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MATH 423/673 (Spring 2008) Exam 2, April 21st

No calculators, books or notes!
Show all work and give complete explanations for all your answers.
This is a 75 minute exam. It is worth a total of 75 points.

(1) [20 pts]
(a) Let ω be the 1-form on R2 defined by ω = ydx + x2dy. Let p be the point p = (2, 4) and vp ∈ TpR

2

the vector vp = (3, 7). Calculate ω(vp).

(b) Let F : R2 → R2 be the mapping F (x, y) = (xy, x2 − y2) and let ω, p and vp be as in (a) above.
Calculate (F ∗ω)(vp).



(c) Let η be the 1-form on R3 defined by η = xydx + yezdy + sin(x)y2dz. Calculate dη.

(d) Let ν be a 2-form on R3. Prove that for any tangent vectors v and w to R3 at a point p that

ν(av + bw, cv + dw) =

∣∣∣∣a b
c d

∣∣∣∣ ν(v,w).
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(2) [20 pts]

(a) Calculate the Gauss curvature function on the elliptic paraboloid z = x2

a2 + y2

b2
.
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(b) What is the maximum value of the Gauss curvature on this surface and where does it occur?

(3) [20 pts]
(a) Let Z be a Euclidean vector field on a surface M in R3 and let v ∈ TpM be a tangent vector to M at
a point p. State the definition of the covariant derivative ∇vZ.
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(b) Let S be the shape operator on the saddle surface M with patch x(u, v) = (u, v, uv). Show that

S(xu) =
−uv

(1 + u2 + v2)3/2
xu +

1 + v2

(1 + u2 + v2)3/2
xv.

[Hint: You may use the fact that if Z is a Euclidean vector field on M and Z(u, v) = Z(x(u, v)) is its

coordinate expression, then the coordinate expression for ∇xuZ is ∂Z
∂u

.]
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(c) Use the result in (b) together with the analogous formula

S(xv) =
1 + u2

(1 + u2 + v2)3/2
xu −

uv

(1 + u2 + v2)3/2
xv.

to calculate the normal curvature, k(u), of the saddle surface for an arbitrary unit tangent vector u to the
surface at the point p = (1, 0, 0). [Hint: Use the fact that xu and xv are orthogonal at p to express u in
terms of xu and xv.]
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(d) Use your answer to (c) to find the principal curvatures and principal directions to M at p = (1, 0, 0).

(4) [15 pts] Carefully show why Stokes’ Theorem is a special case of the Fundamental Theorem of Calculus
for Differential Forms. [There is more space on the next page.]
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Pledge: I have neither given nor received aid on this exam

Signature:
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