underlying
subspace for non-outlier points and the columns of C contain the outliers. As described in
Ref. 7 we take the columns of C with the k largest l2 norms as the outliers. The error that
we report is the normalized error computed by

normalized error = min
A,|V |=r

‖XP − V A‖2F
‖X‖2F

, (14)

where the columns of XP are the n − k non-outlier columns. The time is measured in
seconds. When the algorithm running time exceeds 100 seconds we terminate the run and
indicate it by a “−” in Table 2.

As shown in the table the optimal algorithm (ε = 0) always has the least error, but
it takes more time to run than the other algorithms. For example, on the dataset vehicle
with the parameters k = 10, r = 5, Outlier Pursuit gets a result that is 5 times worse than
the optimal result. However, the Outlier Pursuit algorithm takes 0.65 seconds, while our
algorithm with optimal setting (ε = 0) takes 9.07 seconds to produce the optimal solution.

The suboptimal algorithms are much faster than the optimal algorithm, and typically
achieve an error close to the optimal. This error is typically much better than the result
of Outlier Pursuit. For example, for the dataset vehicle with k = 10, r = 2, the Outlier

1860013-13



October 19, 2018 9:15 IJAIT S0218213018600138 page 14

1st Reading

S. Shah et al.

Table 2. Accuracy and time results for our algorithms, the Outlier Pursuit algorithm, and the Leverage Score
method. The time is measured in seconds and the error is the relative error. The minimum error is highlighted.

Optimal Sub-Optimal Sub-Optimal Sub-Optimal Outlier Leverage Score
k/r ε = 0/time ε = 2/time ε = 5/time ε = 10/time Pursuit/Time Method/Time

Vehicle Dataset (n = 18, m = 846)

5/2 5.79E-04/1.01 5.91E-04/.22 5.81E-04/.22 5.79E-04/.22 8.1E-04/.65 8.23E-04/.01
5/3 3.12E-04/.69 3.44E-04/.22 3.49E-04/.22 3.49E-04/.22 5.6E-04/.64 5.87E-04/.01
10/2 1.23E-04/3.83 1.23E-04/.34 1.23E-04/.23 1.23E-04/.23 2.6E-04/.65 4.14E-04/.01
10/3 5.82E-05/20.9 5.82E-05/.24 5.82E-05/.23 5.82E-05/.23 1.33E-04/.65 2.51E-04/.01
5/5 9.84E-05/.36 9.84E-05/.21 9.84E-05/.22 9.84E-05/.22 2.38E-04/.64 2.51E-04/.01
10/5 8.55E-06/9.07 8.73E-06/.22 8.73E-06/.22 8.73E-06/.22 4.9E-05/.65 7.72E-05/.01

Spectf Dataset (n = 45, m = 267)

3/2 1.04E-02/2.33 1.04E-02/.53 1.04E-02/.26 1.04E-02/.25 1.04E-02/.64 1.12E-02/.01
4/2 9.99E-03/84 9.99E-03/.77 9.99E-03/.26 9.99E-03/.26 1.01E-02/.66 1.1E-02/.01
10/3 − 6.13E-03/.31 6.11E-03/.28 6.11E-03/.29 6.17E-03/.65 7.34E-03/.01
15/3 − 4.77E-03/.31 4.77E-03/.30 4.77E-03/.31 4.81E-03/.65 6.2E-03/.01
15/10 − 1.73E-03/.32 1.73E-03/.32 1.71E-03/.33 1.84E-03/.65 2.24E-03/.01
20/10 − 1.12E-03/.34 1.11E-03/.34 1.11E-03/.34 1.15E-03/.64 1.63E-03/.01

Libras Dataset (n = 90, m = 360)

4/3 − − 4.01E-02/93.76 4.01E-02/.83 4.17E-02/6.16 4.29E-02/.01
10/3 − − 3.19E-02/1.28 3.19E-02/.92 3.55E-02/6.27 4E-02/.01
10/4 − − 2.03E-02/47.23 2.03E-02/.92 2.2E-02/6.22 2.41E-02/.01
15/4 − − − 1.77E-02/1.02 2.01E-02/6.24 2.15E-02/.01
15/10 − − 1.47E-03/1.06 1.47E-03/.98 1.77E-03/6.18 2.39E-03/.01
20/10 − − 1.06E-03/1.11 1.06E-03/1.11 1.47E-03/6.51 2.17E-03/.01

Pursuit result has twice the error of the suboptimal algorithm with ε = 2. For this case
the suboptimal algorithm runs three times faster than Outlier Pursuit. In most of the cases
that we have investigated the suboptimal algorithms beats Outlier Pursuit in terms of both
accuracy and speed. We observe that the Leverage Score method is by far the fastest, as it
only requires one singular value decomposition. However, it typically has worse accuracy
when compared to the other algorithms.

6.4. Experiments with synthetic datasets

In this experiment we use synthetic data generated with known parameters. We follow the
procedure described in Ref. 7 to generate datasets with a specified rank for the non-outlier
points and a specified number of outliers. In all cases we took the number of outliers to be
15. The experiments compare the performance of our suboptimal algorithm with ε = 10

to the performance of the Outlier Pursuit algorithm. The reported error is the normalized
error as defined in Eq. (14). The results are shown in Fig. 5.

The results show that our suboptimal algorithm always finds the right outliers, and
its error is always below the error of Outlier Pursuit. The advantage in accuracy of the
suboptimal algorithm over the Outlier Pursuit is minimal when the data can be described
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Fig. 5. Experiments with artificially generated datasets. The matrix X is 50 × 50. Each dataset has 15 outliers,
and the remaining points have a known rank.

by a very low rank matrix, but becomes very significant when the data requires higher rank
matrices. In all these experiments the suboptimal algorithm also had a significant running
time advantage over the Outlier Pursuit. It ran at least three times faster than Outlier Pursuit
in all the experiments.

6.5. Results on datasets of facial images

In this subsection we describe results of applying our algorithms to datasets of face images.
We use the Yale Face Database25 to create three datasets, each with 12 face images. In this

Fig. 6. Face Dataset 1. Results with r = 2 and k = 4.

1860013-15
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Fig. 7. Face Dataset 1. Top: Results for r = 3 and k = 4, Bottom: Results for r = 3 and k = 6.

case an image is viewed as a matrix column. Out of those the non-outliers are images of the
same person in different pose, illumination and sometimes with and without glasses. The
outliers are images of other individuals. It is known that in such a setting the non-outlier
images lie in a low dimensional subspace. We use our algorithm with different values of
k and r and show that the low dimensional subspace containing the non-outlier images is
successfully discovered.

The results are displayed in Figs. 6–8, where the images with red borders are the out-
liers detected by the algorithm. Figure 6 shows the result on the first dataset with r = 2,
k = 4, and it is clear that our algorithm identified all the outliers. Figure 8 shows success-
ful detection of outliers on Dataset 2 (top) and 3(bottom) with parameters r = 3, k = 3

and r = 3, k = 5 respectively. Note that the bottom image of Fig. 8 has 4 outliers and
setting k = 5 picks 5 outliers. This shows that overshooting the value of k does success-
fully recover the subspace underlying non-outlier points. This can also be seen in Fig. 7.
For k = 3, r = 4 we can see that two images out of four detected images are not outliers.
This shows that the exact linear subspace of the non-outliers can be recovered by using k
values above the expected number of outliers.
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Fig. 8. Face Dataset 2 (top) and 3 (bottom). Successful run on face images with r = 3. We use k = 3 in the
top experiment and k = 5 in the bottom one.

7. Concluding Remarks

Outlier Robust PCA is an important problem in data analytics and machine learning.
We take a combinatorial approach to this problem and pose the Outlier Robust PCA
as a heuristic search problem on a graph created by subsets of columns from the data
matrix. We use an approach similar to the classical A∗ algorithm to find a subset of
outliers in the given data matrix. This allows for an optimal algorithm that is much faster
than exhaustive search. Comparing our result to an exhaustive search, consider selecting
k out of n columns. Exhaustive search requires evaluating

(
n
k

)
subsets. For example, with

n = 100, k = 5 there are roughly 7.5 · 107 subsets to evaluate, and with n = 500,
k = 5 there are roughly 2.5 · 1011 subsets. We estimate that if exhaustive search is used to
select 4 columns from the libras dataset, the running time would be about one month. This
is what we solve in about five minutes. Our algorithm finds the optimal solution while
evaluating significantly fewer subsets. The sub-optimal variant runs much faster than the
optimal variant and still manages to get significantly better accuracy than the current state
of the art.
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