
MATH 6390 (Fall 2013) Project 4
Monte Carlo Simulations for the

Nonlinear Schrödingier Equation with Noise

Due Mon Dec 2nd

The goal of this project is to use a Monte Carlo simulation to compute the standard deviation
of the mean time shift of a pulse whose propagation through optical fiber is governed by the
Nonlinear Schrödinger Equation with additive, white, Gaussian noise:
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Here β is dispersion parameter and γ is the nonlinear parameter. The noise,
√
ηF (z, t), is

added continuously in both z and t. The parameter η is the noise spectral density in units
of W/(Hz·m).

If the parameters are chosen to be β = −1, γ = 1, and η = 0 (no noise), then Eqn.(1) has
exact solutions of the form

u(z, t) = A sech[A(t− τ(z)] exp[i(Φ(z)− Ω0t)], (2)

where

τ(z) = τ0 − Ω0z (3)
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2
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0)z. (4)

Here the parameters of the initial pulse (at z = 0) are A (amplitude), τ0, (pulse center), Φ0

(phase), and Ω0 (central frequency).

By the end of this project you will have written and verified the correctness of a MATLAB
function MonteCarloNLSE whose high-level structure is given by Algorithm 1 at the end of
this document.

Your code should be designed so as to accomplish the following tasks. Only add com-
plexity to the code as you need it. For example, only add for loops over Monte Carlo
simulations when you come to (C) below.

(A) Implement the split-step Fourier method to numerically solve the NLSE (without noise).
Verify that the global error is O(∆z2) by comparison to the analytical solution given by
Eqn. (2). For the verification use β = −1, γ = 1, and η = 0 (no noise), A = 1, τ0 = 0,
Φ0 = 0, and Ω0 = 0, FFT parameters of T = 40 and N = 2048, and a propagation distance
of Length = 10. Also make a movie comparing the propagation of the numerical and exact
solutions along the fiber. Use the subplot command to plot the absolute value of the solution,
log10 of the absolute value of the solution, and the phase of the solution. The phase can be
computed with the aid of the Matlab command atan2.

(B) Use the code you developed for (A) to make a movie showing the collision of two
solutions. For a hint on how to do this see page 3 of the lecture notes NLSE With Noise.

http://www.utdallas.edu/~jwz120030/Teaching/GradSciCtg/Lectures/NLSEWithNoise.pdf


Specifically, use an initial condition of the form u(t) = u1(t)+u2(t) where u1(t) = u(z = 0, t)
is given by Eqn. (2) with parameters A = 1, τ0 = 0, Φ0 = 0, Ω0 = 0 and u2(t) = u(z = 0, t)
is given by Eqn. (2) with parameters A = 2, τ0 = 10, Φ0 = 0, Ω0 = 5.1

[NOTE: The τ0 value for the second pulse given in the Lecture Notes is wrong.]

Determine how much each pulses is shifted in time due to the collision. For this, you can use
the analytical formula to determine where each pulse should be centered when it propagates
by itself and compare that to the central time of each of the pulses after the collision. (A
graphical comparison would be nice, but is not essential.) To determine the central time of
a pulse after the collision, you could “eye-ball” it by zooming in on the plot of the numerical
solution. Alternatively, you could more accurately compute the central time of each pulse
after the collision by adapting the code you will develop below for part (D).

(C) To model the addition of white Gaussian noise to the signal, the noise added in the step
from zm to zm+1 = zm + ∆z and in the time interval from tk to tk+1 = tk + ∆t is given by
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(Xm,k + iYm,k), (5)

where Xm,k, Ym,k ∼ N(0, 1) are standard normally distributed random variables that are
independent for all m, k. Verify the correctness of your implementation of Eqn. (5) by
setting the initial pulse to zero: u(z = 0, t) = 0, and the parameters to β = 0, γ = 0,
η = 10−7 and L = Length = 10. Use a Monte Carlo simulation to show that the average
noise power in a bandwidth of width δf Hz is ηδfL. For this computation we will need to
work in the Fourier domain, where the power in the `-th discrete frequency interval [ω`, ω`+1]
of width ∆ω = 2π∆f is

P` =
1

T 2
|û`|2. (6)

More specifically, the entire frequency window has a bandwidth of FW = Nδf . So the
theory tells us that the average noise power in the entire frequency window is ηFWL. With
the Monte Carlo simulation we can estimate this quantity as

∑
` P` = (1/T 2)

∑
` |û`|2.

(D) Write a function ComputeMeanTimePulse(u) that computes the mean time of a pulse
using

〈t〉 =

∫ T/2

−T/2
t|u(t)|2dt∫ T/2

−T/2
|u(t)|2dt

. (7)

Specifically, the input u should be a vector that is a discretization of a function of time, and
the integrals in the formula above should be computed numerically. Test how small a time
shift your code can accurately compute using T = 20, N = 2048, (i.e. ∆t ≈ 10−2), A = 1 by
shifting the function u0(t) = u(z = 0, t) by different amounts τ0. Here u = u(z, t) is given by
Eqn. (2). The analytical answer is 〈t〉 = τ0. You can implement this test using a different
function than that used for Algorithm 1.

1Notice, that from the analytical solution, Eqn. (2), of the NLSE with initial condition given by u2(t)
alone, we see that since Ω0 > 0, the second pulse will move in the negative t direction as z increases. You
should observe this in your simulation.
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(E) Let W (z) = 〈t(z)〉 be the random variable that is the mean time of the pulse at distance
z along the fiber. Write a Monte Carlo code to compute the mean, µW (z), and standard
deviation, σW (z), of W (z) as a function of z. Verify the correctness of your code as follows.
Choose the parameters as in Part (A), except now use η = 10−7 and choose an appropriate
number of Monte Carlo simulations, NumMC. Plot your results as a function of z for z = 0
to z = Length = 10 and compare them to plots of the analytical formulae obtained using
Soliton Perturbation Theory:

µW (z) = 0 (8)

σW (z) =

√
π2η

12A3
z +

Aη

9
z3. (9)

Report

Use MATLAB’s publish command to generate pdf files containing your MATLAB code,
results, and a discussion of the results. Submit your MATLAB .m files and .pdf files
in a single tar file.

Grading Scheme

(A) 15, (B) 5, (C) 10, (D) 5, (E) 15, Code comments and coding style 15, Discussion of
results 15. Total 80 pts.
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Algorithm 1 Overview of Monte Carlo Algorithm

function MonteCarloNLSE(∆z)
Initialize physical parameters β, γ, η, and Length of fiber
Initialize parameters of initial pulse A, τ0, Φ0, and Ω0.
Initialize parameters for discrete Fourier transform and step-size.
Initialize parameters that control output, e.g., distance between frames of movie.
Initialize parameters that control Monte Carlo simulation, e.g. NumMC
for m=1:NumMC do

Initialize Pulse, u, using Eqn. (2).
for f=1:NumMovieFrames do

u = PropagateNLSEwithNoise(u)
MeanTimeShift(m, f) = ComputeMeanTimePulse(u)
if m=1 then

ComputeAnalyticSolution
Make a frame of movie.

end if
end for
if m=1 then

Calculate GlobalError of numerical solution at z = Length.
end if

end for
for f=1:NumMovieFrames do

Compute standard deviation, σNumerical(f), of MeanTimeShift
Calculate exact standard deviation, σExact(f) of MeanTimeShift using (9).

end for
Make plots of results.
Output: GlobalError

end function
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