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1 Abstract— In this paper, we propose a robust STBC
transmission scheme to combat the timing synchronization
errors over frequency-selective multiple-access channels.
First, the equivalent channel model in the presence of
timing synchronization errors is derived and we find that
the synchronization errors result in an equivalent channel
model with larger number of correlated channel taps. Based
on this correlated equivalent channel model, the statistical
power profile is analyzed and a robust statistical bit loading
algorithm is proposed. At the receiver, by exploiting the
algebraic structure of the Alamouti STBC, a closed-form
expression of the QR receiver is derived which further
simplifies computational complexity. Simulation results show
that our proposed scheme is robust to timing synchronization
errors.

I. I NTRODUCTION

Multiple input multiple output (MIMO) systems take
advantage of the spatial diversity available using spatially
separated antennas in a multipath scattering environment.
Since wireless communication is challenged by limited
spectral resources, frequency reuse and multi-user mul-
tiplexing have received considerable attention. Recently,
[1] demonstrated that multi-user MIMO systems can have
better performance in terms of maximum throughput than
time-division-multiple-access-based schemes via transmit
signal processing if the number of transmit antennas is
much larger than the number of receive antennas. In
this context, a space-time transceiver has been inves-
tigated in [6] over flat-fading channels assuming two
users perfectly time synchronized. However, in practical
systems, it is very difficult, if not impossible, to get
perfect synchronization among all uplink users. In [5],
the authors consider an equivalent channel model for
a flat fading system with synchronization errors in a
cooperative network. Since in broadband systems, the
channels are usually frequency-selective, this motivates
us to investigate the multi-user MIMO transceiver with
synchronization errors over frequency-selective channels.

In this paper, we first derive the equivalent channel
model in the presence of synchronization errors and find
that the effect of synchronization errors is to extend the
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length of the original channel impulse response (CIR)
and introduce correlation among its taps. For frequency-
selective channels, space-time block codes (STBC) have
been combined with orthogonal frequency division multi-
plexing (OFDM) by implementing STBC at a block level
instead of symbol level, namely ST-OFDM [2]. Based
on the special structure of the statistical channel profile
introduced by the equivalent channel model, we propose a
robust transmission scheme to combat the synchronization
errors. At the receiver, by exploiting the speical algebraic
structure of STBC in [7], we propose a closed-form one-
step QR space-time detector which outperforms the 2-step
MMSE interference cancellation algorithm in [6].

The paper is organized as follows. In Section II, the
system set-up and the equivalent channel model with
synchronization errors are presented. The statistical power
profile of the equivalent channel model and a robust
statistical bit loading algorithm are presented in Section
III. A closed-form QR detector is described in Section
IV. In Section V, simulation results are presented and
conclusions are drawn in Section VI.

II. SYSTEM MODEL

A. System Set-up

In this paper, we consider an uplink system, in which
multiple users access the base station at the same time
within the same bandwidth using spatial division multiple
access (SDMA). Each user has two transmit antennas and
there are multiple receive antennas at the base station (to
decode the information from different users, the number
of receive antennas should be at least equal to the number
of users). We use the Alamouti STBC in a ST-OFDM
system withN sub-carriers. At the base station, FFT is
first implemented and then an interference cancellation
scheme (which is called STBC-IC detector) is adopted
on each sub-carrier to decode the independent information
streams from different users. We consider a system with
timing synchronization errors, i.e. signals from different
users arrive at the base station with different delays. Fig.
1 illustrates the scenario of two users access to the base
station with two receive antennas.

B. Equivalent Channel Model
In this subsection, we will derive the equivalent mul-

tipath channel model with synchronization errors. The
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Fig. 1. System set-up

distribution of the channel taps between different transmit
and receiver antenna pairs are assumed to be the same.
The transmitted signals from thejth transmit antenna of
theith user in the time domain arexi,j(k) with i, j = 1, 2
and k = 1, 2, .... The transmitted signalsdi,j(t), i, j =
1, 2 are

di,j(t) =

∞
X

k=−∞
xi,j(k)δ(t − kT ); i, j = 1, 2, (1)

whereT is the symbol period2. The channel between the
jth antenna of theith user and the first receive antenna
is

gi,j(t) =

Li,j
X

l=1

gi,j,lδ(t − τi,j,lT ), (2)

where gi,j,l are the channel tap gains with different
delays. Denote the combined transmit and receive pulse
shaping filter asp(t). Then, at the first receive antenna,
the signal received from thejth antenna of thei-th user
is

ri,j(t) = di,j(t) ⊗ gi,j(t) ⊗ p(t)

=
∞
X

k=−∞
xi,j(k)

Li,j
X

l=1

gi,j,lp(t − τi,j,lT − kT ).
(3)

Let ti,j denote the timing error with respect to the ideal
samples for theni,j th symbol of thej-th antenna of the
i-th user. Then, the sampling time for theni,j th symbol
of user i on the jth antenna isni,jT + ti,j , and the
corresponding sample is

ri,j(ni,jT + ti,j)

=
∞
X

k=−∞
xi,j(k)

Li,j
X

l=1

gi,j,lp(ni,jT + ti,j − τi,j,lT − kT )

=

Li,j
X

l=1

gi,j,l

∞
X

k=−∞
xi,j(k)p((ni,j − τi,j,l)T + ti,j − kT )

(4)

Let p(t) be the raised cosine pulse shape function given
as

p(t) =
sin(πt/T )

πt/T

cos(απt/T )

1 − 4α2t2/T 2
(5)

2 1

T
is N times the sub-carrier spacing

and we only consider the first-order side lobes. If0 <
ti,j < T , (4) is changed into

ri,j(ni,jT + ti,j) =

Li,j
X

l=1

[xi,j(ni,j − τi,j,l)gi,j,lp(ti,j)

+ xi,j(ni,j − τi,j,l − 1)gi,j,lp(ti,j + T )

+ xi,j(ni,j − τi,j,l + 1)gi,j,lp(ti,j − T )].

(6)

When there is no timing error, i.e.ti,j = 0,

ri,j(ni,jT ) =

Li,j
X

l=1

xi,j(ni,j − τi,j,l)gi,j,l. (7)

Comparing (6) and (7), we can see that the timing errors
extend the length of the original channel taps and the
equivalent extended channel taps are correlated no matter
the original channel taps are independent or not. To further
get the essence of the effects of the timing errors, we
consider an originally independent sample-spaced channel
taps.

1) Example: For i = 1, j = 1, we assumeL1,1 = 3,
τ1,1,1 = 0, τ1,1,2 = 1, τ1,1,3 = 2, then

r1,1(n1,1T + t1,1)

= g1,1,1[x1,1(n1,1)p(t1,1) + x1,1(n1,1 − 1)p(t1,1 + T )

+ x1,1(n1,1 + 1)p(t1,1 − T )] + g1,1,2[x1,1(n1,1 − 1)p(t1,1)

+ x1,1(n1,1 − 2)p(T + t1,1) + x1,1(n1,1)p(t1,1 − T )]

+ g1,1,3[x1,1(n1,1 − 2)p(t1,1) + x1,1(n1,1 − 3)p(t1,1 + T )

+ x1,1(n1,1 − 1)p(t1,1 − T )].
(8)

Then, the equivalent channel vector ish1,1 =
[g1,1,1p(t1,1 − T ), g1,1,1p(t1,1) + g1,1,2p(t1,1 −
T ), g1,1,1p(t1,1 + T ) + g1,1,2p(t1,1) + g1,1,3p(t1,1 −
T ), g1,1,2p(t1,1 + T ) + g1,1,3p(t1,1), g1,1,3p(t1,1 + T )]T .
In this paper,(.)T means transpose and(.)H means
transpose conjugate. Letp0 = p(t1,1 − T ), p1 = p(t1,1),
andp2 = p(t1,1 + T ) and define

P1 =

0

B

B

B

@

p0 0 0
p1 p0 0
p2 p1 p0

0 p2 p1

0 0 p2

1

C

C

C

A

andg1,1 =

0

@

g1,1,1

g1,1,2

g1,1,3

1

A . (9)

Then,h1,j = P1 ∗ g1,1.

III. ROBUST STATISTICAL BIT LOADING SCHEME

From the previous section, we observe that the synchro-
nization errors render the original channel taps into longer
correlated channel taps. We show next how to exploit
knowledge of this correlation profile to combat the effect
of synchronization errors through statistical bit loading.

A. Statistical power profile
In the following, the statistical power profile of this

equivalent channel model is analyzed. LetHi,j =
[Hi,j,1, Hi,j,2, ..., Hi,j,N ]T , i, j = 1, 2 denote the fre-
quency domain channel response of the equivalent cor-
related channel tap vectorhi,j . DenoteMi,j as the length
of hi,j .Without loss of generality, we consider the channel
between the first antenna of user 1 and the first receiver



antenna. The covariance matrix of the channel frequency
responses is

C = E(H1,1H
H
1,1) = E(Vh1,1h

H
1,1V

H) = VRV
H (10)

where R = E(h1,1h
H
1,1) and V is the truncated DFT

matrix whose(n, m) element is defined as

Vn,m = e−
j2π(n−1)(m−1)

N ; n = 1, 2, ...N, m = 1, 2, ..., Mi,j

(11)

Now, let us check the average power on each sub-
carrier, i.e. the diagonal elements ofC. From (10), we
obtain that

Cn,n =

M1,1
X

k=1

M1,1
X

m=1

Rm,kVn,mV ∗
n,k

=

M1,1
X

m=1

Rm,m +
X

k−m6=0

Rm,ke
j2π(n−1)(k−m)

N ,

(12)

whereRm,k is the(m, k) element ofR.
From (12), we can see that ifR were a diagonal

matrix, i.e.h1,1 had independent channel taps, we would
haveCn,n =

∑M1,1

m=1 Rm,m indicating the same average
power on all sub-carriers. However, the correlation among
the equivalent channel taps makes the average power
on different sub-carriers unequal. We can see this more
clearly from the example used in the previous section.

1) Example in Section II. B:Assume that the original
channel tapsg1,j,1, g1,j,2 andg1,j,3 are independent, i.e.

Rg1,1 =

0

@

σ2
1 0 0
0 σ2

2 0
0 0 σ2

3

1

A . (13)

Then,

R = E(h1,1h
H
1,1) = E(P1g1,1g

H
1,1P

H
1 ) = P1Rg1,1P

H
1 (14)

Substituting (9), (13) and (14) into (12), we obtain

Cn,n = (
3
X

l=1

σ2
l ){2(p0p1 + p1p2)cos(

2π(n − 1)

N
)

+ 2p0p2cos(
2π(n − 1) ∗ 2

N
) + p2

0 + p2
1 + p2

2}.
(15)

The early-late gate is a simple and practical method that
is used widely for symbol synchronization and sampling
at the receiver [8]. Letτ1 andτ2 denote the delays from
user 1 and user 2 respectively. Ifτ = τ1−τ2 is a multiple
of the symbol intervalT , which is the symbol interval
after parrel to serial transformation, the sampling time
decided by the gate is ideal for both signals. Without loss
of generality, we now assume0 ≤ |τ | ≤ T . In [5], it is
shown that the sampling time decided by the gate is about
τ
2

ahead of the ideal time for one signal andτ
2

behind the
ideal time for the other, i.et1,1 = τ

2
. The power profiles

with different synchronization errorsτ obtained from (15)
are shown in Fig. 2. In practical systems,τ is unknown at
the receiver. Thus, we can only average the power profile
over all possibleτ . In this paper, we assume thatτ is a
random variable with probability density functionf(τ),
then the average power profile is obtained by averaging
(15) overτ as

C̄n,n =

Z ∞

−∞
Cn,nf(τ )dτ, (16)

whereCn,n is implicitly a function of τ . The average
power profile withτ uniformly distributed over[0, T ] and
N = 64 is shown in Fig.2.
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Fig. 2. Average power on different sub-carriers for different synchro-
nization errors

B. Statistical bit loading scheme

In the previous subsection, the statistical channel power
profile is derived. In this subsection, we will present a
statistical bit loading scheme to fully utilize this statistical
channel power profile. A bit loading scheme, typically
used in wireline systems, assigns a high data rate to
sub-carriers with high SNR and a low data rate to sub-
carriers with low SNR. In wireless systems, it is difficult
to obtain the instantaneous channel information for the
fast time-varying channels at the transmitter and thus
it is not not feasible to adopt an adaptive bit loading
algorithm. However, as shown in Fig. 2, the average
power profile has very special structure. Although we
do not know the instantaneous channel information, it
can be seen that there are some sub-carriers which have
less average power than the other sub-carriers. With this
average power profile, we propose a statistical bit load-
ing scheme. The major difference between our proposed
statistical bit loading scheme and the bit loading scheme
for discrete multitone transmission presented it [4] is that
the normalized noise power in [4] is replaced by the ratio
of the noise power to the average channel power gain on
different sub-carriers numerically evaluated in (16). Our
objective is to minimize the average bit error rate (BER)
over all sub-carriers with the total bit rate held fixed. In
the following, we summarize our proposed statistical bit
loading scheme in five steps:

1) Step 1: Select active sub-carriers

Ri =
RT

|I | +
1

|I | log2

 

Q

l∈I Wl

W
|I|
i

!

(17)

whereRT is the target bit rate over all sub-carriers
and Wi = Ni

Pi
with Ni being the noise power

on the ith sub-carrier andPi being the average
channel power gain on theith sub-carrier. Initially,
I = {1, 2, ..., N}. |I| denotes the size of the set
I. If Ri < 0, then removei from I. This is
done iteratively until all rates of the remaining sub-
carriers are positive.



2) Step 2:Ri is quantized toRQ,i with

RQi =

8

<

:

Rmax Ri >= Rmax − 0.5
Floor(Ri + 0.5) 0.5 < Ri < Rmax − 0.5
0 Ri < 0.5,

(18)
whereRmax is the predefined maximum constella-

tion size on a sub-carrier.
3) Step 3: If

∑

i∈I RQi, < (>)RT , the rate of the
channel with the largest (smallest)∆Ri = Ri −
RQi, is incremented (decremented). The initial bit
allocation stops if

∑

i∈I RQi = RT .
4) Step 4: Based on the results from Step 3, adjust the

bit allocation on the sub-carriers withRQi = 1 such
that half of these sub-carriers with higher (lower)
power profile are assigned withRQi = 2 (RQi = 0)
so that

∑

i∈I RQi = RT . If the number of sub-
carriers withRQi = 1 is odd, then reduce the mod-
ulation size of the sub-carriers with smallest average
power among those with the highest modulation
scheme by ’1’ bit.

5) Step 5: Transmit power is assigned to the sub-
carriers recorded in the setI so that all sub-carriers
yield the same error probability, i.e.

Si =
ST Wi2

RQi

P

l∈I Wl2RQl
(19)

whereST is the fixed total transmission power.

We have the following two remarks about the results:

• For Alamouti space-time coding, two antennas from
the same user are designed to have the same bit
loading scheme. It would be interesting to investigate
other space-time codes which can have different
modulation schemes on different antennas.

• So far, we have assumed that the timing error is
0 < ti,j < T . When the timing error isD =
dT + ti,j , whered is an integer and0 < ti,j < T ,
the shift in time domain corresponds to a phase
change in frequency domain. We need to addd more
cyclic prefix symbols to avoid the interference among
different OFDM blocks.

IV. I NTERFERENCE CANCELLATION SCHEME

In the previous sections, we showed that the effects
of synchronization errors increase the length and intro-
duce correlation between CIR taps. Therefore, at the
transmitter, the length of the cyclic prefix (CP) should
also be extended so that the interference among different
OFDM symbols can be avoided. At the transmitter, we
first implement the statistical bit loading scheme and
then implement ST-OFDM. The receiver is assumed to
know the result of the statistical bit loading scheme. The
channels are assumed to be constant over two continuous
OFDM blocks. We consider that two users access to the
base station and there are two receive antennas at the base
station. Then the received signals on thenth sub-carrier
can be written as

y = H ∗ x + Z (20)

wherey = [y1,1,n,−y∗
1,2,n, y2,1,n,−y∗

2,2,n]T is the re-
ceived signal vector andx = [a1,n, a2,n, b1,n, b2,n]T is

the transmitted signal vector of these two users.Z =
[N1,1,n, N1,2,n, N2,1,n, N2,2,n]T is the noise vector onnth
sub-carrier.H is the space-time equivalent channel model
on thenth sub-carrier given as

H =
√

Sn ∗

0

B

@

H1,1,n G1,1,n H2,1,n G2,1,n

−G∗
1,1,n H∗

1,1,n −G∗
2,1,i H∗

2,1,n

H1,2,n G1,2,n H2,2,n G2,2,n

−G∗
1,2,n H∗

1,2,n −G∗
2,2,n H∗

2,2,n

1

C

A
,

(21)
where,Hi,j,n, i, j = 1, 2, n = 1, 2, ..., N is the channel

response on thenth sub-carrier from thejth antenna of
user i to the first receive antenna whileGi,j,n is to the
second receive antenna correspondingly. AsH consists of
four Alamouti matrix [9], we obtain a closed-form QR
decomposition ofH as in the following theorem:

Theorem: For a matrix H =

(

A B

C D

)

, in which

A, B, C and D are all Alamouti matrixes, i.e.

A =

(

a1 a2

−a∗
2 a∗

1

)

, B =

(

b1 b2

−b∗2 b∗1

)

, C =
(

c1 c2

−c∗2 c∗1

)

andD =

(

d1 d2

−d∗2 d∗1

)

, the QR decom-

position ofH is

QH =
1√

αA + αC

0

@

A −
q

αC

αA

1√
αF

AF H

C
q

αA

αC

1√
αF

CF H

1

A (22)

and

RH =

 √
αA + αCI2

AHB+CH D√
αA+αC

0
√

αF I2

!

, (23)

where F =

q

αA
αC

DHC−
q

αC
αA

BHA
√

αA+αC
=

(

f1 f2

−f∗
2 f∗

1

)

,

αF = |f1|
2 + |f2|

2, αA = |a1|
2 + |a2|

2, and
αC = |c1|

2 + |c2|
2.

This closed-form QR expression utilizes the special
structure of Alamouti space-time codes and it saves
almost half of the computational complexity compared
with the general approaches of QR decomposition, such
as Givens rotation. After we obtain the QR decomposition
of H, multiplying QH to the both sides of (20), we obtain

QHy = RHx + Z
′

=

0

B

@

√
αA + αC 0 e∗1 −e2

0
√

αA + αC e∗2 e1

0 0
√

αF 0
0 0 0

√
αF

1

C

A

0

B

@

a1,n

a2,n

b1,n

b2,n

1

C

A
+ Z

′,

(24)

whereZ′ = QH [N1,1,n, N1,2,n, N2,1,n, N2,2,n]T .
From (24), we can first decodeb1,n and b2,n, then

remove the interference ofb1,n andb2,n to a1,n andb2,n,
which is the iterative procedure of QR detector. It is note-
worthy that our closed-form QR decomposition can be
used not only for QR detector, but also for any other
detector involving the calculation of QR decomposition.

V. SIMULATION RESULTS

In our simulations, the channels are modelled as inde-
pendent 3-tap Rayleigh fading channels with an exponen-
tial power delay profile. The equivalent channels impaired
by the timing synchronization errors are assumed to
be perfectly known at the receiver. The synchronization



errors are assumed to be uniformly distributed over(0, T ).
We consider ST-OFDM systems withN = 64 sub-
carriers. The detection of ST-OFDM is done per sub-
carrier, i,e, STBC-IC detector is implemented on each
sub-carrier. We compare the following four STBC-IC
detection schemes:

• Linear MMSE: the scheme proposed in [6] is imple-
mented on each sub-carrier.

• QR: the transmitted signal on each sub-carrier is
detected iteratively using the closed-form QR decom-
position ofH.

• Ordered QR: According to the effective channel
power gains of different signals (i.e, the summation
of the absolute value of different columns ofH),
reorderH so that the signal with the largest effective
channel power gain is decoded first.

• Lattice-aided reduction receiver (LR): In [3], a
lattice-aided reduction receiver is presented for a V-
BLAST system. In fact, the received signal model in
(20) can be viewed as an equivalent 4 by 4 V-BLAST
system with a special channel model. Thus, the LR
receiver in [3] can be used as the STBC-IC detector.
Also, since the first step of LR is to perform QR
decomposition ofH, our proposed closed-form QR
can be used to simplify the computation complexity
of LR.

In Fig. 3, we compare the performance of these four
STBC-IC detection schemes with the statistical bit loading
scheme. It can be seen that the QR detector has almost
the same performance as the linear MMSE detector.
However, with ordering, about 1dB gain can be obtained
at BER=10−4 while LR can achieve about 3 dB gain.
Also, the slope of LR is different from the other schemes,
which shows that LR can achieve a higher diversity order.
In Fig. 4, the advantage of our proposed statistical bit
loading algorithm is shown with LR detector, where it
can be seen that the statistical bit loading algorithm has
about 3.5dB gain at BER=10−4. Fig. 4 also gives the
performance without synchronization errors, which means
the average power on all the sub-carriers are the same and
no statistical bit loading scheme is needed. Thus, we can
see that the statistical bit loading scheme is more robust
to the timing synchronization errors compared with the
conventional scheme without statistical bit loading.
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Fig. 3. Performance comparison with different STBC-IC detectors
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VI. CONCLUSIONS

A robust STBC transmission scheme to combat the
timing synchronization errors over frequency-selective
multiple-access channels is proposed in this paper. The
synchronization errors result in an equivalent channel
model with larger number of correlated channel taps.
The analysis of the statistical power profile based on
this correlated equivalent channel model shows that the
average power on some sub-carriers are always less than
the others. A robust statistical bit loading algorithm is
proposed to utilize this average power profile. At the
receiver, using the structure of Alamouti STBC, a closed-
form QR decomposition of the equivalent channel matrix
is derived which simplifies computation complexity of
all the interference cancellation schemes involving QR
decomposition. Simulation results show that our proposed
scheme achieves 3.5 dB SNR gain at BER= 10−4.
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