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Feature selection is a common dimensionality reduction technique of fundamental importance in big
data. A common approach for reducing the running time of feature selection is to perform it in two
stages. In the first stage a fast and simple filter is applied to select good candidates. The number of
candidates is further reduced in the second stage by an accurate algorithm that may run significantly
slower. There are two main variants of feature selection: unsupervised and supervised. In the super-
vised variant features are selected for predicting labels, while the unsupervised variant does not use
labels at all. We describe a general framework that can use an arbitrary off-the-shelf unsupervised
algorithm for the second stage. The algorithm is applied to the selection obtained in the first stage
weighted appropriately. Our main technical result is a method for calculating weights for the columns
that need to be selected in the second stage. We show that these weights can be computed as the solu-
tion to a constrained quadratic optimization problem. The solution is deterministic, and improves on
previously published studies that use probabilistic ideas to compute similar weights. To the best of our
knowledge our approach is the first technique for converting a supervised feature selection problem
into an unsupervised problem. Complexity analysis shows that the proposed technique is very fast,
can be implemented in a single pass over the data, and can take advantage of data sparsity. Experi-
mental results show that the accuracy of the proposed method is comparable to that of much slower
techniques.

Keywords: Big data; unsupervised feature selection; supervised feature selection; data mining.

1. Introduction

The selection of a small number of useful features from the data is computationally chal-
lenging even for moderate size data.1 The problem becomes much harder with the increase
in data size. While there are attempts to find optimal solutions (e.g., studies described
in Refs. 2–5), most studies attempt to derive efficient suboptimal algorithms. A common
approach for reducing the running time is to perform the selection in two stages. An ini-
tial selection is computed in the first stage by a fast and simple feature selection tech-
nique, followed by a second stage that uses a more accurate and time consuming method.
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Table 1. Two-stage algorithms.

Stage

Case Original Problem 1 2 Comment

1 s s s Typical case
2 s s u This paper
3 s u s Others
4 s u u This paper
5 u s s X
6 u s u X
7 u u s X
8 u u u This paper and others

To properly describe the relationship between the original feature selection problem
and the algorithms used in the first and second stage we need the distinction between su-
pervised and unsupervised feature selection. The input to the supervised case is labeled
features, and for the unsupervised case it is unlabeled features. In the supervised case
the goal is to select features that can be used to approximate the labels. In the unsuper-
vised case there are no labels, and features are typically selected for estimating the data
itself.

Since each algorithm can be either supervised or unsupervised there are eight cases
relating the original selection problem to the algorithms used in the two stages. They are
shown in Table 1. The entry “s” indicates supervised, and “u” indicates unsupervised. We
are not aware of studies corresponding to Cases 5–7. Case 1 is the most common; The
problem is supervised, and it is typically addressed by filters in the first stage followed
by embedded methods in the second stage. See for example Refs. 1, 6–10. Case 3 uses
an unsupervised algorithm in the first stage instead of the supervised algorithm of Case 1.
This may have speed advantage, since some of the unsupervised algorithms are faster than
the supervised filters. See for example Refs. 11–14. Case 8 solves the unsupervised case
by concatenating two unsupervised algorithms. To the best of our knowledge an algorithm
of this type was first proposed in Ref. 15. See also Ref. 16.

The results presented in this paper improve on previous results in Case 8. They are also
applied successfully in Cases 2 and 4. We are not aware of any previous work on these
cases, where the original supervised problem is solved with an unsupervised second stage
algorithm.

1.1. The main idea

We begin with the idea described in Ref. 15 that strongly influenced our approach. Consider
their solution to the unsupervised problem of selecting k out of the n columns from the
matrix X .

(a) Compute a probability pi for each column xi.
(b) Select k1 ≥ k columns according to these probabilities.
(c) If xj is selected, compute its weight as wj = 1/

√
pj .
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(d) Create the matrix X1 from the k1 columns wjxj .
(e) Run an unsupervised method to select k columns from X1.

The key idea of Boutsidis et al. is that with a smart choice of the pi the matrix X1 approx-
imates X “in some sense”. The particular choice that they use is to take pi proportional to
the squared “leverage core” of the ith column. They show that with these probabilities a
good selection from X1 has a high probability to also be a good selection from X .

The main idea behind our result is the following: Regardless of how the columns are
selected in Step (b), it is always possible to compute the “best” weights so that X1 approx-
imates X . We show that finding the best weights requires constrained quadratic optimiza-
tion, similar to the optimization used in the implementation of support vector machines. A
good approximation of the optimal weights can obtained by ignoring the constraints and
solving a simple unconstrained quadratic optimization. An important observation is that
in this setting the columns of X1 do not have to be columns of X . Thus, it is possible to
consider a generalized setting where k columns of X are chosen to approximate another
matrix that we denote by Y , consisting of label information.

As we show, this generalized setting includes unsupervised feature selection as well as
supervised feature selection. The supervised case includes both the standard setting where
there is a single label associated with each data item as well as the more general case where
multiple labels are associated with each data item.

1.2. Paper organization

The paper is organized as follows. Notation and the main algorithm are introduced in Sec-
tion 2, where feature selection is formulated as the selection of columns from a matrix. The
main algorithm uses weights that are associated with each column of the initial selection.
The characterization of optimal weights and algorithms for computing these weights are
discussed in Section 3. Even though the optimal algorithm requires constrained quadratic
optimization, a simplified version requires only the solution of a system of linear equa-
tions. An upper bound on the algorithm accuracy in terms of the errors that are explicitly
minimized is derived in Section 4. Runtime analysis is performed in Section 5, where the
complexity of the proposed method is related to the complexity of competing methods.
Experimental results are shown and discussed in Section 6.

2. Problem Statement and Notation

Supervised feature selection attempts to identify a subset of the features that can be almost
as effective as the entire set of features in predicting a set of labels. This can be achieved by
removing redundant and irrelevant features from data. Consider the simple example shown
in Fig. 1.

The features include height in centimeter, height in feet, age, and weight in pounds.
The labels to be predicted are the Body Mass Index (BMI) and the weight in kilograms.
Since the two features that give the height in different units can be converted to each other,
one of them is clearly redundant. Furthermore, since the BMI depends only on the height
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Name Height (cm) Height (ft) Age Weight (lb) BMI Weight (kilos)
(feature) (feature) (feature) (feature) (label) (label)

Alexa 160 5.24 17 98 17.4 44.45

Cortana 173 5.67 26 121 18.4 54.9

Siri 185 6.07 40 174 23 78.9

Fig. 1. Toy data for supervised feature selection.

and the weight of an individual, it is easy to see that the age is an irrelevant feature. We
will use matrix notation to describe the data as follows

X =

160 5.24 17 98

173 5.67 26 121

185 6.07 40 174

 , Y =

17.4 44.45

18.4 54.9

23 78.9

 , S =

160 98

173 121

185 174

 ,

where X is the data matrix, Y is the labels matrix, and S is the selection matrix.
The difference between supervised feature selection and unsupervised feature selection

is in the availability of labels. The unsupervised case attempts to select features from the
data matrix with no label information. In the toy example described above we would still
have the second “Height” feature as redundant, but in the unsupervised case the “Age”
feature cannot be discarded. Therefore, in this case we have

X =

160 5.24 17 98

173 5.67 26 121

185 6.07 40 174

 , S =

160 17 98

173 26 121

185 40 174

 .

There are two common approaches to unsupervised feature selection. The first approach
considers a feature to be redundant if it is similar to another feature that has already been
selected (e.g., Ref. 18). The second approach considers a feature to be redundant if it can
be approximated by a linear combination of other features that have already been selected
(e.g., Refs. 19 and 20). The second approach that we follow here is sometimes called the
Column Subset Selection Problem (CSSP). Observe that the CSSP is a special case of
supervised feature selection with the choice Y = X .

Let X be a “dictionary” matrix of m rows and n columns. Let Y be the labels matrix
of m rows and N columns. Let S1 be matrix of size m×k1 formed from columns selected
from X in the first stage. Let S2 be matrix of size m × k2 formed from columns selected
from S1 in the second stage. We wish to minimize the error of approximating the matrix Y
in terms of S2

e = min
A
|Y − S2A|2F . (1)

The relationship between X , S1, and S2 can be expressed as

S2 ⊂ S1 ⊂ X ,
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where we use the notation A ⊂ B to indicate that the columns of A are a subset of the
columns of B. Observe that unsupervised feature selection (CSSP) is the special case
where Y = X , and the standard supervised feature selection corresponds to the case where
Y is a single column (N = 1). With N > 1 we have the multi-label case that has drawn
a lot of interest recently (e.g., Refs. 21–25). Other studies that use and analyze the case
where columns of X are selected to approximate an entire matrix Y can be found in the
following references 26–30.

In describing our approach we assume the availability of two algorithms. Algorithm 1
is used in the first stage to select S1 from X , and can be either supervised or unsupervised.
Its input is the matricesX,Y , and the parameter k1 specifying the number of columns to be
selected in the first stage. Its output is the matrix S1 consisting of the k1 columns selected
from X . (If Algorithm 1 is unsupervised, it does not use the matrix Y .) Algorithm 2 is
the unsupervised algorithm of the second stage. It takes as input the matrix S1 and the
parameter k2. It returns the matrix S2 of the k2 columns selected from S1. The two-stage
algorithm is shown in Fig. 2. The problem we focus on in this paper is how to calculate
the weights in Step 2. Our solution is described in Section 3.

Input: X ,Y ,k2. In the unsupervised case Y = X .
Design Parameters: k1, Algorithm 1, Algorithm 2.
Output: The selection S2 ⊂ X that can be used to approximate Y.

1 Use Algorithm 1 with input X , Y , k1 to compute S1 with k1 columns from X that
can be used to approximate Y .

(If Algorithm 1 is unsupervised, replace Y with X .)
2 Use S1, Y to compute k1 weights w1, . . . , wk1

.
3 Create the m× k1 matrix X1 as follows:

Column j of X1 is column j of S1 scaled by wj .
In matrix notation: X1 = S1 diag(w1, . . . , wk1).

4 Use Algorithm 2 with the input X1, k2 to compute S2. with k2 columns from X1

that can be used to approximate X1.

Fig. 2. The two-stage algorithm.

3. Computing the Weights

This section describes our main result: An algorithm for computing the weights in Step 2
of the two-stage algorithm. We begin by observing that the approximation error of (1)
depends only on Y Y T and not directly on Y . This suggests that the weights should be
chosen so that the matrix X1 in the algorithm satisfies: X1X

T
1 ≈ Y Y T . As previously

mentioned, in the unsupervised case we take Y = X .
Measuring the quality of the approximation in the Frobenius norm we show that the

optimal weights can be computed by quadratic optimization. In Section 4 we prove that
minimizing the approximation error in Steps 2 and 3 of the two-stage algorithm indeed
minimizes the desired error e defined in Eq. (1).
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Proposition 1. Let Y, S be two matrices. Define e = minA ‖Y − SA‖2F . Then for any
matrix Q with orthonormal columns that forms a basis to the column space of S

e = Trace{(I −QQT )Y Y T (I −QQT )} . (2)

Proof. Since S and Q have the same column space we have

e = min
A
‖Y − SA‖2F = ‖Y −QA‖2F .

In this expression the minimizing A is given by: A = QTY , so that

e = ‖Y −QQTY ‖2F = ‖(I −QQT )Y ‖2F .

The proposition now follows from the relation between the Frobenius norm and the trace.
(For any matrix M , the following relation holds: ‖M‖2F = Trace{MMT }.)

From Proposition 1 it follows that the error e depends on Y Y T and not directly on
Y . Therefore, any matrix X1 (not necessarily created from Y columns) which satisfies
X1X

T
1 = Y Y T can be used instead of the matrix Y in Eq. (1). This suggests that

X1 should be chosen satisfying X1X
T
1 ≈ Y Y T . (These arguments are quantified in

Theorem 2.) Specifically, we propose to determine the weights needed in Step 2 of the
two-stage algorithm of Fig. 2 by the following optimization problem

w1, . . . , wk1
= arg min

w1,...,wk1

‖X1X
T
1 − Y Y T ‖F

where: X1 = S1 diag(w1, . . . , wk1) .

Equivalently

w1, . . . , wk1
= arg min

w1,...,wk1

‖S1W
2ST

1 − Y Y T ‖F

where: W 2 = diag(w2
1, . . . , w

2
k1
) .

We proceed to show that this problem can be solved with constrained quadratic optimiza-
tion, similar to the optimization used for the dual optimization problem in Support Vector
Machines.31 The key idea is to exhibit another problem that has a related solution. This is
shown in Theorem 1.

Theorem 1. Let S1 = (s1, . . . , sk1
) be an arbitrary m × k1 matrix. Let w =

(w1, . . . , wk1)
T be a weights vector of length k1. Create the m × k1 matrix X1 as fol-

lows

X1 = S1 diag(w1, . . . , wk1
) .

(This means that Column j ofX1 is wjsj , where sj is Column j of S1.) Define the k1×k1
matrix H and the k1 vector h by

H = (Hij), Hij = (sTi sj)
2, h = (hj), hj = |Y T sj |2 .
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Let z be a k1 vector. Consider the following two optimization problems

a. wopt = argmin
w
‖X1X

T
1 − Y Y T ‖2F = argmin

w
‖S1W

2ST
1 − Y Y T ‖2F

where W = diag(w)

b. zopt = argmin
z
zTHz − 2hT z,

subject to zj ≥ 0, j = 1, . . . , k1 .

Then H is positive semidefinite and the two solutions are related by

wopt(j) =
√
zopt(j), j = 1, . . . , k1 .

Proof. Set zj = w2
j and Bj = sjs

T
j for j = 1, . . . , k1. With this notation we have

X1X
T
1 =

k1∑
j=1

wjsjs
T
j wj =

k1∑
j=1

zjBj .

Plugging this into the first optimization problem gives

e1 =

∥∥∥∥∥
k1∑
j=1

zjBj − Y Y T

∥∥∥∥∥
2

F

= Trace{(Y Y T )2}+ Trace


(

k1∑
j=1

zjBj

)2
− 2Trace

{
k1∑
j=1

zjBjY Y
T

}
.

The first trace expression is independent of z. Manipulating the second trace expression
gives

Trace


(∑

j

zjBj

)2
 =

∑
ij

zizj Trace{BiBj} =
∑
ij

zizj(s
T
i sj)

2 = zTHz , (3)

where we have used the easily provable identity: Trace{BiBj} = (sTi sj)
2. Manipulating

the third trace expression gives

Trace

{∑
j

zjBjY Y
T

}
=
∑
j

zj Trace{Y T sjs
T
j Y }

=
∑
j

zj Trace{sTj Y Y T sj} =
∑
j

zj |Y T sj |2 = hT z .

This shows that

min
w
‖X1X

T
1 − Y Y T ‖2F = Trace{(Y Y T )2}+min

z
zTHz − 2hT z ,

which proves the second part of the theorem. It remains to show thatH is positive semidef-
inite. Observe that the following matrix is positive semidefinite:

∑
j zjBj . This follows by

observing the each Bj is positive semidefinite and zj ≥ 0. Since the square of a posi-
tive semidefinite matrix is positive semidefinite, we conclude that (

∑
j zjBj)

2 is positive
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semidefinite definite. Therefore, from Eq. (3) the expression zTHz is the trace of a positive
semidefinite matrix, and must be nonnegative.

From the Theorem it follows that the weights can be calculated as a solution to a con-
strained quadratic optimization problem. We have experimented with an implementation
of the algorithm described in Ref. 32 as well as with a simple heuristic that solves the un-
constrained problem and zeroes out the negative coordinates. In our experiments there was
little difference in the quality of the solutions obtained by these two methods. Observe that
the unconstrained problem has a closed form solution. The minimizer zopt can be found as
the solution to system of linear equations Hz = h. See for example Ref. 19. This system
of linear equations can be solved reliably and efficiently.

Since the matrix H may be singular the optimizing solution may not be unique. It is
standard practice to add a regularization term which makes H positive definite, guarantees
a unique solution, and increases the stability of the optimization. The formulas in Theo-
rem 1 give the algorithm shown in Fig. 3, where a regularization term controlled by γ > 0

is added for stability. Observe that the computation of h is rearranged so that it is calculated
in one pass over Y .

Input: S1 = (s1, . . . , sk1
), Y .

Design Parameter: γ > 0 (regularization parameter).
Output: the weights vector w.

0 Initialize the vector h to 0.
1 In one pass over Y , for j = 1, . . . , N , read yj

for i = 1, . . . , k1 increment hi by (sTi yj)
2.

2 for i, j = 1, . . . , k1 set Hij = (sTi sj)
2.

3 for i = 1, . . . , k1 increment Hii by γ.
4 Use either constrained (4.1) or unconstrained (4.2) optimization:
4.1 Solve the constrained optimization problem:

zopt = argminz z
THz − 2hT z,

subject to zj ≥ 0, j = 1, . . . , k1

4.2 Solve the unconstrained optimization problem:
4.2.1 Solve the linear system Hz = h for z.
4.2.2 for j = 1, . . . , k1 if zj < 0 set zj = 0.
5 for j = 1, . . . , k1: wj =

√
zj .

Fig. 3. The algorithm for calculating the weights.

4. Error Bounds

The algorithm error as given by Eq. (1) is affected by the error of approximating Y Y T

and by the error of the algorithm in Stage 2. In this section we investigate how these errors
are related.
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Theorem 2. Let ε1 be the error minimized by the quadratic optimization step for comput-
ing the weights. Let ε2 be the error minimized by the unsupervised algorithm in the second
stage. Let ε be the error of the two-stage algorithm. Let m be the number of rows of X .
Then

ε ≤ √mε1 + ε2 .

Proof. Using the notation of Section 3 we have

ε1 = ‖E1‖2F , where E1 = X1X
T
1 − Y Y T .

Let the matrix Q2 be an orthogonal basis to the column space of S1. From Proposition 1
we have

ε2 = Trace{(I −Q2Q
T
2 )X1X

T
1 (I −Q2Q

T
2 )} .

Similarly, ε can be written as

ε = Trace{(I −Q2Q
T
2 )Y Y

T (I −Q2Q
T
2 )}

= Trace{(I −Q2Q
T
2 )(X1X

T
1 − E1)(I −Q2Q

T
2 )}

= ε2 − Trace{(I −Q2Q
T
2 )E1(I −Q2Q

T
2 )}

= ε2 − Trace{QT
3 E1Q3} ,

where Q3 is the orthogonal complement of Q2. Let λ1, . . . , λm be the eigenvalues of E1.
It is known that

Trace{QT
3 E1Q3} ≥ −

m∑
j=1

|λj |

(e.g., Ref. 33). Therefore, to prove the theorem it remains to show that
∑m

j=1 |λj | ≤
√
mε1.

Since ε1 = ‖E1‖2F =
∑m

j=1 λ
2
j it is enough to establish the inequality

m∑
j=1

|λj | ≤
√
m
∑
j

λ2j .

This inequality follows from one of the generalized means inequalities34 which states that∑m
j=1 |λj |
m

≤

√∑m
j=1 λ

2
j

m
.

5. Run Time Analysis

In this section we analyze the running time of the two-stage algorithm, where the rele-
vant parameters are shown in Fig. 4. We consider both the dense case and the sparse case.
In the sparse case the “dictionary” matrix X sparse, containing only ZX nonzero values
(ZX � mn). In this case the selection S1 in the first stage would have ZS nonzero
values (ZS � mk1).

1860014-9
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m — number of rows of both X and Y
n — number of X columns
N — number of Y columns
k1 — number of columns selected in Stage 1
k2 — number of columns selected in Stage 2
ZS — number of nonzero values in Stage 1 selection
ZX — number of nonzero values in X

Fig. 4. The relevant complexity parameters.

5.1. Stage 1 feature selection

In typical large datasets the most important complexity parameter is n, the number of
columns of X . The first stage reduces n to k1. Several options for fast algorithms that we
experimented with, and their complexity, are listed in Fig. 5.

The “Random” algorithm performs the selection uniformly at random. In typical stor-
age models that allow skipping (e.g., hard drives which allow seeks) there is no need to
read the entire data. This is, by far, the fastest approach. The FKV algorithm35 is unsu-
pervised. It selects candidates with probability proportional to their squared norm. The
Leverage Score algorithm is unsupervised. It uses probabilities computed from a truncated
SVD of the matrix X .15 The complexity we specify assumes the availability of fast trun-
cated SVD algorithms (e.g., Ref. 36). Pearson is a classical filter technique (e.g., Ref. 1).
In its standard form it can only be applied to one label. More general filters, similar to
Pearson, can be constructed to handle the multiple label case. Their dominant computa-
tional step is the product of the matrix Y with each one of X columns. They are efficient
for a small N (number of labels), but otherwise become quite expensive. The one we im-
plemented is a single iteration of the Orthogonal Matching Pursuit algorithm.37 The last
algorithm, the QRP, performs the selection using the pivoted QR factorization.19 Unlike
the other algorithms it removes redundancies in the initial selection, but requires more than
a single pass.38

Algorithm Type Dense Sparse Passes

Random unsupervised O(k1) O(k1) 1
FKV unsupervised O(mn) O(ZX) 1
Leverage unsupervised O(k1mn) O(k1ZX) 1
Pearson supervised O(mn) O(ZX) 1
Filter supervised O(Nmn) O(NZX) 1
QRP unsupervised O(k1mn) O(k1mn) k1

Fig. 5. Some stage 1 algorithms.

1860014-10
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5.2. Stage 2 feature selection

The unsupervised algorithm in Stage 2 performs the selection of k2 columns from the
matrix S1 (weighted appropriately) of size m× k1. Here the most relevant parameters are
k1 and m. We assume that k1 is small enough so that S1 can fit in memory and the number
of passes is no longer relevant.

Some of the algorithms and their complexity are listed in Fig. 6. We also list some
classical supervised algorithms that can be used in Stage 2 without the calculation of
weights. (They are the “competitors”.) The GKS algorithm19 is unsupervised. It performs
pivoted column selection in the leveraged space. The GE algorithm is unsupervised. It
was established in Ref. 39 and has the best guarantee on accuracy when measured in the
spectral norm.

Algorithm Type Dense Sparse

GKS unsupervised O(k1k2m) O(k2ZS)

GE unsupervised O(k1m
2) O(k1m

2)

FS supervised O(k1k2mN) O(k1k2mN)

SVM-RFE supervised O(m3k21) O(m3k21)

Fig. 6. Some stage 2 algorithms.

The FS (Forward Selection) algorithm is supervised. Even though it is greedy, it ap-
pears to perform very well in practice. There are recent theoretical and experimental results
that explain the good performance and show that under some conditions it produces a se-
lection very close to the optimal. See Ref. 2 and the extended version in Ref. 40. The table
running time for the FS are for a straightforward implementation. A faster implementation
is described in Ref. 26 and can lead to significant improvements. It would reduce the dense
complexity to O(k1mN) and the sparse complexity to O(N(k1k2 + ZS)).

The SVM-RFE was established in Ref. 41. The expensive step is the solution of a
quadratic programming problem, that takes in the worst case O(m3k1) (see Ref. 31). This
has to be repeated k1 times.

5.3. Computing the weights

Calculating the weights involves calculating the matrix H , the vector h, and solving a
quadratic optimization problem. Calculating H takes k1(k1 + 1)/2 = O(k21) dot products
of m vectors. Calculating h takes Nk1 dot products of m vectors. Solving the constrained
quadratic optimization takes O(k41). The unconstrained case takes O(k31). This shows that
solving the exact quadratic optimization dominates the complexity when k21 > m, which is
very likely. As discussed in Section 3 using the unconstrained solution gives the following
running times:

Dense running time: O(k1m(N + k1))

Sparse running time: O((k1 +N)ZS + k31)

1860014-11
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5.4. Discussion

When the GKS is used in Stage 2, the running time is dominated by the computation of
the weights. This gives a running time much faster than the FS for sparse case, and for
the dense case with large values of N . It should also be noted that for very sparse data the
value of ZS isO(k1), so that the running time is dominated by the solution of the system of
linear equationsHz = h, with a positive definiteH . For this case there are known iterative
techniques that may obtain an approximate solution much faster. See for example, Ref. 19.

6. Experimental Evaluation

We conducted an extensive set of experiments to evaluate the proposed two-stage approach.
Some of these results are shown here and others can be found in Ref. 42. The datasets we
used are publicly available, with the details shown in Table 2.

Table 2. Dataset information.

Dataset Size Labels Availability

CNAE-9 1080 × 857 —- UCI
TechTC01 163 × 29 261 – Technion
Day1 20 000 × 3 231 957 – UCI
Isolet5 1559 × 618 1 UCI
Gisette 6000 × 5000 1 UCI
Arcene 100 × 10 000 1 UCI
Enron 1702 × 1001 53 Mulan
Medical 978 × 1449 45 Mulan
Bibtex 7395 × 1836 159 Mulan

The first experiment compares results of the constrained and the unconstrained quadratic
optimization methods. These are the two optional optimization methods described in
lines 4.1 and 4.2 of the algorithm in Fig. 3. The experiments we show are on the Bibtex
dataset from the Mulan repository. They are shown in Fig. 7. As shown in these exper-
iments there appears to be very little benefit of using the constrained optimization. The
unconstrained optimization produces very similar results.

The second experiment is for unsupervised feature selection, and compares our method
of computing weights to the one described in Ref. 15, which we call the BMD. The results
are shown in Fig. 8. The BMD was implemented as suggested by the authors, computing
the best result in 40 random runs. In all cases the Stage 1 classifier was Leverage Score,
and the Stage 2 classifier was the GE. The reported error is the ratio between the computed
error and the initial error with no features selected. The only difference between the BMD
and our algorithm was the way in which the weights were calculated. It is clear that our
results are more accurate in all test cases.

The third experiment is for the supervised case, where there is a single label associated
with each data item (N = 1). The results are shown in Fig. 9. The algorithm used in
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Fig. 7. Error comparison of constrained and unconstrained quadratic optimization methods on Bibtex dataset
with k1 = 10 · k2.

k2
CNAE-9 TechTC01 Day1

BMD ours BMD ours BMD ours

25 0.110 0.093 0.057 0.050 0.225 0.208
50 0.082 0.068 0.023 0.018 0.195 0.176
75 0.068 0.052 0.008 0.007 0.174 0.158

100 0.057 0.042 0.003 0.003 0.164 0.146

Fig. 8. Comparison between the BMD two-stage method of Boutsidis et al. and our method. k1 = 4k2.

Stage 1 is shown in the first row, and the algorithm used in Stage 2 is shown in the second
row. The first two columns describe “competitors”, where Stage 2 is implemented with
supervised algorithms. Observe that the last two columns correspond to the case where
both the Stage 1 and the Stage 2 algorithms are unsupervised. While there are cases where
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Pearson FKV LEV

k2 SVM FS GE GKS GE GE

Isolet (1559× 618)

10 – 0.249 0.279 0.289 0.188 0.207
20 0.179 0.163 0.244 0.220 0.172 0.192
30 0.212 0.136 0.200 0.173 0.155 0.168
40 0.195 0.125 0.199 0.168 0.137 0.162
50 0.145 0.117 0.192 0.162 0.125 0.150

Gisette (6000× 5000)

10 – 0.810 0.828 0.826 0.600 0.456
20 – 0.679 0.772 0.771 0.510 0.363
30 – 0.626 0.741 0.742 0.445 0.341
40 – 0.590 0.709 0.709 0.378 0.319
50 – 0.573 0.692 0.698 0.390 0.297

Arcene (100× 10 000)

10 0.812 0.656 0.850 0.850 0.665 0.615
20 0.595 0.490 0.501 0.501 0.471 0.401
30 0.414 0.257 0.412 0.410 0.388 0.283
40 0.332 0.168 0.376 0.394 0.312 0.214
50 0.233 0.094 0.246 0.210 0.234 0.140

Fig. 9. Experiments with supervised feature selection, predicting a single label. k1 = 4k2.

the competitors beat our method, the results are very close. On the other hand, the running
time of the supervised methods is much slower than the running time of the unsupervised
methods. A “–” indicates cases where a competitor algorithm did not produce a result in
an acceptable amount of time.

The fourth experiment is for the multi-label case, where there are multiple labels
associated with each data item. The results are shown for the Enron dataset (in Fig. 10) and
for the Medical dataset (in Fig. 11) Each Stage 1 algorithm was tested with two Stage 2
algorithms: the GKS and the FS. The results obtained with the FS are our competitors.
Since the “Random” and the “FKV” methods depend on random drawings, they were re-
peated 20 times and averaged.

It is clear that typically using the FS in the second stage gives more accurate results,
but the difference is very small. As shown in Section 5 using the FS comes with the heavy
price of a much slower running time.
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Filter QRP Random FKV

k2 FS/GKS FS/GKS FS/GKS FS/GKS

2 5.58 / 5.60 4.49 / 4.55 5.57 / 5.68 5.02 / 5.04
4 5.44 / 5.45 4.29 / 4.36 4.84 / 4.90 4.53 / 4.56
6 5.40 / 5.43 4.11 / 4.17 4.54 / 4.50 4.29 / 4.34
8 4.40 / 4.42 4.02 / 4.10 4.30 / 4.39 4.23 / 4.27

10 4.32 / 4.34 3.95 / 3.97 4.20 / 4.26 4.17 / 4.22
12 4.29 / 4.34 3.89 / 3.99 3.95 / 4.17 4.03 / 4.09
14 4.28 / 4.31 3.85 / 3.90 3.88 / 4.11 3.99 / 4.04
16 4.26 / 4.29 3.81 / 3.88 3.84 / 4.01 3.96 / 4.02
18 4.23 / 4.27 3.76 / 3.86 3.81 / 3.84 3.94 / 4.01
20 4.22 / 4.26 3.73 / 3.83 3.76 / 3.84 3.86 / 3.94
22 4.20 / 4.25 3.71 / 3.81 3.70 / 3.81 3.82 / 3.90
24 4.15 / 4.20 3.68 / 3.80 3.67 / 3.79 3.80 / 3.89
26 4.14 / 4.20 3.66 / 3.79 3.65 / 3.77 3.77 / 3.86
28 4.12 / 4.17 3.64 / 3.76 3.62 / 3.75 3.74 / 3.84
30 4.10 / 4.15 3.61 / 3.75 3.60 / 3.74 3.73 / 3.83
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Fig. 10. Error comparison among different algorithms on the Enron dataset. k1 = 10k2.
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Fig. 11. Error comparison among different algorithms on the Medical dataset. k1 = 10k2.

7. Concluding Remarks

In situations where feature selection is too slow one may be forced into compromising
accuracy for speed. This leads to the widely used two-stage approach, where an initial
pass over the data selects candidate features that are evaluated more thoroughly in a sec-
ond stage. The obvious reason why one may want to use unsupervised feature selection
in the second stage is that unsupervised algorithms are typically faster than supervised
algorithms. However, it was not previously known that it is possible to use unsupervised
algorithms in a general setting. The results of Ref. 15 have shown such a case for a par-
ticular (randomized) algorithm in Stage 1, and the approach appeared to be closely tied to
that particular algorithm.

In this paper we describe a general approach that enables combining two off-the-shelf
algorithms for performing the selection, and the algorithm for the second stage must be un-
supervised. As we show, this requires the nontrivial computation of weights. The runtime
analysis shows the advantage of this approach, especially for the multi-label case and for
highly sparse data. In terms of accuracy, we compared the results to a typical setting where
Stage 2 is implemented with a supervised algorithm. Our results show that using unsuper-
vised Stage 2 algorithms with weights calculated by our method is almost as accurate as
using supervised algorithms, while at the same time it is significantly faster.
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