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Abstract 


We present two recursive algorithms that produce layouts of complete binary trees with small expansion, where expansion is the ratio of the number of grid points to the number of tree points.  


We first show that, given k-layer layouts of the complete binary tree of height h in a region with a rows and b columns, one can create a k-layer square layout of Th+2p, for any p(1, with maximum expansion of k(a+b)2/2(h+3).  We then demonstrate 2-layer layouts of T7 into a 12x13x2 grid; hence, any tree of height (7+2p), for p(1, can be laid out with maximum expansion of 1.2207.  We also demonstrate 2-layer layouts of T8 into a 16x20x2 grid; hence, any tree of height (8+2p), for p(1, can be laid out with maximum expansion of 1.2656.  


The second algorithm embeds complete binary trees on one layer.  We show that, given basis layouts of Th into an a by b grid, it creates a square layout of Th+2p, for any p(1, with expansion of (a+b+1)2/2(h+3).  We demonstrate basis layouts that are used to create layouts of larger even and odd height trees with maximum expansions of 1.4238 and 1.4195 respectively.  These represent significant improvements over previous layouts.
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1.
Introduction


Embeddings and layouts have been studied in the literature for several reasons, including various problems associated with VLSI and the simulation of one parallel architecture by another ([1,2,3,4,5,6,7,8,9,10]).  In general, there is a guest graph G and a host graph H.  A layout of G into H is an injective function f from the vertices of G to the vertices of H, together with a mapping Pf, which assigns to each edge [u,v] of G a path between f(u) and f(v) in H.  In a layout, internal nodes in a path from f(u) to f(v) do not include f(z), for any vertices u,v,z in G, nor any other point in a path between f(s) and f(t) for any other edge st in G.


In general, a grid graph M[a,b,k] has a rows, b columns, and k faces or layers.  In this paper we consider recursive algorithms that can construct layouts of complete binary trees of arbitrary height into two types of grids:  those with two layers, and those with one layer.  We therefore consider grid graphs M[a,b,k] in which the dimension k is held constant, but the dimensions a and b are allowed to grow as larger trees are embedded.


Let Th represent the complete binary tree of height h, and let f be a layout of Th into the grid M[a,b,k].  The expansion ratio of the layout is the number of points in M[a,b,k] divided by the number of points in Th:  (abk)/(2h+1-1).  The load of a vertex x in G under f, denoted by load(x), is the number of vertices mapped by f to x.  The congestion of a vertex x in G under f, denoted by congestion(x), is the number of paths of the form f(uv), for an edge uv in G, containing x as an internal vertex.  The total congestion of a vertex x is load(x) + congestion(x).  Note that all the layouts considered in this paper have total congestion 1.


Our algorithms can be used to generate layouts of complete binary trees of arbitrary height.  They begin with basis layouts that have certain characteristics, and which are designed so that layouts of larger trees can be constructed with the same characteristics.  The algorithms are therefore recursive and they are also space efficient.


In the discussion below we use procedural diagrams that describe how to create larger layouts from smaller ones with the same characteristics.  The characteristics involve reserved points, escapes, and often the shape of the layout.  Reserved points, which are host grid points that are not allowed to be in the range of f or Pf, have more than one function.  First, they enable the basis and larger layouts to fit together with very little wasted space.  Secondly, they can be used to form connections between appropriate nodes.  A special example of the latter is the type of path we call an escape, which is a path of reserved points from the root node of a given layout to the periphery of the layout.  Since each piece created by our recursive layout algorithms might potentially be used to create larger pieces, these escapes can be used for connecting paths between layouts when they are combined to form a layout of a larger tree.  


Please note that, due to space considerations, only a few of the figures referenced in this paper are actually shown.  The rest of the figures are available at http://www.utdallas.edu/~hal. 

2.
Two Layer Layouts


Although the specific results described in this section are for two layers, the technique is general for any k layers.  We state the general technique, as it is of independent interest.  We describe a procedure that produces, for positive integers k>0 and p>0, a k-layer layout of Tp.  Furthermore, the layouts produced will have small expansion.  


The procedure starts with a basis collection of four k-layer layouts of Tp0, for some small positive integer p0.  Each of the four layouts of Tp0 are into a grid M[a,b,k], for some positive integers a,b,k>0.  The layouts are called Layout A, Layout B, Layout C, and Layout D, illustrated in Figures 1 - 4 respectively.  In Figures 1 - 4, the image of the root node is indicated as a circle roughly in the center and the escape is indicated by an arrow.  We shall call the face where the escape meets the external surface of the grid the back side.  The face opposite the back side is called the front side.  Picture a M[a,b,k] grid sitting on one of its a by b faces with its front side to the front.  To the left of the front face is an a by k face, which we call the left side.  The opposite face, to the right of the front side, another a by k face, is called the right side.  


All of the reserved points in the four layouts are in a fixed layer L(k, as indicated by heavy lines in Figures 1 - 4.   Layout A has reserved all points on level L on the front side as well as the half of level L on the left side closest to the back side.  Layout B has reserved all points in level L on the right side and the half of the back side closest to the left side.  Layout C has reserved all points on the left side as well as the half of the right side closest to the front.  Layout D has reserved all points on the front side and the half of the back side on level L that is closest to the right side.


We shall call a collection of layouts of Tp, for some p, into a M[a,b,k] grid that satisfies the requirements of Layout A, Layout B, Layout C, and Layout D, a (p,a,b,k)-standard collection.  Figures 7 - 10 depict some specific layouts we have obtained for a (7,12,13,2)-standard collection.  The two layers are indicated by two 12x13 grids placed next to each other.  Edges within planes are indicated by heavy lines, whereas edges between planes are indicated by arrows.  Reserved points are indicated by open squares.


The procedural diagrams in Figures 11 and 12 show how to create a (p+4,4a,4b,k)-standard collection from a (p,a,b,k)-standard collection.  These diagrams indicate the routing of the connections needed to form a height p+4 binary tree using sixteen layouts of the height p tree.  Since all connections occur on level L, only that level is depicted.  The height p layouts are indicated by small squares that are labeled with one of the letters A through D.  Reserved points on the periphery of the height p+4 layout are indicated by thick dark lines, while reserved points on the interior are indicated by thinner dark lines.  Note that not all of the reserved points available in the interior are depicted.  Root nodes of the height p+1 subtrees are not indicated explicitly in the diagrams, those of the height p+2 subtrees are indicated by lightly filled diamonds, those of the height p+3 subtrees by lightly filled squares, and the root node of the height p+4 layout is indicated by an open circle.  For example, consider the procedural diagram for layouts A and D, shown in Figure 11.  The first and second height p layouts in the first column, which are of type B and C respectively, are connected together to form a height p+1 layout whose root node is found in the middle of the bottom edge of the top B layout.  Similarly, the B and A height p layouts at the top of the second column are connected together to form a height p+1 layout whose root node is located in the middle of the bottom edge of the B layout at the top of that column.  These two height p+1 layouts are connected together to form a height p+2 layout whose root node is located in the lower left hand corner of the B layout in the second column.  This root node is indicated by a lightly filled diamond in Figure 11.  Similarly, the root node for another height p+2 layout is found in the upper right hand corner of the D layout at the bottom of the first column, and is also indicated by a diamond.  These two height p+2 layouts are connected to form a height p+3 layout whose root node is found in the lower right hand corner of the top C layout in the first column.  The root node of another height p+3 layout is found in the upper left corner of the second C layout in column four.  These root nodes are indicated by lightly filled squares in Figure 11.  These two height p+3 layouts are connected to form a height p+4 layout whose root node is located at the lower right hand corner of the top A layout in column two.  This root node is indicated by an open circle in Figure 11.  An escape is provided from this node to the periphery.  The procedural diagram given in Figure 12 can be interpreted similarly.


Note that the larger layouts created by the procedural diagrams retain the necessary characteristics of a (p+4,4a,4b,k) standard collection.  For example, layout A in Figure 1 has the entire row on the front side of Level L and half of the row on the left side reserved.  Layout D in Figure 4 also has the front side of level L reserved, but in contrast to layout A, reserves half of the back side of level L.  These characteristics are combined in the procedural diagram in Figure 11, since the entire front side, half of the left side, and half of the back side are reserved.  In this way, this single procedural diagram can be used to generate both A and D height p+4 layouts.  Again, the procedural diagram given in Figure 12 can be interpreted similarly for layouts B and C.


The following lemmas describe the operation of this algorithm more formally.  We first consider layouts into M[a,b,k] where a is not necessarily equal to b.

Lemma 2.1
If there exist, for some integers, h, a, b and k, layouts of Th into grids satisfying the requirements of a (h,a,b,k) standard collection, then there exist, for any t(0, layouts of Th+4t satisfying the requirements of a (h+4t, a(2)2t, b(2)2t, k) standard collection.  

Note that each time the recursive procedure is applied according to the procedural diagrams shown in Figures 11 and 12, both the vertical and horizontal parameters increase by a factor of 4, whereas the number of layers remains constant (by definition).  Let t represent the number of times the recursive procedure is applied, and let Vt (Ht) be the value of the vertical (horizontal) parameter after the recursion is applied t times.  We therefore have Vt = a(4)t = a(2)2t and Ht=b(2)2t.  Note that each time the procedure is applied, the height of the resulting tree increases by 4, and the resulting layouts conform to the layout requirements of a standard collection.  This gives the desired result.  
(
Lemma 2.2
Given a (h,a,b,k) standard collection, then there exists, for any t(0, a layout of Th+4t into a grid with area kab(2)4t.  

By Lemma 3.1, if the procedural diagrams are applied t times the result will be a (h+4t, a(2)2t, b(2)2t, k) standard collection.  Note that the volume is kab(2)4t.

Lemma 2.3
Given a (h,a,b,k) standard collection, then there exists, for any t(0, a layout of Th+4t with expansion ratio at most:  kab / 2(h+1).  

By Lemma 2.2, there exists a layout of Th+4t into a grid of size kab(2)4t.  But the number of points in Th+4t is exactly 2(h+4t+1)-1.  Therefore, the expansion ratio is given by limt(([kab(2)4t/(2(h+4t+1)-1)].  But kab(2)4t/2(h+4t+1) =kab(2)4t/[2(h+1)*24t]=kab/2(h+1).  Since the additive constant term in the denominator becomes insignificant as t((, we have limt(([kab(2)4t/(2(h+4t+1)-1)] = kab / 2(h+1)  (

Having established a general upper bound on the expansion ratio as produced by pieces of our standard collection, we now ask what specific upper bound can be realized.  The following lemma describes the results obtained for our specific (7,12,13,2)-standard collection, illustrated in Figures 7 - 10.

Lemma 2.4
For any integer t(0, there is a layout of T7+4t into two layers with expansion ratio at most 1.2188.  

By Lemma 2.3, given a (h,a,b,k) standard collection there exists a layout of Th+4t into a k-layer grid with expansion ratio kab/2(h+1).  Since we have demonstrated a (7,12,13,2) standard collection, this ratio in our case is (2)(12)(13) / (2)(7+1)=312 / 28=1.2188
(

Lemmas 2.2 - 2.4 describe the expansion ratio produced by the layouts created by our recursive algorithm.  Note that there is no guarantee that the height and width parameters (H and W respectively) will be equal, and in fact, in our basis layouts, they are not.  However, for some applications, "square" layouts may be desired.  Figures 5 and 6 show how to produce square layouts of trees whose height is either two or four greater than those produced by our recursive layout algorithm.  Although the proof is not given, the following lemma gives the expansion ratio that results from the squaring process.

Lemma 2.5
Given a (h,a,b,k) standard collection, a k-layer square layout of Th+2p, p(1, can be obtained with maximum expansion:  k(a+b)2 / 2(h+3).  


In the next two theorems we apply the general results obtained above for square k-layer layouts to our specific odd height basis layouts (shown in Figures 7 - 10), and even height basis layouts (not shown).

Theorem 2.1
For any integer p(1, there is a square layout of T7+2p into two layers with expansion ratio at most 1.2207.


According to Lemma 2.5, given a (h,a,b,k) standard collection and p(1, the expansion ratio for a square layout of Th+2p is at most k(a+b)2 / (2)(h+3).  Since we have demonstrated a (7,12,13,2) standard collection (for odd height trees), the upper bound on the expansion ratio becomes 2*(12+13)2/(2)(7+3)=1250/1024=1.2207  (
Theorem 2.2
For any integer p(1, there is a square layout of T8+2p into two layers with expansion ratio at most 1.2656.


Since we have a (8,16,20,2) standard collection (not shown in this paper), the upper bound on the expansion ratio becomes 2*(16+20)2/(2)(8+3)=2592/2048 =1.2656
(
3.
One Layer Layouts


Our recursive algorithm for one-layer layouts begins with six different layouts of Th into differently shaped regions.  We illustrate our technique for h=8 in Figures 13–18.  Specifically, the layouts shown in Figures 13-14 are rectangular and lay out T8 in (1) a 27x26 rectangular region, (2) a 28x25 rectangular region.  The layouts in Figures 15-16 are called T-shaped and map T8 into regions in which the bottom half of the rightmost column and the bottom half of the leftmost column are not used.  These layouts map T8 into (1) a 27x27 T-shaped region, (2) a 28x26 T-shaped region.  The layouts in Figures 17-18 are called S-shaped and map T8 into grid regions in which the bottom half of the rightmost column and the top half of the leftmost column are not used. (Hence the used portion of the grid is S-shaped.)  These layouts map T8 into (1) a 27x26 S-shaped region, (2) a 28x25 S-shaped region.  Note that all of the layouts use roughly the same amount of space.  For example, the area used by the layout of Figure 13 is 27*26 = 702 while the area used by the layout of Figure 14 is 28*25 = 700.


In general, such six layouts as depicted in Figures 13–18 form a basis for our recursive algorithm, while the procedural diagrams in Figures 19-24 show how to combine instances of such a collection into a collection of six layouts of larger trees. We call such a collection of six layouts for any complete binary tree Tk and given values of a and b a (k,a,b)-standard collection.  Let a be the vertical dimension of Piece 2, and let b be the horizontal dimension of Piece 2.  Then the pieces of a (k,a,b)-standard collection have the following characteristics:

(Piece 1) (a-1) x (b+1)
rectangle

(Piece 2) (a) x (b)
rectangle

(Piece 3) (a-1) x (b+2)
T-shape

(Piece 4) (a) x (b+1)
T-shape

(Piece 5) (a-1) x (b+1)
S-shape

(Piece 6) (a) x (b)
S-shape


Thus, the layouts shown in Figures 13–18 constitute a (8,28,25)-standard collection.  Clearly, for the sake of having space efficient layouts, we want to have standard collections of layouts for large binary trees with the smallest values of a and b that we can manage.


The basis layouts for odd height trees in our algorithm are those of a (13, 156, 148) standard collection.  As already discussed, given a (13, 156, 148) standard collection, any tree of height (13+4k), where k(0, can be laid out by applying the procedural diagrams.  


In the following paragraphs we consider the recursive formulae that describe the operation of our algorithm, and demonstrate upper bounds on the expansion ratio of square layouts of odd and even height binary trees created by our recursive procedures.


As already discussed, the pieces of a (k,a,b) standard collection can be combined according to the procedural diagrams to create the six pieces of a (k+4, A, B) standard collection where A=4a and B=4b+3.  The procedural diagrams for all six pieces are shown in Figures 19- 24.  


In these diagrams, the three basic shapes, i.e. rectangles, T-shapes, and S-shapes, are arranged in a four-by-four pattern.  The first column consists of rectangles, the second column of T-shapes, the third column of S-shapes, and the fourth column consists again of rectangles.  With this arrangement, the pieces fit together in ways that create free channels where they are needed, and minimize wasted space otherwise.  For example, because of their basic shapes, the T-shaped piece in the second position of the first row and the S-shaped piece in the third position of the first row fit together with very few unused grid points.  Furthermore, note that the first and second T-shapes in column 2 in each procedural diagram are inverted with respect to each other.  For example, the first T-shaped piece in column 2 of Figure 19 is oriented with the “stem” of the “T” pointing downwards, while the T-shaped piece immediately under it has its “stem” pointing upwards.  This creates a free channel between the T-shaped piece in the second position of the first row and the rectangular shaped piece in the first position of the first row that can be used for connecting higher level trees.  


The connections between the various subtrees are found between the layouts from the (k,a,b) standard collection, and are indicated in the diagrams by thick lines, called routing connections.  Note that in contrast to the procedural diagrams for the fixed-layer algorithm, the root nodes of the subtrees are not explicitly indicated, but are understood to be located where the routing connections have degree three.  For example, in the procedural diagram for Piece 1, shown in Figure 19, the first piece of the first row (type 1) and the second piece of the first row (type 3), which by definition are layouts of a tree of height k, are connected to form a tree of height k+1.  The root node for this height k+1 tree is located where the escape from the first piece of the first row meets the routing connection extending downward from the escape of the second piece of the first row.  Since the routing connection continues downward at this point, it has degree three.  The first piece of the second row and the second piece of the second row are similarly connected to from a height k+1 tree, the root node of which is located where the escape from the first piece meets the upward traveling routing connection from the second piece of that row.  This routing connection continues upward, so again, the root node is located at a degree three point in the routing connection.  These two routing connections meet near the center point of the upper left quadrant of the procedural diagram, where the degree three node in the routing connection forms the root node of a height k+2 subtree consisting of the first two height k layouts in the first row together with the first two height k layouts in the second row..  The root nodes for three other height k+2 subtrees are formed in the center of the other three quadrants of the procedural diagram in a similar manner.  There are two height k+3 subtrees in these diagrams, one formed by the eight height k layouts in rows 1 and 2 in the procedural diagram, and the other formed by the eight height k layouts in rows 3 and 4.  The root node for the upper height k+3 subtree in Figure 19 is located at the degree three routing connection found near the center of the four height k layouts consisting of the second and third layouts in the first row and the second and third layouts in the second row.  The root node for the lower k+3 subtree is found in a similar position in the lower half of the procedural diagram.  The root node for the height k+4 tree formed by the entire procedural diagram is found at the degree three routing connection at the center of all sixteen pieces.  Note that an escape is provided from this node to the periphery. 


With these procedural diagrams, the following results are obtained.

Lemma 3.1
If there exists, for some integers, a, b and h, layouts of Th into grids satisfying the requirements of a (h,a,b) standard collection, then there exists, for any k(0, layouts of Th+4k satisfying the requirements of a (h+4k, a(2)2k, (b+1)(2)2k – 1) standard collection.  That is, there exist layouts of Th+4k into the following pieces:

(Piece 1) [a(2)2k - 1] x [((b+1)(2)2k]
rectangle

(Piece 2) [a(2)2k] x [(b+1)(2)2k-1]
rectangle

(Piece 3) [a(2)2k - 1] x [(b+1)(2)2k+1]
T-shaped

(Piece 4) [a(2)2k] x [(b+1)(2)2k]
T-shaped

(Piece 5) [a(2)2k - 1] x [(b+1)(2)2k]
S-shaped

(Piece 6) [a(2)2k] x [(b+1)(2)2k-1]
S-shaped


As with two-layer layouts, procedural diagrams for producing square layouts are given in figures 25 and 26.  The following lemma gives the upper bound on the expansion ratio that results when these procedures are applied.

Lemma 3.2
Given a (h,a,b) standard collection, a square layout of Th+2p, p(1, can be created with maximum expansion:  (a+b+1)2 / 2(h+3).


Using this lemma, we obtain the following results for layouts of even and odd height binary trees.

Theorem 3.1
For p(1, there exists a layout of T8+2p into a square grid with expansion ratio at most 1.4238.  

Since we have demonstrated a (8,28,25) standard collection in Figures 13-18, applying lemma 3.2 yields (25+28+1)2/2(8+3)
=(54)2/211=1.4238

(
Theorem 3.2
For p(1, there exists a layout of T13+2p into a square grid with expansion ratio at most 1.4194.  

Although not included in this paper, we have the layouts for a (13, 156, 148) standard collection.  Applying Lemma 3.2 yields (156+148+1)2/2(13+3)=(305)2/216= 1.4194(

Other researchers have investigated this problem, ([1,2,3,4]), and notably Ducourthial and Merigot in [5], Opatrny and Sotteau in [6], and Miller, Perkel, Pritikin, and Sudborough in [7].  The following table compares our work with that in the last three references, by showing the sizes of the grids needed for square shaped layouts for various tree heights.  It demonstrates the changes in the expansion ratio for both even and odd height tree layouts over time.

	Algorithm
	Even Hgt
	Odd Hgt

	H-Tree
	2.0
	N/A

	Duc. & Merigot
	1.758
	1.892

	Opatrny, Sotteau
	1.606
	1.510

	Miller, Sudborough
	1.466
	1.4315

	Current
	1.424
	1.4195



In [4] (Chapter 3, pp. 91-102), layouts of graphs with small separators are described.  In particular, it follows that arbitrary binary trees can be laid out in two layers with constant expansion.  It is unclear if all binary trees can be laid out in one layer with constant expansion.  The best upper bound known seems to be O(N log N) area [11]. 


Lee and Choi [1] also consider layouts of complete binary trees.  In their layouts they include cases where edges of a tree are routed through grid positions that are also used for images of tree nodes.  That is, their layouts are not of total congestion one.  Such layouts allow for smaller expansion.  They show expansion 81/64(1.266 in layouts with so-called row-column routing of tree edges [1].  They also showed that one can embed complete binary trees into 2D and 3D grids with no expansion by allowing edge congestion two.  Layouts of this type are also discussed in Gordon [2], where he observes that one can achieve asymptotically 100% utilization of processing element in an array in layouts of complete binary trees.  These layouts, also, do not have total congestion one.
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Figure 1
Layout A


[image: image2.wmf] 

Left Side

 

Front Side

 

Level L

 

a

 

k

 

b

 

Figure 2
Layout B
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Figure 3
Layout C
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Figure 4
Layout D
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Figure 5
Procedural diagram for square k-level layout of Th+2p when p is odd
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Figure 6
Procedural diagram for square k-level layout of Th+2p when p is even.
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Figure 7
Layout A
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Figure 8
Layout B
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Figure 9
Layout C
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Figure 10
Layout D
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Figure 11
Procedural Diagram for Layouts A and D
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Figure 12
Procedural Diagram for Layouts B and C
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Figure  13
T8 -> M27,26]

Piece 1 - Rectangular
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Figure 14
T8 ->M[28,25]

Piece 2 - Rectangular
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Figure 15
T8 ->M[27,27]

Piece 3 – “T” Shaped
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Figure 16
T8 ->M[28,26]

Piece 4 – “T” Shaped
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Figure 17
T8 -> M[27,26]

Piece 5 – “S” shaped
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Figure 18
T8 -> M[28,25]

Piece 6 – “S” shaped
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Figure 19
Piece 1 – R

(a-1) x (b+1)
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Figure 20
Piece 2 – R

(a) x (b)
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Figure 21
Piece 3 – “T” 

(a-1) x (b+2)


[image: image22.wmf] 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

(a) x (b)

 

Piece 3 

-

 T

 

(a

-

1) x (b+2)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 3 

-

 T

 

(a

-

1) x (b+2)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 2 

-

 R

 

(a) 

x (b)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

Piece 4 

-

 T

 

(a) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 3 

-

 T

 

(a

-

1) x (b+1)

 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b

)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 6 

-

 S

 

(a) x (b)

 

Piece 4 

-

 T

 

(a) x (b+1)

 


Figure 22
Piece 4 – “T” 

(a) x (b+1)


[image: image23.wmf] 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 3 

-

 T

 

(a

-

1) x (b+2)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 3 

-

 T

 

(a

-

1) x (b+2)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b)

 

Pi

ece 2 

-

 R

 

(a) x (b)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

Piece 4 

-

 T

 

(a) x (b+1)

 

Piece 2 

-

 R

 

(a) x (b)

 

Piece 5 

-

 S

 

(a

-

1) x (b+1)

 

Piece 1 

-

 R

 

(a

-

1) x (b+1)

 

Piece 3 

-

 T

 

(a

-

1) x (b+2)

 


Figure 23
Piece 5 – “S”

(a-1) x (b+1)
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Figure 24
Piece 6 – “S”

(a) x (b)
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Figure 25
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Figure 26
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