
Math 4362 Homework #4

1. Use the method described on pages 8 and 9 of Lecture 3 of the handwritten lecture
notes to solve the PDE-IVP

∂u

∂t
+

∂

∂x
(xu) = 0, (1)

u(0, x) = f(x). (2)

In particular, use the method to show that the characteristic curve through the point
(t0, x0) is given by x(t) = x0e

t−t0 . Sketch some of the characteristic curves in the (t, x)-
plane. Then show that the solution to the PDE-IVP is given by u(t, x) = f(xe−t)e−t.
In the case that f(x) = 1

1+x2
sketch the solution at times t = 0, t = 1, and t = 2.

2. 2.3.1

3. Consider the PDE-IVP

ut + uux = 0, (3)

u(0, x) =
1

1 + x2
. (4)

Write down a formula for the characteristic line that goes through the point y on the
x-axis. Sketch some of the characteristic lines in the (t, x)-plane. Calculate the critical
time, t∗, at which the solution, u, develops a vertical tangent line. Use the method
of characteristics to sketch the solution as a function of x just before and just after
the critical time. (Just after the critical time interpret the solution as a multi-valued
function.)

4. 2.3.15. Hint: Show that ut + u2ux = −ku γ
γt+δ

+ ku2+ k−1
k

α
γt+δ

.

5. 2.3.16. Specifically, (i) What is the analogue of Equation (2.35) in Olver? (ii) How do
Figs. 2.14 and 2.15 in Olver change? (iii) What is the analogue of Equation (2.41) in
Olver?

Extra Credit Computational Project B

This extra credit project is worth 3 regular homework problems. If you elect to do it, turn
it in separately from the problems above. I recommend you use Matlab for this project.
You should print out and email your code and also print out pictures of the solutions you
obtained when you apply the code to specific problems. For each set of pictures, make sure
you briefly state what PDE IVP you solved.

Write a computer code to solve the inviscid Burger’s equation IVP

ut + uux = 0 for 0 ≤ t ≤ T, (5)

u(0, x) = f(x), for x ∈ [a, b], (6)
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where the initial condition, f , the interval [a, b], and the final time, T , are specified by the
user. Recall that the equation of the characteristic line through (0, y) is

x = tf(y) + y (7)

and that
u(t, x) = f(y) everywhere on this line. (8)

Here is an outline of one approach you could take. Given positive integers, N and M , set
∆x = (b − a)/N , ∆t = T/M , and yn = a + n∆x, for n = 0, 1, ..., N and tm = m∆t,
for m = 0, 1, ...,M . Set fn = f(yn). Using (7), let xn,m = tmfn + yn. Then the points
{(tm, xn,m),m = 0, 1, ...,M} lie on the characteristic line through (0, yn). By (8) we know
that

u(tm, xn,m) = u(0, yn) = fn. (9)

For each fixed m, to obtain a discretization of the solution at time tm, form arrays x and
u with entries xn = xn,m and un = fn. Then use Matlab command plot(x,u) to plot the
solution at time tm. In this way you can either make plots of the solution at the times,
tm, and/or generate a movie of the solution. This approach should also enable you to plot
multi-valued solutions, i.e., to extend the solution past the critical time, t = t∗.

Run your code with the following three initial conditions:

1. f(x) = arctan x, (similar to Fig 2.14 in Olver),

2. f(x) = π
2
− arctanx, (similar to Fig 2.15 in Olver),

3. f(x) = 1
1+x2

, (problem 3 above).
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