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ABSTRACT

A generalized subspace approach is proposed for enhance-
ment of speech corrupted by colored noise. The proposed
approach is based on the simultaneous diagonalization of
the clean speech and noise covariance matrices, which is
shown to be a generalization of the approach proposed by
Ephraim and Van Trees for white noise. Objective and
subjective measures demonstrated significant improvements
over other subspace-based methods when tested with sen-
tences corrupted with speech-shaped noise and multi-talker
babble.

1. INTRODUCTION

Several subspace-based speech enhancement methods (e.g.,
[1], [2]) have been proposed recently, following the pioneer-
ing work of Ephraim and Van Trees [3]. The original pa-
per [3] dealt primarily with white noise and suggested using
prewhitening to handle colored noise. However, as proved
in [2], this only guarantees minimizing the upper bound of
the variance of the speech distortion. The spectral domain
constrained approach proposed by Ephraim and Van Trees
[3] assumed that the solution had a special form, which does
not hold if the noise is colored. Rezayee and Gazor [1] ex-
tended Ephraim and Van Trees’ time domain constrained
method to deal with colored noise by approximating the co-
variance matrix of the KLT-transformed noise vectors with
a diagonal matrix. Their approximation, however, led to a
sub-optimal estimator. In this paper, we derive two opti-
mal linear estimators based on time domain and frequency
domain constraints for subspace speech enhancement. The
proposed method makes no assumption about the nature of
the noise (white or colored).

This paper is organized as follows. In section II, the
propsed approach using time-domain constraints is ex-
plained. In section III, the proposed approach using
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frequency-domain constraints is described. Experimental
results are discussed in Section IV, and the conclusions are
given in Section V.

2. SUBSPACE APPROACH BASED ON TIME
DOMAIN CONSTRAINTS

2.1. Principles

The model used in the subspace approach assumes that the
noise signal is additive and uncorrelated with the speech sig-
nal, i.e.,

y = x + n (1)

wherey, x and n are theK-dimensional noisy speech,
clean speech and noise vectors respectively. Letx̂ = H · y
be a linear estimator of the clean speechx, whereH is a
K ×K matrix. The error signalε obtained by this estima-
tion is given by:

ε = x̂− x = (H−I) · x+H·n = εx + εn (2)

whereεx represents the speech distortion andεn represents
the residual noise [3]. Defining the energies of the signal
distortionε2

x and the energies of the residual noiseε2
n as

ε2
x = tr

(
E

[
εxεT

x

])
(3)

ε2
n = tr

(
E

[
εnεT

n

])
(4)

we can obtain the optimum linear estimator by solving the
following time-domain constrained optimization problem
[3]:

min
H

ε2
x

subject to : 1
K ε2

n ≤ σ2
(5)

whereσ2 is a positive constant. The solution to Eq. 5 is
given by [1]:

Hopt = Rx (Rx + µRn)−1 (6)



whereRx andRn are the covariance matrices of the clean
speech and noise respectively, andµ is the Lagrangian
multiplier. Eq. 6 can be simplified using the eigen-
decomposition ofRx = U∆xUT to:

Hopt = U∆x

(
∆x + µUT RnU

)−1
UT (7)

whereU is the (unitary) eigenvector matrix and∆x is the
diagonal eigenvalue matrix ofRx. Note that for white noise
with varianceσ2

n, Rn = σ2
nI and the above estimator re-

duces to the Ephraim and Van Trees’ estimator. In [1], the
matrix UT RnU was approximated by the diagonal matrix
∆n:

∆n = diag
(∣∣uT

1 n
∣∣2 ,

∣∣uT
2 n

∣∣2 , · · · ,
∣∣uT

Kn
∣∣2) (8)

where uk is the k-th eigenvector ofRx, and n is the
noise vector estimated from the speech-absent segments of
speech. The above approximation yielded the following
sub-optimal estimator [1]:

Hopt ≈ U∆x (∆x + µ4n)−1
UT (9)

Because of the approximation in Eq. 8, the estimator used
in [1] was sub-optimal. Next, we present an optimal (in the
sense of Eq. 6) estimator suited for colored noise.

Computer simulations indicated that the matrixUT RnU
in Eq. 7 was not diagonal, although in some cases it was
nearly diagonal. This was not surprising, sinceU , being
the eigenvector matrix of the symmetric matrixRx, diago-
nalizesRx and notRn. Rather than trying to approximate
UT RnU , we looked for a matrix that would simultaneously
diagonalize Rx andRn. It was shown in [4] that such a
matrix exists and can simultaneously diagonalize the two
matrices in the following way:

V T RxV = Λ
V T RnV = I

(10)

whereΛ andV are the eigenvalue matrix and eigenvector
matrix respectively ofΣ = R−1

n Rx, i.e.,

ΣV = V Λ (11)

Applying the above eigendecomposition ofΣ to Eq. 7, and
using Eq. 10, we can rewrite the optimal linear estimator as:

Hopt = RnV Λ (Λ + µI)−1
V T (12)

= V −T Λ (Λ + µI)−1
V T

The enhanced signal̂x is obtained by applying the trans-
form V T to the noisy signal, appropriately modifying the
components ofV T y by a gain function, and by taking the
inverse transform (V −T ) of the modified components. Note
that in our case,V T y is not the Karhunen-Loeve transform

(KLT) of y. However, as we show below, if the noise is
white,V T y becomes the KLT ofy.

Comparing the above estimator given in Eq. 12 with the
corresponding linear estimator obtained for white noise in
[3], we can see that both estimators have the same form. In
fact, the Ephraim and Van Trees estimator [3] is a special
case of the proposed estimator in Eq. 12. For white noise
Rn = σ2

nI, andV becomes the unitary eigenvector matrix
(U ) of Rx, sinceΣ = 1

σ2
n
Rx, and the diagonal matrixΛ be-

comes 1
σ2
n
∆x, where∆x is the diagonal eigenvalue matrix

of Rx. Therefore, for white noise Eq. 12 reduces to:

Hopt = U∆x

(
∆x + µσ2

nI
)−1

UT (13)

which is the Ephraim and Van Trees estimator [3]. The pro-
posed approach is therefore the generalization of the sub-
space approach developed in [3] and can be used for both
white and colored noise. The proposed approach makes no
assumptions about the nature of the noise.

For the above proposed estimator, we need an estimate
of the matrixΣ. Since we have no access to the covariance
matrix of the clean speech signal, we can estimateΣ from
the noisy speech signal as follows. Assuming that speech is
uncorrelated with noise, we have:

Ry = Rx + Rn (14)

and so:

Σ = R−1
n Rx = R−1

n (Ry −Rn) = R−1
n Ry − I (15)

2.2. Implemenation

The proposed approach can be formulated in the following
four steps. For each speech frame:

Step 1:Compute the covariance matrixRy of the noisy
signal, and estimate the matrixΣ = R−1

n Rx. The noise
covariance matrixRn can be computed using noise samples
collected during speech-absent frames.

Step 2:Perform the eigendecomposition ofΣ :

ΣV = V Λ (16)

Step 3:Assuming that the eigenvalues ofΣ are ordered
asλΣ(1) ≥ λΣ(2) ≥ · · · ≥ λΣ(K), estimate the dimension
of the speech signal subspace as follows:

M = arg max
1≤m≤K

{λΣ(m) > 0} (17)

The optimal linear estimator is computed as follows:

qΣ(m) =
λΣ(m)

λΣ(m) + µ
1 ≤ m ≤ M (18)

Q1 = diag {qΣ(1), · · · , qΣ(M)} (19)



Hopt = V −T

[
Q1

0
0
0

]
V T (20)

= RnV

[
Q1

0
0
0

]
V T

Step 4: Estimate the enhanced speech signal by:x̂ =
Hopt · y

The above estimator was applied to 4-ms duration frames
of the noisy signal, which overlapped each other by 50%.
A rectangular analysis window was used for the estimation
of the covariance matrixRy. The enhanced speech vectors
were Hamming windowed and combined using the over-
lap and add approach. The parameterµ was set to 5. No
voice activity detection algorithm was used in our approach
to update the noise covariance matrix. The noise covariance
matrix was estimated using speech vectors from the initial
silence frames of the sentences.

3. SUBSPACE APPROACH BASED ON
FREQUENCY DOMAIN CONSTRAINTS

3.1. Principles

The idea behind the frequency domain constrained linear
optimal estimator is that the signal distortion can be min-
imized subject to constraints on the spectrum of the resid-
ual noise [3]. Specifically, suppose that thek-th spectral
component of the residual noise is given byvT

k εn, where
vk is thek-th column vector of the eigenvector matrix of
Σ = R−1

n Rx. For k = 1, · · · ,M , we require the energy
in vT

k εn to be smaller than or equal toαk, whereαk > 0,
while fork = M+1, · · · ,K, we require the energy invT

k εn

to be zero, since the signal energy in the noise subspace is
zero. Therefore, the filterH is designed by [3]:

min
H

ε2
x

subject to :
E

{
|vT

k εn|2
}
≤αk, k=1,··· ,M

E
{
|vT

k εn|2
}

=0, k=M+1,··· ,K

(21)

The optimal estimator in the sense of Eq. 21 can be found
using the method of Lagrange multipliers. It can be shown
that the optimalH must satisfy the following matrix equa-
tion:

HRx + LHRn −Rx = 0 (22)

whereL = V ΛµV T , andΛµ = diag (µ1, · · · , µK) is a
diagonal matrix of Lagrange multipliers. Using Eq. 10, we
can rewrite Eq. 22 as:

V T HV −T Λx + V T V ΛµV T HV −T − Λx = 0 (23)

which can be further reduced to the following equation:

QΛx + V T V ΛµQ = Λx (24)

whereQ = V T HV −T .
The above equation is the well known Lyaponov equation

encountered in control theory. Unfortunately, this equation
does not have a closed-form solution, however, techniques
developed in [5] can be used to obtain a numerical solution.
After solving forQ in Eq. 24, we can compute the optimal
H by: Hopt = V −T QV T . Note that for white noise, Eq. 24
reduces to the same equation given in [3] (pp. 255) for the
spectral domain estimator.

3.2. Implementation

The proposed approach can be formulated in the following
five steps. For each speech frame:

Step 1:Compute the covariance matrixRy of the noisy
signal, and estimate the matrixΣ = R−1

n Rx.
Step 2:Perform the eigendecomposition ofΣ :

ΣV = V Λ (25)

Step 3:Assuming that the eigenvalues ofΣ are ordered
asλΣ(1) ≥ λΣ(2) ≥ · · · ≥ λΣ(K), estimate the dimension
of the speech signal subspace as follows:

M = arg max
1≤m≤K

{λΣ(m) > 0} (26)

Step 4:For a givenΛµ matrix, solve the Lyaponov equa-
tion in Eq. 24 to obtainQ, and from that obtainHopt as:

Hopt = V −T QV T

Step 5: Estimate the enhanced speech signal by:x̂ =
Hopt · y.

It is generally difficult to estimate the exact values of the
Lagrange multiplierµk due to the fact that the Lyaponov
equation has no closed-form solution, however, for consis-
tency with the time domain constrained approach, we set all
theµk values inΛµ to 5.

4. EXPERIMENTAL RESULTS

For evaluation purposes, we used 20 sentences from the
HINT (Hearing in Noise Test) database [6]. The HINT
database is commonly used for speech intelligibility stud-
ies and it contains various lists of sentences, which were
designed to be equally intelligible in noise. We randomly
chose two of the sentence lists for testing, with each list
containing ten sentences.

For colored noise, we used speech-shaped noise and
multi-talker babble (seven talkers) added at an SNR of 0
and 5 dB. The speech-shaped noise (included in the HINT
database) was computed by filtering white noise through an
FIR filter with frequency response that matched the long-
term spectrum of all the sentences in the database.



We used the Itakura-Saito (IS) distance measure [7] as
the objective measure for evaluation of the proposed algo-
rithms. The highest 5% of the IS distance values were dis-
carded, as suggested in [8], to exclude unrealistically high
spectral distance values. This method ensures a reasonable
overall measure of performance. For comparative purposes,
we also implemented and evaluated the approach in [1]. Ta-
ble 1 presents the results for the two types of noise: speech
shaped and multitalker babble in terms of the mean IS mea-
sure for 20 sentences.

Input SNR 0dB 5dB
Noise type S-S M-B S-S M-B

Approach in [1] 9.28 2.84 5.87 1.78
TDC approach 1.31 1.48 0.93 1.07
SCD approach 1.87 1.70 1.35 1.25

Table 1. Comparative performance, in terms of mean
Itakura-Saito distance measure for 20 sentences, obtained
by the KLT approach in [1], and the proposed subspace
methods based on time-domain constraints (TDC) and spec-
tral domain constraints (SDC).

As can be seen from Table 1, our proposed approach out-
performed Rezayee and Gazor’s approach [1] for both types
of noise and for both SNRs. Informal listening tests also
confirmed that the proposed subspace method preserved
more speech information and had less speech distortion than
the approach in [1].

Although we expected the spectral domain constrained
(SDC) approach to have better speech quality than the time
domain constrained (TDC) approach, we did not find that
to be the case. We suspect that this is due to the difficulty
in choosing the rightµk values for the matrixΛµ. Over-
all, both TDC and SDC methods yielded comparable speech
quality.

5. CONCLUSIONS

A new type of signal subspace approach for enhancing
speech degraded by colored additive noise was proposed.
The proposed approach outperformed the adaptive KLT ap-
proach proposed in [1] for colored noise. We showed that
the linear estimator derived in this paper is a generalization
of the Ephraim and Van Trees’ estimator [3]. Unlike the
subspace method proposed by Ephraim and Van Trees for
white noise, our method makes no assumptions about the
nature of the noise (white or colored).
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