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Abstract— Multi point relay (MPR) selection problem aims at
improving energy efficiency by minimizing the number of relay
nodes for a network wide broadcast operation in wireless ad
hoc and sensor networks. If a relay node misses a broadcast
packet, a large number of nodes reachable via this relay node
may end up missing this broadcast packet. Therefore, improving
broadcast reliability in an energy efficient way becomes an
interesting task for those broadcast applications that benefit from
an increased level of reliability. In this paper, we propose three
incremental heuristics to select MPR nodes so as to provide 2-
coverage to all 2-hop neighbors of a broadcasting node. Our
heuristics are built on our former exact solution to 1-coverage
MPR problem. Our simulation based evaluations show that the
proposed heuristics can provide very good accuracy level for
2-coverage MPR problem.

I. INTRODUCTION

Network-wide broadcast (simply broadcast) is a frequently
used operation in wireless ad hoc and sensor networks
(WASNETs). In addition to data dissemination, many proto-
cols utilize broadcast to communicate control messages, e.g.,
OLSR [1], AODV [2], and DSR [3]. A naive implementation
of the broadcast operation where each node involves in prop-
agation of a broadcast message, i.e., network wide flooding,
may cause a high level of energy and bandwidth consumption
in WASNETs [4].

Energy efficient broadcast problem received a significant
attention and a large number of studies have been published
in the area. One approach to achieve energy efficiency is
to reduce unnecessary retransmission of the messages by
carefully identifying a minimum set of relay nodes among
the 1-hop neighbors [5]. This problem is often referred to as
multi point relay (MPR) selection problem [6] or minimum
forwarding set problem (MFSP) [7], [8] and can be formally
defined as below:

Definition 1 (MPR problem): Consider a network graph
G = (V,E) where V is the set of nodes and E is the set
of links in the network. Given a node v ∈ V , let N(v)
and N2(v) represent the set of 1-hop and 2-hop neighbors
of v, respectively. N(v) and N2(v) are strict sets such that
v 6∈ N(v) and N(v)∩N2(v) = ∅. MPR asks for a minimum
cardinality set S such that S ⊆ N(v) and (∀x ∈ N2(v), ∃y ∈
S | x ∈ N(y)).

A solution to the MPR problem at a node v is an optimal

assignment between the nodes in N2(v) and the nodes in S ⊆
N(v) where S is a minimum cardinality set called forwarding
set. The assignment is one-to-one, each node in N2(v) being
assigned to one single node in S.

Many studies in this domain consider a simplified geometric
version of the MPR problem where the coverage range of
wireless transmission is represented by a disk of radius r.
In our previous studies, we present two polynomial time
algorithms to solve the MPR problem under unit disc coverage
(UDC) model [7] where r = 1 ∀v ∈ V and under arbitrary
disk coverage (ADC) model [8] where r is arbitrary ∀v ∈ V .

In this paper, we consider 2-coverage case for the MPR
(2C-MPR) problem for improving the reliability of broadcast
operations in WASNETs under disk coverage model. We refer
to the original MRP problem as 1-coverage MPR (1C-MPR)
problem. Our goal is to choose the minimum number of relay
nodes among the 1-hop neighbors of a broadcasting node to
provide double coverage to its 2-hop neighbors. Extending
our previous exact solution of the 1C-MPR problem to solve
the 2C-MPR problem turned out to be surprisingly difficult.
We propose three incrementally developed heuristics to attack
the 2C-MPR problem by utilizing our exact solution of the
1C-MPR problem as a building block. Our simulation based
evaluation shows that our greedy heuristics provide results
with very good level of accuracy for the 2C-MPR problem.

The rest of this paper is organized as follows: Section II
presents the related work. Section III introduces our assump-
tions, terminologies, and a modified version of our exact
solution of the 1C-MPR problem. Section IV presents three
incremental heuristics for the 2C-MPR problem. Section V
documents the evaluation results and Section VI concludes
the paper.

II. RELATED WORK

MPR problem is relevant in network wide broadcast in
WASNETs. This problem is studied rigorously and proved to
be an NP-complete problem [9] as it is an instance of the
well known Set Cover problem. Several researchers propose
different heuristics and approximation algorithms that find
a minimal size MPR set. Johnson [10] and Lovasz [11]
each proposes an approximation algorithm to solve the un-
weighted version of the MPR problem whereas Chvatal [12],



 

Fig. 1. Connectivity and Coverage.

Hochbaun [13], and Bar-Yehuda and Even [14] each gives
an approximation algorithm to solve the weighted version of
the MPR problem. Several other studies propose heuristics for
improved performance [1], [9], [15].

There are several studies that consider 3-hop neighborhood
information in selecting MPR nodes [16], [17]. Ahn et al. [18]
propose a MAC aware MPR selection heuristic to minimize
MAC layer collisions during simultaneous broadcast. Wang
and Zhu [19] propose an algorithm to choose the MPR nodes
depending upon the neighbor’s position. The algorithm tries to
select the MPRs in such a way that MPR nodes remain more
dispersed.

Calinescu et al. [5] consider UDC model of the MPR
problem and propose two different approximation algorithms
with time complexities of O(nlogn) and O(nlog2n). In our
previous work, we follow a similar geometric set up and
propose the first polynomial time algorithm for both UDC [7]
and ADC [8] models.

All of the above studies address the 1C-MPR problem.
Recently, researchers become interested in finding solutions
for multi-coverage versions of the MPR problem. Clausen
and Jacquet [1] propose a heuristic to give all 2-hop nodes
multiple coverages. Ahn and Lee [6] propose a heuristic that
gives multiple coverages to those 2-hop neighbors which are
chosen as 2-hop MPRs. Our goal in this paper is to provide
2-coverage to all 2-hop neighbors of a broadcasting node.

III. PRELIMINARIES

In this section, we present our assumptions, the terminology
used in the solution, and a brief description of our earlier
solutions to 1C-MPR problem presented in [7].

A. Assumptions

Most studies on energy efficient broadcast assume that
nodes have omnidirectional transmission coverage which can
be represented by a disk. This assumption helps us formulate
the problem as a geometric problem for which we can develop

algorithmic solutions that can help us gain more insights
into the problem. Previous studies consider two versions of
omnidirectional transmission coverage as (1) UDC model and
(2) ADC model.

In the context of the MPR problem, it is typically assumed
that each node collects its 2-hop neighborhood information
from its 1-hop neighbors. The collected information includes
the node IDs as well as the radial ordering (defined in
Definition 2 below). Each node in a WASNET is assumed to
have a unique node ID. Assuming that nodes are equipped
with GPS receivers, the radial ordering can be computed
from the location information that can be collected from the
neighbors. In many WASNET environments, nodes exchange
periodic control messages, e.g., Hello messages, to maintain
their local topology (i.e., neighborhood) information. A node
v can include the node ID and the location information about
all of its neighbors into a Hello message so as to help its
neighbors to collect their 2-hop neighborhood information.

B. Terminology

In this section, we introduce the terminology that is used in
our solution. The below terminology is initially defined in our
earlier work presented in [7]. Let v, N(v) and N2(v) represent
a node, its 1-hop and 2-hop neighbors, respectively. For the
simplicity of notation, let v, N(v) and N2(v) also represent
the locations of these nodes in a 2-dimensional space. The
coverage area of node v is a unit disk (i.e., a disk with origin
at point v and radius r1 = 1) represented by Dv . Let D̄v

represent the area of the annulus with an origin at point v and
radii r1 = 1 and r2 = 2, i.e., Dv = AreaOfCircle(v, r1)
and D̄v = AreaOfCircle(v, r2) \ Dv (see Fig. 1). By this
definition, we have N(v) ∈ Dv and N2(v) ∈ D̄v . Based on
this setup, we introduce several definitions below:

Definition 2 (Radial Order): Radial order is the ordering of
a set of 2-hop nodes in N2(v) by using the angle that they
make with the origin (point) v. Radial order is a cyclic order.
If two or more points make the same angle with v, then either
their order can be chosen arbitrarily or their distance to v can
be used to put them into a total order.

Consider the example scenario in Fig. 1 where N2(0) =
{2, 11, 39, 77, 79, 90}. Starting from the exact north position,
the nodes in N2(0) form a radial order as (39, 77, 11, 79, 2,
90). As we discussed above, a node v can compute the radial
ordering of the nodes in N2(v) from the collected location
information from its neighbors. Therefore, from now on we
assume that the radial ordering of the nodes in N2(v) is known
to v.

Definition 3 (Radially Continuous Neighbor(RCN) Interval):
One or more nodes in the area N2(v) that form a continuous
interval in the radial order with respect to (w.r.t.) v are said
to form a radially continuous neighbor (RCN) interval.
As an example, in Fig. 1, (11, 79, 2, 90, 39) form an RCN
interval w.r.t. v = 0 but (11, 79, 90, 39) does not as 2 ∈ N2(0)
separates this interval into two non-consecutive intervals.

Definition 4 (Connectivity Matrix): Consider an instance of
MPR problem at a node v. Let N(v) = {b1, b2, . . . , bm} and



a1(39) a2(77) a3(11) a4(79) a5(2) a6(90)
b1(92) 1 1 1 0 0 0
b2(6) 0 0 0 1 1 1
b3(19) 0 0 0 0 0 1
b3(72) 0 0 0 0 0 0

TABLE I
CONNECTIVITY MATRIX FOR v = 0 IN FIG. 1

.

a1(39) a2(77) a3(11) a4(79) a5(2) a6(90)
b1(92) (a1, 3) (a1, 3) (a1, 3) ∅ ∅ ∅
b2(6) ∅ ∅ ∅ (a4, 3) (a4, 3) (a4, 3)
b3(19) ∅ ∅ ∅ ∅ ∅ (a6, 1)
b3(19) ∅ ∅ ∅ ∅ ∅ ∅

TABLE II
COVERAGE MATRIX CORRESPONDING TO TABLE I.

N2(v) = {a1, a2, . . . , an} be the 1-hop and 2-hop neighbors
of v respectively. A connectivity matrix CN is an m × n
matrix that shows the connectivity relation between the nodes
in N(v) and N2(v). For a given bj ∈ N(v) and ai ∈ N2(v),
CNj,i = 1 if ai ∈ N(bj) and CNj,i = 0 otherwise. Table I
shows connectivity matrix for node v = 0 in Fig. 1.

Definition 5 (Coverage Matrix): Let m = |N(v)| and n =
|N2(v)| for a node v. Using 2-hop neighborhood information,
v generates a coverage matrix as a m × n matrix CV . Each
row in CV corresponds to a 1-hop neighbor of v and each
column corresponds to a 2-hop neighbor of v. An entry
CVe,f = (ap, p̄) represents an RCN interval of size p̄ in N2(v)
which is covered by e ∈ N(v), starts with ap ∈ N2(v) and
includes f in it. If f /∈ N(e), then CVe,f = ∅. Table II shows
coverage matrix for a node v = 0 in Fig. 1.

Definition 6 (Maximum Coverage Interval (MCI)):
An MCI of a node s ∈ N(v) is an RCN interval
{ax, . . . , ay} ∈ N2(v) that is completely covered by s
such that s can cover neither ax−1 nor ay+1. Note that s can
have multiple MCIs in N2(v).

C. Exact-1C-MPR Algorithm for UDC Model

In this section, we present an outline of our exact polyno-
mial time solution to 1C-MPR problem for UDC model [7]
with some modifications. We refer the reader to [7] for a full
description of the original algorithm.

In the current work, we modify the original algorithm in [7]
to reduce its time complexity by O(n) at the cost of O(n)
storage space. The modification also helps the algorithm to
handle the circular intervals. We call the modified algorithm
as Exact-1C-MPR Algorithm (Exact-1C-MPRA) as described
in Fig. 2.

In Exact − 1C − MPRA, after the initialization (Line
03-09) part, step 1 (Line 10-13) checks for a node e ∈ N(v)
that may cover the interval (ai, j). If there is no such node
e, in step 2 (Line 14-19), the interval (ai, j) is split into two

consecutive sub-intervals as (ai, k) and (a(i+k)%n, j − k) for
each value of k (a total of j − 1 splits, ranging from k = 1
to j − 1). The optimal solutions for these intervals are then
combined to find a solution for (ai, j). In step 3 (Line 20-
27), we pick a special 1-hop node s (if any) which covers ai
and ai+j−1 (end nodes of (ai, j)) but does not cover some
nodes in between. Then we find the MCIs (ap, p̄) and (aq, q̄)
that s covers such that ai ∈ (ap, p̄) and ai+j−1 ∈ (aq, q̄). A
solution in this case can be given by {s}∪Lmin(ar, r̄) where
(ar, r̄) = {ap+p̄, . . . , aq−1} and Lmin(ar, r̄) is the minimal
solution set for RCN (ar, r̄). We find such solutions for all
possible s and save it as the optimal solution if it is better than
the current solution in terms of cardinality. The final result of
the problem is given by (Line 31-35),

result =
n

min
i=1

Smin(ai, n) (1)

The overall run time complexity of the algorithm is given by
O(n3 +n2m). Please note that there may be multiple optimal
solutions, i.e., multiple (but not necessarily all) Smin(ai, n)
in Line 31 may be optimal, but the algorithm returns the first
one based on the IF statement in Line 33-34 as the solution.

IV. 2-COVERAGE MPR PROBLEM

In this section, we present an approach on how to achieve
2-coverage for the MPR (or 2C-MPR) problem. In 2C-MPR,
our goal is to find a mapping such that each node ai ∈ N2(v)
is covered by at least two different nodes {bj , bk} ∈ N(v).
Here, we assume that each ai is covered by multiple bjs in
the given problem instance. If some of the ais have less than
double coverage, they will get maximum possible coverage,
i.e., 1-coverage. This version of the problem can be referred
as up-to-two coverage MPR problem. Our solution applies to
both versions of the 2C-MPR problems.

To our own surprise, extending the Exact-1C-MPRA to
come up with an exact solution to 2C-MPR problem is proved
to be non trivial. In this paper, we incrementally develop
three heuristics to solve the 2C-MPR problem. Our heuristics
use Exact-1C-MPRA as their main building block. Yet, the
geometrical analysis of the proposed heuristics become non-
trivial and our extensive simulations reveal the fact that all
of our heuristics are sub-optimal with a very good level of
accuracy.

A. Naive Heuristic for 2C-MPR Problem
Our initial idea has been to use the Exact-1C-MPRA algo-

rithm twice in sequence: The first run provides at least one
cover to all nodes in N2(v). Running Exact-1C-MPRA again
on the nodes that have less than double cover at the end of
first run will achieve double cover for all nodes. The heuristic,
called NH-2C-MPRA, is given in Fig. 3 and includes four
steps.

The first step (lines 05-09) is a preprocessing step that
reduces the problem size fed into the Exact-1C-MPRA. We
first remove those N(v) nodes which are not covering any
node in N2(v). Then we recalculate the CN and CV using
the new sets of N(v) and N2(v).



01.Exact-1C-MPRA {Input: N(v) = {b1, . . . , bm}, N2(v) = {a1, . . . , an},CV = {m× n coverage matrix}}
02.{
03. /* Initialization */
04. FOR i := 1 to n
05. Nmin(ai, 1) := 1, Lmin(ai, 1) := (b), Smin(ai, 1) := Lmin(ai, 1) where b ∈ N(v) and ai ∈ N(b)

06. /* main body of the algorithm */
07. FOR j := 2 to n /* for each round */
08. FOR i := 1 to n /* for each interval (ai, j)*/
09. Nmin(ai, j) := sizeOf(N(v)), Lmin(ai, j) := N(v) /* sizeOf(N) gives cardinality of a set N */

10. /* Step 1: */
11. FOR e := 1 to m
12. IF CVe,i includes (ai, j) as a subinterval THEN
13. Nmin(ai, j) := 1, Lmin(ai, j) := (be)

14. /* Step 2: Check for alternative solutions */
15. IF (Nmin(ai, j) 6= 1) THEN
16. FOR k := 1 to j − 1 /* for all possible splits of the interval (ai, j) */
17. IF (Nmin(ai, k) + Nmin(a(i+k)%n, j − k) < Nmin(ai, j)) THEN
18. Nmin(ai, j) := Nmin(ai, k) + Nmin(a(i+k)%n, j − k)
19. Lmin(ai, j) := (Smin(ai, k)) + (Smin(a(i+k)%n, j − k)) /* + is list append */

20. /* Step 3: Check if a be ∈ N(v) covers both ends of interval (ai, j) */
21. FOR e := 1 to m
22. Consider coverage matrix entries CVe,i = (ap, p̄) and CVe,(i+j−1) = (aq, q̄)
23. IF (CVe,i 6= ∅) AND (CVe,(i+j−1) 6= ∅) THEN
24. Let (ar, r̄) = (ap+p̄, ap+p̄+1, . . . , aq−1) be the subinterval of (ai, j) that be does not cover
25. IF (Nmin(ar, r̄) + 1 < Nmin(ai, j)) THEN
26. Nmin(ai, j) := Nmin(ar, r̄) + 1
27. Lmin(ai, j) := (Lmin(ar, r̄)) + (be) /* + is list append */

28. Smin(ai, j) = Lmin(ai, j)
29. /* End of FOR in line 08 */
30. /* End of FOR in line 07 */
31. result = Smin(a1, n)
32. FOR i := 2 to n
33. IF sizeOf(result) > Smin(ai, n)
34. result = Smin(ai, n)
35. Return result
36.}

Fig. 2. Outline of the Exact− 1C −MPRA− algorithm.

In the second step (lines 10-12), we call Exact-1C-MPRA
algorithm on N(v) and N2(v) to get a minimal size set S1 ⊆
N(v) that gives at least one coverage to all nodes in N2(v).
We also calculate CV ec[∗], a vector of size n such that:

CV ec[i] =

m∑
j=1

CN [j][i]. (2)

CV ec[i] tells us the number of bj ∈ N(v) nodes that cover
ai. If CV ec[i] = 1 then ai is covered by only one 1-hop node.
We need this vector to solve the up-to-two coverage instances
of the problem.

In the third step (lines 13-20), all ais that are now at least
2-covered or have CV ec[i] = 1 are removed from N2(v). All
those bjs that are in S1 or do not cover any more nodes in
N2(v) are also removed from N(v). The new N(v), N2(v)
and CN are renamed as N̄(v), N̄2(v) and C̄N respectively.

In the fourth step (lines 21-24), we calculate a new C̄V

depending on the C̄N and call Exact-1C-MPRA algorithm
with N̄(v), ¯N2(v) and C̄V as parameters. We save the result
of this second call as S2 and return S1∪S2 as the final solution
set that ensures up-to 2-coverage to all nodes in N2(v).

It turns out that a straightforward use of Exact-1C-MPRA
in NH-2C-MPR does not guarantee an optimal solution for the
2C-MPR problem as the solution to the second run of Exact-
1C-MPRA is not independent of the solution to the first run.
We explain this using an example in Fig. 4.

Consider an instance of 2C-MPR problem in Fig. 4. In
this example, the first run of Exact-1C-MPRA returns S1 =
{b1, b4, b8} as an optimal solution where each ai is covered
only once. The input for the second run of Exact-1C-MPRA
includes N̄(v) = {b2, b3, b5, b6, b7, b9, b10} and N̄2(v) =
{a1, a2, a3, a4, a5}. The second run of Exact-1C-MPRA then
returns S2 = {b2, b6, b9} resulting in S = S1 ∪ S2 =
{b1, b2, b4, b6, b8, b9} with |S| = 6. On the other hand, the
size of the optimal solution is 5 with S = {b2, b4, b6, b8, b10}.



01.NH-2C-MPRA {Input: N(v) = {b1, . . . , bm}, N2(v) = {a1, . . . , an}, CV = {m× n coverage matrix},
CN = {m× n connectivity matrix}}

02.{
03. Let CV ec[∗] be an Integer array of size n that tracks the maximum possible number of coverages an N2(v) can have.
04. S1 ∪ S2 be the final solution to the problem

05. /*Step 1: Preprocessing */
06. FOR j = 1 to m
07. IF CN [j][∗] == 0 /*All elements of the row CN [j]*/
08. N(v) := N(v) \ bj
09. Recalculate CN and CV for the changed set of N(v) and N2(v)

10. /* Step 2: Call Exact-1C-MPRA on the modified input now – this guarantees 1-cover for all nodes */
11. S1 = Exact− 1C −MPRA(N(v), N2(v), CV )
12. Recalculate CV ec[∗] by summing up each column of CN to get one value.

13. /* Step 3: Remove all ais which are at least 2-covered or CV ec[i] = 1.
Remove all bi ∈ S1*/

14. FOR i := 1 to n
15. IF ((coverageStatus[ai] >= 2) OR (CV ec[i] == 1 AND coverageStatus[ai] == 1)) THEN
16. RemoveSetA := RemoveSetA ∪ {ai}
17. N(v) := N(v) \ S1

18. N2(v) := N2(v) \ RemoveSetA
19. Recalculate CN and CV for the changed set of N(v) and N2(v)
20. /*Remove all bjs that are not covering any ai and recalculate CN for the changed set of N(v) and N2(v).

Rename them as C̄N , N̄(v) and N̄2(v) respectively*/

21. /* Step 4: Call Exact-1C-MPRA on the modified input again – this guarantees 2-cover for all nodes */
22. Calculate C̄V from C̄N
23. S2 = Exact-1C-MPRA(N̄(v),N̄2(v),C̄V )
24. Return S1 ∪ S2

25.}
Fig. 3. NH-2C-MPR heuristic overview.
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Fig. 4. A instance where 2C-MFSA
does not give optimal solution.

The problem in this case
is that even though Exact-
1C-MPRA algorithm gives
an optimal solution as S1,
this solution affects the in-
put N̄(v) and N̄2(v) for the
second run of Exact-1C-
MPRA. That is, if we have
S1 = {b2, b4, b8} which
is another optimal solution
for the first run of Exact-
1C-MPRA, this will pro-
vide 2-cover for a2 and
will result in N̄2(v) =
{a1, a3, a4, a5} and N̄(v) = {b1, b3, b5, b6, b7, b9, b10}. The
new N̄2(v) can be covered by S2 = {b6, b10} resulting in
S = {b2, b4, b6, b8, b10} where |S| = 5.

The above example demonstrates that not all optimal solu-
tions returned by the first run of the Exact-1C-MPRA algo-
rithm lead to an optimal solution for the 2C-MPR problem.
We notice that the anomaly in the solution is caused by the
fact that b1 ∈ S1 can cover only one 2-hop neighbor a1,
whereas b10 ∈ S1 can cover two 2-hop neighbors, a5 and
a1. In the above example, to get the solution S1, in Line 5 of
the algorithm Exact-1C-MPRA, Lmin(a1, 1) is initialized by
b1. The error can be avoided if we initialize Lmin(a1, 1) by
b10 (instead of b1).

B. Greedy Heuristic for 2C-MPR Problem

The above observation gives us an insight to adopt a greedy
approach that makes an important modification to Exact-1C-
MPRA algorithm. We call this algorithm as GREEDY-Exact-
1C-MPRA. The main idea is that while choosing a solution
for an RCN (ai, j), we should choose a single bj or a set of
bjs that provides coverage to the maximum number of nodes
in N2(v) including the RCN (ai, j). Below is a brief summary
of the changes on Exact-1C-MPRA in Fig. 2 to come up with
GREEDY-Exact-1C-MPRA:
Lines 03-05 Initialization: In Smin(ai, 1) = Lmin(ai, 1) =
(b), choose b that provides coverage to the maximum number
of nodes in N2(v). This will ensure that when Smin(ai, 1) is
chosen as part of an optimal solution for an RCN (as, t) that
subsumes (ai, 1), it will help to provide double coverage to
maximum number of ai nodes.
Lines 10-13 Step 1: Instead of picking any be, this part of
the algorithm should pick be that covers maximum number of
nodes in N2(v) including the RCN (ai, j).
Lines 14-19 Step 2: The IF statement at line 17 should
calculate the size of the new result set by new for-
mula sizeOf(Lmin(ai, k) ∪ Lmin(a(i+k)%n, j − k)) and
should be followed by an ELSE IF clause for the case
when sizeOf(Lmin(ai, k) ∪ Lmin(a(i+k)%n, j − k)) ==
Nmin(ai, j) in which case the algorithm should compare the
number of nodes in N2(v) covered by the current solution
Lmin(ai, j) and Lmin(ai, k)∪Lmin(ai+k, j−k) and pick the



 

Fig. 5. A sample instance for 2C-MPR problem.

one that provides coverage to the maximum number of ais.
Lines 20-28 Step 3: Similar to the above case, the IF state-
ment at line 25 should follow with an ELSE IF clause for the
case when Nmin(ar, r̄) + 1 == Nmin(ai, j). In this case, the
algorithm should compare the number of covered ai ∈ (ai, j)
by the current solution Lmin(ai, j) and Lmin(ar, r̄)∪{be} and
pick the one that provides coverage for the maximum number
of ais.

Please note that the introduced modifications in GREEDY-
Exact-1C-MPRA algorithm do not affect the correctness of
Exact-1C-MPRA. These modifications only help us choose an
optimal solution among multiple ones when relevant. Finally,
we modify NH-2C-MPRA in Fig. 3 on Line 11 and Line 23 to
call GREEDY-Exact-1C-MPRA (instead of Exact-1C-MPRA)
and call this updated heuristic as GH-2C-MPRA.

It turns out that the use of GREEDY-Exact-1C-MPRA in
GH-2C-MPRA does not guarantee an optimal solution for
the 2C-MPR problem but it results in an improved level of
accuracy for GH-2C-MPRA1. The main reason again is the
fact that the selection of a particular solution for S1 among
multiple candidate solutions affects the input for the second
run of GREEDY-Exact-1C-MPRA and its solution S2.

In the example instance of the 2C-MPR problem in Fig. 5,
the first run of GREEDY-Exact-1C-MPRA returns S1 =
{5, 17, 19, 43, 53} and the second run of GREEDY-Exact-
1C-MPRA returns S2 = {8, 38, 49, 89, 92}. Therefore, we
get a solution set with |S| = |S1 ∪ S2| = 10. Unfortu-
nately, an optimal solution for this problem is Soptimal =
{5, 8, 17, 19, 38, 43, 72, 89, 92} whose size is 9.

We now take a closer look at this problem instance to gain
more insight on the operation of the algorithm GREEDY-
Exact-1C-MPRA. Fig. 6 presents a partial snapshot of the
data structure maintained by GREEDY-Exact-1C-MPRA for
the first run. In this 2D array data structure, each row indicates

1Given the complexity of the proposed solution, we use simulation based
experiments to check the accuracy of the solution.

the starting node of an RCN and each column indicates the
size of the RCN. A cell (i, j) in the array gives the optimal
solution for RCN (ai, j). For example, the location (51, 10)
in the data structure is holding the set of nodes in N(v) that
covers an RCN whose size is 10 and starts with node ai = 51.

Looking at the data structure presented in Fig. 6, we see that
the algorithm GREEDY-Exact-1C-MPRA computes a total of
three optimal solutions for 1C-MPRA as Smin(71, 34) =
{5, 17, 19, 43, 53}, Smin(33, 34) = {5, 19, 43, 53, 92} and
Smin(10, 34) = {5, 8, 19, 43, 92} but the algorithm returns
the first one Smin(71, 34) = S1 = {5, 17, 19, 43, 53} as the
solution (see Line 31-35 in Fig. 2). When we try the other
solutions Smin(33, 34) and Smin(10, 34), we observe that
Smin(33, 34) results in a suboptimal solution but Smin(10, 34)
results in an optimal solution for this instance of the 2C-MPR
problem.

Based on this analysis, we observe that instead of going
with the first optimal solution for S1, we should consider all
calculated solutions for S1 expecting that one of them may
result in the optimal solution for 2C-MPR.

C. Enhanced Greedy Heuristic

In this heuristic, instead of considering a single Smin(ai, j)
for S1, we consider all the solutions for the first run of
GREEDY-Exact-1C-MPRA expecting that one would result
in an optimal solution for 2C-MPR. For this, we modify the
last part of GREEDY-Exact-1C-MPRA to return all unique
solutions for S1. For each unique solution, the data clean-
up (Third Step) and the second call to GREEDY-Exact-
1C-MPRA (Fourth Step) are performed in GH-2C-MPRA
heuristic. Each unique result set obtained from the first call of
GREEDY-Exact-1C-MPRA is combined with its correspond-
ing result set for the second call of GREEDY-Exact-1C-MPRA
to find a potential solution for 2C-MPR. Among these potential
solutions, the one with the smallest size is considered as the
final solution for the 2C-MPR problem. If there are multiple
such solutions, then the first one is chosen as the solution.

Our experimental evaluations show that the enhanced greedy
heuristic is also suboptimal. We observe cases where the first
run of GREEDY-Exact-1C-MPRA returns a single optimal
solution for S1. Yet this solution does not result in an
optimal solution for 2C-MPR. That is, due to the dynamic
programming nature of Exact-1C-MPRA, it is not guaranteed
to find all optimal solutions for S1 and the returned optimal
solution(s) may not always lead to an optimal solution for
2C-MPR.

V. EVALUATIONS

In this section, we present our simulation based evaluations
for the accuracy level of the presented heuristics. If a heuristic
returns a solution with the minimal size, which can be verified
by running a brute force exponential algorithm, we label the
solution as accurate. However, if the size of the returned
solution is not minimal, we label the solution as inaccurate.
We then look at the accuracy rate of the heuristics over a large
number of randomly selected problem instances.



Fig. 6. Data structure content of Exact-1C-MPRA.

As mentioned in the related work section, we are not
aware of any other work that focuses on the exact same
problem as we address in this paper. Therefore, our evaluations
will involve comparing the three heuristics with each other
and with the optimal solution that is found by running an
exponential algorithm on problem sizes up to 80 nodes.

We implement the heuristics and the brute force algorithm
using Java. Our evaluations are conducted using randomly gen-
erated test cases using the random number generator function
of Java library. Randomly generated numbers are converted to
the coordinates of nodes. We always have a hard coded node
at the origin (0,0) as v for our problem set up. We remove all
the nodes that are neither 1-hop neighbors nor 2-hop neighbors
of v. Remaining nodes give us one single test case.

We execute the heuristics with different node densities (i.e.,
number of 1-hop plus 2-hop neighbors) as 1-20 nodes, 21-40
nodes, 41-60 nodes and 61-80 nodes. For denser networks,
memory availability becomes a problem to solve the brute
force algorithm. We execute between 3000 and 10000 test
cases for each heuristic for each density level. The number
of test cases vary due to the random placement of nodes on
a 2D space and the number of nodes that fall within 2-hop
neighborhood of the origin.

We consider accuracy and precision as our evaluation met-
rics. The cardinality of the MPR set given by a heuristic h for
a node density d is denoted by chd

and cardinality of the result
given by the brute force algorithm is denoted by cbd . If chd

is
equal to cbd , we consider the result to be a correct solution.
Otherwise the solution is not correct. If the total number of test
cases for a heuristic h and a particular node density d is Nhd

and number of correct results obtained is Chd
, we calculate

the accuracy as below:

accuracyhd
= (1− Chd

Nhd

)× 100% (3)

The accuracies of the naive heuristic, greedy heuristic and
extended greedy heuristic are 100% for networks with less
than 20 nodes. We observe that the accuracy of naive heuristic
drops to 83.26% for 61-80 node dense networks whereas
for greedy heuristic and extended greedy heuristic accuracies
decrease minimally to 99.70% and 99.95%, respectively for
the same density level. The accuracies of the three heuristics
are shown in Table III.

Precision tells us how far off the results of the heuristics are

1-20 21-40 41-60 61-80
Num. Test Cases 3897 10240 9140 4341
Naive H. 100.00% 92.52% 89.41% 83.26%
Greedy H. 100.00% 99.96% 99.87% 99.70%
Enh. Greedy H. 100.00% 99.97% 99.96% 99.95%

TABLE III
ACCURACY COMPARISON OF HEURISTICS.

as compared to optimal solutions. We calculate the precision
of the heuristics by the following strategy. For a test case t of
node density d, the error ehd

is equal to the difference between
chd

and cbd as below:

ehd
= chd

− cbd . (4)

If the set of all test cases for the heuristic h for node density
d is T , then the precision Phd

is calculated as follows:

Phd
= max
∀t∈T

(ehd
) (5)

The precision values for greedy and extended greedy heuristics
are both one (i.e., they deviate from the correct solution by at
most one additional node). The precision value for the naive
heuristic is one for node densities 21-40 and 41-60 and it is
two for node density 61-80.

VI. CONCLUSIONS

In this paper, we have studied 2-coverage MPR problem
for wireless ad hoc and sensor networks under the unit disc
wireless coverage model. Our motivation has been to improve
the reliability of a network wide broadcast in an energy
efficient way for such networks. Even though the 1-coverage
version of the problem accepted a polynomial time solution,
extending that solution to the 2-coverage version proved to
be non-straightforward. In this paper, we have presented three
incrementally developed heuristics that utilize the solution to
the 1-coverage version of the problem to attack the 2-coverage
version of the problem. Our simulation based evaluation has
shown that two of the proposed heuristics perform quite well
with over 99.70% accuracy out of 27,000 randomly generated
test cases.
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