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Endogenous Borrowing Constraints With
Incomplete Markets
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ABSTRACT

This article develops ways to endogenize the borrowing constraints used in a class of
computable incomplete markets models. We allow the constraints to depend on an
investor’s characteristics such as time preference, risk aversion, and income streams.
The proposed constraint can be interpreted as a borrowing limit within which an
investor has no incentive to default. Using a numerical algorithm, we find that for an
array of structural parameters, the endogenous borrowing constraints can be much
less stringent than the ad hoc borrowing constraints adopted by the existing studies.

CURRENT RESEARCH ON ASSET markets reveals that introducing market frictions,
such as incomplete markets, transaction costs, short sale constraints, and
borrowing constraints, can help resolve the equity premium and risk-free rate
puzzles and create pricing kernels with higher volatility (Mankiw (1986),
Scheinkman and Weiss (1986), Kahn (1990), Aiyagari and Gertler (1991),
Telmer (1993), Lucas (1994), and Heaton and Lucas (1996)). Borrowing con-
straints, in particular, have been popular in studying the asset pricing impli-
cations of a class of computable incomplete markets models for many reasons.
For instance, it is widely observed that investors face credit limits in reality
because of imperfect information and/or incomplete markets. Imposing bor-
rowing constraints in our economic models can thus capture an important
feature of reality. More important, borrowing constraints are typically needed
to rule out default and Ponzi schemes, and to ensure the existence of equilib-
rium for incomplete markets economies. However, the borrowing constraints
used in the literature are often specified arbitrarily outside economic models.
The purpose of this study is to develop ways to endogenize borrowing con-
straints in order to provide economic guidance and/or insights into what might
drive these constraints and why asset return data seem to imply that they are
restrictive.

A number of authors have studied a class of computable incomplete market
economies with ad hoc borrowing constraints (Aiyagari and Gertler (1991),
Telmer (1993), Lucas (1994), and Heaton and Lucas (1996)). The consensus is
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that incomplete markets with borrowing constraints do not resolve the equity
premium puzzle but they lower the mean risk free rate and increase the
volatility of pricing kernels. Telmer (1993) finds that in certain cases, an
incomplete market economy with borrowing constraints gives rise to a pricing
kernel with a standard deviation approximately seven times larger than that
of a representative agent model.

The borrowing constraints used in all the studies cited above take the form
of a lower bound on an investor’s bond holdings, which is a certain percentage
of total income or per capita income. For example, Lucas (1994) chooses the
borrowing constraint by allowing an investor to borrow up to 20 percent of total
income (or 40 percent of per capita income in an economy with two types of
agents). Telmer (1993) uses borrowing constraints which restrict an investor’s
bond holdings to be either greater than or equal to —25 percent of total income
or no less than negative the minimum of the investor’s one-time exogenous
endowment income.! In the absence of cross-sectional data on consumer credit
limits, it is difficult to resolve which one of the borrowing constraints used
above is more reasonable. More important, the aforementioned borrowing
constraints are independent of individual characteristics and income streams
which in reality are important factors in determining an investor’s borrowing
limit.

As a departure from the above ad hoc borrowing constraints, following the
idea of Bewley (undated), Aiyagari (1994) studies an endogenous borrowing
constraint that allows an investor to borrow up to the capitalized value of his
worst possible sequence of income shocks discounted at some constant interest
rate determined by the marginal product of capital. The intuition is to rule out
cases in which an investor could hold a portfolio that may admit negative
consumption. We thus refer to it as the nonnegative consumption borrowing
constraint.

In this article we first generalize the nonnegative consumption borrowing
constraint into an economy with stochastic interest rates. We then introduce
an alternative endogenous borrowing constraint—the no default borrowing
constraint, which allows an investor to borrow no more than what he has
incentive to pay back. The goal is achieved by choosing the borrowing limit
such that an investor’s expected discounted lifetime utility from participating
in the asset market is at least as high as that of autarky, in which the investor
only consumes his exogenous endowment income every time period. Because
the expected discounted lifetime utility from participating in the asset market
and autarky are both functions of individual characteristics such as the time
preference rate, risk aversion, and income streams; the borrowing constraint
thus obtained is endogenous and has the interpretation of being the borrowing
limit, which rules out default. We use the term “endogenous” in a broad sense
because the above borrowing limit is determined by an outside agency and does

! In addition to the ones used in Telmer (1993) and Lucas (1994), Aiyagari and Gertler (1991)
choose B as being 35 percent of per capita income. Among others, Heaton and Lucas (1996) assume
the borrowing constraint to be 10 percent of per capita income.
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not depend on an investor’s decisions and/or actions (to be discussed in detail
later). Thus, the borrowing constraint is exogenous from an investor’s point of
view.

Using the exogenous driving forces estimated by Heaton and Lucas (1996),
based on the annual National Income and Product Account data and the Panel
Study of Income Dynamics data, we solve models with different borrowing
constraints using an iterative policy function algorithm introduced by
Coleman (1990). The quantitative properties of the no default borrowing con-
straint model are then discussed for an array of structural parameters. The
consumption and asset prices are also simulated from the model, and their first
and second moments are compared to those found in the observed data for
reasonable structural parameters. The Hansen and Jagannathan (1991) meth-
odology is applied to the simulated consumption series to analyze the mean-
standard deviation pairs of the stochastic discount factor as a function of
individual intertemporal marginal rate of substitution (IMRS) embedded in
the model. For comparison, we also calculate the mean-standard deviation loci
of stochastic discount factors for a model with an ad hoc borrowing constraint
of 35 percent of total income and for a frictionless complete markets model.

The main findings of the article are the following. First, the nonnegative
consumption borrowing constraint is found to be very loose, and it does not
have much impact on asset returns. For reasonable structural parameter
values (a discount factor (B8) of 0.98, and a risk aversion coefficient (vy) of 2.0),
this borrowing constraint allows an investor to borrow more than seven and a
half times the current total income. Imposing the constraint only lowers the
mean risk free rate by less than 0.06 percent. Second, the no default borrowing
constraints for certain sets of structural parameters can be much less stringent
than those used in the current literature, but they are much tighter than the
borrowing constraint induced by imposing the nonnegative consumption.
Third, the loci of the stochastic discount factors embedded in the models with
market frictions lie above the locus of the stochastic discount factor implied by
the frictionless complete markets model. Fourth, the no default borrowing
constraint model generates a low risk free rate for reasonable structural
parameters, but it fails to generate enough volatility observed in the actual
bond returns. This implies that other types of market frictions such as trans-
action costs may be needed in order to resolve the volatility puzzle.

The rest of the article is organized as follows. Section I describes the
economic environment and the ad hoc borrowing constraints. Section II dis-
cusses the endogenous borrowing constraints. Section III presents the numer-
ical results on the endogenous borrowing constraints and their effect on the
pricing kernel and asset returns. Section IV provides concluding remarks.

I. The Economic Environment and Ad Hoc Borrowing Constraints

The economic environment described here is similar to the one used in Telmer
(1993), Lucas (1994), and Heaton and Lucas (1995). It features discrete time
with uncertainty. Let time be indexed by ¢ € T, where T is the set of nonnega-
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tive integers. There are two types of infinitely lived investors denoted by i = 1,
2, and one perishable consumption good in the economy. Information is com-
mon knowledge for all investors. The objective of investor i is to maximize the
following expected discounted utility function:

EO ’ l=1’2 (1)

2 BUc)
t=0

where B is the investor’s subjective discount factor and c is his time ¢ con-
sumption. We assume that U’() is continuous, concave, strictly increasing and
continuously differentiable and the discount factor 8 is the same across all
investors in the economy.

There is only one asset in the financial market—a pure discount bond.
Holding a unit of bond at time ¢ provides a risk free claim to one unit of
consumption at time ¢ + 1. Investors in the economy receive their income from
two sources, endowment and asset payoffs. The first is exogenous and follows
a stochastic process. The second is endogenous due to the endogeneity of asset
holdings.

AssumpTION 1. Investors cannot trade contracts written on their uncertain fu-
ture endowment income.

We make the above assumption because there may exist a moral hazard or
adverse selection problem in reality which leads to the missing market al-
though we do not model moral hazard or adverse selection explicitly in our
economy. Since a market for contingent claims on future endowment income is
not available, the payoffs to the existing asset cannot span the consumption
space. Therefore, asset markets are incomplete. It is important to note that we
use the concept in a narrow sense. Broadly speaking, market frictions such as
transaction costs, short sale constraints, and borrowing constraints also make
asset markets incomplete.2 At time ¢, investor i’s budget constraint is given by:

ci+pbi=yi+bi, (2)

where b: and y. are his bond holdings and endowment income at time ¢,
respectively, and p, is the bond price at time ¢.

So far, no restrictions have been imposed on the investor’s bond holdings. In
an economy with complete markets, investors choose optimal portfolio hold-
ings at the initial period and no subsequent trade is necessary (see Huang and
Litzenberger (1988), p. 185). Hence, no restriction is needed on individual bond
holdings. In the incomplete market economy, however, trading is necessary for
investors to effectively smooth their consumption and achieve the maximum
expected lifetime utility. Restrictions on portfolio holdings are therefore
needed to rule out default and/or Ponzi schemes, and to ensure the existence of

2 Geanakoplos (1990) gives a thorough survey on incomplete markets.




























































