
Project Description

OBJECTIVES

In the field of materials science many phenomena have been described via a discretization. Some
approaches start with equations of continuum mechanics and obtain a discrete model by applying
the finite-element method (see e.g. [17, 32, 47]). Other approaches begin with a network of
springs that either describes micro-connections inside the material ([5, 9, 28, 38, J4, J8, J9]),
or represents a discretization of the divergence of the momentum equation ([4, 39, M2]). The
analysis of the response of networks of elastic springs to cyclic loading goes back to the pioneering
work of Fermi-Pasta-Ulam, where a comprehensive mathematical theory has been developed by
now. However, when the springs are elastoplastic (the stress of each spring is constrained within
so-called elastic limits), the rigorous understanding of the role of plasticity of individual springs in
the overall cyclic dynamics is currently very limited, despite of the fact that regions of concentration
of plastic deformations have recently been shown to cause crack initialization and fatigue in various
heterogeneous materials [2, 7, 16]. There is currently a great potential in lowering the cost of
simulations and design of e.g. composite and alloy materials, if such a rigorous theory is developed.

The goal of the project is to develop a theory of networks of elastoplastic springs (elastoplastic
systems) with cyclic loadings, that allows to predict and control the regions where the value of the
stress reaches the elastic limits repeatedly. To achieve this goal we will need to

Objective A: Link the elastoplastic system to suitable differential equations where elastic
limits play a role of unilateral constraints. To construct the required dynamical system (called
sweeping process), the approach by Moreau [39] will be adapted, where time-dependent loading of
elastoplastic system is going to correspond to a time-dependent polyhedral constraint C(t).

Objective B: Study asymptotic stability of the response of sweeping process to cyclic loading.
Asymptotic convergence to a family X of periodic orbits is known (Krejci [30]) for the case of
massless nodes. We are going to show that X is a singleton, if an element of X stays at a corner
of C(t) for positive time (ideas of Adly [1]) or if C(t) is a simplex (ideas of PI Makarenkov [M2]).

Objective C: Identity typical bifurcations that the elastoplastic system undergoes upon adding
masses in nodes (or, equivalently, upon increasing the velocity of loading): (i) transformation of
the family X into isolated closed orbits, (ii) the occurrence of isolated equilibria inside C(t) and
their collisions with the boundary of C(t) (known as border-collision bifurcation [M3, M12]).

Objective D: Identify classes of cyclic loadings that allow to accurately predict different types of
asymptotic distribution of plastic deformations in a lattice spring model of a typical elastoplastic
heterogeneous material (PI Jiao [J6, J5]) after a desired number of representative cycles (e.g. after
two cycles) of loading (instead of explicitly simulating many actual loading cycles).

If time permits, we will extend the proposed framework to networks of elastoplastic springs with
changing topology, where some springs are allowed to disappear and re-appear at different locations
when the stress reaches elastic limits. This will cover biological materials (extracellular matrix fibers
with plastic behavior [29], self-healing materials [23]), and swarming of mobile router networks [46].

INTELLECTUAL MERIT

Challenges coming from the present state of knowledge in the field. The classical theory
of elastoplasticity offers comprehensive results, commonly known as shakedown theorems, about
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the maximal magnitude of the applied loading (shakedown load limit) beyond which the response
of elastoplastic material necessary involves plastic deformation regardless of the initial distribution
of stresses in the material, see [26, §10]. In other words, shakedown theorems measure the distance
between the current stress distribution in the material to a certain boundary (called yield surface)
built of the spatially distributed elastic limits. The fundamental result by Frederick and Armstrong
[19] says that, if the amplitude of a T -periodic loading exceeds the shakedown limit, then the stress
distribution asymptotically approaches a unique T -periodic steady cycle which doesn’t depend on
the initial stress distribution (uniqueness result). The main condition of the Frederick-Armstrong
theorem is a so-called Drucker’s postulate, which prohibits the yield surface to contain any lines of
zero curvature [19, p. 159]. Assuming Drucker’s postulate or another restriction on the geometry of
the yielding surface (such as von Mises, Tresca, or Mohr-Coulomb criteria), many authors computed
the steady cycle by discretizing the problem spatially [22, 25, 35] and/or temporarily [42, 43, 53],
and by solving the associated minimization problems for the successive discrete states. Applications
included the performance of various structures and metal matrix composites under cyclic loadings,
see [20, 50]. Big names such as Dal Maso [37], Ortiz [41], Mielke [13] studied the properties of
solutions of discrete approximations and their convergence as the approximation mesh gets smaller.

Aiming to design materials with better properties, there has been a great deal of work lately
where a discrete structure comes not from an associated model of continuum mechanics, but
from a certain microstructure formulated through a lattice of elastic springs [6, 34] (metals),
[21, 52] (polymers), [J2] (titanium alloys), [27, 45, 49] (biological materials). At the same time,
the most recent discovery [7] says that fatigue crack initialization in heterogeneous materials
strongly depends on local micro-plasticity, that makes it highly relevant to consider the springs
of the above-mentioned lattice spring models elastoplastic. However, the theory available for
continuum equations of elastoplastic materials doesn’t carry to lattices of elastoplastic springs
directly. Therefore, investigation of properties of solutions and reinvention of the uniqueness results
is currently the urgent actual problem in the context of lattice spring modeling, which will be the
base of further computational results. But more intriguingly, the evolution of stresses in lattices
of elastoplastic springs with cyclic loading provides a dynamical system with very interesting and
controllable properties (finite-time asymptotic stability, nonsmooth bifurcations, etc), that haven’t
been explored in engineering literature because of the lack of an adequate mathematical theory.
The project takes an initiative in the development of the required mathematical theory.

Under additional assumptions (e.g. prescribed plastic deformation path), the equations of
continuum mechanics and lattice spring systems can be significantly simplified and used to describe
certain regimes (e.g. shakedown). However, the respective phenomenological models offer little
insight under what microstructure one or another regime becomes effective (see e.g. [40, p. 19]).
This diminishes the use of phenomenological models for the design of materials from microstructure.
That is why the project deals with the lattice spring systems directly.

In what follows we discuss intellectual merit for each of each of the objectives of the project.

A. Sweeping process formulation of elastoplastic systems. Starting with a graph of m
connected elastoplastic springs, the project takes Moreau’s approach [39] to write down the equation
for stress si of spring i without any knowledge about plastic deformation of the spring and relying
entirely on the geometry of the graph and elastic limits [c−i , c

+
i ] of the springs. The plasticity is

accounted through the m-dimensional parallelepiped-shaped constraint C(t), whose boundary can
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be viewed as discretized yield surface, see Fig. 1. Beneficially for the performance of computational
routines, Moreau concluded that the stress-vector s(t) = (s1(t), ..., sm(t)) of the springs is confined
within a time-independent low-dimensional hyperplane V . That is also due to Moreau that external
time-varying loadings enter the equations of dynamics through a time-varying vector c(t) that acts
as displacement of the parallelepiped C (Fig. 1).

An obstacle towards practical implementation of the  
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Figure 1: Moving constraint for
different values of time. Notations:
a C(t) = Π(t) ∩ V ,
a Π(t) = C + c(t),
a C = [c−1 , c

+
1 ]× ...× [c−m, c

+
m].

Moreau approach [39] in the context of spring network
modeling is that [39] deals with abstract configuration
spaces translated to practical quantities only for examples
from dry friction mechanics. This obstacle was completely
cleared in the recent paper by PI Makarenkov and
his student [M2], who constructed the vector c(t) and
the hyperplane V for arbitrary elastoplastic systems
of 1-dimensional nodes. The work [M2] discovered
that the functions g(t) ∈ V and h(t) ⊥ V in the
orthogonal decomposition of c(t) (see Fig. 1) correspond
to displacement-controlled and stress-controlled loadings
respectively (as termed in [20]). The achievement of [M2] makes it possible to link the dynamics
of elastoplastic systems to the dynamics of sweeping processes. Exploring and strengthening such
a link (Objective A) will, for the first time ever, allow to apply the methods of dynamical systems
theory to control the asymptotic distribution and bifurcation of stresses in elastoplastic systems.

Objective A expanded: Linking elastoplastic systems to sweeping processes, i.e.

A1) Extending the Moreau approach to the case where the coordinates of the nodes take the
values in R2 or R3, rather than in R.

A2) Extending the Moreau approach to the case where the nodes of springs are weighty
(dynamic modeling), rather than massless (quasi-static modeling).

A3) Understanding the extent to which the displacement-controlled and stress-controlled
loadings (see (6)-(7) or [20]) are capable to influence the geometry of the moving constraint.

The inertial forces (generated by masses in nodes) were accounted through sweeping processes e.g.
in Bastien et al [4], whose modeling requires adding a non-trivial vector field to the differential
equation of sweeping process (on top of the constraint). Such a sweeping process is called perturbed
sweeping process. However, the modeling in [4] doesn’t take advantage of applied loadings in order
to reduce the dynamics to the moving constraint. In particular, the constraint C(t) of [4] is always
a parallelepiped, i.e. the applied loading h(t) is not capable to influence the shape of C(t) (that
may give better stability properties, as we explain in Part B). That is why the project will offer a
new dynamic approach based on a state-dependent analogue of the plane V .

B. Asymptotic stability. If we know that periodic solution s(t) = (s1(t), ..., sm(t)) attracts
all other solutions in exactly one cycle of external loading, then running the numeric routine for
just two cycles of external loading is sufficient for a complete picture about the evolution of stress
distribution and for conclusion about regions of plastic deformation. Current methods of computing
the asymptotic response (see e.g. [8, 53]) run the numeric routine until the difference between the
responses corresponding to two successive cycles of loading get smaller than a prescribed tolerance
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(without any estimate as for how soon such a prescribed accuracy will be reached). Since, by
definition, the rate of the loading in quasi-static modeling needs to be very slow, a tool to control
the rate of convergence of stresses of springs to the asymptotic regime will be a breakthrough in
the performance of fatigue analysis. Objective B provides the required tool in a systematic way.

Objective B expanded: Asymptotic stability of the response under cyclic loading.

B1) Asymptotic convergence to a convex set of periodic functions (termed periodic attractor).

B2) An estimate for the rate of asymptotic convergence.

B3) Conditions for finite-time stability of periodic attractor.

B4) Conditions for periodic attractor to consist of just one solution (uniqueness of response).

Proof of B1 is currently known for state-independent sweeping processes only (Krejci [30, Theorem
3.14]). The results of type B2-B3 cannot be established in the settings of Frederick-Armstrong
uniqueness result of the classical theory of elastoplasticity (see [24, pp. 510-511] for the related
discussion). The access to the rate of convergence is exclusively a consequence of the discretization.
The result of type B3 is known for frictional systems (Adly et al [1]), but for sweeping processes the
problem is completely open. Fundamental breakthrough towards B4 has been recently made by PI
Makarenkov and his student [M2], who proved B4 when C(t) is a simplex. The project, therefore,
puts the simplectic shape of C(t) forwards as a Discrete analogue of Drucker’s postulate (see p.2).

As for dynamic evolution, global asymptotic stability of monotone perturbed sweeping processes
has been established by PI Makarenkov and co-authors in [M4]. “When are the perturbed sweeping
processes coming from elastoplastic systems monotone?” is an open question. Even less is known
for state-dependent sweeping processes, but a fundamental contraction property has been recently
discovered by PI Makarenkov [M1, formula (23)] for the iterations of the approximation scheme.
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Figure 2: A toy lattice spring model subject to different patterns of loading fi(t)
(displacement-controlled and/or stress-controlled). This toy model can be viewed as a
part of the ordered cubic network of springs of the polymer-matrix composite of Fig. 5a.

Figure 2:
The project will introduce a benchmark model (Fig. 2) to evaluate the success of part B. Fixing an
arbitrary collection of springs, we will use the results of part B to conclude which of the 5 cyclic
loadings (a)-(e) of Fig. 2 are capable to produce a unique asymptotically stable (finite-time stable)
response where only pre-selected collection of springs deform plastically, while the other springs
stay in just elastic mode at all times. Which configurations of loadings in Fig. 2 lead to a periodic
attractor of non-constant solutions (discovered by PI Makarenkov and student for an instructional
simpler model in [M2, §3.7]) as opposed to an isolated periodic orbit?

C. Bifurcations. Accounting for masses in nodes creates opportunities for more interesting
dynamics that this project will unveil through a bifurcation approach. Moreover, the engineering
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literature reports multiple experiments as for how increasing rate of cyclic loading dramatically
changes the (time-dependent) distribution of stresses in elastoplastic material [12, 51, 36, 3] which,
dynamically speaking, means transformation (and, possibly, bifurcation) of the periodic attractor.

Objective C expanded: Bifurcations of periodic attractor in the transition from
quasi-static to dynamic modeling (i.e. from the sweeping process of part A1 to part A2).

C1) Breakage of the attractor of periodic orbits (see B1) into isolated periodic orbits. Deriving
a bifurcation function capable to predict location of asymptotically stable isolated orbits.

C2) When the dynamic evolution is modeled by a perturbed sweeping process (see discussion
after Objective A above), investigate bifurcations coming from a collision of an elastic
equilibrium (i.e. the equilibrium that lies strictly inside C(t)) with the boundary of C(t).

If the dynamic evolution is modeled by a perturbed sweeping process, then the occurrence of an
isolated equilibrium inside C(t) is typical. Studying the collision of such an equilibrium with
the boundary of C(t) is a topic of so-called nonsmooth bifurcation theory, where the boundary
simply separates one smooth dynamics from another (Filippov system), see our survey [M12]. For
constant constraints, PI Makarenkov and student just established [M3] an equivalence between
sweeping processes and Filippov systems, that made solution of the general problem C2 feasible.

Substantial changes in the dynamics upon accounting for inertial forces have been addressed in
the theory of elastoplastic materials earlier, but locally [2]. Thanks to discretization, this project
will allow to solve the global problem. As a benchmark, we will clarify how the dynamic modeling
changes the conclusions obtained earlier for quasi-static evolution of the prototypic model of Fig. 2.

D. Stress distribution in elastoplastic heterogeneous materials. In the earlier papers
of PI Jiao a so-called Volume-Compensated Lattice-Particle (VCLP) method has been developed
that is capable to map a digital representation of the material microstructure to an ordered cubic
network of springs [J5, J6, J9]. The VCLP method already led to the design of particle-reinforced
polymer-matrix composite with superior mechanical properties [J5, J6] (elastic modulus and
fracture toughness). At the same time, recent findings show [7] that a pivotal role in the performance
of heterogeneous materials under cyclic loading is played by micro-plasticity. Specifically, the
regions of high concentration of plastic deformations are the likely candidates for fatigue crack
initialization [2, 7, 16]. To allow the design of microstructures for which the destribution of plastic
deformations stays as uniform as possible, this project will investigate the asymptotic distribution
of plastic deformations (or, equivalently, the asymptotic distribution of stresses) in elastoplastic
systems under different classes of loadings.

Objective D expanded: Efficient prediction of fatigue crack initialization.

D1) Use B3 to design cyclic loadings that ensure convergence of stresses s(t) = (s1(t), ..., sm(t))
to a unique periodic regime in just one cycle of cyclic loading.

D2) Use B4 to design such a constant force-controlled loading for which the cyclic response is
unique for any cyclic displacement-controlled loading (applied on top of the force-controlled
loading) that exceeds the shakedown limit (see 1st paragraph of p.3). Take advantage of
the symplectic shape of C(t) to provide simple formulas for the rate of convergence of s(t).

D3) Find conditions for the cyclic loading, for which the constraint C(t) oscillates orthogonal to
its facets for all times, i.e. cyclic response is nonunique. Use the results of C1 to classify all
loadings found against the type of structural stability/instability of the periodic attractor.
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EXPECTED SIGNIFICANCE

Significance in the field of elastoplasticity. For elastoplastic systems with cyclic loading
beyond shakedown limit, the project takes advantage of plasticity and offers both the conditions
for the convergence of stress distribution s(t) = (s1(t), ..., sm(t)) to an asymptotic response s∗(t) in
exactly one cycle of loading and conditions that ensure a prescribed closedness of s(t) to s∗(t) in a
given number of cycles. Earlier methods required simulating each material microstructure for many
cycles, because insufficient number of loading cycles is known to lead to inaccurate predictions ([24,
pp. 510-511]). The project, therefore, provides revolutionary tools to accelerate computation of the
regions of concentration of plastic deformation (known to cause crack initialization [2, 7, 16]) and
makes it computationally feasible to design materials with superior fatigue resistance by searching
the material microstructure space. The designed materials (e.g., super fatigue resistant Ti alloys)
can be eventually manufactured to impact, e.g., aerospace industry [33].

Since our approach is based on dynamical systems theory (we formulate the elastoplastic system
through a sweeping process), it unveils a number of interesting dynamical phenomena, such as e.g.
bifurcation of isolated asymptotically stable solutions from a family of periodic orbits upon varying
the masses of nodes of the elastoplastic system, or the occurrence of small amplitude limit cycles.
The present state-of-the-art in the field of elastoplasticity is mainly based on variational techniques,
which are not capable to detect this kind of transformations.

The success of the project will be evaluated using a particle-reinforced polymer-matrix composite,
thus (i) providing both dynamicists and materials scientists with an evidence of the efficiency of
the proposed framework, (ii) fostering collaboration between dynamicists and materials scientists.

Significance in the field of sweeping processes. For quasi-static evolution, the project for
the first time ever, derives conditions for finite-time stability of a periodic attractor. For dynamic
evolution, the idea of building upon an invertibility of matrix B in A2 to formulate the dynamic
evolution as a state-dependent sweeping process is a breakthrough discovery, that further gives a
chance to design bi-stability of elastoplastic system through a bifurcation from a quasi-static family
of periodic orbits (typical to some elastoplastic systems, as shown earlier by PI Makarenkov and
student in [M2]). In addition, linking border-collision bifurcation theory to elastoplastic systems,
will attract attention of the large community of researchers working in nonsmooth dynamical
systems (potentially unveiling new types of nonsmooth bifurcations in the context of elastoplasticity,
such as e.g. grazing bifurcation).

Broad perspective of further potential applications. As mentioned at page 1 of the
proposal, extending the theory to topology-dependent networks opens outstanding perspectives
for further applications to e.g. extracellular matrix fiber networks [29], self-healing materials [23],
and swarming of mobile router networks [46], that this project will explore if time permits.

PLAN OF WORK

A. Linking elastoplastic systems to sweeping processes (year 1).

Formal definition of a sweeping process (Kunze and Monteiro Marques [31]). The outward
normal cone to a convex set C ⊂ Rn at a point x ∈ Rn is the set

NC(x) =

{
{ξ ∈ Rn : 〈ξ, c− x〉 ≤ 0, for any c ∈ C} , if x ∈ C,
∅, if x 6∈ C. (1)

6



The trajectory of a point swept by the boundary of closed convex set C(t) (see e.g. Fig. 6left) is
described by the differential inclusion

−ẋ ∈ NC(t)(x), (2)

called sweeping process. If C(t) is Lipschitz in t, then, for any initial condition x(t0) ∈ C(t0), there
exists a unique Lipschitz function x(t) ∈ C(t) which verifies (2) for a.a. t ≥ t0 ([31, Theorem 2]).

Formulation of an elastoplastic system of 1-dimensional nodes. We consider a graph of m
elastoplastic springs of lengths ek + pk, k ∈ 1,m, where ek ∈ R and pk ∈ R are elastic and plastic
components respectively. The springs connect n nodes according to ek+pk = ξjk−ξik , where ik and
jk are the indexes of the left and right nodes of spring k respectively, and ξi ∈ R is the coordinate
of node i. The bounds of the stress of elastic component of spring k are denoted by [c−k , c

+
k ] and ak

stays for the Hooke’s coefficient of this spring. The project investigates the quasistatic evolution of
the vector e(t) under the influence of a stress loadings wi(t), applied at node i ∈ 1, n and subject
to q enforced constraints (displacement-controlled) that lock the distance between nodes Ik and Jk
according to ξJk − ξIk = lk(t). We assume that each length lk ∈ R is uniquely determined by the
stresses of springs (this doesn’t restrict generality of the analysis), i.e. for each enforced constraint
k there exists a chain of springs which connects the left node Ik of the constraint k with its right
node Jk. To each enforced constraint k we can, therefore, associate a so-called incidence vector
Rk ∈ Rm whose i-th component is −1, 0, or 1 according to whether the spring i increases, not
influences, or decreases the displacement when moving from node Ik to Jk along the chain selected.

With the notations introduced the quasistatic evolution of the stresses sk of springs and tensions
rk of enforced constraints can be formulated in the vector form by the following variational system
(which corresponds to equations (6.1)-(6.6) in the abstract framework by Moreau [39])

Elastic deformation: s = Ae, A = diag(a1, ..., am), (3)

Plastic deformation: ṗ ∈ NC (s) , C = [c−1 , c
+
1 ]× ...× [c−m, c

+
m], d(4)

Geometric constraint: e+ p ∈ D(Rn), (5)

Displacement-controlled loading: RT (e+ p) = l(t), (6)

Static balance under stress-controlled loading: −DT s−DTRr + w(t) = 0, (7)

where D is the m × n-matrix Dξ = (ξjk − ξik)mk=1 (kinematic matrix), R is the m × q-matrix R =(
R1, . . . , Rq

)
, r = (r1, ..., rq)

T is the vector of reactions of mechanical loading.

Formulation of the sweeping process that corresponds to the elastoplastic system.
To obtain a sweeping process we further assume that the enforced constraints {ri(t)}qi=1 are
independent (rank

(
DTR

)
= q) and that f(t) can be balanced by the stresses of springs. These

assumptions ensure the existence of a n× q-matrix ξ̄ such that RTDξ̄ = Iq×q and the existence of
a continuous function h̄ : R→ Rm such that w(t) = −DT h̄(t). Introducing

U =
{
x ∈ D(Rn) : RTx = 0

}
, V = A−1U⊥, (8)

the space V will be the orthogonal complement of the space U in the sense of the scalar product
(u, v) = 〈u,Av〉 . Therefore, any element x ∈ Rm can be uniquely decomposed as x = x|U + x|V ,
where x|U ∈ U and x|V ∈ V. Define

g(t) =
(
Dξ̄l(t)

)∣∣
V

and h(t) = A
(
A−1h̄(t)

)∣∣
U
. (9)
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Let (s(t), e(t), p(t), r(t)) be a solution to (3)-(7). As long as (intC + h(t)) ∩ U⊥ 6= 0 (safe load
assumption), the solution y(t) of the sweeping process

−ẏ ∈ NA
Π(t)∩V (y), where Π(t) = A−1C +A−1h(t)− g(t),

and where NA
C is NC with (u, v) = 〈u,Av〉 in place of 〈·, ·〉

(10)

is related to the elongation e(t) by (see Moreau [39, §6d])

y(t) = e(t) +A−1h(t)− g(t). (11)

A1. Extension to elastoplastic systems of 2- and 3-dimensional nodes. Two possible
options will be explored which we now describe, for simplicity, for 2-dimensional nodes.

Option 1: This option doubles (or triples) the dimension of (10). For a spring i that connects the
nodes ξi,1 and ξi,2 an additional node ξi,∗ will be introduced that decomposes the vector ξi,1 − ξi,2
into the horizontal ξi,∗ − ξi,2 and vertical ξi,1 − ξi,∗ counterparts. An additional constraint will be
introduced that keeps ξi,∗− ξi,2 horizontal and ξi,1− ξi,∗ vertical through the entire evolution. The
spring i will then be replaced by two springs i∗ and i∗∗ with its own limits of elasticity. Spring i∗
will connect the nodes ξi,∗ and ξi,2. The spring i∗∗ will connect the nodes ξi,∗ and ξi,1.

Option 2: This option doesn’t increase dimension of the system, but makes the sweeping process (10)
state-dependent. For each spring i, the 1-dimensional plastic law pi ∈ N[c−i ,c+i ](si) of (4), i ∈ 1,m,

will be replaced by the 2-dimensional one ṗi ∈ Nci(pi)(si), pi, si ∈ R2, where ci(pi) = aidi(pi), and

di(pi) =
{
y ∈ R2 : ‖pi‖+ c−i /ai ≤ ‖y + pi‖ ≤ ‖pi‖+ c+

i /ai
}
.

A2. Extension to dynamic evolution. When the nodes ξi of the elastoplastic system are no
longer massless, the second Newton law yields

−DT s−DTRr + w(t) = Mξ̈, (12)

where M is a 3n× 3n-matrix of masses of nodes. If the matrix B = DM−1DTA is invertible, the
combined dynamic analogues of the quasi-static equations (6)-(7) is given by e + B−1(ë + p̈) ∈ V,
where we can further get rid of ë+ p̈ by observing that ë+ p̈− g̈(t) = (−g̈(t)−Be)|U . This allows
to obtain a sweeping process similar to (10), but with a dependence of the moving constraint on
y(t), called state-dependent sweeping process. When the matrix B is not invertible, we will follow
Bastien et al [4] and introduce (12) into (10) through an additional vector field obtaining a so-called
perturbed sweeping process.

A3. Properties of the moving constraint. From (9) we conclude that the stress-controlled
loading h(t) changes the geometry of C(t) = Π(t) ∩ V (which we view as a shape of dimension
dimV ), see Fig. 1a, where an evolution of h(t) transforms the pentagon C(t) into a triangle C(t1).
In contrast, the displacement-controlled loading g(t) corresponds to the displacement of C(t) along
the hyperplane V , but doesn’t change the geometry of C(t). Part A3 will analyze how the shape
C(t) changes when the vertexes of Π(t) cross the hyperplane V under varying t. Important questions
to address: (i) Whether the triangle of Fig. 1a (i.e. the shape of C(t) for larger magnitudes of
h(t)) is always a simplex in higher dimensional spaces? (required for B4) (ii) What is the class of
the pairs (h(t), g(t)), for which the motion of C(t) is normal to one of its facets? (required for C2)

B. Asymptotic stability of the response under cyclic loading (year 2).
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B1. Convergence to a periodic attractor and properties of the periodic attractor. The
existence of at least one T -periodic solution x∗(t) for both state-dependent and state-independent
and both perturbed and regular sweeping processes follows by Brouwer fixed point theorem. Krejci’s
proof [30] of the convergence, as t→∞, of any solution x of state-independent T -periodic sweeping
process to a periodic one, is based on the fact that the distance t 7→ ‖x(t)−x∗(t)‖ is non-increasing.
That is why it carry on to state-dependent regular sweeping processes most directly. For perturbed
sweeping processes the recent monotonicity results of PI Makarenkov [M4] will be used.

B2. Rate of convergence. The amount of loops that a solution s(t) = (s1(t), ..., sm(t)) makes
before it gets sufficiently close to the asymptotically stable regime, is not fully understood even
in the simplest situation of the state-independent sweeping process (quasi-static evolution) with
cyclic loading. Indeed, simple planar examples show that depending on the amplitude of an
uniaxial loading, the periodic response of sweeping process can be either asymptotically stable
or finite-time stable (see Figs. 3a and 3b). It is completely unclear which type of convergence
can a mixture of this types of convergences produce in a multi-dimensional space and multi-axial
loading. Can a combination of two asymptotic convergence phenomena of Fig. 3a (taking places
along different directions of the space) produce a situation where the solution s(t) interacts with
one facet (J at Fig. 3c) of C(t) during a finite (but large) number of loadings and then approach
its asymptotic state where it no longer interacts with facet J . It would mean that the asymptotic
stress distribution is different from the stress distribution that one observes for the initial cycles
of loading. Furhermore, we are still about to understand whether by combining the phenomena
of Figs. 3a and 3b a situation can be achieved where the solution s(t) reaches certain periodic
regime in finite time, while taking more than 1 cycle of the cyclic loading. Finally, yet unexplored
phenomena that prevent approaching the asymptotic periodic response in a single cycle of loading
come from state-dependence of C(t) and a vector field perturbation of sweeping process (dynamic
evolution, part A2). All these possibilities need to be understood in order to design cyclic loadings
and elastoplastic models with guaranteed required response.
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Figure 3: (a) Asymptotically stable periodic orbit under T -periodic horizontal motion
of C(t); (b) finite-time stable periodic orbit under the same loading of larger amplitude.
Figs (c) and (d) show two possibilities for asymptotic convergence of y(t) to the periodic
limit y∗(t) as t→∞. Here ti is time instance from [iT, (i+ 1)T ], where y(t) slides along
the boundary of C(t). Note, y(t) is related to s(t) by the linear formulas (3) and (11).

Figure 3:B3. Finite-time stability. The Lyapunov function approach by Adly et al [1] (developed by
the authors for mechanical systems with friction) will be employed that suggests that the periodic
solution s(t) of the given elastoplastic system is finite-time stable, if it stays in a vertex of the
moving set C(t) for positive time.
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B4. Uniqueness of periodic response. This part will build upon a fundamental achievement
by investigators [M2] stating that a periodic solution s(t) is unique, if, for all the facets of C(t) that
s(t) passes by, the respective normal vectors are all linearly independent. Such a requirement always
holds, if C(t) is a simplex ([M2]). The project will determine the classes of elastoplastic systems for
which C(t) is a simplex. For the case where dimU = 1 this problem is solved in [M2] (concluding
that C(t) is a simplex, if q = n − 2). When dimU = 2, determining conditions for C(t) to be a
simplex becomes difficult even for simplest elastoplastic systems with dimU = 2. As a milestone,
the project will study the toy system of Fig. 4a ([44]), whose respective moving constraint Π(t)∪V
is a 3d-polyhedron shown at Fig. 4b, and where our preliminary numeric simulations show that,
surprisingly, uniqueness of non-constant periodic solutions takes place only in a narrow stripe of
parameters (Fig. 4c). The target here is to obtain analytic formulas for the stripes of Fig. 4c.

 

 

 

 

(a) (b) 

h1 

h2 

c+  c 

(с) 

[c+,c] 

displacement-controlled loading 

Figure 4: For the elastoplastic system of Fig. 4a, Fig. 4c shows all the values of h1 and
h2, for which h(t) = (h1, h2) (in the basis of U) makes the set Π(t)∪V of (10) a simplex.

Figure 4:C. Dynamic evolution (year 3). The first step in part C is computing the limit of solutions of the
sweeping processes of part A2 as the masses of nodes approach zero, and finding a sweeping processes
for the limit solutions. For state-dependent sweeping processes, the dependence of solutions on the
parameter has been investigated in the recent paper by PI Makarenkov and co-workers [M1]. In
the case of perturbed sweeping processes we may need to focus on periodic solutions and to adapt
the singular perturbation technique of Flatto-Levinson [18].

C1. Bifurcation of isolated periodic orbits from periodic attractor. The investigators
will use the Melnikov subharmonic bifurcation theory, where they obtained significant results in
the past [M14]. An explicit bifurcation function will be constructed to determine the members of
the periodic attractor that transform into asymptotically stable periodic solutions.

C2. Border-collision bifurcations. The occurrence of a limit cycle from an equilibrium colliding
with a switching manifold of a discontinuous dynamical system is a well-known phenomenon within
the theory of nonsmooth dynamical systems [48, M3, M12]. Mathematical results towards this
phenomenon a based on the equation that governs the solution while it slides along the switching
manifold (equation of sliding motion). PI Makarenkov with student recently derived an equation
of sliding motion for sweeping processes [M3], which will be used in the project to discover the
occurrence of limit cycles in perturbed sweeping processes (coming from dynamic evolution of A2).

D. Efficient prediction of asymptotic stress distribution in elastoplastic heterogeneous
materials (years 1-3). We will consider a particle-reinforced polymer-matrix composite, whose
digital representation is shown at Fig. 5b and the corresponding ordered cubic network of springs
is given at Fig. 5a. Each voxel of the digital microstructure possess either 0 or 1, representing
respectively the matrix phase and the particle phase. There is spring connecting each pair of
neighbors, and a spring connecting each pair of second nearest neighbors. The spring constants are
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Figure 5: (a) Schematic illustration of mapping a digital heterogeneous material
microstructure to a spring network. (b) Example of micro-mechanical analysis of a
particle-reinforced composite with a 50% particle volume fraction, using the elastic-spring
model and von Mises stress distribution (right).

Figure 5:
assigned based on the elastic moduli for different phases. And the parameters for the ”interface”
springs (e.g., connecting a matrix voxel and a particle voxel) are determined by assuming an
interface with algebraic averaged elastic moduli of the matrix and particle phase [J6, J5]. In the
case of perfect plasticity, first results calibrating the elastic limits of lattices of elastoplastic springs
based on the stress-strain curve of the material were obtained in [15].

D1. Analysis of stress distributions in just two cycles of cyclic loading. Based on
preliminary analysis in [M2, Proposition 3], we expect that the conditions of part B3 will be
expressed in terms of the maximal distance between the vertexes of C(t) in the direction of g(t).
In order to compute the vertexes of C(t) numerically, the sets Π(t) and V will be represented as
half-spaces and the standard optimization packages will be used (the group of PI Makarenkov has
e.g. successful experience [M0] of using the primal-dual methods by Bremner et al [11]). Part B3
will ensure convergence of s(t) to the asymptotic regime s∗(t) in one cycle of loading, so that the
second cycle of loading will be used to compute the map t 7→ s∗(t) exactly.

D2. Uniqueness of the response under arbitrary small displacement-controlled cyclic
loadings. We will investigate which of the conditions obtained for general elastoplastic systems in
part B4 can be realized through applying the loading at boundary nodes of Fig. 5a only.

D3. Multi-stability of the response under cyclic loading. (i) Existence of an attracting
family of periodic orbits in quasi-statice case: Investigate how the conditions of question (ii) of A3
can be realized through applying the loading at boundary nodes of Fig. 5a only. (ii) Existence of
asymptotically stable isolated orbits in dynamic case: Investigate how the conditions of C1 can be
realized through applying the loading at boundary nodes of Fig. 5a only.

BROADER IMPACTS

The intra-disciplinary and inter-disciplinary nature of the project creates fruitful opportunities to
benefit society, that this project will enthusiastically explore.

Increased partnerships between mathematicians and engineers. Bridging scientists with
mathematical (UTD) and engineering (ASU) backgrounds is in the core of the project. Such a
collaboration will allow UTD PI to develop a graduate course on sweeping process framework in
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elastoplasticity that appeal to both mathematicians and materials scientists. Vice versa, the project
will enable the ASU PI to design a graduate course on spring lattice modeling that is accessible to
mathematicians. Both the PIs have successful experience of designing new graduate courses, that
are well attended by both mathematicians and engineers at the same time. Short versions of these
two courses will be delivered as a summer school in UTD. These unique courses will open a large
room of diverse opportunities for students.

Secondly, the UTD PI will seek cooperation with engineers from Engineering Design & Testing Corp
(Richardson, TX) https://www.edtengineers.com/product-property-loss/material-testing in order
to figure out such a prototypic lattice of elastoplastic springs which enables analytic bifurcations
treatment on the one hand and resembles standard materials testing features on the other hand.

The proposed activities to improve STEM education

On the high school and public level: Interactive lectures and experiments (based on the results of
the project) will aim to attract the interest of both high school students and general public. This will
highlight the important role of applied mathematics. In this section we focus on the organizational
component of proposed activities. The scientific content is discussed in the Enhanced infrastructure
for research and education section of Broader Impacts.

1. We will work with UTD Center for Computer Science Education & Outreach and ASU
Engineering Education and Outreach Program to integrate lectures, small research projects and
experimental demonstrations for local school students into the summer camps and university tours
organized by those organizations. The UTD PI has a successful experience of taking part in
this activity. For example, in summer 2016 he created an event comprised by a lecture of an
undergraduate student, a lab demonstration by a graduate student, and a lecture by an invited
professor (see link in the prior support). The ASU PI had successfully organized booth for enhancing
materials education for K-12 students during ASU Open Door Night in the past three years.

2. To engage young children, we will develop a java-based application for modern mobile devices,
which allow the students to play with virtual springs and test their constructed networks. Similar
interactive applets that help teach and explain physics (Phets) have been shown to be extremely
successful. The ASU PI has experience in developing scientific illustration applets on mobile devices
(see prior NSF support).

On the undergraduate, graduate and scientific community level: The project will create excellent
training opportunities for undergraduate and graduate students in the theory of sweeping processes
and its modern applications in elastoplasticity.

1. Focused on the most fundamental methods and applications of dynamical systems theory in
elastoplasticity, a regular reading group will function in both UTD and ASU, that will train students
in reading and presenting research papers.

2. We will work with coordinators of undergraduate Calculus courses in order to incorporate
relevant linear algebra and optimization problems into the Syllabi (problems on the projection of
a point onto a convex set, finding an optimal convex shape, etc).

3. Graduate courses (involving research projects) in UTD Department of Mathematical Sciences
and in ASU Department of Materials Science & Engineering will be developed on the basis of this
project to provide training in theory of sweeping processes and its applications in elastoplasticity.
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A similar course in the framework on another CMMI-1436856 has been successfully included by PI
Makarenkov to UTD graduate catalog (search for MATH6327). Likewise, PI Jiao already included
the improved lattice-particle methods for micromechanical analysis of heterogeneous materials into
Computational Materials graduate course that he teaches at ASU since Spring 2014.

4. The project will contribute to the doctoral dissertations of participating students. These students
will receive the entire spectrum of skills (solid expertise in the theory and applications of sweeping
processes, convex analysis, dynamical systems theory, materials science, organizational skills, and
teaching experience) that a junior mathematician needs to possess in order to be competitive on the
academic market. The project will pay salary for one or two doctoral students in UTD (Mathematics
Department) and in ASU (Complex Materials Lab of PI Jiao). The graduate students of UTD and
ASU will collaborate on the project and receive a unique training on applications of dynamical
systems in materials science. Individual study courses (UTD) and project-oriented courses (ASU)
will be offered to graduate and undergraduate students wishing to gain research experience.

5. We plan to organize a 1-week summer school in UTD (with a poster session) that will train both
mathematics and advanced engineering students in the dynamics of Moreau sweeping processes
and its applications in elastoplasticity. The prospective lecturers are Manuel Monteiro Marques
(Lisbon, Portugal), David Stewart (Iowa), Boris Mordukhovich (Wayne), Aneel Tanwani (Toulouse,
France), Pavel Krejci (Praha, Czech Republic), Dmitry Rachinskiy (UTD), Hongbing Lu (UTD),
Marcel Remillieux (Los Alamos), Ram Iyer (Lubbock), Haim Waisman (New York), PIs.

6. A mid-size (around 30-50 participants) workshop on Theory of Sweeping Processes and its
Applications to Elastoplasticity will be held in the second year to ensure that the project is a part
of the world agenda in the field.

7. To enhance public awareness of the importance of our work, a website and a YouTube channel on
dynamics of elastoplastic network systems will be created, where we will post instructive animations
generated in the course of the project.

8. We will participate in camp tours of Office of Diversity and Community Engagement (UTD) and
Office of Inclusion and Community Engagement (ASU) to involve women, persons with disabilities,
and underrepresented minorities into activities of the project.

Lectures and experiments for high school camps. The results of the project will be used to
design interactive high-school level lectures that will include demonstration experiments (built from
Home Depot parts) and computer simulations (programmed in MatLab). The following lectures
will be used in the STEM activities described above:

Example of Lecture 1 and Experimental Setup 1: Compute the time required for a point to slide
along the boundary of a moving constraint from point A to point B. The experimental setup to
be built is a cardboard constraint strained by metal frame of required shape placed on a polished
flat surface with a free polished wooden cylinder inside, see Fig. 6left. Such a setup models a 2D
quasistatic sweeping process. The lecture will expose students to computing the velocities of the
cylinder when it slides along the piecewise straight boundaries and to comparison with the case of
a curved boundary. The lecture will, therefore, be a brief and intuitive introduction to the results
of part C2, which prepares students to the next lecture where a moving convex constraint models
a lattice of springs.

Example of Lecture 2 and Experimental Setup 2: Why does a monotone displacement-controlled
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Figure 6: Proposed demonstration setup of an elastoplastic spring that connects nodes
ξ1 and ξ2. The dotted pistons are designed to reduce or raise the length ∆ according to
whether the nodes push the black or white sensors.

Figure 6:
loading of a lattice of elastoplastic springs produce a non-monotone response? This lecture will
be based on self-made elastoplastic springs of Fig. 6right. Several springs of this type will be
connected into the network of Fig. 4a in order to surprise the audience by the non-monotone
response when the middle center spring of Fig. 4a first expands and then compresses during a
steady monotonically increasing displacement-controlled loading (as indicated at Fig. 4a). Such a
phenomenon will be linked to a solution y(t) of the respective sweeping process (10) that passes
from one facet of the associated moving constraint C(t) (Fig. 4b) to another one in way that makes
one of the coordinates of y(t) first increasing and then decreasing. The students will also enjoy the
MatLab simulation.

RESULTS FROM PRIOR NSF SUPPORT

Dr Makarenkov was the PI on the NSF project CMMI-1436856 (amount: $186,855.00):

The period of support: September 1, 2014 – August 31, 2017 (Estimated)
The title of the project: Special topics in dynamical systems: A new mathematical framework

for the design of switching and continuous control strategies

Intellectual Merit: The goal of NSF project CMMI-1436856 is to advance the theory of
nonsmooth dynamical systems up to the level capable of predicting the emergence (bifurcation)
of complex attractive oscillations in applications. The framework developed ([M2]-[M10]) includes
the following results:

Design of oscillations in switching systems: a bifurcation approach. ([M6]) The project
discovered that stable limit cycles in relay systems with varying switching thresholds can be
obtained through a bifurcation from a special singularity (so-called fold-fold singularity) of a suitable
(Filippov) reduced discontinuous system.

The result allowed to give conditions for the existence of a stable limit cycle in such a fundamental
switched system as the one that switches between two affine subsystems. This type of switched
systems is important in engineering applications, but analytically verifiable sufficient conditions
were unknown to date. In addition, the result provided a simple two-phase control logic in anti-lock
braking systems with a discrete-state hydraulic actuator. The proposed control logic is reliable in
the sense that it ensures the existence of a stable limit cycle whose magnitude does not exceed the
technical specifications of the actuator. This is due to the fact that our limit cycle bifurcates from a
point. Earlier results needed two additional switching rules to bound the magnitude of oscillations.

Design of oscillations in switching systems: a perturbation approach. ([M8]) By extending
an earlier developed perturbation theory to switched systems with fixed thresholds, the project

14



offered a design of oscillations in two-dimensional switching systems with fixed thresholds. The
result on application of the new control design to an anti-lock braking system out-performed
several control strategies available in the literature to date. The experience of resolving quadratic
singularities gained in [M8] helped to make progress in a seemingly unrelated smooth control
problem [M10], where however a quadratic tangency in the bifurcation function eventually occurred.

Design of oscillations in switching systems with impacts and sliding. ([M7, M11]) We
developed a perturbation theory to study bifurcation of resonance oscillations in both a dry friction
oscillator and a mass-spring impact oscillator. A further development of the latter result helped
to prove asymptotic stability in biped robot locomotion. The work [M9] suggested a way to study
bifurcations of sliding solutions in the case of absolutely inelastic surface.

Broader impacts: The PI acted as the main organizer of the following events:

• Experiments with inverted pendulum setups. Undergraduate Match Day (Apr 19, 2017, UTD).
http://www.utdallas.edu/˜makarenkov/match day 2017.jpeg

• School/Workshop on Applicable Theory of Switched Systems (June 6-10, 2016, UTD).
http://www.utdallas.edu/sw16

• One day of UT Dallas Research Experience summer camp for school kids (June 8, 2016, UT
Dallas). http://www.utdallas.edu/˜ixg140430/summerCamp2016

• Minisymposium ”Dynamics of Moreau sweeping processes” in the framework of SIAM
Conference on Dynamical Systems (May 17-21, 2015, Snowbird).

• Summer School on Nonsmooth Dynamical Systems (August 4-6, 2015, UT Dallas)
http://www.utdallas.edu/ds2015

• Minisymposium ”Limit Cycles in Anti-lock Braking Systems” in the framework of SIAM
Conference on Control and Its Applications (July 8-10, 2015, Paris).

The project funded two graduate research assistantships. Based on the results of the project a
graduate course ”Stability and Bifurcations of Switched Systems” (MATH6327 in UTD graduate
catalog) was designed and offered in Spring 2015, Spring 2017, and will be offered in Spring 2019.

Dr Jiao has been involved as co-PI in a funded NSF CMMI-1651147 project with PI Dr. Y. Ren
and co-PI Dr. Y. Liu (amount: $171,255):

The period of support: 09/01/2016-08/31/2017
The title of the project: EAGER: Efficient Reconstruction and Optimal Design of Multi-scale

Material Systems through Deep Networks

Intellectual Merit: We examine the utility of deep network architectures in statistically reasoning
the mapping from microstructures to material properties, based on a small number of expansive
physics-simulations, which could potentially enables a material design framework.

Broader Impacts: The study is expected to accelerate processing-structure-property mapping and
computational material design. Publications from this award are [J2, J7]. The research products
including data and algorithms are documented in the associated publications [J2, J7] and have been
made publically available.
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