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MATH 423/673 (Spring 2008) Final Exam

No calculators, books or notes!
Show all work and give complete explanations for all your answers.
This is a 120 minute exam. It is worth a total of 120 points.

(1) (a) [5 pts] Let F : M → N be a mapping between two surfaces in R3. Define the tangent map
F∗ : TpM → TF (p)N .

(b) [6 pts] Define the concepts of a local isometry and an isometry.



(c) [7 pts] Prove that a local isometry is a regular map and that an isometry is a diffeomorphism.

(d) [4 pts] Give an example of a local isometry.

(e) [4 pts] Give an example of a diffeomorphism that is not an isometry.
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(2) (a) [6 pts] Define the concepts of an adapted frame field, {E1, E2, E3}, and the associated connection
1-forms, ωij, on a region in an oriented surface M in R3.

(b) [8 pts] Prove that the connection 1-forms satisfy ωij = −ωji and that the shape operator S on M is
given by S(v) = ω13(v)E1(p) + ω23(v)E2(p), where v ∈ TpM .
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(c) [12 pts] Now let M be the cylinder x2 + y2 = 4 with the outward orientation and let {E1, E2, E3} be
the adapted frame field on M for which E1 = (0, 0, 1). Calculate the adapted frame field and associated
connection 1-forms. Then use the result of (b) to calculate the matrix of the shape operator and the
principal curvatures. [Hint: You may wish to use the parametrization x(θ, z) = (2 cos θ, 2 sin θ, z).]
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(3) Consider the mapping x : D → R3 given by

x(u, v) = ((R + r cos u) cos v, (R + r cos u) sin v, r sin u), (1)

where R and r are constants with 0 < r < R and D is the subset of R2 given by 0 ≤ u < 2π, 0 ≤ v < 2π.

(a) [8 pts] Show that x is a regular mapping whose image is a torus.
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(b) [6 pts] Let R be the rectangle 0 < u < π/2, π/6 < v < π/3. Sketch the entire torus and show the
image x(R) of R on the torus.

(c) [6 pts] Calculate the geodesic curvature of the grid curve u = π/2 on the torus.
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(d) [8 pts] Carefully state the Local Gauss Bonnet Theorem.

(e) [6 pts] Use the Local Gauss Bonnet Theorem to calculate
∫∫

x(R)
KdA, where x is the patch given by

equation (1) above and R is the rectangle in (b).
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(4) (a) [8 pts] Let M be the torus with the coordinate patch x given in equation (1) above. Find the

function g(u, v) so that
∫∫

M
z2dx ∧ dy =

∫ 2π

0

∫ 2π

0
g(u, v)dudv.

(b) [8 pts] Let C be the parameterized curve α(t) = (t2, t3, t), where 0 < t < 1. Calculate
∫

C
ydx + xdz.
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(5) Let x(u, v) = (h(u) cos v, h(u) sin v, g(u)) be a coordinate patch on a surface of revolution, M . Let
α(t) = x(u(t), v(t)) be a geodesic on M . Then the coordinate functions u(t) and v(t) of α satisfy the
geodesic equations

u′′ +
Eu

2E
(u′)2 − Gu

2E
(v′)2 = 0 (2)

v′′ +
Gu

G
u′v′ = 0. (3)

(a) [6 pts] Let c(t) be the function along the curve α defined by c(t) = G(u(t))v′(t). Use equation (3) to
show that the function c is constant.

(b) [6 pts] Let φ(t) by the angle between α′(t) and xu at α(t). Prove that c =
√

G sin φ. Hence show that
G ≥ c2.
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(c) [6 pts] Let α be the geodesic on the torus in Question (3) that starts out parallel to the topmost circle
x(π/2, v) = (R cos v, R sin v, r). Use the results in (a) and (b) above to show that this geodesic is confined
to the outside of the torus, i.e., to the region where −π/2 ≤ u ≤ π/2.

Pledge: I have neither given nor received aid on this exam

Signature:
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