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MATH 423 (Spring 2006) Exam 2, April 24th

No calculators, books or notes!
Show all work and give complete explanations for all your answers.
This is a 75 minute exam. It is worth a total of 75 points.

(1) [15 pts] Do not simplify your answers!
Let w = zyz dz + sin(zy) dy + (2% + 2°) dz and 1 = zdz + e**dy be 1-forms on R>.

(a) Calculate w(u,), where p = (1,2,3) and u = (4,5, 6).
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(b) Calculate w A 1) in terms of dz A dy, dx A dz and dy A dz.
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(c) Calculate dn and then evaluate dn(v,, w,), where p = (1,0,2), v = (4,—~1,0) and w = (2,5, 3).
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(2) [10 pts]
(a) State the definition of a 2-form on a surface M.
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(b) Explain how a vector field on a surface M can be used to define a 2-form on M.
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(3) [20 pts]

(a) Let x : D — R? be the function given by x(0,r) = (rcos@,r? rsinf), where D is the region of the
(9,?')-pla;ne given by 0 < # < 27 and r > 0. Show that x is a proper patch for the paraboloidal surface
y = 2° + 2% with normal in the positive-y direction.
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(b) Let M be the part of the paraboloid y = 22 + 22 that lies inside the cylinder 22 + zf = 4 with normal
in the positive-y direction. Let w = zdy A dz + 22dz A dy. Express || y W in the form [lp\f(6,7)drdé. Find
an explicit formula for the function f in terms of ¢ and r, but do not attempt to evaluate the integral.
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(4) [15 pts]
(a) State the definition of the shape operator, S, of an oriented surface M.
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(b) Prove that if v € T,M, then S(v) € T,M.
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(c) Find the shape operator on the cyhnder 22 + y? = r? of radius r with outward normal. Also find the 2

principal curvatures and directions and use them to calculate the normal curvature’at the point (r,0,0) in o
the direction of the unit vector (0,1/v/2,1/v/2).
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(5) [15 pts] i

& n a surfa
(a) Carefully state Stokes Theore or vector fields on a surface M and the fundamental theorem of
calculus for differential forms on a surface M.
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(c) Carefully and concisely explain how these two theorems are related.
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