
Objectives and work plan

OBJECTIVES

The theory of planar biped is crucial to the success of complex 3D walkers and to applications in
the design of prosthetic and orthotic devices. The most widely used approach to design walking
gaits in a planar biped (Fig. 1a) consists in generating rotating torques in robotic joints (via build-in
motors) in such a way that makes the robot exhibiting the dynamics of a rimless wheel (Fig. 1b),
see [2]. Even for the simplest (3-link) planar biped, the current strategy of the design of the control
torques greatly depends on the distribution of masses between different joints of the robot. In
particular, increasing the weight of the torso may eventually destabilize the robot, see [9]. This
project will develop a new strategy for the control of the motors which always drives the biped’s
dynamics to that of a rimless wheel regardless of the distribution of masses in the links. As for
the reduced rimless-wheel-type model, its current analytic analysis critically relies on ignoring any
friction in robotic joints. This project will, in contrast, take advantage of the friction in joints in
order to improve stability of the walking gait, especially when walking converges to standing.

Though it solves several problems in robot locomotion important right now
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(see [4]), we expect that successful implementation of the project will create
even more exciting perspectives in the design of multi-link 3D bipeds that
walk along uneven terrains and reject a wide range of disturbances.

The simplest diagram of a 3-link planar biped (according to Grizzle et al
[2]) is drawn at Fig. 1, which will be used to explain the main ideas of the
proposed project. Such a diagram is governed by a system of second-order
differential equations for the angles θ1, θ2, and θ3 coupled with a switching
rule which swaps θ1 and θ2 when the food collides with the ground, so that θ1
always corresponds to the swing leg and θ1 always corresponds to the stance
leg. Two torques u1 and u2 (control inputs) are applied between the legs and
the torso whose target is e.g. to drive both the variable

y(t) = (θ3(t)− θd3 , θ2(t)− θ1(t))
and its velocity to zero (i.e. to maintain a certain angle of the torso and
to make the swing leg behaving as the mirror image of the stance leg). If
the required control inputs are successfully designed then the asymptotic
dynamics (called zero dynamics) of the biped reduces to just one variable θ1
coupled with a reduced switching rule. Limit cycles of the zero dynamics
correspond to walking gaits of the biped. Because of switchings, any limit
cycle of the zero dynamics is a discontinuous orbit.

The goal of the project is to make a breakthrough improvement of the stability of locomotion of
a planar biped. To achieve the goal, the project will:

A: Develop a control strategy (u1, u2) that drives the trajectories of the biped to zero dynamics
in finite time (i.e. drives y(t) to zero in finite-time) even for large weights of the torso. Here
we will develop a theory of nonlinear proportional integral differential twisting control.

B: Investigate the influence of friction in robotic joints on the domain of attraction of the walking
limit cycle by viewing the cycle as a bifurcation from equilibrium (θ, θ̇) = 0. We anticipate to
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prove that the friction in robotic joints has a pivotal role in stability of the walking limit cycle
for small values of the period of walking gait (especially, for gait initiation and termination).

WORK PROGRAM AND METHODS

To touch upon the essence of the methods we focus the description on the simplest 3-link biped of
Fig. 1, while a general n-link model will be the actual subject of our research.

A: Finite-time convergence to a rimless wheel model – 1st year of the project (the
Mexican team led by Dr Fridman). The most widely used approach to maintain the required
type of walking (i.e. to drive the dynamics of a suitably defined variable y to zero) goes back to
Grizzle et al [2] who assumed that the right-hand-side of the y dynamics can be decoupled from
the rest of the system,that led to the problem of finding a control u(t) = (u1, u2) for which the
double integrator ÿ = u(y) converges to the origin in finite-time. Such a control was earlier offered
Bhat-Bernstein [1]. This project will develop a control u which drives y to zero even when the
decoupling condition doesn’t hold, i.e. when the equation for y is of the general form

ÿ = f(y, θ1) +G(y, θ1)u (1)

The original idea of the project consists in finding u as a solution to

u = −k1(x)1/3 − k2(ẋ)1/3 + V (x, ẋ), v̇ = −k3sign(x),

which, as we anticipate, combines the ideas of Bhat [1] (finite-convergence of y to zero) and Levant []
(no decoupling assumption). To ensure the convergence of the dynamics to the standard equation
of zero dynamics the control u must ensure compensation, i.e. the convergence of the variable
z = V + g(y, θ3) to zero, which leads to the differential equation

ż(t) = −k3sign(y(t)) +
d

dx

[
f(y(t), ẏ(t), θ3(t))− k1x1/2 − k3

∫ T

0
sign(x(τ))dτ

]
.

A direct attempt to factor a negative leading-order term here leads to a so-called algebraic loop
where the integral term may eventually negate the stabilizing effect of the −k3sign(y(t)) term. We
expect to resolve the algebraic loop problem by incorporating an additional linear term V (x, ẋ).
This problem has been earlier resolved for equations (1) of first order in [], where the existence of
a quadratic Lyapunov function allowed to apply Linear Matrix Inequalities. A required control for
the second-order equation (1) will be designed in this project for the first time ever by combining the
Pole’s theorem [] and the methods of convex optimization, which recently showed its effectiveness
in [].

The final step in this part of the project is to account for the loss of stability of convergence
that comes from switching the legs (i.e. from collisions of trajectories (y(t), θ1(t)) with the impact
hyperplane θ = θd). This loss will predicted based on the fact that the trajectories approach the
impact hyperplane with an angle α ≥ α0 ≥ 0, where α0 can be estimated.

B: Domain of attraction of limit cycles of the rimless wheel model with friction –
1st year of the project (the Texas team led by Dr Makarenkov). In this project we will
consider the following general nonlinear equation of zero dynamics coming from the reduction of
the complete model of Fig. 1 to the variable θ1

θ̇ = w, ẇ = −a(θ)w2 − b(θ, w),
w(t+ 0) = mw(t− 0) + d, θ(t+ 0) = −θd, if θ(t− 0) = θd,

(2)
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where a ∈ C1(R,R), b ∈ C1(R × R,R), m, d, θd > 0. Zero dynamics equations of Grizzle et al [2]
are particular cases of equation (2). When b is a function of just θ, the differential equations of
(2) admit a first integral which enables complete analytic analysis of dynamics. In this project we
expect to show that the generalized version b(θ, w) of term b opens new opportunities to control
the domain of attraction of the limit cycle for short periods of gait. In addition, we anticipate to
develop analytic formulas capable to detect the co-existence of stable gaits.

The fundamental idea of our bifurcation approach will be in viewing θd (i.e. the position of the
switching threshold) as a small parameter. Specifically, to access the limit cycles in (2) we will
introduce a small parameter ε as follows

m = m0 + εm1, d = d0 + εd1, θ
d = ε, b(θ, w) = b0(θ) + εb1(θ, w) + ε2b2(θ, w) + o(ε2). (3)

In other words, diminishing the parameter ε > 0 to zero squeezes the dynamics of (2) to a line,
making local (thus accessible) information sufficient to analyze the dynamics. Such an approach
has been first offered in Makarenkov-Lamb [6] and it recently helped to solve open questions about
limit cycles in models of power electronics and automotive breaking systems (Makarenkov [5]).

One of the achievements of this part of research plan will be identifying the conditions which ensure
that the limit cycle converges to the equilibrium (θ, θ̇) = (0, 0) as ε→ 0. Another anticipated result
will be an expansion of the Poincaré map Pε of (2)-(3) induced by the line θ = θd near the origin.
Such an expansion will allow to obtain conditions for bifurcation of limit cycles based on the
dynamics of the leading order terms of the expansion, as done in [5] in the case of switched systems
of Filippov type. The system (2) is simpler than the one in [5] in the sense that the limit cycle
of (2) always hits the thresholds θ = ±θd transversally. But the trajectories of model (2) undergo
jumps (contain discrete dynamics), which will have to be embedded in the expansion of Poincaré
map Pε. The latter will be done along the lines of Newman-Makarenkov [8].

C: Uneven surfaces and other disturbances – 2nd year of the project (product of
cooperation of Texas and Mexican teams). After developing the required background in
parts A and B and after complementary training of the members of Texas and Mexican teams as
described in the training section below, the part C of the project combines the expertise of both
teams in order to investigate the stability of limit cycles from part B to sudden changes of targets
θ1 = θ2 and θd due to uneven surface and other possible disturbances. Such a perturbation can
kick off the trajectory from the zero dynamics hyperplane. This step aims to discover formulas for
the gains of the twisting controller of part A in terms of the small parameter ε which will drive the
trajectories from the neighborhood of the limit cycle (i.e. from the outside of the zero dynamics
plane) back to the domain of attraction of the limit cycle. The phase when the trajectory travels
outside the zero dynamics hyperplane will need to be estimated and incorporated into the Poincaré
map Pε of part B.

The final results of part C will provide formulas that can help to take the most from the natural
(passive) dynamics of the robotic walker in terms of the domain of attraction of the walking limit
cycle, which are capable to handle arbitrary small periods of the gait (complementing the transversal
linearizion approach [7], which applies to fixed periods of gait only).
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