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Abstract— This paper addresses training signal design for fre-
quency offset estimation in additive white Gaussian noise (AWGN)
channel. Based on the Cramer-Rao lower bound (CRB), the optimal
training signal structure is obtained with constraints on the total en-
ergy and peak sample energy within a fixed training block length.
This training signal structure consists of two non-zero parts of the
same length and each non-zero sample energy is determined by the
allowable peak sample energy. The optimality proof of the proposed
training signal structure is provided. Numerical and simulation re-
sults are presented to show the advantage of the proposed training
signal structure.

I. INTRODUCTION

Frequency offset is unavoidable at the receiver due to oscilla-
tors’ inaccuracies and the Doppler shift of the mobile wireless
channel. To eliminate or reduce the performance degradation
caused by the frequency offset, the receiver usually performs fre-
quency synchronization or frequency offset compensation based
on the frequency offset estimation. Usually training signals are
used for frequency offset estimation. Proper training signals can
not only improve the estimation accuracy, but also reduce the esti-
mation complexity. Hence, in this paper we investigate the train-
ing signal design for frequency offset estimation in AWGN chan-
nel and present an optimal training structure.

II. THE CRAMER-RAO LOWER BOUND (CRB)

We consider frequency offset estimation based on the training
signal vector ����� ���	�
���
�
�
���
�����
������� , where the superscript�

denotes the transpose. Let us consider a signal model with an
arbitrary carrier phase � given by������ "!$#&%('*),+.-0/ (1)

where 1 is the received training signal vector of length 2 , 354,687
is a diagonal matrix with diagonal elements 9�:	;�<�4(=?>*@BA?68C
207 ,:	;�<D4(=?>�@�E	68C
207 , . . . , :	;�<�4(=?>�@�4,2GFHE	7I68C
207IJ corresponding to
the normalized frequency offset 6 (normalized by E	C84,2 � 7 where�

is the sample duration), and K is a zero-mean complex Gaus-
sian noise vector with a covariance matrix LNM �PORQSRT where T is
an identity matrix.

For the parameter vector U �V� 6 � � �W� , the received vector 1
has a complex Gaussian pdf, <�4W1DX"UY7 , with the mean vector and
the covariance matrix respectively given by Z�[ = :  \! 3]4,687 �

This work was supported, in part, by the Clark Foundation Grant,
Erik Jonsson School of Engineering and Computer Science, University
of Texas at Dallas, USA.

and L^[ = L M . The �`_�� = � element of the Fisher information matrixa
is given byb*c�d  �.egf�hYi`jlk %W�nm�o.)hqp c hYi`jlk %W�nm�o.)hnp  r (2)�.sut fWv [ ��� h v [hqp c v [ ��� h v [hqp  r -xwzy f hq{ [*|hnp c v [ ��� hq{ [hqp  r�}

After some calculation, we haveb � d � ��~	� Q� Q��qQS + |
� Q +�� b Q d Q � w�qQS + | + (3)b � d Q � b Q d � ��� �� � QS + | � + (4)

where � is a diagonal matrix with diagonal elements9 0,1,. . . , 2�F$E	J . Then the CRB of the frequency offset estimation
for the signal model (1) is given by

CRB ��� � �D��� � d � � � Q � QS~	� Q + | ++ | +�+ | � Q +��x%W+ | � +�) Q } (5)

III. TRAINING SIGNAL DESIGN

We investigate the training signal design that minimizes the
CRB. The best training signal vector �R� is given by+8�����	t������ j���� CRB � � constraint: + | +l��e
� (6)

where � � is the total energy of the training signal vector. After
some manipulation, we have the best training signal given by+����
��t������ jR�
� %�+ |l� +�) Q � + | +	+ |l� Q +
¡ (7)�
��t������ j �£¢ �
���¤¥
¦ � �l���¤S ¦ ��§ ¨ ¥ § Q § ¨ S § Q�% j�© � j Q*)uª (8)

with the constraint � | �«� � � . Equation (8) indicates that it
is only the training energy allocation among the training samples
that has effect on the CRB. Define the following¬­�l� § ¨ � § Q � § ¨ � § Q � }"}I} � § ¨ �l��� § Q � � (9)® ¥ d S � j % © � j )¯��°Y± © ±�% � �0²�)\��°Y± j ±³% � �0²�) (10)

where ´ ¥ d S is the � µ­�"¶n� element of an 2¸·¹2 matrix ´ . º
can be viewed as the training energy vector or the training energy
allocation. Then the best training vector is determined by the best
training energy allocation given by¬ � ���	t������ jq»N¼ ¬R� ® ¬�½l� constraint: ¬R��¾£�¿e � �R°£±0À8%(�W)�±0Á

(11)



where � is an all-one vector of length 2 , � is a design value
representing the allowable peak training sample energy (to avoid
non-linear distortion). The optimization of (11) can be solved and
the general result is given by

À �¥ �
������ �����
��� j�� Á��Ie ��� w � if © �¿° or

� �0²��� j ¼ Á���e ��� wz�
	�� �D�
`¦ � À �
 ½ if © �¿� or © � � �¿²�� �
and ²�±0� ± � � wz�0²e � � w�	 ¥ ���
`¦ � À �
 if © ��% � �¿²�) � w
and

�
is an odd integer } (12)

IV. OPTIMALITY OF THE TRAINING SIGNAL STRUCTURE

This section provides a proof for the optimality of the training
signal structure of (12). The optimization objective function from
(11), which is to be minimized, can be given by the following
objective function, which is to be maximized:� %�¬n)D��¬R���x¬ � constraint: ¬¯��¾��¿e � �R°Y±xÀ8%(��) ±xÁ (13)

where� ¥ d S ��� ��% ® ¥ d S - ® S d ¥ )­�«% © � j ) Q � ©�� j°
� otherwise } (14)

We start from an arbitrary training signal structure. We apply on
the training signal structure an algorithm which moves training
sample energy from one sample to another in a prescribed way.
Each move will be shown to increase the objective function (13),
which is to be maximized. The algorithm will finally reach to the
training signal structure of (12). Since any arbitrary training sig-
nal structure can finally be transformed into the training structure
of (12) by the algorithm while increasing the objective function,
the training structure of (12) is optimal and unique.

Let us consider a length- 2 training energy vector defined by¬ ��� Á��	¾ ����� �RÀ � �RÀ ����� � }I}"} ��À �l���q��� �RÁ��	¾ ����� � � (15)

where A��! "�P2 � , A��$#%�P2 � ,  '&(#)&0>)��2 , A��$* � �� , A��,+-� 2GFPE , . �l���� ¦ � * � � � � , . �
���q���� ¦ � * � � �0/ ,
and 2 � �21 � � C�4,>3�£754 . If there are more than 2 � consecutive
samples of energy � at either side, the corresponding value of or # is set to 2 � . The above training structure satisfies the
total energy and the peak energy constraints. The algorithm is
described in the following. If  6�7# , then the algorithm moves
energy 8 from the training energy sample * ¥ to * � where * ¥ with 9&«E:� µ �P2VF�#¿F E is the nearest non-zero sample to * �
and 8 is given by

; � ����� ����
��� j % Á�� À��0�RÀ ¥ ) if %(e /)< w
Á
)

or % e /)= w
Á��?>A@�CB�)��� j % e / � wz� À�� ��À ¥ ) if %(e / = w
Á��D> �EB ,
and À � = e / � w	)° otherwise }

(16)

If  GF9# , the algorithm moves energy 8 from the training
energy sample * ¥ to * �l�H�n�D� where * ¥ with  I� µ � 2�F�# F^>
is the nearest non-zero sample to * �l���q��� and 8 is given by

; � ����� ����
�N� j %(Á�� À	�
���q���	�RÀ ¥ ) if %(e /)< w
Á
)

or % e / = w
Á��J>A@��B�)�N� j %(e / � wz� À �
���q��� ��À ¥ ) if %(e /)= w
Á��D> ��B ,
and À �l�H�n�D� = e / � w	)° otherwise }

(17)

Then the values of  and # are updated and the energy moving
is repeated. Finally, the resulted training signal will become that

of (12). In the following, we will prove that each move increases
the objective function which is to be maximized.

Each move changes the training structure º � � * �	� * � ,�
���
� * 
 , �
���
� * S , �
���
� * �
������� into º�K � � * ��� * � , �
�
�
� *LK
 �
�
�
� ,*LKS �
���
�
� * �l������� . The only differences between º and º�K are at
the indexes M and ¶ . The objective function (13) can be given by
(18) where N is not a function of * 
 and/or * S .� %(À*)��.À 
 Á f > i Q -O>P%P>��0²�)\% wQ>��¿²R � i )-�B %PB$-¿²
)I% wQB$-¿²R � � - i )n-SB % � � i ) Q r-.À S Á f > j Q -S>g%T> �0²�)\% wQ>��0²R � j )-�B %PB �0²
)I% wQB �0²R - � �SB � j )R-SB % � �UB � j ) Q r-.À 
WVX 
 �D�¤c ¦ � À c % i � ��) Q - S �D�¤c ¦Y
 ��� À c % i � �W) Q

- �l�H�n�D�¤c ¦ S ��� À c % i � �W) Q[Z\
-.À S VX 
 ���¤c ¦ � À c % j � ��) Q - S ���¤c ¦Y
 ��� À c % j � �W) Q
- �l�H�n�D�¤c ¦ S ��� À c % j � �W) Q Z\ - À 
 À S % j � i ) Q -S] (18)

Define ^`_ � _�4Wº K 7zF!_ 4WºD7 . Then we just need to show that^�_Ca�A . Now, consider the case with  6�7# where the energy8 is moved from * ¥ to * � . Then we have * ¥ � * ¥ Fb8 and* � � * � &�8 . After substituting  and µ in place of M and ¶ in
(18) and manipulating, we havecd� �0� � - � Q (19)

where e � and e Q are respectively given by� � � ; Á¹% © �S> )JB � w � � © �U> �SB �0²��x% © -�²
)J> � B �� � ; Á�% © �U>«)JBz%�w � � w © �
> �UB � w	) �- � ; ÁY% © �U> )\% © -¿²�)\%TB �U> ) �< � ; ÁY% © �U> )\% © -¿²�)\%TB �U> ) � (20)� Q � ; % © �U> ) � �l���q���¤c ¦­¥ À c % © �U>�-0w�% �R� © )�) �� ; % © �U> )uQ�% À�� - ; )
< ; % © �U> ) Q � % �
���q���¤c ¦­¥ À c )¯�0% À � - ; ) � } (21)

Then we obtaincf� < � ; ÁY% © �U> )\% © -¿²�)\%TB �U> ) �- ; % © �U> ) Q � % �
���q���¤c ¦­¥ À c )¯�0% À�� - ; ) � } (22)

When 4,�0/ga >h�£7 or ( �0/gi >3� and  � # ), we have4?. �l�H�n�D�c ¦­¥ * c 7)a 4?* � &�8�7 and the first term of (22) is greater
than or equal to zero. Hence, ^`_ja¸A . When ( �d/ki >h�
and  iA# ), i.e., ( � / i >h� and  � #gF E ), we have



4?. �
���q���c ¦­¥ * c 7 F 4?* � & 8*7�a¸Fd� and the first term of (22)
is 83�g4 µ F  H7�4 µ &�E�7 . Hence, we still have ^�_Oa¹A .

Now, consider the case with  F # where the energy 8 is
moved from * ¥ to * �l�H�n�D� . Then we have * ¥ � * ¥ F!8 and* �l���q����� * �l�H�n�D� &%8 . After substituting µ and 4,2 F #0F«E�7
in place of M and ¶ in (18) and manipulating, we have (19) withe � and e Q respectively given by� � � ; Á�% � �UB � © �0²�) � >P% � �UB �U> - © )¯�UBz% � � © ) �� ; Á�% � �UB � © �0²�) � >P%�w © �
> �UB�)�-¿%P> �UB�)I% � � © ) �< ; Á�% � �UB � © �0²�) � %T>G�
B�)I% � � © ) � (23)� Q � ; % � �UB � © �0²�) � ¥¤c ¦ � À c % � �UB � © �0²�-0w�% © � �W)�) �� ; % � �UB � © �0²�)WQ�% À �l���q��� - ; )
< ; % � �UB � © �0²�) Q � % ¥¤c ¦ � À c )¯�0%(À �
���q��� - ; ) � } (24)

Consequently, we obtaincd� < ; Á�% � �
B � © �0²�) � %T>G�
B�)I% � � © ) �- ; % � �UB � © �¿²�) Q � % ¥¤c ¦ � À c )¯�0%(À	�
���q���D- ; ) � } (25)

When 4,� / a >h�£7 or ( � / i >3� and  � # ), we have4?. ¥c ¦ � * c 7 aP4?* �l���q��� &C8*7 and the first term of (25) is greater
than or equal to zero. Hence, ^�_ja¸A . When ( � / i >3�
and  aA# ), i.e., ( � / i >h� and  � #�& E ), we have984?. ¥c ¦ � * c 7�F¹4?* �l�H�n�D� &C8*7IJ)a Fd� and the first term of (22)
is 83�g4,2 F #¿F µ F¹E	7�4,2 F µ 7 . Hence, we still have ^�_Sa¹A .

The above proof assumes  &:#W&N>)�P2 . The only possibility
left is  k& #d& E � 2 which is already in the form of the training
structure (12). This proves that the training structure of (12) is
optimal and unique.

V. SIMULATION RESULTS AND DISCUSSIONS

The simulation parameters are as follows. The length of train-
ing signal structure is 2 � E
A?> � , and the normalized frequency
offset is 6 � A � � . The S-BLUE frequency offset estimation
method proposed in [1] is used in the simulation. The frequency
offset estimator is �'���� ��� (26)

where � is a column vector containing 9	� ¥ J given by


 ¥ � �w ��� ¥ � j � i � ��
 % � ¥ ) � (27)

and �£4�� ¥ 7 is sample-wise autocorrelation of the received train-
ing signals with a correlation distance � ¥ . The weighting vector� is given by [2]

� � v �D�� ¾¾ � v ���� ¾ (28)

where the calculation of L � , the covariance matrix of � , is
lengthy and the results are given in [1].

Different training structures are evaluated. Conventional train-
ing signal structure has 2 samples with sample energy � � C
2 .
Structure K 128 and K 1 are the proposed structure with � �E�>�� and � � E , respectively. In practice, the value of � is
determined by the total training energy and the allowable peak
training sample energy. From Fig.1 (b), it is observed that K 1

TABLE I
COMPUTATION LOAD

Structure K 1 K 128 Conventional

#RM 5 ��� Q &¹>��VF�� >�2 Q F¹>
#RA 2 ��� Q F����,&�E >�2 Q F��82� ¶ e�M(:*9�� J 1 � �&F³> 2 F E
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Fig. 1. The frequency offset estimation performance comparison

can achieve a 5 dB SNR advantage over Conventional structure.
K 128 has a 4 dB SNR advantage over Conventional structure.
Strcuture K 1 has 1 dB SNR advantage over Strcuture K 128 but
K 1 has a larger PAR than K 128. The CRBs of these structures
are shown in the Fig.1 (a).

Based on the S-BLUE frequency offset estimation method and
assuming 2jF!���gF E , the required computational load is shown
in Table I. For the considered parameters, Conventional structure
needs approximately 16 times the real multiplications (RM), 16
times the real additions (RA) and 2.7 times the angle operations
if compared to those required for the structure K 128.

VI. CONCLUSIONS

An optimal training signal structure for frequency offset esti-
mation is developed by minimizing the CRB with constraints on
the total energy � � and the peak sample energy � within a fixed
training block length. The proposed training signal structure con-
sists of two non-zero parts, each having � samples determined by� � and � . The first part is at the beginning of the training block
and the second is at the end. The proposed training signal struc-
ture can not only improve the estimation performance but also
reduce the estimation complexity over the conventional training
structure.
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