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Abstract— All existing training signal designs for channel estima-
tion in OFDM systems assume no frequency offsets. In pract& fre-
quency offset is unavoidable and seriously degrades the dermance
of OFDM systems. In this paper, we address the problem of degin-
ing optimal training signals for SISO OFDM channel estimation in the
presence of frequency offsets. First, we present optimal &ining sig-
nals for OFDM channel estimation in the absence of frequencyffset
which include all existing optimal training signals for SISO OFDM
channel estimation as a subset. Then we derive the optimaldiming
signals for SISO OFDM channel estimation which are the mostabust
to frequency offsets. In the absence of frequency offsetshannel esti-
mation mean square error depends only on the ratio of trainirg signal
energy to noise variance. In the presence of frequency offie channel
estimation mean square error depends on this ratio as well asn the
channel power delay pro le and the frequency offset. Analyical and
simulation results show that the performance improvement ahieved
by the proposed optimal training signals can be quite signicant for
moderate-to-high values of SNR and frequency offsets.

I. INTRODUCTION

Training signal design for OFDM channel estimation has
attracted signi cant research attention. For SISO OFDM

systems, the optimal training sequences and pilot tones for

frequency-selective block-fading channel estimationenrvesti-
gated in [1][2] and [3]. For MIMO OFDM systems, [4] described
an optimal training signal design for frequency-selectieck-
fading channel estimation in pilot-data-multiplexed soieewhile

[5] presented an optimal training signal design for the sohe
where all sub-carriers are used as pilot tones. Recently, [6
presented general optimal training signal designs forueagy-
selective block-fading channel estimation in MIMO OFDM sys
tems which include all existing optimal training signal gt in

the literature as special cases.

To the best of our knowledge, all existing training signal de
signs for OFDM channel estimation assume no frequencytoffse
In practice, frequency offset is unavoidable due to localillas
tor mismatches and Doppler shifts of the mobile wirelessneha
nels. Frequency offset causes a loss of orthogonality arttuag
sub-carriers which in turn seriously degrades the perfanraaf
OFDM systems. To mitigate OFDM's high sensitivity to frequag
offsets, several highly-accurate frequency offset egtinsawere
proposed. However, there will still be some residual frempyeff-
set after applying these frequency offset compensatidmiquoes.
Itis unclear how the existing optimal training signals behim the
presence of some (residual) frequency offsets. Hencejsmtx
per, we investigate optimal training signals for SISO OFDihaua-
nel estimation in the presence of frequency offsets. Wepresent
optimal training signals for OFDM channel estimation in tie
sence of frequency offset which include all existing optitrain-

ing signals for SISO OFDM channel estimation as a subsetn The
we derive the optimal training signals for SISO OFDM channel
estimation which are the most robust to frequency offsets. ré
sults show that the performance improvement of the propoped
timal training signals can be quite signi cant for moderé&dehigh
values of SNR and frequency offsets.

The rest of this paper is organized as follows. In SectiothB,
signal model and the optimality condition are describedctita
Ill presents optimal training signals in the absence of dextpy
offset. Section IV derives the optimal training signalstie pres-
ence of frequency offsets. Numerical examples, simulatsnlts
and discussions are presented in Section V and the papendis co
cluded in Section VI.

Il. SIGNAL MODEL AND OPTIMALITY CRITERION

Consider an OFDM system with sub-carriers and cyclic
pre x samples. For channel estimation,( ) OFDM training
symbols are transmitted. The channel impulse responsg (@R
cluding all transmit/receive ltering effects) is assuntechave
taps (where ) and is quasi-static over OFDM symbol
intervals.

Let = e be the pilot tones vector at the

-th symbol interval where the superscriptdenotes the trans-
pose. Furthermore, let be the
corresponding time-domain complex baseband training &smp
including the cyclic pre x samples. De ne  as the training
signal matrix of size atthe -th symbol interval whose ele-
ments are given by for

and .
De ne as the -th column of . Then, the -th column
is the -sample cyclically-shifted version of denoted

of
by . Assume that where , and
and let denote the length- CIR vector. After cyclic
pre x removal at the receiver, denote the received vectdeonfth
atthe -th symbolinterval by . Then, the received vector over

the symbols interval is given by
(€]
@
3
and isalength- vector of zero-mean, circularly-symmetric,

uncorrelated complex Gaussian noise samples with equiahear

of .
The least square channel estimate (also maximum likelijood

assuming has full rank, is given by [7]

4)



and the corresponding mean square error (MSE) is given by
where the superscript denotes the Hermitian
transpose. The minimum MSE is achieved when

®)
(6)

The corresponding minimum MSE is
be equivalently stated as

. Condition (5) can

@)

I1l. OPTIMAL TRAINING SIGNALS IN THE ABSENCE OF
FREQUENCYOFFSET

For completeness, in the following we summarize the main DFT where

properties used in this paper. Let

and — ,i.e. .
Property-1 For any  if = , , where and
is the eld of complex numbers, then = where isa

discrete unitimpulse function, and vice versa.
Property-2 Assume that for =1,2,....If

®)

elsewhere

then

©)

elsewhere

and vice versa.
Property-3

where denotes modulo- operation, hence representing a
cyclically-shifted version. Its dual form is given by

This section considers training design for channel estomat
based on observation over symbols interval. Let us consider
the condition in (7). The following are observed:

(A-i) The full rank condition in (7) means that there must bbe a
least different (nonzero) tones of one symbol duration over

symbols interval.
(A-ii) The condition in (7) gives the following

(12)
which means that

for

(13)

By de ning

(14)

we can express (13) as

for (15)

Note that Using Property-2 and 3, we obtaln
the following condition satlsfylng (13) for ,

(16)

an

and

if . Note that and hence, at least one

must be nonzero for nonzero . The energies of non-zero pilot

tones within a symbol duration may not necessarily be theesam

unless and only  pilot tones are used. For ,
and , (16) or (17) gives the optimal pilot tones

in the absence of frequency offset as

(18)

(19)

In general, for and , the optimal pilot
tones in the absence of frequency offset are glven by

(20)

(21)

(22)

For , the optimal training signals de ned by (17) with
are equi-spaced pilot tones with equi-energy (where
, and ) which were the optimal pilot tones
presented in [1] [2]. If is imposed, the optimal pilot tones
from [3] are obtained. For and , the optimal pilot
tones from (17) are composed of disjoint sets of equi-spaced,
equi-energy pilot tones. Pilot energies for different sets can be
different and there is no restriction on the spacing betvesgrtwo
disjoint sets. In other words, all  pilot tones need not be equi-
spaced, nor of equal-energy. For , the requirements on the
pilot tones are just spread out oversymbols interval.

As an illustrative example, Table | lists some represerdatof
optimal pilot tones for in the absence of frequency offsets.

are unit amplitude symbols. The rstthree pilot tone vestor

correspond to the existing optimal pilot tones from [3]21][ The



remaining pilot tone vectors are new results. Table Il lggigmal
pilot tones for in the absence of frequency offsets.
Note that for and a positive integer , if

and there are disjoint sets of eqgi-spaced, equi-energyand hence Tr

and pilot tones then (15) will give additional optimal pilot
tones not covered by (17). These additional optimal piloegare

composed of disjoint sets of and  tones. Within each set of
equi-energy pilot tones, the spacingis  while within the
set with  equi-energy pilot tones, the spacingis . Pilot
energies for different sets can be different. An examplenisrg
in Table Ill. This type of optimal pilot tones can be extended
aslong as and

there exist disjoint sets of equi-spacedpilot tones with spacing
for all . But for practical systems where is a power of
2, the optimal pilot type described above is not likely tos¢xind

those de ned by (17) would cover all optimal pilot tones.

IV. THE OPTIMAL TRAINING SIGNALS IN THE PRESENCE OF
FREQUENCYOFFSETS

In practical systems where frequency offsets are unavigdab

the optimal training signals presented in the previousieechay

not result in the same MSE performance. This section derives

training signals that are optimal in terms of their robussi® fre-
quency offsets. In the presence of a normalized (by the autiec
spacing) carrier frequency offset the received vector in (2) be-
comes
(29)
where = ,

mate obtained using an optimal training signal from the joev
section is

— (24)
— (25)

We de ne the normalized MSE as

— {26)

(27)

In (26) , the rst term is the NMSE obtained without any fre-

guency offset and the second term is the extra NMSE caused by

the frequency offset.

We will investigate which training signals are the best (hwos
bust to frequency offsets) among the optimal training dgpee-
sented in the previous section. Equivalently, we will netthest
training signal matrices which give the minimum extra MSE,
ie.,

(28)
where and is constrained to be circulant
as described in Section Il

Since is in the form of , it
is a Hermitian positive semi-de nite matrix. Let = =
. Dene = where

. The corresponding channel esti-

is a diagonal , = , and Con-
sider groups of with the same determinant . Using the
arithmetic-geometric mean inequality we conclude that Tr
will be minimum for within each
group. Hence, we just need to consider diagonal matrices
We assume that the channel correlation matrix is given by
=diag , ,..., . Since is diagonal, will also
be diagonal when is diagonal. Since is circulant,

will be diagonal if and only if

(29)
where The -th diagonal el-
ement of the diagonal matrix is then given by

where = , ..., and

denotes the-th diagonal element of
diagonal matrix  with

. Now, we have a

(30)

Therefore, the best signal matrix is determined by
where

(1)

(32)

Since depend on , there is no single  which remains

optimum for all and

In practical systems, frequency offset estimation and amp
sation are typically performed before channel estimatidance,
during channel estimation, the residual frequency offseisually
very small (i.e., very small in our signal model). In this case, we
can nd the optimum by solving (31). The real and imaginary

parts of for different values of are plotted in Figure 1 for
an OFDM system with , asin the |IEEE 802.11a
standard.

For very small values of, we have

(33)
where
(34)
Then, it is straightforward to see from (31) that the bestdadet
is given by
(39)
(36)

For positive numbers , —
ity holds if and only ifall  are equal.

and the equal-



The corresponding minimum extra NMSE is
(37

where
given by

is given by (34). The optimum training signal is then

(38)

Equation (38) together with DFT Property-1 imply that among
the optimal pilot tones presented in the previous secti@ntost
robust to frequency offsets is given by

(39)

Hence, transmitting the same pilot tone symbol on all subera
gives the optimal channel estimation performance in theqiree
of frequency offsets. The above result implies that undestime
training signal energy constraint, using all sub-carri@sspilot
tones and using one training symbol () for channel esti-
mation is more robust to frequency offsets.

V. DISCUSSIONS ANDSIMULATION RESULTS

We numerically evaluated the extra NMSEs for all trainingy si
nals which were optimal in the absence of frequency offset an
con rmed the minimum extra NMSE of the optimal training sig-
nals presented in Section IV. For the convenience of numleric
evaluation and presentation, and will be as-

sumed unless stated otherwise. The range of the extra NMSE ig

and

at The minimum values are
achieved by the proposed optimal training signals. One @an n
tice that the extra NMSE is approximately proportional tg as
also evident from (37).

Some representative examples of the optimal pilot toneovect
in the absence of frequency offset are presented in Tablkeand
those in the presence of frequency offset are given in Table |

The minimum NMSEs achieved with the proposed optimal
training signals for OFDM systems with , , and

in a multipath channel with taps and an exponential
power delay pro le with a 3 dB per tap decaying factor are {gdt
in Figure 2 for different values of and SNR .

at

At high SNR, introduces a considerable degradation in
channel estimation while or less causes insigni cant
degradation.

For validation purposes, we simulated the NMSE performance

in the presence of frequency offsets for the proposed optiaia-
ing signal and other training signals which were optimalhe t
absence of frequency offsets. An OFDM system with ,
, and residual normalized frequency offsets of 0.001,

0.01 and 0.1 are considered. The results are presenteduneFig
3 where training#1 is the optimal training signal, traifi2guses

equi-energy, equi-spaced pilot tones (a pseudo-noise $eN)
guence), training#3 consists of equi-energy, equi-spaced pilot
tones with the same pilot-symbol, and training#4 utilizasqui-
energy PN sequence over all sub-carriers. The advantade of t
proposed optimal training signals becomes more signi dant
larger values of frequency offsets (see the results for
and in Figure 3). The simulation results agree with the
theoretical results and our previous discussions.

TABLE Il
OPTIMAL PILOT TONE VECTORS IN THE ABSENCE OF FREQUENCY
OFFSET FOR ANOFDM SYSTEM WITH , AND

Sub-carrier Index Symbol Index

~N o o~ W N B O

TABLE Il
EXAMPLES OF ANOTHER TYPE OF OPTIMAL PILOT TONE VECTORS IN
THE ABSENCE OF FREQUENCY OFFSET FOR AOFDM SYSTEM WITH

, , AND

Sub-carrier Index

0

1

2 0 0

3 0 0 0

4 0

5 0

6

7 0 0

8 0 0

9

10 0 0

11 0 0 0

VI. CONCLUSIONS

In this paper, we presented a larger set of optimal trainigg s
nals than the existing ones in literature for OFDM channtres
tion in the absence of frequency offsets. Then we derivennapbt
training signals for OFDM channel estimation in presencief
guency offsets. We showed in this paper that the most rolpist o
timal pilot tone vectors for SISO OFDM channel estimatiothia
presence of frequency offsets are the ones that have thepsimmne
symbol on all sub-carriers. Using only one OFDM training sym
bol is more robust to frequency offsets than using more thren o
training symbols. The reduction in the frequency-offsetticed
extra MSE achieved by the optimal training signals can béequi
signi cant (one or two orders of magnitude) at moderate aigth h
values of SNR and frequency offsets. Further investigatitmthe
optimal training signal design for MIMO OFDM in the presence
of frequency offsets and peak factor limit is underway.



TABLE |

OPTIMAL PILOT TONE VECTORS IN THE ABSENCE OF FREQUENCY OFFSEFIOR AN OFDM SYSTEM WITH

Sub-carrier Index
0 1 2 3 4 5 6
0 0 0 0 0
0 0 0
0 0 0
0 0 0
For each pilot tone vector,

TABLE IV
OPTIMAL PILOT TONE VECTORS IN THE PRESENCE OF FREQUENCY
OFFSET FOR ANOFDM SYSTEM WITH

Sub-carrier Index
0 1 2 3 4 5 6 7
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