
Sweeping process framework to study the dynamics of
elastoplastic materials

RESEARCH PLAN

In the field of plastic materials many phenomena have been described via a finite elements
discretization that reduces the model to a lattice of springs ([11, 27, 38, 64], etc). Plasticity imposes
constraints on the values of spring stresses and makes the dependence of stresses on elongations
piecewise smooth (i.e. nonsmooth). In this context, the question arises as for what are the new
phenomena in elastoplastic models that can be detected over the theory of nonsmooth dynamical
systems (which grew phenomenologically lately). To control shakedown, damage, bistability,
resonances and other phenomena in elastoplastic materials, this project will create a new framework
that applies the theory of nonsmooth dynamical systems ([M12]) to constraint differential equations
(known as sweeping processes, see Moreau [59]) of systems of elastoplastic springs.

A planar sweeping process can be heuristically described as the trajectory of an object placed on a
flat slippery surface and moved (swept) by a convex constraint, as Fig. 1a illustrates. The moving
constraints required to model elastoplastic systems are often higher dimensional, which is harder to
understand through visualization alone. Sweeping processes significantly advanced the rigid-body
dynamics (e.g. by resolving the Painlevé paradox), see Stewart [69], Paoli [60], Posa et al [63].

This project explodes the power of sweeping processes in the context of elastoplasticity. No matter
how one stretches or compresses an elastic spring, it always returns to the same relaxed length
after the forces are removed. In contrast, stretching or compressing an elastoplastic spring beyond
certain limits changes the relaxed length permanently, which is illustrated in Fig. 1b further.
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Figure 1: (a) A point placed on a flat slippery surface C(t) with a boundary (constraint).
The phases 1 → 2 → 3 → 4 and 4 → 5 of the trajectory correspond to the motion of
C(t) to the right and to the left respectively. (b) The dependence of the stress of an
elastoplastic spring on its elongation upon tension and then compression. Here c− and
c+ are the elasticity limits that the stress is not allowed to exceed.

Figure 1:The goal of the project is to advance the theory of sweeping processes up to the level capable to
study typical transitions in the dynamics of excited systems of elastoplastic springs (elastoplastic
systems). To achieve this goal I will need:

• To map typical transitions (bifurcations) in the dynamics of excited elastoplastic systems to
the related bifurcations in sweeping processes.

• To develop a bifurcations theory for sweeping processes.

1



Linking elastoplastic systems to sweeping processes. In his pioneering work [59] Moreau
considered an evolving elastoplastic system defined on an abstract configuration space with
unilateral and bilateral constraints. By neglecting the inertial forces (quasistatic case), the result
of [59] implies that the evolution of the stresses of springs is fully described by a sweeping process
with a moving convex polyhedron being an intersection of a parallelepiped Π(t) (defined over elastic
limits) with a suitable hyperplane V , see Fig. 2a. Despite of a direct relation to the dynamics of
elastoplastic system, very few explicit connections between any particular network of elastoplastic
springs (e.g. that of metals [5, 47], polymers [32, 78], or biological materials [37, 68, 72]) and the
respective sweeping process were ever established. A fundamental breakthrough in this direction
has been recently made by the PI and his student [M1] who established formulas to compute Π(t)∩V
and the subspaces G and H of the canonical vectors g(t) and h(t) of the motion of Π(t) (Fig. 2a)
in terms of the mechanical and topological properties of the spring network (note, the subspace of
possible g(t) doesn’t necessary span the entire V ). However, classifying shapes of Π(t)∩ V against
g(t) ∈ G and h(t) ∈ H is a completely open problem, and is crucial for understanding the dynamics.

Objective A: Put sweeping process forward as a tool of the field of eslastoplasticity, i.e.

A1) Understand the extent to which the tension/compression and stress loadings are capable
to influence the geometry of the moving constraint C(t) = Π(t) ∩ V .

A2) Relate inertial forces to a corresponding vector field defined on V , see Figs. 2(b)-(c).

A3) Specify the findings for typical lattices of elastoplastic springs. Consider the case where all
the cells are identical except for a few special cells, whose properties are different (damage).

In the terminology of plasticity theory, the distance from the origin “0” to the boundary of C(t)
in the direction of g(t) (Fig. 2a) is the distance to yield surface (when plastic deformation begins),
while the distance from 0 to the edges of Π(t) in the direction h(t) is the distance to plastic collapse,
see [36, 73]. The inertial forces were accounted through sweeping processes e.g. in Bastien et al [4],
but the modeling in [4] doesn’t take advantage of applied loadings in order to reduce the dynamics
to the moving constraint. Part A3 aims to identify such singular situations and such springs of a cell
for which little variation of stiffness leads to a qualitative change in the shape of C(t). This will help
to identify the generic routes to failure of material, thus significantly advancing the state-of-the-art
[8, 7, 11, 38, 54, 74, 78], where particular routes to failure are addressed.
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Figure 2: Moving constraint C(t) = Π(t)∩V of the sweeping process in the case of massless
nodes (a) (regular sweeping process) and nodes with masses (b)-(c) (perturbed sweeping
process). Further, C(t) and C(t1) are two possible shapes of the moving constraint.

Figure 2:Bifurcations in sweeping processes. Little is known about transitions in the dynamics even for
regular sweeping processes, but recent results by Adly et al [1] and Gudoshnikov-PI [M1] suggest
fruitful routes for the development of such a theory. For the case of elastoplastic systems with
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T -periodic (cyclic) loading, the result [1] ensures finite-time stability of T -periodic orbit x0, if the
local condition ẋ0(t∗) ∈ intNC(t)(x0(t∗)) holds for at least one t∗ ∈ [0, T ]. The achievement [M1]
is more global, it establishes asymptotic stability of x0 provided that any dimV different facets of
polyhedron C(t) are linearly independent. It can be shown that he conditions of both these results
are sharp, so bifurcation occurs when they break. When neither of the two results apply, we still
can ensure the existence of a T -periodic attractor (Kreji [41], extended to sets C(t) = Π(t) ∩ V in
[M1]), which can change dimension under varying parameters.

Objective B (quasi-static evolution): Classify the transitions that the dynamics of a regular
sweeping processes with a periodically moving constraint of the form C(t) = Π(t) ∩ V (see
Fig. 2a) undergo when the parameters of individual springs or magnitudes of loadings change:

B1) Investigate bifurcation of the dimension dimX of the periodic attractor X.

B2) Control the transition between finite-time stability and asymptotic stability, see Fig. 3.

B3) For x ∈ X, study bifurcation of the active set J(t, x(t)), which is defined as the collection
of indexes of all the facets of C(t) that x(t) belongs to at time t, see Fig. 3.

B4) Study the change of monotonicity of the response on a sub-interval of the period.

The result of B1 will allow to distinguish  
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Figure 3: Transformation of an asymptotically
stable sweeping process (dotted curve) into
a finite-time stable one (bold curve) under
increasing amplitude of horizontal motion of
the constraint. Dotted point indicates a stop
for a positive time, where J(t, x(t)) = {1, 2}.
Note, {1} 6∈ J(t, x(t)), t ≥ 0, in Fig. 3a.

elastoplastic systems where the plastic shakedown
limit (periodic response with alternating elastic
and plastic phases) doesn’t depend on initial
conditions (i.e. dimX = 1) and those where it
does (i.e. where dimX > 1), which was clarified
in particular cases only [3, 26]. The result of
part B2 will 1) spot elastoplastic systems where
an infinite number of cycles (asymptotic stability)
to shakedown limit is required without explicit
hardening assumptions [10, 55], 2) give a general
result about finite number of cycles to shakedown,
which fact was conjectured earlier [62, 77]. Part B3
will be used to control transitions from elastic to
plastic shakedown, see e.g. [25, 44, 51]. Decreasing
stress of a material in response to an increasing
tension is known as softening and it can be caused [18, 24] by a damage (local change of stiffness,
see A3). Part B4 will help to understand the extent to which varying stiffness of individual springs
of the network is capable to produce softening on a macroscopic level.

Accounting for inertial forces may unveil multiple stable periodic solutions (associated with so-called
shear bands and crack initiation) under cyclic loading [2, 45, 67, 71], which is illustrated intuitively
at Fig. 4. The project will spot localized periodic solutions through a bifurcation from the periodic
attractor of step B1, thus gaining formulas to control the location of shear bands. Relevant studies
[2, 48, 66] for elastoplastic system (??)-(??) currently ignore the gradient (??) that hides the wealth
of possible phenomena. Another way to test the performance of a material is by applying loadings
of varying frequencies in order to identify resonance modes that yield localized periodic solutions
[9, 17, 28, 35]. Resonances occurring from periodic orbits that do not intersect the boundary
of the moving constraint (dashed cycles of Fig. 2c) can be studied over the classical Melnikov’s
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subharmonic theory [33, M16]. Analytic conditions for the occurrence of resonances from the cycles
that interact with the moving boundary (bold cycles of Fig. 2c) is a completely open problem.

Furthermore, localized periodic solutions can undergo another bifurcation unique to sweeping
processes, which occurs when the periodic solution collides with the moving boundary for some
value of the parameter (known as grazing-sliding bifurcation in nonsmooth dynamical systems
[M12]), see Fig. 5. Grazing-sliding bifurcation can dramatically change the stability properties
of the periodic regime and cannot be neglected.

Objective C (dynamic evolution) : Classify typical transitions in the dynamics of periodically
excited perturbed sweeping process under variation of the parameters:

C1) Investigate bifurcation of asymptotically stable periodic solutions from the periodic
attractor of a regular sweeping process under the action of small inertia forces.

C2) Give conditions for the occurrence of harmonic and subharmonic resonances.

C3) Investigate grazing-sliding bifurcations of periodic regimes.

C4) Understand the dynamic behavior when inertial forces become large.

C5) and Adapt the results of C1) to regular state-dependent sweeping processes.

For large inertial forces we will take advantage of viscous friction that must make the dynamics
converging to a low-dimensional hyperplane of zero velocities. Here we will use the theory of
monotone sweeping processes which has been just established by the PI and his colleagues in [M2].
In part C5 we address sweeping processes where perturbation is introduced as a state-dependent
addition to the moving constraint as opposed to additional vector field used in parts C1-C4. This
step has a good chance to discover bifurcations caused by varying temperature distribution that
was analyzed in [31, 61] using numeric simulations.

 

(a) (b) (c) 

Figure 4: Sample trajectories (solid curves) of Moreau sweeping process with a moving
constraint (dashed rectangle) that moves back and forth. The bold points are the initial
conditions of sample trajectories. The figure illustrates the type of attractor (solid black
curves) when (a) the moving constraint is just a rectangle, (b) the moving constraint is a
pentagon with a corner that accumulates all the trajectories, (c) an additional vector field
is introduced (magnets that attract phase trajectories), which makes the stable periodic
orbit of Fig. 4b unstable while creating two other stable periodic orbits.

Figure 4:
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Figure 5: An attractor X(µ) (a) does not interact with the boundary ∂C(t, µ) of C(t, µ),
(b) just touches ∂C(t, µ), (c) transition of the attractor past grazing (µ = 0) incident.
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