
MATH 7313 (Spring 2013) Homework #4
Due Tuesday 12th Feb

(1) [SS] # 2.5

(2) [LE] Suppose that u is infinitely differentiable and that u solves ut −∆u = 0
in Rn × (0,∞).

(a) Show that uλ(x, t) := u(λx, λ2t) also solves the heat equation for all λ ∈ R.

(b) Use (a) to show that v(x, t) := x·∇u(x, t)+2tut(x, t) solves the heat equation
as well.

(3) [WS] Consider the solution u(x, t) = 1 − x2 − 2Dt of the diffusion equa-
tion. Find the locations of its maximum and minimum in the closed rectangle
[0, 1]× [0, T ].

(4) [WS] Consider the problem

ut − uxx = 0 on the interval 0 ≤ x ≤ 1

u(0, t) = u(1, t) = 0

u(x, 0) = 1− x2.

(a) Show that u(x, t) > 0 at all interior points, 0 < x < 1, 0 < t <∞.

(b) For each t > 0, let µ(t) = maxu(x, t) over 0 < x < 1. Show that µ(t) is
a non-increasing function of t. [Hint: Let the maximum occur at the point
X(t), so that µ(t) = u(X(t), t). Differentiate µ assuming X is differentiable.]

(5) The purpose of this problem is to show that the maximum principle does not
hold for variable coefficient equations.

(a) Show that u(x, t) = −2xt−x2 solves ut−xuxx = 0. Find the location of the
maximum of u on the rectangle −2 ≤ x ≤ 2, 0 ≤ t ≤ 1.

(b) Where does the proof of the maximum principle given in Lecture 4 break
down?



Additional Questions (Not to be handed in)

(6) [SS] # 2.16

(7) [SS] # 2.8

(8) [SS] # 2.9

(9) Verify by direct substitution that the function ΓD in [SS] Definition 2.3 satis-
fies the diffusion equation (2.48).
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