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MATH 423 (Spring 2006) Final Exam, May 22nd

No calculators, books or notes!
Show all work and give complete explanations for all your answers.
This is a 120 minute exam. It is worth a total of 100 points.

(1) [15 pts] Let F : R2 → R3 be a differentiable mapping. Define the tangent mapping F∗ of F , and state
its domain and range. Then use your definition to prove that if F = (f1, f2, f3), where fj : R2 → R, then

F∗(v) =

∇f1(p)
∇f2(p)
∇f3(p)

v,

where ∇fj is a row vector and v is a column vector.



(2) [15 pts] Let x : R2 → M be a proper patch for an oriented surface M in R3, and let U be the unit
normal vector field on M . Use the definition of the shape operator S on M together with the observation
that U · xu = 0 to show that

S(xv) · xu = U · xuv.

Hence show that the shape operator is symmetric, i.e., S(v) ·w = v · S(w) for all v and w in TpM .
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(3) [20 pts]
(a) State the Local Gauss Bonnet Theorem. Make sure that you carefully state any assumptions made in
the statement of the theorem and that you give definitions of all the quantities in the formula.
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(b) Verify that the Local Gauss Bonnet Theorem is true for the geodesic triangle on a sphere of radius r
whose vertices are at (0, 0, 1), (1, 0, 0), and ( 1√

2
, 1√

2
, 0).

(4) [10 pts] Prove that a sphere is not locally isometric to a plane and briefly explain what implications
this result has for map making.
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(5) [40 pts total]
For each number t in the interval 0 ≤ t ≤ π

2
, let xt : R2 → R3 be the mapping given by

xt(u, v) = cos(t)[sinh(u) cos(v), sinh(u) sin(v), v] + sin(t)[− cosh(u) sin(v), cosh(u) cos(v), u].

[Recall that if f(u) = cosh(u) = (eu + e−u)/2 and g(u) = sinh(u)) = (eu − e−u)/2, then f ′(u) = sinh(u),
and g′(u) = cosh(u).]

(a) [6 pts] Show that xt is a regular mapping for all t. [Hint: Calculate E, F , and G.]
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(b) [6 pts] The catenoid is the surface of revolution obtained by rotating the catenary curve α(u) = (x, z) =
(cosh(u), u) about the z axis. Explain why xπ/2 is a parametrization of the catenoid.

(c) [6 pts] The helicoid is the surface obtained by attaching a half-line L to the z-axis, moving the point
of attachment up the z-axis while at the same time rotating the line at constant speed around the z-axis.
The helicoid is then the set of all points the line L passes through. Draw labeled pictures to explain why
x0 is a parametrization of the helicoid.
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(d) [7 pts] Prove that the surface Mt = xt(R
2) is isometric to the helicoid M0 by showing that the mapping

Ft : M0 → Mt defined by Ft(x0(u, v)) = xt(u, v) is an isometry.
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(e) [8 pts] Calculate the Gauss curvature K0 of the surface M0 as a function of the parameters (u, v).
Without doing any more calculations, what is the Gauss curvature Kt of Mt?
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(f) [7 pts] On the catenoid, Mπ/2, let x = xπ/2 and let E1 = xu

||xu|| , E2 = xv

||xv || , and E3 = E1×E2. The vector
fields E1, E2, and E3 form an adapted frame field on the catenoid.

Show that the dual 1-forms θ1 and θ2 and the connection 1-form ω12 satisfy

x∗θ1 = cosh(u)du, x∗θ2 = cosh(u)dv, x∗ω12 = tanh(u)dv.

Then, use the result of (e) to verify the second structural equation, dω12 = −Kθ1 ∧ θ2.
[Hint: If θ is any 1-form on a surface M , and x : R2 → M is a patch, then x∗θ = θ(xu)du + θ(xv)dv.]

Pledge: I have neither given nor received aid on this exam

Signature:
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