
MATH 6390 (Fall 2013) Project 2
The Restricted Planar Three Body Problem

Due Wed Oct 23rd

The project is adapted from [NK, #24.2]. As described in the lecture notes, the
planar restricted three-body problem concerns the motion of a small mass, m3,
due its gravitational interaction with two larger masses, m1 and m2, under the
assumption that m3 � m1,m2, and that the motion of m3 is constrained to lie
in the plane in which m1 and m2 are orbiting. Suppose that m1 ≥ m2 and let
µ = m2

m1+m2
. We nondimensionalize the system using the procedure described on

pages 8 and 9 of the lecture notes. In addition, we choose a rotating coordinate
system in the plane so that the center of mass of the two large masses is at the
origin, mass m1 is at r1 = (−µ, 0) and mass m2 is at r2 = (1− µ, 0). Under these
assumptions the position, r = (x, y), and the velocity, v = r′(t) = (u, v), of the
small mass, m3 satisfy the system of ODEs given by

x′ = u (1)

y′ = v (2)

u′ = 2v + x− µ(x− (1− µ))

[(x− (1− µ))2 + y2]3/2
− (1− µ)(x+ µ)

[(x+ µ)2 + y2]3/2
(3)

v′ = −2u+ y − µy

[(x− (1− µ))2 + y2]3/2
− (1− µ)y

[(x+ µ)2 + y2]3/2
. (4)

1. (Code (C): 10 pts, Results (R): 5 pts) Using an appropriate choice of ODE
solver, write a MATLAB function that computes solutions to the ODE Initial
Value Problem (IVP) for this system. Verify the correctness of your code (at
least partially) by checking that the energy function defined by

E(t) =
µ

|r− r2|
+

1− µ
|r− r1|

+
1

2
|r|2 − 1

2
|v|2 (5)

is constant along the orbit, dE
dt

= 0.

2. (Analysis (A): 10 pts, C: 10 pts, R: 10 pts) Using a root solving method
(and analytic methods), find the five stationary solutions (critical points) of
the system. [Do this part, and parts (3) and (4) below for the earth-moon-
satellite system and for a system for which µ = 0.4.]

3. (A: 5 pts, C: 5 pts, R: 10 pts) Determine the stability of the stationary
solutions by analytically linearizing the equations about each stationary so-
lution, and then using MATLAB to compute the eigenvalues of the linearized
system.



4. (R: 5 pts) Using your ODE solver, verify the stability calculations in (3).

5. (C: 5 pts, R: 5 pts) Show that the earth-moon-satellite system is chaotic
by demonstrating sensitivity to initial conditions, i.e., compute the time-
evolution of the separation between two satellites which have nearly identical
initial conditions.

6. (Algorithm: 10 pts, C: 10 pts, R: 10 pts) Astronomers can often use their
specialized knowledge to find initial conditions which have the property that
after some time the small mass, m3, returns to the general vicinity of those
initial conditions. Using such initial conditions as input, devise a mathe-
matical algorithm designed to output a periodic orbit of m3. Code up your
algorithm in MATLAB and apply it to the case that the input initial condi-
tions are given by x0 = 1.1, y0 = 0, u0 = 0 and v0 = −1. Perform simulations
to verify that the orbit you find is indeed periodic (or at least very close to
being so). (5 Bonus Points): To make your simulation more realistic, include
detection for the events that the satellite crashes into the moon or the earth.
(10 Bonus Points): What other periodic orbits can you discover? Hints: (1)
This is a numerical optimization problem. (Sorry to give it away!) (2) The
idea is that an orbit u = u(t) = (r(t),v(t)) in the space of positions and
velocities will be closed if there is a time T and a set of initial conditions u0

so that u(T ) = u0. (3) You need to define an objective function to minimize.
This function needs to be some sort of distance between u(T ) and u0, and
it needs to take into acccount the fact you don’t know the values of T or u0

that give us the closed orbit. In other words you need to think about the
formula for the objective function as well as its domain of definition.

Report

Use MATLAB’s publish command to generate pdf files containing your analytical
calculations, MATLAB code, results, and a detailed discussion. Submit your
MATLAB .m files and .pdf files in a single tar file.

Grading Scheme

In addition for the 110 points allocated above there will be 10 points for code
comments and 30 points for discussion of results.

Total Points = 150.
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