
Math 152H, Fall 2008

Calculus II

Project One: Numerical Integration

The purpose of this project is to understand the accuracy of the left endpoint, right

endpoint, and midpoint approximations of the integral
b∫

a

f(x) dx and to apply this knowledge

to accurately calculate the error function, which is an important function in probabilty and
statistics. For simplicity we will assume that the function f is increasing on the interval [a, b].
Throughout this project we will use the following notation. We let Ln, Rn, and Mn denote the

left endpoint, right endpoint and midpoint approximations of
b∫

a

f(x) dx, using n subintervals.

Also, we let ELn = |
b∫
a

f(x) dx− Ln|, ERn = |
b∫

a

f(x) dx− Rn|, and EMn = |
b∫

a

f(x) dx−Mn|

denote the errors in these approximations.

1 A Simple Example

In class we studied the integral
∫ 1

0
x2dx and we found that the approximations of this integral

are given by

Ln =
(n− 1)(2n− 1)

6n2
Rn =

(n + 1)(2n + 1)

6n2
Mn =

4n2 − 1

12n2
(1)

and that
∫ 1

0
x2dx = 1

3
.

1 Using these formulae, write a matlab function that computes the errors ELn, ERn

and EMn for the integral
∫ 1

0
x2dx. Make a table of these errors for n = 2m, where

m = 0, 1, 2, ..., 18. By default Matlab only displays numbers using 4 decimal places.
Use the command format long to output the actual numbers Matlab computes.

2 Using matlab, plot log10 ERn versus m = log2 n. On the same axes also plot log10 EMn.
What do you notice?

2 Error Bounds for Numerical Integration

The purpose of this section is to derive formulae for the errors ELn, ERn and EMn. Although
it is neither possible nor necessary to derive exact formulae, we can derive bounds for the
errors. These bounds are useful because they tell us how large to choose n to gaurantee that
the value of the integral is, for example, accurate to 6 decimal places.

Suppose that f is an increasing continuous function on an interval [a, b].
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3 Prove that Rn − Ln = [f(b)− f(a)]∆x.

4 Prove that Ln ≤ Mn ≤ Rn.

5 Prove that Ln ≤
b∫

a

f(x) dx ≤ Rn.

6 Suppose that the absolute value of the slope of f is bounded, i.e. that there is a number
M so that |f ′(x)| ≤ M for all x in the interval [a, b]. Prove that

|Rn − Ln| ≤
(b− a)2M

n
. (2)

Hint: Use Problem 3 above and apply the Mean Value Theorem to f on the interval
[a, b].

7 Use Problem 5 and Equation (2) to prove that

ERn ≤ (b− a)2M

n
. (3)

(This formula holds even if f is not an increasing function.) Based on this inequality,
what should happen to ERn if you double the number of subintervals, n?

8 The following theorem is stated on page 410 of our textbook. It holds even if f is not
an increasing function.

Suppose that |f ′′(x)| ≤ K for a ≤ x ≤ b. Then

EMn ≤ (b− a)3K

24n2
. (4)

Based on this inequality, what should happen to EMn if you double the number of
subintervals, n? Based on Equations (3) and (4), for a given value of n, which is more
accuarte: Rn or Mn?

9 For the function f(x) = x2 on the interval [a, b] = [0, 1] calculate the smallest possible
values of the bounds M and K in Problems 6 and 8. Add the following two graphs
to the plot you made in Problem 2: (a) log10 of the right-hand side of equation (3)
as a function of m, where n = 2m and (b) log10 of the right-hand side of equation (4)
as a function of m. How do these two graphs compare to the graphs you plotted in
Problem 2?

3 Calculation of the error function

The error function is defined to be the area function of the bell curve. (The bell curve is also
known as the normal distribution or the Gaussian function.) The error function is defined
by

erf(x) =
2√
π

∫ x

0

e−t2dt. (5)
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It is impossible to find an antiderivative of f(x) = e−x2
in terms of familiar functions.

However to calculate a value of erf we can calculate the integral in (5) numerically.

9 Download the Matlab program MyFunction.m from the class web page. Next, write
a Matlab program
[Left,Right, Midpoint]= NumericalIntegration(a,b,n) that computes the ap-

proximations Ln, Rn, and Mn to
b∫

a

f(x) dx, where f is given by MyFunction.m,

i.e. your function NumericalIntegration should call the Matlab function MyFunc-
tion.m. (Hint: You may find Matlab’s built in function sum helpful).

10 At the moment, MyFunction.m is f(x) = x2. Check that NumericalIntegration
gives the correct answer by using it to reproduce the table you constructed in Prob-
lem 1. The results will probably not be exactly the same, but they will be very close.
Comment on the level of agreement between the two methods of calculating the table.

11 Now that you are fairly sure that NumericalIntegration calculates the approximate
integrals correctly use it to estimate values of erf(x) to an accuracy of 6 decimal places.
For this you will need to first modify MyFunction.m. Also, use the Midpoint method
and the result in Problem 8 to find the value of n so that EMn < 10−7. In particular,
make a table of values for erf(x) where x goes from −4 to 4 in increments of 0.5. Don’t
forget to use the Matlab command format long. Also plot erf(x) versus x.

12 Use your Matlab program to convince yourself that lim
x→∞

erf(x) = 1.

13 The cumulative distribution function of the normal distribution is defined to be

CDF(x) =
1√
π

∫ x

−∞
e−t2dt. (6)

In a random quantity X is normally distributed, then CDF(x) is the probability that
X is less than x. Show that

CDF(x) =
1

2
(1 + erf(x)). (7)

and calculate lim
x→∞

CDF(x).

14 Use your plot from Problem 11 to find the 3rd quantile of the normal distribution,
that is find the value of x so that CDF(x) = 0.75. If a random quantity X is normally
distributed then three quarters of the samples of X will have values less than the 3rd
quantile.

4 The Write Up

For your write up please include all calculations, any Matlab code you write, output and plots
generated by Matlab, and a brief introduction and conclusion showing that you understand
the point of the project.

Some additional points to keep in mind are:
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1. The write up should be a self-contained, i.e., it should make sense even if you don’t
have this Project Assignment Sheet.

2. Your audience is a fellow class mate who has studied the same material you have in
class, but has not done this project.

3. Don’t talk about your experiences doing the project. Rather, summarize your scien-
tific/mathematical findings/results.

4. Be as precise as you can.

5. Make sure your figures have legends. Also, comment on what you learn from each
figure.

6. Do not assume that the author of this Project Assignment Sheet is infallible. I may
well have made a mistake!
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