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This paper presents a two-phase control logic for anti-lock braking systems (ABS). ABS are by now a standard
component in every modern car, preventing the wheels from going into a lock situation where the wheels are
fixed by the brake and the stopping distances are greatly prolonged. There are different approaches to such
control logics. An ABS design proposed in recent literature controls the wheel’s slip by creating stable limit
cycles in the corresponding phase space. This design is modified via an analytical approach that is derived from
perturbation theory. Simulation results document shorter braking distance compared to available tests in the
literature.
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1 Introduction

Anti-lock braking system (ABS) is a combination of a brake actuator and a controller, which,
when activated, regulates the brake pressure aiming to shorten the braking distance. The value
of the wheel slip λ that corresponds to the shortest braking distance is called the optimal wheel
slip λ∗.
The particular type of ABS that we consider in this paper is governed by a hydraulic actuated
brake (HAB). The HAB is capable of providing three control actions being increase, decrease and
hold the break pressure. Moreover, it is standard to assume (see Tanelli et al. (2009), Pasillas-
Lépine (2006) and references therein) that the actuator rate is either fixed or user-selectable within
physical limits. Our main interest is, therefore, a control strategy with several discrete states.
The methods to design the control strategies can be split into those which don’t explicitly use
the optimal value λ∗ (see Pasillas-Lépine (2006), Drakunov et al. (1995) and references therein)
and those that need λ∗ at least approximately (see Bruijn et al. (2010), Tanelli et al. (2009)
and references therein). The first group of methods is designed to adapt to changing road condi-
tions automatically. The second group of methods needs information about worst possible road
conditions to select the control parameters that apply for a range of road conditions.
This paper falls into the second group. At the same time, we complement Tanelli et al. (2009) by
not using the wheel slip λ to execute switchings. As a consequence, the accuracy of our approach
doesn’t depend on the accuracy of the measurement of λ. The knowledge of λ∗ (which corresponds
to current road conditions) is, alike Tanelli et al. (2009), still necessary for the control design. The
central method of our approach is perturbation theory, which demonstrated its effectiveness in
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Pasillas-Lépine (2006). In particular, our control design comes with full mathematical support,
thus further contributing to reliability.
Our control design concerns the following single-corner model (also known as quater-car model).
This model is typically used for the preliminary design of braking control algorithms (see Johansen
et al. (2003), Bruijn et al. (2010), Pasillas-Lépine (2006), Tanelli et al. (2009), Drakunov et al.
(1995))

λ̇ = −1
ν

(
1− λ
m

+ r2

J

)
Fzµ(λ) + r

νJ
Tb sign(1− λ),

mν̇ = −Fzµ(λ).
(1)

where
λ is the longitudinal slip, defined as λ = ν − ωr

max{ωr, ν} ,

ν (m/s) is the longitudinal speed of the vehicle,
ω (rad/s) is the angular speed of the wheel,
r (m) is the wheel radius,
J (kg m2) is the moment of inertia of the wheel,
Tb (Nm) is the braking torque (playing the role of control),
m (kg) the mass of the quarter-car,
Fz (N) is the vertical force at the tire-road contact point.

The derivation of system (1) is discussed in A.
For the reader interested in theoretical aspects of this system of differential equations, we can state
that there are very few mathematical results capable to predict the dynamics of (1). A significant
step in this direction is done in Drakunov et al. (1995), where a Lyapunov function that traps
all trajectories within a prescribed vicinity of λ∗ is proposed. Another important contribution is
due to Pasillas-Lépine (2006), who assumed that µ is a second-order rational fraction and proved
the existence of a stable limit cycle that surrounds Λ via perturbation theory with the magnitude
of the right-hand-side playing the role of a small parameter. As mentioned above, the approach
of the present paper is perturbation theory too. However, we stick to a function µ of a different
form (Kiencke et al. (2000), Burckhardt (1993))

µ(λ, θr) = θr1(1− exp(−λθr2))− λθr3, (2)

whose prototypic shapes for different road conditions are shown at Fig. 1. The optimal value λ∗ is
the λ where the graph of µ attains its maximum. Furthermore, following Tanelli et al. (2009), we
assume that the longitudinal dynamics of the vehicle (expressed by the state variable ν) is much
slower than the rotational dynamics of the wheel (expressed by the state variable λ or ω), that
reduces system (1) to the one-dimensional differential equation

λ̇ = −1
ν

(
1− λ
m

+ r2

J

)
Fzµ(λ) + r

νJ
Tb sign(1− λ), (3)

where the rate of change Ṫb of the torque Tb is the variable the hydraulic actuator is capable to
control. The passage from (1) to (3) is discussed in A.
The paper is organized as follows. In the next section we introduce our control logic that only uses
the values of Tb to take the switching decisions. In section 3 we introduce a small parameter and
derive a bifurcation function whose stable zeros λ0 produce limit cycles that emerge from λ0 when
the small parameter increases through zero. Here we also derive the connection between the Tb-
switching thresholds and the properties of the zeros of the bifurcations function. The perturbation
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Figure 1. The function µ for different road conditions. The upper and lower graphs correspond to dry asphalt (θr =
(1.11, 23.99, 0.52)) and wet asphalt θr = (0.687, 33.822, 0.347) respectively.

approach enables us to discover limit cycles that oscillate within λ ∈ (0, 1). The limit cycles that
reach λ = 1 (stick-slip limit cycles) are briefly discussed in section 3.3. Our formulas allow us
to conclude that closer λ0 to the optimal value λ∗ less robust the dynamics of the system with
respect to changing road conditions is. Such a trade-off is discussed in section 3.5. In section 4
we derive the first order approximation for the value λ which bifurcates from λ0, that allows to
compute the direction that the limit cycle follows when the small parameter increases through
zero. Finally, in section 5 we test our control logic on the complete vehicle model (1) and compare
the simulations with other results available in the literature.

2 The two-phase switched control logic

As also mentioned in Tanelli et al. (2009), despite of the fact that the rate Ṫb is not perfectly
constant, the assumption of either a fixed or a user-selectable actuator rate limit has been used in
several works on rule-based ABS, see the above-mentioned works Pasillas-Lépine (2006), Drakunov
et al. (1995), Bruijn et al. (2010), Tanelli et al. (2009) and references therein. Our final model is
therefore

λ̇ = −1
ν

(
1− λ
m

+ r2

J

)
Fzµ(λ) + r

νJ
Tb,

Ṫb = k,

(4)

where k is a control input, that can take a finite number of values.
In Tanelli et al. (2009), a design of a control logic for an ABS has been proposed featuring four
control phases. The two actuator rates k1 = k and k2 = −k are assumed to be of equal modulus.
The pressure modulator switches between the different choices of u, triggered by the thresholds.
Beginning at u = k, if Tbmax is reached u is switched to 0, then, at λmax, to u = −k up to the
point where Tb = Tbmin where u is again chosen to be zero and finally at λmin to u = k. This leads
to the sequence k → 0→ −k → 0→ k and the following switching manifolds:

Σ0 = {(λ, Tb) : H0(λ, Tb) := Tb − Tbmax = 0},
Σ00 = {(λ, Tb) : H1(λ, Tb) := λ− λmax = 0},
Σ1 = {(λ, Tb) : H2(λ, Tb) := Tb − Tbmin = 0},

Σ11 = {(λ, Tb) : H3(λ, Tb) := λ− λmin = 0},

(5)

where k is the rate of the change of the braking torque (i.e. the rate at which the actuator is
capable to increase or decrease the brake pressure), Tbmax , Tbmin are minimal and maximal torques
which need to be fixed within physical limits, λmin, λmax are prospective bounds for the optimal
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wheel slip. The accuracy as for how the analysis from Tanelli et al. (2009) matches a physical
experiment depends on how accurately the value λ can be measured.
In this paper we propose a control logic that uses only Σ0 and Σ1 to get a stable limit cycle
surrounding a value of λ0 which is going to be a zero of a certain bifurcation function. In particular,
we don’t even use the wheel acceleration offset (which defines switching manifolds in Pasillas-
Lépine (2006)).
Whenever the trajectory hits the upper surface Σ1 corresponding to Tb = Tbmax , the change of the
braking torque Ṫb = u shall switch from u = k1 > 0 to u = k2 < 0. On the contrary, as soon as
the lower boundary at Tbmin is hit, it shall switch from u = k2 back to u = k1. This control logic
will be shortly denoted by

u := k2, if Tb(t) = Tbmax ,
u := k1, if Tb(t) = Tbmin .

(6)

We define the distance between the two surfaces by

∆Tb := Tbmax − Tbmin > 0.

With Tc being the period of one cycle, we find

Tc = ∆Tb
k1

+ ∆Tb
k2

, (7)

which is, considering the usual choice of constants, about 1
10s

−1.

3 Locating stable limit cycles via perturbation theory

The change of the variables

ψ(λ; θr) :=
(

J

m · r
· (1− λ) + r

)
· Fz · µ(λ; θr), (8)

relates (4) to the shorter system (see Tanelli et al. (2009))

λ̇ = − r

v · J
· [ψ(λ)− Tb sign(1− λ)],

Ṫb = u,
(9)

which is the subject of our analysis in this paper.
Similar to µ(λ), the function ψ(λ) is strictly concave. Furthermore, if λµ ∈ [0, 1] is the smallest
λ where µ attains its maximum, then there exists a unique λψ ∈ (0, λµ) so that ψ(λψ) is the
maximum. In addition, ψ′(λ) > 0, λ < λψ, ψ

′(λ) < 0, λ > λψ. Fig. 2 illustrates the relative
location of functions µ and ψ for prototypic values of the parameter, from where one learns that
the maxima of the two functions are attained at delectably close points.
The idea of perturbation theory consists in embedding the system into a family by introducing
an artificial parameter ε that transforms (9) to

λ̇ = ε · f(λ, Tb),
Ṫb = u,

where f(λ, Tb) = − r

v · J
[ψ(λ)− Tb sign(1− λ)]. (10)
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Figure 2. The functions µ(λ) and ψ(λ), µ scaled by the factor 1200.

When ε = 0 the system has a particularly easy configuration, whereas for ε = 1 we obtain the
original system (9).

3.1 The Poincaré map

We consider Σ0 as defined in (5) as a Poincaré section and introduce a Poincaré map P (λ, ε) :
Σ0 −→ Σ0 by

P (λ, ε) = λ (Tc, λ, ε) . (11)

Thus, for each system the function P (λ, ε) maps points (λ0, Tbmin) ∈ Σ0 to the corresponding
returning points in Σ0 of the trajectory, taking into account the two switchings of u = Ṫb at Tbmax
and Tbmin , respectively. The map P (λ, ε) is defined and continuously differentiable at least for
small values of ε > 0, see remark B1.
By our approach, we determine the location of fixed points of P for ε > 0 which are obtained as
a function F (ε) : [0, εmax) −→ Σ0, i.e. satisfying

P (F (ε), ε) = F (ε), for all 0 ≤ ε < εmax. (12)

The resulting F will be of the form F (ε) = λ0 + λ1(ε) · ε. At least for small ε we can obtain a first
order approximation λ1

F (ε) = λ0 + λ1 · ε+O(ε2). (13)

With some preconditions fulfilled, the existence of the function F (ε), stability of the corresponding
limit cycles and the first order approximation are determined by three conditions depending on
the Poincaré map: Necessary for the existence we find

DεP (λ0, 0) = 0, (14)

for some λ0. Sufficient to its existence is, besides (14), that

det(DλDεP (λ0, 0)) 6= 0. (15)

The stability of the corresponding trajectories is at least for small ε determined by the eigenvalues
ofDλDεP (λ0, 0). If they have negative real parts, the trajectory is asymptotically stable. Constants
λ0 and λ1 are computed in sections 3.2 and 4.1 respectively based on Proposition B.4 of B.3.
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3.2 Analysis of fixed points of the Poincaré map

We define the average between the two thresholds:

Tbavg := Tbmax + Tbmin
2 . (16)

Following the formulas of Proposition B.4 of B.3 we compute

DεP (λ0, 0) = −
( 1
k1

+ 1
k2

)
· r
vJ
·∆Tb ·

[
ψ(λ0)− Tbavg

]
, (17)

and thus the necessary condition DεP (λ0, 0) = 0 is equivalent to

ψ(λ0) = Tbavg . (18)

Consequently, the boundary values Tbmin and Tbmax need to be chosen in such a way that

Tbavg ∈ {ψ(λ), λ ∈ [0, 1]}. (19)

Furthermore, the formulas of Proposition B.4 yield

DλDεP (λ0, 0)) = −
(

1
k1

+ 1
k2

)
r

v · J
· ψ
′
(λ0) ·∆Tbavg

. (20)

Due to the positiveness of all constants, we conclude that λ0 with ψ(λ0) = Tbavg transforms to an
asymptotically stable fixed point when ε increases through zero if and only if ψ′(λ0) > 0. Since

ψ
′(λ) > 0, if and only if λ ∈ [0, λψ), (21)

and

ψ([0, λψ)) = [0, ψ(λψ)), (22)

we conclude that an asymptotically stable limit cycle exists for small ε if the boundaries Tbmax
and Tbmin are chosen such that

Tbavg < ψ(λψ) = max
λ∈[0,1]

ψ(λ). (23)

Remark 1 : The expression (17) allows to write down a formula for the first order approximation
of the Poincaré map as

P (λ0, ε) = λ0 + εDεP (λ0, 0) +O(ε2),

which is similar to the formula in Pasillas-Lépine (2006, Proposition 4.1) after it is reduced to the
respective level curve (with the only difference that we use a different cross-section to define the
Poincaré map and a different formula (2) for the friction coefficient µ(λ)).

3.3 Stick-slip periodic orbits

We note that, due to the term sgn(1 − λ) occurring in the first equation of (4), the situation at
λ = 1 is non-smooth and requires further investigation. The behaviour depends strictly on the
relation between the variable Tb and the constants. For r · Fz · µ(1) > Tb we find λ̇ < 0 and for
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Figure 3. Illustration of crossing and sliding regions of the set Σλ.

Figure 4. Stick-slip orbit for Tbmin
= 400, Tbmax = 1200.

Tb ≥ r · Fz · µ(1), we find λ̇ = 0. Combined, we find λ̇ ≤ 0 for all states at λ = 1. As far as the
situation at λ = 0 is concerned, we have λ̇ ≥ 0 at λ = 0. We, therefore, conclude that the set
{(λ, Tb)|λ ∈ [0, 1]} is positively invariant.
Following Filippov (1988), the set Σλ = {(λ, Tb)|λ = 1} is a switching surface divided into the set
of direct crossing

Σλ
C = {(λ, Tb)|λ = 1, r · Fz · µ(1) > Tb} ⊂ Σλ, (24)

and the set of sliding

Σλ
S = {(λ, Tb)|λ = 1, Tb ≥ r · Fz · µ(1)} ⊂ Σλ, (25)

see Fig. 3. Based on (24)-(25), the following classification can be drawn when r ·Fz ·µ(1) < Tbavg :

• For Tbmin ≥ r · Fz · µ(1), trajectories stick entirely to the switching surface Σλ and are stable
limit cycles. The wheel is kept locked throughout the whole orbit.

• For Tbmin < r·Fz ·µ(1), more complex trajectories develop. The orbit sticks on its way downwards
to the switching surface Σλ until it leaves Σλ at Tb(t) = r · Fz · µ(1), but returns eventually.
Such stick-slip phenomena occur in many systems with friction, see Awrejcewicz-Olejnik (2003),
Kunze and Kuepper (2006), Oestreich et al. (1996), Makarenkov and Lamb (2012).

• In the case Tbavg > ψ(λψ) there are no stable limit cycles besides the one at λ = 1 and the ABS
always locks the wheels.

Fig. 4 depicts a sample stick-slip trajectory of (3). The constants used in simulations are those
from Tanelli et al. (2009) unless stated otherwise. These constants are summarized in table 1.

3.4 The bifurcation diagram

In Fig. 5, we present the bifurcation diagram of fixed points for dry road conditions in dependence
on Tbavg . Based on formulas (19) and (23), the values of λ where ψ(λ) has a positive slope generate
stable limit cycles, whereas a negative value of the slope leads to unstable limit cycles. A classical
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Constant Value used in simulation
m 400 (kg)
Fz 4000 (N)
J 1 (kgm2)
r 0.3 (m)
v 30 (m/s)

Table 1. Typical constants and their values (see Tanelli et al. (2009)).

 

 

 

    
 

Figure 5. Fixed points λ0 of the Poincaré map λ 7→ P (λ, ε)|ε=0 that produce limit cycles when ε increases through zero. The
location of λ0 and the type of stability of the respective limit cycle is a function of the braking torque Tbavg in accordance
with the formulas (18) and (23).

saddle-node bifurcation occurs at Tbavg = ψ(λψ) .
Furthermore, we can assess the attractor of each stable fixed point of the Poincaré map. As also
visualised in figure 5, the attractor of each fixed point λ0 with ψ(λ0) = Tbavg is bounded by 0 on
the left hand side and either 1 or the location of the unstable fixed point on the right hand side.
Thus, for increasing Tbavg the attractor contracts to [0, λψ] at Tbavg = ψ(λψ) and stability weakens
until it is lost completely in the course of the bifurcation.

3.5 Trade-off between the distance of the limit cycle to the optimal value λ = λµ and the
robustness of the cycle with respect to changing road conditions

As follows from Section 3.2 the derivative ψ′(λ) can only be positive for λ < λψ < λµ. The stable
limit cycle will, therefore, never reach the optimal value λµ. However, using formula (18), the
value of λ0 ∈ (0, λψ) can be enforced to be arbitrary close to λψ by a suitable choice of Tbavg (see
Fig. 5). The latter is desirable shall we want to raise the braking effectiveness for the given fixed
road condition µ(λ).
On the other hand, smaller the distance of λ0 to λψ is, smaller disturbance of function µ is required
to move the zero approximation λ0 from the interval (0, λψ) of stability to the interval (λψ, 1) of
instability. The maximal amount of desturbance that keeps λ0 in (0, λψ) can be estimated over
formulas (18)-(23). This maximal amount is the robustness of our limit cycle with respect to
changing road conditions. We can always increase this characteristic by diminishing the value
Tbavg (see Fig. 5). In particular, we can choose Tbavg in advance that the limit cycle is stable even
in the worst possible case (in the expense of braking effectiveness, as discussed in the previous
paragraph). A similar property is suggested in Tanelli et al. (2009, §5.1) in the context of robustness
with respect to λ-measurement uncertainties (that we bypass as we don’t need to measure λ for
our control design).
Let us, for instance, consider roads that have sections of dry and wet asphalt and whose arrange-
ments are unknown to us. Similar to Tanelli et al. (2009, §5.2), in order to assure stability for
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every situation, the average of Tbmin and Tbmax needs to be chosen appropriately such that

Tbavg ≤ min
t≥0

max
λ∈[0,1]

ψ(λ; θr(t)). (26)

λµ λψ ψ(λψ)
dry 0.1641 0.1619 1208
wet 0.1243 0.1229 764

Table 2. Maximum of µ and ψ for different road conditions.

Referring to the maxima for dry and wet asphalt given in table 2, it follows Tbavg ≤ 764. While
at the sections of wet asphalt we gain relatively good braking performance, the choice of the
boundary values obviously reduces effectiveness on dry asphalt. In this case, the origin of fixed
points computes L0 = 0.0368 which is significantly distant to λµ = 0.1641. We find µ(L0) = 0.682
and µ(λµ) = 1.003 and thus a braking procedure on dry asphalt with parameters optimised to
wet asphalt is expected to take up to 50% longer time compared to the optimal setting.

4 First order approximation and continuation of the limit cycle

Numerical simulations show (see Fig. 6) that for k1 = k2 (as in Tanelli et al. (2009)) the initial
condition of the limit cycle does not deviate much from λ0 given by formula (18) when the value
ε increases from 0 to 1. For instance, at ε = 1 we find ∆λ = F (1) − (L0 + L1) ≈ 0.0015. On
the other hand, when k1 < k2 one observes (see Fig. 7) a displacement of the cycle towards the
positive direction of the λ-axis as ε increases from 0 to 1. This useful phenomenon can be used to
relocate the stable limit cycle closer to the optimal value λµ and can be mathematically justified
by computing the first approximation of the initial condition of the stable limit cycle.

Figure 6. Exemplary numerical computation of fixed points for different ε and first order approximation.

4.1 The first order approximation

The perturbation method provides us with a first order approximation λ1 of the location of the
fixed points.

F (ε) = λ0 + λ1 · ε+O(ε2), (27)

whose constant λ1 is given by Proposition B.4 of B.3. We find

λ1 = 1
12

r

v · J

(
1
k1

+ 1
k2

)−1( 1
k1

2 −
1
k2

2

)
(Tbmax − Tbmin)2. (28)
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Figure 7. Orbits at ε = 1.
(a) left top: k1 = k2 = 10000, Tbmin

= 1000, Tbmax = 1300
(b) right top: k1 = k2 = 10000, Tbmin

= 800, Tbmax = 1500
(c) left bottom: k1 = 8000, k2 = 12000, Tbmin

= 1000, Tbmax = 1300
(d) right bottom: k1 = 8000, k2 = 12000, Tbmin

= 800, Tbmax = 1500

Figure 8. Visualisation of (28): L1 in dependence on k1 and k2. Here v = 30m
s

, Tbmin
= 800, Tbmax = 1500.

Thus, varying k1 and k2 changes the first order approximation λ1, but doesn’t affect the zero order
approximation λ0. A visualisation of the effect of different choices of k1 and k2 on the first order
approximation is given in Fig. 8. In particular, we see that the limit cycle will move towards the
optimal value λ = λµ when ε increases, if

k2 > k1, (29)

which is in complete agreement with simulations of Fig. 7.
We additionally note that the trajectories move along closed orbits whose λ-values are located
left and right from the intersection point F (1). It is instructive to observe that the variation of λ
within the cycle spreads over a considerable area, e.g. from 0.063 to 0.18 in Fig. 7b.

5 Simulation results on a complete vehicle model

In this section we demonstrate the capabilities of control logic (6) in shaping the dynamics of
the original model (1) taking into account a possible change of road conditions. In Fig. 9 we
simulated the dynamics of (1) and (6) assuming that the friction coefficient µ(λ) doesn’t change
and corresponds to dry asphalt. All parameters are taken as in Tanelli et al. (2009) (see caption
of Fig. 9 for particular numbers), in particular Tbmin = 600 Nm and Tbmin = 1400 Nm. When the
velocity of the vehicle decreases from 40 m/s to roughly 5 m/s in 4.5 s, the trajectory mainly
develops between λ ≈ 0.025 and λ ≈ 0.32, which is similar to Tanelli et al. (2009, Fig. 16). We
note that the velocity of the vehicle after 4.5 s in Tanelli et al. (2009, Fig. 16) is above 10 m/s for
the same values of parameters (as far as we were able to identify from the cited article).
When the road conditions change to wet asphalt our control logic fails to operate with Tbmin =



March 7, 2016 1:11 abs˙kuepper˙koppen

11

vehicle speed

wheel speed

0 1 2 3 4
0

10

20

30

40

Time @sD

S
p
ee

d
@m

êsD
Dry Asphalt

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0

200

400

600

800

1000

1200

1400

l

T
b

@N
m

D

Figure 9. Dynamics of the complete vehicle model (1) with switching control (6) for dry asphalt road condition and
Tbmin

= 600 Nm, Tbmax = 1400 Nm, k1 = k2 = 10000 kNm s−1. The other constants are those from table 1.
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Figure 10. Dynamics of the complete vehicle model (1) with control logic (6) when the road conditions change from dry to
wet asphalt. The switching thresholds are Tbmin

= 400 Nm and Tbmax = 1050 Nm. Left column: k1 = k2 = 10000 kNm s−1.
Right column: k1 = 5000 kNm s−1, k2 = 10000 kNm s−1.

600 Nm and Tbmax = 1400 Nm. In agreement with formula (18) we diminish Tbmin and Tbmax and
consider sample values of Tbmin = 400 Nm, Tbmax = 1050 Nm, which are evidenced in Jing et al.
(2011), Dincmen et al. (2014). These values of Tbmin and Tbmax a sfortiori work for the dry asphalt.
Following the strategy of Tanelli et al. (2009, Fig. 16), we analyzed the robustness of the control
logic (6) to a sudden change of road conditions from dry asphalt to wet asphalt at a sample point
t = 2. Fig. 10 summarizes our findings. Looking at the initial velocity v = 40 m/s of the vehicle,
we observe that the velocity at t = 4.5 s increased from 5 m/s to a value under 15 m/s compared to
Fig. 9 (constant road condition). However, the respective velocity in Tanelli et al. (2009, Fig. 17)
is above 15 m/s.
It is hard to compare our results with Pasillas-Lépine (2006), Corno et al. (2012), Drakunov et al.
(1995) precisely as not all parameters that are used in simulations of those papers are disclosed
and the governing models are more complex. However, we will give some outlook which by no
means compares performances of our control logic with those of the papers addressed. For the
initial velocity v = 180 km/h (50 m/s) Pasillas-Lépine (2006) reduces the velocity of the vehicle
to roughly 20 m/s in 4.5 s. For the model (1) and (6), we achieve only 24 m/s at the same time
moment (see Fig. 10). However, we get 10 m/s after 7 s passes. The emergency braking in Corno
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Figure 11. Dynamics of the complete vehicle model (1) with control logic (6) when the road conditions change from dry to
wet asphalt. Here Tbmin

= 500 Nm, Tbmax = 900 Nm, k1 = k2 = 10000 kNm s−1.

et al. (2012) with starting velocity v = 55 m/s documents the speed of 32 m/s after 7 s, but then
reduces further. The paper Corno et al. (2012) offers an interesting simulation where the road
conditions change back and forth. The simulations of Fig. 10 can be extended (with only minor
change in final velocity) to the case where dry and wet asphalt change each other several times.
For the initial velocity v = 15 m/s the extremum-seeking ABS design in Drakunov et al. (1995)
results in v = 6 m/s after time t = 2.2 s, where the adaptive value of Tb approaches 1400 Nm.
Selecting Tbmin = 500 Nm and Tbmax = 900 Nm we obtain the velocity of 3 m/s after same time
period, see Fig. 11. At the same time our control logic cannot handle the case where Tbmin and
Tbmax are both close to 1400 Nm under the wet asphalt road conditions.
At Fig. 10 (right) we showed how making k2 > k1 reduces the number of switchings compared to
k2 = k1 (used in all papers cited) with no harm to performance. The limit cycle of Fig. 10 (right)
is shifted to the right compared to Fig. 10 (left) in the agreement with the first approximation
formula of § 4.1.
We note that the rate of change of the vehicle speed changes when the road condition switches
from dry to wet asphalt. However, the difference between the two rates of change turned out to
be visually indistinguishable in our simulations.

6 Conclusion

In this paper we presented a design of a two-phase switching control (6) for an anti-lock braking
system (1). Two switching thresholds seem to be the minimal number of switching thresholds that
are capable to produce a stable limit cycle in the respective reduced system (3). In this respect the
results of this paper can play the same fundamental role as the simple clock model of Andronov
et al. (2009, Ch. III, §5) (two-thresholds switched system exhibiting a limit cycle) played in the
development of computational robotics, see e.g. Goswami et al. (1997).
Despite the proposed control logic stands out for its simplicity, the simulations on a complete
vehicle model exceed one’s expectations. Though particluar parameters of the papers that we
use for comparison are not always disclosed, we observed out-performance compared to several
simulations in the literature, including Tanelli et al. (2009, Figs. 16–17), as our discussion in
section 5 documents.
The design can be set up to converge to a stable limit cycle for a range of predetermined road
conditions. The only measurement that our control logic requires to execute switchings is the
braking torque Tb. In particular, complementing Tanelli et al. (2009), there is no need to know the
value λ of wheel slip, which often comes with an error. Another advantage of our control design is
that it comes with full mathematical support accomplished through perturbation theory. As proofs
don’t change, the theoretical results in B.3 are formulated with more degrees of generality than
required for the paper. In particular, Proposition B.4 applies even when the actuator rate limits
k1 and k2 are not constant. To focus on the most essential contributions, only two values of the
actuator rate limits are used in the paper. However, the approach can be directly extended to any
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Figure A1. Forces in the quarter car model.

number of available rates of the actuator by defining more Tb−thresholds (the respective results
are derived in Köppen (2013)). Pasillas-Lépine (2006) is another paper where all the conclusions
are rigorously supported via perturbation theory. The essential novelty of our paper compared
to Pasillas-Lépine (2006) is computation of the first order approximation of the initial condition
of the limit cycle, see formulas (27)-(28). This computation allows us to identify in §4.1 how
the parameters are responsible for the transformation of the limit cycle as the small parameter ε
increases.

Appendix A: Derivation of equations of the quarter car model and reduction to the
equation for longitudinal slip

The material in A follows Tanelli et al. (2009) with some aspects explained in more details.

A.1 Introduction of the quarter car model

The quarter car model reduces the vehicle’s dynamics to the dynamics of one wheel, neglecting
both the more complex interactions between the individual wheels and the changing load on the
wheels. Instead, the system’s dynamics are fully described by two variables: the velocity v of
the vehicle itself and, secondly, the angular speed ω of the wheel that is analysed. The resulting
equations are given by

m · v̇ = −Fx(v, ω),
J · ω̇ = r · Fx(v, ω)− Tb · sgn(ω).

(A1)

Equations (A1) result from basic mechanics, the first equation directly from Newton’s Law,
whereas the second equation results from Newton’s Law adapted to angular movement and tak-
ing into account the effect of the braking torque Tb ≥ 0. The braking torque always operates in
opposite direction to the angular movement ω, thus resulting in the factor sgn(ω).
We analyse trajectories based at v(0) = v0 > 0, ω(0) = v(0)

r , corresponding to a vehicle that is
moving at velocity v0 and without braking. The ABS is switched off at some minimal velocity
vmin > 0. Therefore, we can assume v(t) > 0 during the entire time.
The second equation contains non-continuous terms giving rise to a switching surface Σω at ω = 0.
Considering r · Fx > 0 and v > 0, there occur three different situations at ω = 0:

(1) For r · Fx(v, 0) > Tb, we find ω̇ > 0.
(2) For r · Fx(v, 0) = Tb, we find ω̇ = 0.
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(3) In the case of r · Fx(v, 0) < Tb, we gain due to sgn(ω)

ω̇ = 1
J
· (r · Fx(v, ω)− Tb) < 0, for ω > 0,

ω̇ = 1
J
· (r · Fx(v, ω) + Tb) > 0, for ω < 0.

(A2)

Following Filippov (1988) a sliding motion given by ω̇ = 0 is assumed as long as the
trajectory stays in Σω.

Considering all three possible cases, for every v > 0 the term sgn(ω) prevents the derivative of ω
at ω = 0 to become less than 0 and, as expected, braking never results in ω(t) < 0.
The dynamics of the system is non-linear due to the complex dependence of Fx on the state
variables v and ω. In addition, Fx depends on parameters such as condition of the road, tire and
suspension described by a parameter-vector θr. In this work we omit the dependence of Fx on the
the side-slip angle of the vehicle by assuming that the vehicle is moving along a straight line.
Instead of ω, the slip λ defined by

λ := v − ω · r
max{ω · r, v} , v > 0. (A3)

is the more natural variable to base the analysis on and we will substitute the state variable ω by
λ.
Since we examine a braking situation, the vehicle’s velocity is always larger than the velocity of
the wheel at its outer side v ≥ ω · r, leading to

λ = v − ω · r
v

. (A4)

We have derived ω ≥ 0 and thus gain λ(t) ∈ [0, 1] for t > 0. The case λ = 0 corresponds to the
wheel being as fast as the vehicle, e.g. no braking, whereas λ = 1 corresponds to ω = 0, e.g. the
lock situation, where the wheel does not rotate, but is fully locked by the brakes. Most of the
dynamics does not directly depend on ω, but on the ratio between ω and v, e.g. on λ. In particular,
this holds true for the friction coefficient.
Let the friction coefficient µ(λ; θr) be given as a function in dependence on the wheel slip λ and
the road conditions θr

µ : [0, 1]× Rn −→ R+. (A5)

Using µ, the friction force Fx can be put in the form

Fx(λ; θr) = Fz · µ(λ; θr) = m · g · µ(λ; θr), (A6)

where Fz is the constant vertical force at the tire-road contact point generated by gravity and µ
is the friction coefficient. We state three general properties of µ(λ; θr).

(1) The coefficient will always be greater or equal zero.
(2) In the case of the slip λ being zero, the coefficient µ will be zero too, corresponding to the

situation without braking.1

1We omit here any rolling friction.
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(3) In all standard situation µ(1; θr) is relatively small in comparison to max
λ∈[0,1]

µ(λ; θr). This
property motivates the implemention of an anti-lock braking system. It keeps the wheel
from locking at λ = 1 where the stopping distance is accordingly prolonged.2

These properties correspond to

1. µ(λ; θr) ≥ 0, λ ∈ [0, 1],
2. µ(0; θr) ≡ 0,
3. µ(1; θr)� max

λ∈[0,1]
µ(λ; θr).

(A7)

Observe, that µ(λ; θr) has at least one maximum on [0, 1]. Let the one with the smallest λ be
located at λµ ∈ [0, 1],

µ(λµ; θr) = max
λ∈[0,1]

µ(λ; θr). (A8)

In this paper we resort to a simple and widely used model of the friction coefficient (2), whose
graphs for typical road conditions are drawn in Fig. 1. The function λ 7→ µ(λ, θ) as given in (2) is
strictly concave and has a unique maximum at λ = λµ on [0, 1], which are computed as

Road Condition λµ µ(λµ)
dry 0.1641 1.0030
wet 0.1243 0.6336

As long as we examine the system at constant external conditions, we omit the dependence of µ
on θr.
Next, to replace ω by λ, we use the algebraic relation (A4). Differentiating leads to

λ̇ = −r
v
· ω̇ + r · ω

v2 · v̇, (A9)

and by substituting (A9) and (A6) into (A1), we gain (1), where v > 0, λ ≥ 0 as a description of
the dynamics of the system.
Recall that equations (1) contain the complete information about the effectivity of the braking
maneuver. Optimising the effectiveness corresponds to maximising the decrease of the velocity
during a given time-interval [t0, t1]. The decrease of velocity v̇ at a certain time depends (besides
some constants) only on the friction coefficient µ(λ(t)). Integrating the second equation of (1) over
the time-interval leads to an expression for the decrease ∆v of v:

∆v = Fz
m
·
t1∫
t0

µ(λ(t)) dt. (A10)

Thus, in the sense specified by the equation above, λ(t) should stay close to λµ over the braking
procedure.

2As mentioned in Olson et al. (2005), in the special case of packed snow, we find µ(1; θr) = maxµ(λ; θr) rendering the
concept of an ABS useless. In practice, ABS are here manually or automatically switched off.
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To structure the dynamics, we make the change of the variables (8) leading to

λ̇ = − r

v · J
· [ψ(λ)− Tb · sgn(1− λ)]. (A11)

Similar to λµ, we define the maximum value of ψ(λ) to be located at λψ.

Remark A1 : From equation (1), it follows that the dynamics of λ becomes infinitively fast for
v → 0. We can neglect the situation for small v, since ABS are switched off when the velocity has
reached a threshold vmin or locking up is accepted.

Due to (A10) we find

∆v = Fz
m
·
Tc∫

0

µ(λ(t)) dt ≤ Fz
m
· Tc · µ(λµ), (A12)

which results at a value around ∆v = 1ms . Thus, regarding the dynamics of λ in (1), on a short
time scale the change of v is insignificantly small. We consider it as a slowly varying variable and
neglect the second equation of (1) leading to v constant. Following (A11) and (A14) the system’s
dynamics is reduced to (9).1

A.2 Change of braking torque

Until now, we have been describing the dynamics of the system affected by a constant braking
torque Tb. The braking torque is generated by the driver who exerts the pedal transmitting
hydraulic pressure pb on the brake. We use a static brake-pad friction model leading to the simple
connection

Tb = rd · χ · A · pb, (A13)

where rd is the brake disk radius, χ is the constant friction coefficient, and A is the brake piston
area. In modern cars a pressure modulator is implemented in the hydraulic system. We consider
the following model with two so-called on/off-valves. Basically, this pressure modulator allows to
modify the braking pressure in three different ways depending on the state of its two valves, the
build valve v1 and the dump valve v2:

• If v1 is opened while v2 remains closed, the pump increases the braking pressure.
• If both valves are closed, the pressure is kept constant.
• If v1 is closed and v2 opened, the pressure decreases.
The increase and decrease rate of Tb are described by two rate limits k1 > 0 and k2 < 0. Thus,
the dynamics of the pressure Tb results in

Ṫb = u, (A14)

where the values of u are defined by the physical capacity of the pressure modulator. If the pressure
modulator increases or decreases the pressure at a constant rate, then u ∈ {k1, 0, k2} as far as the
above 3-state control logic is concerned. 2 The control logic should switch adequately between the
different options of u to result in a stable behaviour of the vehicle.

1Nevertheless, the control logic is needed to work at any occuring velocity.
2Since it is physically not possible that the braking pressure becomes negativem we find Tb ≥ 0. Thus, to be more precise,
Ṫb = u is restricted to u ∈ {0, k1} at Tb = 0.
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When a braking maneuver is started, we assume the vehicle to move at constant velocity v(0) = v0
in a state of non-braking Tb(0) = 0 and λ(0) = 0.

Appendix B: Perturbation method

We first state the applied perturbation approach in a generalised form for Poincaré Maps with
specific properties. Then we specify the resulting lemmas to the ABS system and finally give
computable formulae that are used in the analysis.

B.1 Introduction

Let there be a perturbed dynamical system given by

ẋ = f(x, ε), x ∈ Rn, ε ∈ [0, εdef ), (B1)

where f : Rn × [0, εdef ) −→ Rn is a twice continuously differentiable function. Let there be a
(n − 1)-dimensional Poincaré section Σ0 ⊂ Rn and a corresponding Poincaré map P (x, ε) such
that

P (ξ, 0) = ξ, for all ξ ∈ Σ0, (∗)

and P is a three times continuously differentiable function at ε = 0. P may not be defined for
all combinations ξ ∈ Σ0 and 0 ≤ ε < εdef . Therefore, we denote the domain of P , e.g. those
combinations that have a first return, by Λ ⊂ Rn × [0, εdef ) and consider the Poincaré map

P (ξ, ε) : Λ −→ Σ0. (B2)

Due to property (∗), we find Σ0 × {0} ⊂ Λ. Moreover, we assume that there exists an open
neighbourhood of Σ0 × {0} in Λ so that derivatives of P at ε = 0 are well defined.
For convenience, we assume that Σ0 is not only a hypersurface but a hyperplane and 0 ∈ Σ0.1
At ε = 0 every point ξ ∈ Σ0 is a fixed point of P (ξ, ε). We would like to find 0 < εmax < εdef and
a continuously differentiable function

F : [0, εmax) −→ Σ0, (B3)

such that

F (ε) = P (F (ε), ε). (B4)

The description of F (ε) shall be given by

F (ε) = ξ0 + ξ(ε) · ε = ξ0 + ξ1 · ε+O(ε2), (B5)

where ξ0 ∈ Σ0 and ξ : [0, εmax) −→ Rn is a continuous function. Furthermore, we predict the
stability of the fixed points, e.g. whether they are asymptotically stable around ε = 0. In this case,
we show the existence of a value 0 < εstab ≤ εmax, up to which the corresponding trajectories are
at least asymptotically stable.

1By this restriction, we will stay within the manifold when adding two vectors u, v ∈ Σ0, simplifying the calculations. Since
every Poincaré section is as a hypersurface locally equivalent to Rn−1 and our analysis is operating locally, we do not lose
any generality by this confinement.
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In the expression (B5), we directly find F (0) = ξ0. The element ξ0 is the bifurcation point at
ε = 0. The fixed points F (ε) bifurcate from the variety of fixed points at ε = 0 where every point
is a fixed point. The point ξ0 can be exactly calculated by the perturbation approach in contrast
to F (1).

B.2 Perturbation method for Poincaré map

Lemma B.1: Assume there is a three times continuously differentiable Poincaré map P (ξ, ε) :
Λ −→ Σ0 such that

P (ξ, 0) ≡ ξ, for all ξ ∈ Σ0. (∗)

Secondly, assume there exists ξ0 ∈ Σ0, 0 < εmax < εdef and a continuous function ξ(ε) :
[0, εmax)→ Rn such that

P (ξ0 + ξ(ε) · ε, ε) ≡ ξ0 + ξ(ε) · ε = F (ε), (B6)

for all 0 ≤ ε < εmax. Then, it holds that

DεP (ξ0, 0) = 0. (B7)

Proof sketch:
Expand Pε(ξ, ε) in a Taylor series in ε = 0 in the second argument to second order. Use (∗) to
simplify the derived equations and divide by ε 6= 0. Then take the limits ε→ 0.
Now after postulating the existence of F (ε) to gain necessary condition (B7), we obtain conditions
that are sufficient to the local existence of the required function F (ε).

Lemma B.2: Let there be a three times continuously differentiable Poincaré map P (ξ, ε) : Λ −→
Σ0 with the following property:

P (ξ, 0) ≡ ξ, for all ξ ∈ Σ0. (∗)

Assume there exists ξ0 ∈ Σ0 such that the necessary condition given by lemma B.1

DεP (ξ0, 0) = 0, (B8)

holds, and further assume

det(DξDεP (ξ0, 0)) 6= 0. (B9)

Then, there exists 0 < εmax < εdef and a continuous function ξ(ε) : [0, εmax) 7→ Rn such that

P (ξ0 + ξ(ε) · ε, ε) ≡ ξ0 + ξ(ε) · ε, (B10)

for all 0 ≤ ε < εmax. Furthermore, there exists a unique ξ1 ∈ Rn,

ξ1 = −1
2 · (DξDεP (ξ0, 0))−1 ·DεDεP (ξ0, 0), (B11)

such that ξ(ε) is given by

ξ(ε) = ξ1 +O(ε). (B12)
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Proof sketch:
Following Kamenskii et al. (2011) we consider the auxiliary function Φ given by

Φ(ξ, ε) = 1
ε2
·
[
P (ξ0 + ξ · ε, ε)− P (ξ0 + ξ · ε, 0)

]
. (B13)

Show that ε = 0 is a removable singularity by expanding P (ξ0 + ξ · ε, ε) as Taylor series in the
second argument up to second order and DεP (ξ0 + ξ · ε, 0) in the first argument. Then apply the
implicit function theorem (see e.g. Zorich (2004, § 8.5.4, Theorem 1)) at Φ(ξ1, 0) = 0 to gain the
existence of a unique function ξ(ε) that has the required properties. .
Finally, we inspect the stability of the fixed points.

Lemma B.3: Let there be a three times continuously differentiable map P (ξ, ε) : Λ −→ Σ0 such
that

P (ξ, 0) ≡ ξ, for all ξ ∈ Σ0. (∗)

Let there be ξ0 ∈ Σ0 and 0 < εmax ≤ εdef and a continuously differentiable function ξ(ε) :
[0, εmax) −→ Rn such that

P (ξ0 + ξ(ε) · ε, ε) ≡ ξ0 + ξ(ε) · ε, for all 0 ≤ ε < εmax. (B14)

Assume every eigenvalue λi of DεDξP (ξ0, 0) has a negative real part. Then, there exists 0 < εstab <
εmax such that for every ε ∈ (0, εstab) the periodic trajectory of (B1) with the initial condition
F (ε) = ξ0 + ξ(ε) · ε is asymptotically stable.

Proof sketch:
To analyse the stability of the solutions, the eigenvalues µi of DξP (ξ0 + ξ(ε) · ε, ε) are examined
to show that for small ε > 0 eigenvalues are inside the unit cycle.
Due to (∗), in the case ε = 0 it holds P (∆ξ + ξ0, 0) = ∆ξ + ξ0 or

DξP (ξ0, 0) = I, (B15)

every eigenvalue is equal to 1 and every trajectory is obviously Lyapunov stable, but not asymp-
totically stable.
Continue by analysing the case of ε > 0. Expand DξP (ξ0 + ξ(ε) · ε, ε) as a Taylor series in ε around
0:

DξP (ξ0 + ξ(ε) · ε, ε) = DξP (ξ0, 0)+
+ε · (DεDξP (ξ0, 0) +DξDξP (ξ0, 0) ·Dεξ(0) +O(ε)), (B16)

where O(ε) ∈ O(ε). Equation (B15) leads to DξDξP (ξ0, 0) = 0 and therefore

DξP (ξ0 + ξ(ε) · ε, ε) = I + ε · (DεDξP (ξ0, 0) +O(ε)). (B17)

Due to the assumptions, every eigenvalue λi of DεDξP (ξ0, 0) has a negative real part. Define

rmin := min
i=1,...,n

‖Re(λi)‖ > 0. (B18)

Due to the continuity of eigenvalues with respect to perturbations of the matrix, there exists
εrmin/2 > 0 such that for all 0 ≤ ε < εrmin/2 every eigenvalue λ̃i(ε) of the matrix DεDξP (ξ0, 0)+O(ε)
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is included in

D(rmin/2) :=
n⋃
i=1

D(λi, rmin/2) ⊂ {z ∈ C| Re(z) < 0}. (B19)

The eigenvalues µi of DξP (ξ0 + ξ(ε) · ε, ε) are connected to the eigenvalues λ̃i of DεDξP (ξ0, 0)
+O(ε) by

µi(ε) = 1 + ε · λ̃i(ε). (B20)

The function

γ : {z ∈ C | Re(z) < 0} −→ (0,∞),

γ(z) := − 2 · Re(z)
Re(z)2 + Im(z)2 ,

(B21)

is continuous and it holds

(1 + ε · z) ∈ D(0, 1), for all 0 < ε < γ(z). (B22)

On the compact set D(rmin/2) γ(z) has a minimum εγmin . For

0 < ε < εstab := min {εγmin , εrmin/2}, (B23)

it holds that

λ̃i(ε) ∈ D(rmin/2), for all 0 < ε < εstab, (B24)

and

µi(ε) = (1 + ε · λ̃i(ε)) ∈ D(0, 1), for all 0 < ε < εstab. (B25)

Thus, trajectories are asymptotically stable.

B.3 Concretisation for ABS

In the preceding section, we have presented general results assuming the special property (∗) of
the Poincaré map. There are various types of systems that exhibit this property. In this section, we
examine one type of dynamical systems as resulting from our ABS design. We extend the results
to specific conclusions for this system which can be applied to the ABS model. Assume a phase
space given by

Ω := Rn × V ,

V := [V0, V1],
(B26)
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where V0 < V1.1 We introduce two switching surfaces

Σ0 = {(x, v) ∈ Ω | v = V0},

Σ1 = {(x, v) ∈ Ω | v = V1}.
(B27)

Let the dynamics depend on a state variable u ∈ {1, 2} and either be given by

ẋ = ε · f1(x, v, ε),
v̇ = k1 + ε · g1(x, v, ε),

(B28)

for u = 1 or

ẋ = ε · f2(x, v, ε),
v̇ = k2 + ε · g2(x, v, ε),

(B29)

for u = 2 where k1 > 0, k2 < 0. The trajectory moves up and down between the two switching
surfaces: Whenever the switching surface Σ1 is hit, the dynamics shall switch to u = 2, at Σ0
to u = 1. We directly find that property (∗) is fulfilled. We treat Σ0 as a Poincaré section and
introduce the Poincaré map

P : Λ ⊂ Σ0 × [0, εdef ) −→ Σ0 (B30)

where Λ consists of those (x, ε) ∈ Σ0 × [0, εdef ) that have a first return. On these conditions, the
Poincaré map of a point x ∈ Σ0 is given by

P (x, ε) = x(Tc, x, V0, ε), (B31)

where Tc = T1 +T2 is the time the trajectory needs to reach Σ1 and return to Σ0. To split up the
flow into the two flows corresponding to the two states of the system we introduce the functions
x1 and x2 that describe the flow in each of the states. Thus, we find

x(Tc, x, V0, ε) =
= x2(T2(x1(T1(x, ε), x, V0, ε), ε),x1(T1(x, ε), x, V0, ε), V1, ε), (B32)

and can resort to the conditions given in lemma B.1, B.2 and B.3.

Remark B1 : Existence and differentiability of Ti(x, ε) follows by applying the Implicit Func-
tion Theorem (see e.g. Zorich (2004, § 8.5.4, Theorem 1)). This comes from the fact that
t 7→ x1(t, x, V0, 0) and t 7→ x2(t, x, V1, 0) approach V1 and V0 at t = V1 − V0 transversally.
Moreover, Ti are as smooth as the functions fi and gi are. In accordance with formula (B32), the
Poincaré map P (x, ε) exists and has as many continuous derivatives as fi and gi do.

The derivatives of P result in partial derivatives of the flow functions. Most of the derivatives
cross out and we find simple and computable expressions of the conditions:

Proposition B.4: With V2 := V0 it holds that

DεP (ξ0, 0) = 1
k1
·
V1∫
V0

f1(ξ0, τ, 0)dτ + 1
k2
·
V2∫
V1

f2(ξ0, τ, 0)dτ, (B33)

1The system is a special case of more general, cylindrical phase spaces such as V := {V0 + [(v−V0) mod V2] | v ∈ R}, where
V0 < V1 < V2 and Σ0 = {(x, v) ∈ Ω | v = V0 ∼= V2} and Σ1 = {(x, v) ∈ Ω | v = V1} that can also be analysed by this
method.
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and

DξDεP (ξ0, 0) = 1
k1
·
V1∫
V0

Dxf1(ξ0, τ, 0)dτ + 1
k2
·
V2∫
V1

Dxf2(ξ0, τ, 0)dτ. (B34)

As far as a computable description for the first order approximation ξ1 is concerned, we find

ξ1 = −
[
DxDεx1(ζ1) +DxDεx2(ζ2)

]−1
·
[
DtDεx1(ζ1) ·DεT1(ξ0, ε)+

+ 1
2 ·DεDεx1(ζ1) +DtDεx2(ζ2) ·DεT2(ξ0, ε) + 1

2 ·DεDεx2(ζ2)+

+DεDxx2(ζ2) ·Dεx1(ζ1)
]
.

(B35)

where
DtDεxi(ζi) = fi(ξ0, Vi, 0), for i = 1, 2, (B36)

DεDεxi(ζi) = 2
ki

2 ·
Vi∫

Vi−1

[
ki ·Dεfi(ξ0, τ, 0)+

+Dxfi(ξ0, τ, 0) ·
τ∫

Vi−1

fi(ξ0, s, 0) ds +Dvfi(ξ0, τ, 0) ·
τ∫

Vi−1

gi(ξ0, s, 0)ds
]
dτ,

(B37)

for i=1,2,

DεTi(ξ0, 0) = − 1
ki

2 ·
Vi∫

Vi−1

gi(ξ0, τ, 0) dτ, for i = 1, 2, (B38)

and

Dεx1(ζ1) = 1
k1
·
V1∫
V0

f1(ξ0, τ, 0) dτ, (B39)

DεDxx2(ζ2) = 1
k2
·
V2∫
V1

Dxf2(ξ0, τ, 0) dτ, (B40)

ζi =
(
V1 − V0

ki
, ξ0, Vi−1, 0

)
, for i = 1, 2.

We refer to Köppen (2013) for further details.

Remark B2 : With the identification λ = x, Tb = v and V0 = Tbmin and V1 = Tbmax the ABS
design exhibits the structure (B26) and we can directly apply the propositions in our analysis.

Remark B3 : In the case gi ≡ 0 formula (B35) greatly simplifies.
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