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Abstract. A beautiful and influential subject in the study of the question of
smoothness of solutions for the Navier – Stokes equations in three dimensions is
the theory of partial regularity. A major paper on this topic is Caffarelli, Kohn
& Nirenberg [5](1982) which gives an upper bound on the size of the singular
set S(u) of a suitable weak solution u. In the present paper we describe a

complementary lower bound. More precisely, we study the situation in which a
weak solution fails to be continuous in the strong L2 topology at some singular
time t = T . We identify a closed set in space on which the L2 norm concentrates
at this time T , and we study microlocal properties of the Fourier transform of
the solution in the cotangent bundle T ∗(R3) above this set. Our main result is
that L2 concentration can only occur on subsets of T ∗(R3) which are sufficiently
large. An element of the proof is a new global estimate on weak solutions of
the Navier – Stokes equations which have sufficiently smooth initial data.

1. Introduction. This paper concerns weak solution of the Navier – Stokes equa-
tions in three dimensions. Neither the regularity nor the uniqueness of these solu-
tions is assured, and we adopt the point of view that a global in time weak solution
is to be examined, and we are to consider the size of the set of its singularities, if
it has any. Our analysis is a study of the situation in which the energy of a solu-
tion is discontinuous as a function of time, when necessarily the solution develops
a singularity in space. A subset of the resulting singular set S(u) represents a set
on which energy concentrates. The energy of a solution is given in terms of its L2

norm 1
2‖u(·, t)‖2

L2, hence discontinuities in energy represent discontinuities in the

solution t 7→ u(·, t) in the strong L2 topology. The energy inequality implies that
‖u(·, t)‖L2 is in L∞

t [0,∞) as a function of time, and it is well known that solu-
tions are continuous in the weak L2 topology. That is, those times at which energy
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concentration take place represent times at which the solution is weakly but not
strongly continuous in L2. The size of the L2 concentration set is bounded above
by the theory of partial regularity, and in particular a corollary of the results in the
well known paper of Caffarelli, Kohn & Nirenberg [5] implies that for any singular
time T > 0 the size of the singular set (in space) of the solution is bounded above.
Indeed it has vanishing Hausdorff one-dimensional measure.

The purpose of our paper is to give a lower bound on the size of the L2 concentra-
tion set, in case it is nonempty, and hence a lower bound on the singular set itself.
Our bounds are not local, they are instead microlocal, involving the regions of the
cotangent space T ∗

x (R3) in which L2 mass is lost due to concentration. To identify
this region, We divide the set of singular times τ(u) into two, the L2 discontinuity
times and the remainder. At a time T of L2 discontinuity we identify the L2 con-

centration set SL2

T , which is a closed set in space, as a subset of the singular set at

that time T , namely SL2

T ⊆ ST (u) := S(u) ∩ {t = T }. We use the Weyl calculus of
pseudodifferential operators, with homogeneous classical symbols a ∈ S0

10, as probes
of the energy of the solution. The property of L2 weak convergence but not strong
convergence can be quantified in terms of microlocal defect measures, following the
theory of L. Tartar [23] and P. Gérard [13]. The support of a microlocal defect
measure is a set which is homogeneous in each fiber of T ∗(R3), and the microlocal

energy concentration set WFL2

T is defined to be the closure of the union of supports
of all such defect measures of the weakly convergent sequence u(·, t), over t < T ,
t 7→ T . This set is a subset of the usual wave front set WF (u(·, T )) of the solution
at time t = T .

Our analysis of WFL2

T is based on a bound on weak solutions of the Navier –
Stokes equations that is in terms of the quantity ‖|ξ|û(ξ, t)‖L∞ , where û = Fu is the
Fourier transform. This estimate appears in [2], where it is used in a commentary
on the Kolmogorov scaling law for the energy spectral function. When this estimate

is applied to the discussion of microlocal energy concentration on the set WFL2

T ,
it is not sufficiently strong to control û over conic neighborhoods, and hence we

do not get a lower bound on the Hausdorff dimension of WFL2

T ∩ S∗(R3), where
S∗(R3) is the unit cotangent space. Instead the symbol class of probes of energy

concentration is enlarged to the Hörmander classes S0
ρδ. Given any point x0 ∈ SL2

T ,

we consider symbols a(x, ξ) ∈ S0
ρδ which act to microlocally isolate the concentration

set WFL2

T . We then identify the optimal rate of volume growth β̄x0
of the support

of a symbol in the fiber T ∗
x0

(R3) over the point x0 with the size of (WFL2

T )x0
. Our

principal result is that in order for a point x0 to be in the L2 concentration set SL2

T ,
necessarily β̄x0

≥ 1 in each fiber T ∗
x0

(R3). This is the statement of Theorem 4.5.
The structure of the paper is as follows: Section 2 presents the necessary and

well known preliminaries for this study of solutions of the Navier – Stokes equations.
In Section 3 we state three general inequalities that are satisfies globally by weak
solutions, two of these are well know, while the third is a version of an inequality
derived in [2]. As a side remark we discuss an estimate on the energy spectrum based
on this latter inequality. We also identify energy, or L2 concentration at a singular

time T with a geometrical set SL2

T of space. In Section 4 we state the main result
of the paper on the local and microlocal concentration of energy, identifying the
microlocal L2 concentration set WFL2

T . The final two sections contain, respectively,
a sketch of the proof of the main inequality, and a proof of the lower bound on β̄x0

.
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2. Navier – Stokes equations. The equations of motion of an incompressible
viscous fluid are

∂tu + (u · ∇)u = −∇p + ν∆u

∇ · u = 0 (1)

for the pressure p and the velocity field u, expressed in Eulerian coordinates. Often
one includes a forcing term, and this is also possible in the context of our results.
But for reasons of simplicity, in this article we study only the unforced case. The
initial data is given as

u(x, 0) = u0(x) , ∇ · u0 = 0 .

It is critical to specify the space-time domain. We have not addressed the question
of the presence of boundaries, something which is ultimately very important for any
deeper study of the Navier – Stokes equations. However it is beyond the scope of
the present work. Hence we allow two possible situations, the noncompact case, in
which the spatial domain is D = R3, for which the space-time domain is

(x, t) ∈ R
3 × R

+ := Q .

Alternatively, the standard choice of compact domain without boundary is the torus
D = T3, for which the space-time domain is

(x, t) ∈ T
3 × R

+ = Q .

We leave open the case of a bounded smooth domain D ⊆ R3.
We now consider solutions over an arbitrary time interval t ∈ [0, T ], defining the

space-time domain Q(T ) := D× [0, T ]. The usual definition of a weak solution over
the interval t ∈ [0, T ] is that:

1. The pair (u(x, t), p(x, t)) satisfies the integrability conditions that

u ∈ L∞([0, T ]; L2(D)) ∩ L2([0, T ]; Ḣ1(D)) , (2)

p ∈ L
5/3
loc (Q(T ))

2. The pair (u(x, t), p(x, t)) is a distributional solution of (1)
3. The energy inequality is satisfied

1
2

∫

D

|u(x, t)|2 dx + ν

∫ t

0

∫

D

|∇u(x, s)|2 dxds ≤ 1
2

∫

D

|u0(x)|2 dx (3)

The fact that the pressure can be so described is due to the result of Sohr & von
Wahl [21](1986). There is some leeway in the choice of integrability conditions for
the pressure at this point, which is important in general but which has little impact
on the present work, for which the choice reported above is sufficient.

The question of existence for the system of equations (1) has an long and ven-
erable history, dating from the work of Leray [17](1934). A statement of the basic
result is as follows:

Theorem 2.1 (Leray (1934)). Given u0 ∈ L2(D) divergence free, then there exists
at least one weak solution to (1) globally in time. These weak solutions satisfy

u ∈ L∞(R+; L2(D)) ∩ L2(R+; Ḣ1(D)) p ∈ L
5/3
loc (Q) (4)

A lot is known about such solutions, including the fact that

u ∈ Ls
t (L

p
x) ,

3

p
+

2

s
=

3

2
, 2 ≤ p ≤ 6 . (5)
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In addition, solutions are well known to be weakly continuous;

u ∈ Ct(L
2
x : weak topology) .

Uniqueness, global regularity, and even strong continuity are unknown, these being
subjects of the ultimate problem of regularity for solutions of the Navier – Stokes
equations.

The focus of study of partial regularity of solutions of the Navier – Stokes equa-
tions is the subset of space-time on which the solution fails to be regular.

Definition 2.2. Given a weak solution (u, p) of (1), the singular set S(u) ⊆ Q is
the set of space-time points at which u(x, t) is not locally bounded.

That is to say, the space-time point (x0, t0) 6∈ S(u) if there is a space-time
neighborhood Br(x0) × (t0 − r2, t0) := Qr(x0, t0) ⊆ Q (a parabolic cylinder about
(x0, t0)) such that

u ∈ L∞(Qr) . (6)

The property of being in L∞ is not normally considered to be very regular, but this
definition makes sense due to a classical theorem of Serrin [20] (1962) which implies
that if (x0, t0) 6∈ S(u), then for all nonnegative integers k (and for some 0 < α < 1)

∂k
xu(x, t) ∈ Cα(Qr/2(x0, t0)) . (7)

One cannot expect that time derivatives are bounded in a better way than this in a
local regularity theory, due to ambiguities in the local definition of the pressure and
the choice of frame of reference. Serrin’s condition (6) is actually weaker than this;
it requires that u ∈ Ls

tL
p
x(Qr(x0, t0)) for some r > 0, for 3

p + 2
s < 1.There is a long

history of improvements of Serrin’s local regularity result, including prominently
the result of Struwe [22](1988), which asks only that

3

p
+

2

s
= 1 (8)

for s < ∞. This is sensible because in such a case, the Ls
tL

p
x norm is invariant under

the standard Navier – Stokes scaling relation

(x, t) 7→ (γx, γ2t) , u 7→ γu . (9)

The relation (8) under which solutions are locally shown to be regular is to be
compared with the inequality (5) which is what is deduced for all weak solutions
from interpolation and the energy inequality. In a recent series of papers, this
local regularity result has been extended by Escauriaza, Seregin & Sveràk to the
hypothesis u ∈ L∞

t L3
x(Qr(x0, t0)) implying that the solution is locally regular, with

the definitive paper on the topic being [10].
A fair amount of effort has gone into the analysis of the singular set. We basically

know the following facts: The singular set S(u) is closed, by definition. The set of
singular times τ(u) = πtS(u) ∈ R+ has zero 1/2-Hausdorff dimensional measure

H1/2(τ(u)) = 0 . (10)

This statement is already implicit in the papers of Leray, but it is made explicit in
the work of Foias & Temam [12]. The more specific and much more precise results
of partial regularity were initiated by Scheffer [19], culmanating in the well-known
paper of Caffarelli, Kohn & Nirenberg [5](1982). Their principal theorem can be
stated as follows.
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Theorem 2.3 (partial regularity [5]). If (u, p) is a suitable weak solution of (1)
then the parabolic one-dimensional Hausdorff measure of S(u) is zero;

P1(S(u)) = 0 (11)

The notion of a suitable weak solution is related to that of a weak solution,
however such solutions are in addition required to satisfying a local form of the
energy inequality given by

1
2

∫

D

|u(·, T )|2ϕdx + ν

∫ T

0

∫

D

|∇u(·, t)|2ϕdxdt (12)

≤ 1
2

∫

D

|u0(·)|2ϕdx + 1
2

∫ T

0

∫

D

|u(·, t)|2
(

∂tϕ + ν∆ϕ
)

dxdt

+

∫ T

0

∫

D

(

p + 1
2 |u(·, t)|2

)

u · ∇ϕdxdt ,

for any C∞
0 cutoff function ϕ.

It is pleasant to know in retrospect that the solutions constructed by Leray are
suitable, as shown in [3]. It is however still unknown whether solutions constructed
by the method of Hopf are suitable, and it is curious how this seemingly technical
question is closely related to that of the L2 continuity of solutions.

One straightforward consequence of the Theorem 2.3 is a bound on the spatial
singular set for each time slice {(x, t) : t = T }, namely for T fixed, the singular set
ST := S(u) ∩ {t = T } in each time slice is at most one-dimensional

H1(ST ) = 0 . (13)

This is the way to state an upper bound on partial regularity of solutions that is
most relevant to the present context, since an analysis in individual time slices is
the focus of the results of lower bounds that we discuss in this paper.

3. Lower bounds on the singular set.

3.1. Three inequalities. There are not in fact that many independent estimates
on a general weak solution to the three-dimensional Navier – Stokes equations, de-
spite the amount of attention that this system receives. Firstly the energy inequality
has played a major rôle, namely that weak solutions satisfy

1
2

∫

D

|u(x, t)|2 dx + ν

∫ t

0

∫

D

|∇u(x, s)|2 dxds ≤ 1
2

∫

D

|u0(x)|2 dx ,

for all t > 0. This of course has numerous consequences such as (5), under interpo-
lation and other aspects of functional analysis, something that we will not review in
any detail in this article. For regular solutions the energy inequality is an equality,
the energy identity. It has been a point of discussion in the literature under which
weaker conditions on the solution u(·, t) does the energy inequality remain an equal-
ity, see for instance the work [7] on the Onsager conjecture for the Euler equations,
whose considerations are also applicable to the Navier – Stokes equations. Strictly
speaking, for less regular solutions there is no proof of the energy inequality; it is
an axiom of the theory of weak solutions as per (3).

A second inequality of interest that we mention was given by Foiaş, Guillopé &
Temam [11] (1981) in the case that the time interval [0, T )∩ τ(u) = ∅, and realized
in the general case by Chemin [6](2004). Namely it is the fact that the L∞

x norm
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of the solution, which is unbounded as a function of t when a solution develops a
singularity, always remains integrable,

∫ T

0

‖u(·, t)‖L∞ dt < +∞ , ∀T ∈ R
+ . (14)

This inequality is at the heart of the proof that weak solutions of the Navier – Stokes
equations in three dimensions do not develop squirt singularities, as described in
Cordoba, de la Llave & Fefferman [9]. This fact is in contrast to analogous quantities
involving first derivativatives of the velocity u, such as for example the vorticity
ω = ∇ ∧ u. Namely, the time integral

∫ T

0

‖ω(·, t)‖L∞ dt , (15)

is known to diverge for T = inf{t ∈ τ(u)}, and is thus an indicator of formation of
singularities. Again, there is a lot of literature on the generalization of the criterion
(15), for the most part having to do with weakening the function space norm in the
integrand.

The third general estimate that we mention is a bit different and is quite new,
and it is what is used in the main results of this paper. We formulate it here in the
language of dynamical systems, despite the fact that with no uniqueness theorem
there is no standard sense of the flow for the Navier – Stokes equations.

Theorem 3.1 (Biryuk & Craig [2](2008)). Let BR ⊆ L2(D), and define

AR1
:= {(û(ξ))ξ∈R3 : |ξ||û(ξ)| < R1} (16)

If R2/
√

2π
3

< νR1 then AR1
∩ BR is a future invariant set for weak solutions of

the Navier – Stokes equations.

That is to say, if the initial data for a weak solution u(x, t) satisfies the inequality

|û0(ξ)| ≤
R1

|ξ| (17)

for constants R and R1 satisfying the hypothesis of the theorem, then for all time
t > 0

|û(ξ, t)| <
R1

|ξ| , ∀ξ (18)

with the same constant R1. An immediate corollary has to do with a better upper
bound for time integrals of |û(ξ, t)|.
Corollary 3.2 (Biryuk & Craig [2](2008)). If the initial data for a weak solution
u(x, t) satisfies |û0(ξ)| < R1

|ξ| , then there is a second constant R2 such that addition-

ally for all T ≥ 0

ν

∫ T

0

|û(ξ, s)|2 ds ≤ R2
2

|ξ|4 (19)

Of course smooth initial data u0 has a Fourier transform which decays rapidly
as |ξ| → ∞ so that there is always some constant R′

1 such that u0 ∈ AR′

1
. If

also ‖u0|L2 = R, it could be that νR′
1 < R2/

√
2π

3
so the theorem does not apply

to AR′

1
∩ BR. However in this case by setting R1 := R2/(ν

√
2π

3
) the larger set

AR1
∩ BR is invariant for weak solutions of Navier – Stokes. Thus an estimate of

the form (18) holds for any weak solution of (1) with relatively smooth initial data.
A short proof of the above results in the case that D = T3 is given in section 5
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below. Under Navier – Stokes scaling (9) the quantity supt ‖|ξ|û(ξ, t)‖L∞ that is
under discussion transforms like the BV norm supt ‖∂xu(·, t)‖L1, for which there
are no known a priori bounds, and like the quantity supt ‖ω(·, t)‖L1 which is finite
for all t > 0 [8]. We will make use of the above estimates in our discussion of
lower bounds on the size of the singular set. But first let us digress to mention a
simple estimate on the energy spectrum of solutions that follows from these two
inequalities.

3.2. The energy spectral function. The estimate (18) has consequences on the
behavior of the energy spectral function, which is defined as follows

E(k, t) :=

∫

{Sd−1:|ξ|=k}

|û(ξ, t)|2 dSξ . (20)

It is a function of importance in discussions of the behavior of fluids in a state of
fully developed turbulence, and is of most relevance in dimensions d = 2 and d = 3.

The first consequence of Theorem 3.1 is a uniform upper bound on E(k, t) when
d = 3, in case that the initial data u0 satisfies (17). Namely, one has

0 ≤ E(k, t) =

∫

}S2:|ξ|=k}

|û(ξ, t)|2 dSξ

≤ 4πk2 × R2
1

k2
= 4πR2

1 . (21)

This is perhaps not very surprising, however it is incompatible with power law
behavior of the energy spectrum for small values of k. There is something stronger
to say about the time average of the energy spectrum. If a flow is in a turbulent
regime, it is expected to exhibit power law spectral behavior for a positive measure
of time t ∈ [0, T ], indeed almost all such times. Therefore it is relevant to consider
the average of E(k, t) over such intervals. When d = 3 in this case, using the
Corollary 3.2 we have an upper bound on the time average of E(k, t) over any
interval [0, T ] in the form

〈E(k, ·)〉 :=
1

T

∫ T

0

∫

{S2:|ξ|=k}

|û(ξ, t)|2 dSξdt

≤ 4πk2 × R2
2

νTk4
=

4πR2
2

νT

1

k2
. (22)

Contrast this with the prediction of Kolmogorov [14][15] and Obukov[18], which is
for power law behavior with the exponent

E(k) = C0ε
2/3k−5/3 .

There is clearly an issue to discuss in the discrepancy between the predicted power
law behavior and the upper bound (22); this is taken up in reference [2]. In the
present article, however, we would rather discuss the consequences of (18)(19) on
the character of the singular set ST (u) in case d = 3.

3.3. Energy discontinuities and the L2 concentration set. In this section
we discuss the possibility of their being discontinuities in the L2 topology at some
times T ∈ τ(u). This naturally invokes the question of continuity of the energy
1
2‖u(·, t)‖2

L2 as t → T , attained through values t < T , since it is with regard to an
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evolution equation. We say that an energy discontinuity has taken place at t = T
when

lim sup
t→T , t<T

‖u(·, t)‖2
L2 > ‖u(·, T )‖2

L2 . (23)

For T ∈ τ(u) the energy could be discontinuous, or else it may be continuous but
nonetheless ‖∇u(·, t)‖2

L2 is unbounded on [T − δ, T ] for any δ. Indeed, if neither
then the local regularity criterion of Serrin [20] and others implies that the solution
is regular at time t = T .

Accordingly, the set of singular times τ(u) decomposes into

τ(u) := τ1 ∪ τ2

where τ1 are the energy discontinuities and τ2 = τ(u)\τ1 consists of the remainder.
We are concerned with those singular times T ∈ τ1. Since the norm ‖ · ‖L2 is con-
tinuous in the strong topology, and since weak continuity plus L2-norm continuity
imply strong continuity, these are precisely the times of discontinuity of u(·, t) in
L2 in the strong topology. More than a notion of functional analysis, the phenom-
enon of energy concentration due to this L2 discontinuity can be associated with a
geometric set of the time slice D×{t = T }. As with the singular set, we define the

energy concentration set SL2

T by a criterion imposed on its complement.

Definition 3.3 (L2 concentration set). The point x0 6∈ SL2

T if there exists r > 0
such that

lim
t→T−

‖u(·, t)‖2
L2(Br(x0))

= ‖u(·, T )‖2
L2(Br(x0))

(24)

The set SL2

T is closed. Indeed norm convergence in the presence of weak conver-
gence implies strong convergence, and if x1 ∈ Br(x0), the solution u(·, t) restricted
to any Br1

(x1) ⊆ Br(x0) shares the strong convergence of u on Br(x0). Further-
more, since u(·, t) is smooth outside the usual singular set ST (u), then

SL2

T ⊆ ST (u) . (25)

Thus L2 concentration is associated with the closed point set SL2

T ∈ R3, which by
the theorem of Caffarelli, Kohn & Nirenberg cannot be too large. When considering
D = T3 there is no other possibility for weak convergence of limt→T− u(·, t), while
in the case D = R

3 one must also consider the possibility of energy loss at |x| → ∞.
However for suitable weak solutions with u0 ∈ L2(R3), by an argument based on
the work [5], this cannot happen. Hence in both cases we associate all possible L2

concentration and loss of energy of the solution at time T with a geometric set SL2

T ,
a subset of D.

4. Bounds on microlocal energy concentration. The main result of this pa-
per is a bound on the size of the set in the cotangent space T ∗(D) within which
energy may concentrate. In order to express this, we probe the solution u(·, t) with
pseudodifferential operators whose symbols are homogeneous and in the symbol
class S0

10(D), using the Weyl calculus for reasons of convenience. Discontinuities
in L2 of the solution are identified with defect measures, as defined in the the-
ory of Tartar [23] and Gérard [13]. The support of the defect measures, which is
a homogeneous set in each fiber of T ∗(D), then gives the appropriate analog of

the wave front set WF (u), which we denote WFL2

(u). It is reasonable to call
this the L2 concentration wave front set. We then refine our probes by using the
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broader symbol class S0
ρδ(D) (with 0 ≤ δ < ρ ≤ 1). Unlike S0

10(D), such sym-

bols are allowed to have relatively smaller support at |ξ| → ∞, with for example
vol (supp (a(x, ξ)) ∩ {|ξ| < s}) ∼ s1+β , with β ≥ 2ρ. Our main microlocal result is
that sets on which energy may concentrate cannot be too small, in the sense of a
lower bound on the exponent β ≥ 1 for symbols a(x, ξ) which support microlocally
the L2 concentration wave front set.

4.1. Local behavior in x and ξ. Consider a point x0 ∈ SL2

T and localize the
convergence question with a cutoff function 0 ≤ ϕ ∈ C∞

0 (Br(x0)), setting

v(x, t) := (u(x, t) − u(x, T ))ϕ(x) . (26)

Then v(·, t) tends weakly to zero, and the question is as to in what manner does it
converge more strongly. It is useful to phrase the question in terms of the Fourier
transform v̂(ξ, t). The following fact is well known.

Proposition 4.1. For weak solutions u(·, t) of (1), and for ξ fixed, the Fourier
transform û(ξ, t) is Lipschitz continuous as a function of time. Therefore as t → T−

then v̂(ξ, t) → 0 pointwise in ξ ∈ R3.

Evidently what causes a lack of strong convergence is the loss of L2 mass density
|û(ξ, t)|2 at |ξ| → ∞, as t → T−. There is of course no uniformity implied in the
Lipschitz constant in its dependence on ξ.

Given a point x0 ∈ SL2

T we probe for energy concentration using the Weyl pseudo-
differential calculus, which from a symbol a(x, ξ) ∈ S0

ρδ(D) gives the operator

aw(x, D)v(x, t) =

∫∫

eiξ·(x−y)a(x+y
2 , ξ)v(y, t) dydξ . (27)

A microlocal test of the behavior of the energy concentration as probed by the
operator aw(x, D) is given by 〈v | aw(x, D)v〉. Through the Weyl calculus there is a
beautiful association between this quantity and the Wigner transform, which gives
the formula that

〈v | aw(x, D)v〉 =

∫∫

a(x, ξ)W [v](x, ξ) dxdξ (28)

where W [v] denotes the Wigner transform of v,

W [v](x, ξ) :=
1

(2π)d

∫

eiξ·yv(x + y/2)v(x − y/2) dy . (29)

From the classical theory of L2 continuity of pseudodifferential operators for a(x, ξ) ∈
S0

ρδ, the operators aw(x, D) are L2 bounded. Therefore whenever u(·, t) converges

strongly to u(·, T ) on the neighborhood Br(x0), then

lim
t→T−

〈a |W [v(t)]〉 = lim
t→T−

〈v(t), aw(x, D)v(t)〉 = 0 , (30)

where we are setting v(x, t) := (u(x, t) − u(x, T ))ϕ(x) as above. However if u(·, t)
converges weakly but not strongly to u(·, T ), it is detected by microlocal defect
measures µ ∈ M(S∗(R3)). This is the content of the theory of Tartar and Gérard.

Theorem 4.2 (L. Tartar [23](1990), P. Gérard[13](1991)). Suppose that the sup-
port supp (u) is in the ball Br(x0). Let µx0

be a microlocal defect measure of
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limtj→T− v(x, t) for a subsequence tj → T−. Suppose that for all symbols a ∈
S0

10(D) homogeneous degree zero one has

lim
tj→T−

〈a |W [v(tj)]〉 :=

∫∫

S∗(R3)

a(x, ξ)µx0
(dxdSξ) = 0 , (31)

then µx0
= 0 and the sequence u(·, tj) converges strongly in L2(Br(x0)) to u(·, T ).

These facts motivate the definition of WFL2

, the analog of the wave front set for

L2 concentration of u(·, t). Given x0 ∈ SL2

T and ϕ(x) ∈ C∞
0 (Br(x0)), set v(x, t) =

ϕ(x)u(x, t), and denote by Ax0,r the set of all defect measures µx0,r arising from
limtj→T− v(x, t) through sequences tj → T−. For a given sequence of times tj → T−

for which a defect measure µx0,r exists, it can be shown that the support of this
measure is monotone in r → 0, namely

supp (µx0,r1
) ⊆ supp (µx0,r2

) (32)

for r1 ≤ r2.

Definition 4.3. The L2 concentration wave front set in the fiber T ∗(D) is defined
to be

WFL2

x0
= WFL2

x0T (u) :=
⋂

r>0

⋃

Ax0,r

supp (µx0,r) . (33)

By (32) and compactness, if x0 ∈ SL2

T the above intersection is not empty.

4.2. L2 concentration at infinity. The set WFL2

is a subset of the unit cotan-
gent space S∗(D), which is contained in the classical wave front set WF (u(·, T ))
of the solution at the singular time T ∈ τ1. It is an interesting question as to its
Hausdorff dimension, specifically in terms of a geometric lower bound, which we are
not able to answer with the analysis in this paper. In this setting a dimension count
is in order. The singular set ST (u) := S(u)∩ {t = T } and the L2 concentration set

SL2

T are subsets of D, which by the partial regularity theorem in [5] are at most one
Hausdorff dimensional. The classical wave front set WF (u(·, T )) and the microlo-

cal L2 concentration set WFL2

are subsets of S∗(D), which is a five dimensional

manifold. Our conjecture is that WFL2

is at least one dimensional, in each fiber of

S∗(D) in which it is not empty. More precisely, we conjecture that if dimH SL2

T = ᾱ

then dimH WFL2 ≥ ᾱ + 1. Of course, ᾱ ≤ 1 by Theorem 2.3.
Whan we prove with the techniques of this paper is a theorem of lower bounds

on the size of the subset of T ∗(D) on which L2 mass can concentrate at infinity.
It is a theorem with more analytic content than simply a bound on the dimension

of the set WFL2

. Rather it concerns the proportion of the cotangent space at
infinity that supports the proportion of the density |v̂(ξ, t)|2 that is transported to
|ξ| → ∞ as t → T−. To quantify this notion, we enlarge the class of symbols under
consideration to the S0

ρδ Hörmander symbol classes, with 0 ≤ δ < ρ ≤ 1, probing

the set WFL2

= WFL2

x0T more finely with symbols a ∈ S0
ρδ(D). By the standard

theory, the operators aw(x, D) are bounded on L2, hence when v(·, t) → 0 strongly
as t → T−, then 〈v(t), aw(x, D)v(t)〉 → 0. The point of the more general symbol
class is that it includes symbols which have more restricted support at infinity in
the fibers of T ∗(D). For example, these symbol classes, for appropriate choices of ρ,
include the class of symbols of quasi-homogeneous type, as described in the papers
of Beals & Fefferman [1](1974), Boutet de Monvel [4](1975), and Lascar [16](1977).
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To be concrete, given ϕ(x) ∈ C∞
0 (Br(x0)) and χ(ξ′) ∈ C∞

0 (Br′(0)), the symbol

a(x, ξ) = ϕ(x)χ( ξ′

〈ξ1〉ρ ) ∈ S0
ρ0 for 0 < ρ ≤ 1. It is supported in the fibre ξ ∈ R3 in a

neighborhood of the ξ1 axis, and it has volume growth at |ξ| → ∞ that is less than
that of a conic set. Namely,

vol (supp (a) ∩ BR(0)) ∼ R1+2ρ ,

as R → ∞.
Suppose that 0 ≤ a(x, ξ) ≤ 1 is a symbol in S0

ρδ(D) and that it is such that

lim
t→T−

〈v|(1 − a)w(x, D)v〉 = 0 , (34)

then

WFL2

x0T ⊆ supp (a)

and supp (a) contains the set in which L2 mass is being transported to infinity,
microlocally near x0.

We can perform this test with symbols 0 ≤ a(x, ξ) ≤ 1 which have x support in
Br(x0), namely πxsupp (a) ∈ Br(x0). The volume growth in the fibers πξsupp (a)
as |ξ| → ∞ of these symbols gives an upper bound on the size of the set of L2

concentration in neighborhoods of WFL2

x0T . The smaller the volume growth of such

test symbols a(x, ξ), the smaller the size of the set WFL2

is at infinity. Indeed
consider all such a(x, ξ) ∈ S0

ρδ with πxsupp (a) ⊆ Br(x0), such that 0 ≤ a ≤ 1, and

lim
t→T−

〈v|(1 − a)v〉 = lim
t→T−

〈(1 − a) |W [v(t)]〉 = 0 (35)

with volume growth

vol
(

πξsupp (a) ∩ BR(0)
)

∼ R1+β . (36)

Then for a fixed neighborhood Br(x0) optimize the volume growth rate

β̄x0,r := inf(β)

where the infimum is taken over the above class of symbols in S0
ρδ(Br(x0)). Finally,

take the limit as r → 0.

Definition 4.4. The quantity

β̄x0
(u) := lim inf

r→0
(β̄x0,r) (37)

defines our notion of the size of the concentration set of WFL2

x0T .

We have retained the dependence on the original functions u(·, t) in our notation
as a reminder that this exponent depends on features of the convergence rate of u

as t → T−, and is not simply a property of the homogeneous set WFL2

x0T . Our main

theorem has to do with a lower bound for the exponent β̄x0
(u).

Theorem 4.5. The set WFL2

x0T ⊆ WFT (u) is not too small (if it is nonempty), in
the sense that

β̄x0
(u) ≥ 1 (38)

We note in passing that β̄x0
(u) is an upper bound for the Hausdorff dimension

of the set WFL2 ∩ S∗
x0

(D) but, as it has been pointed out to us by P. Gérard, it is
not necessarily equal to the Hausdorff dimension.
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5. proof of Theorem 3.1 that AR1
∩ BR is invariant. A proof of the global

estimate (18) appears in [2], and in [3] in the case of the torus Td. In the latter
there is a particularly simple proof, which we reproduce here in brief with d = 3.
For fixed ξ ∈ Z3 the point û(ξ) ∈ C2

ξ ⊆ C3, where the complex subspace C2
ξ is

specified by the distributional condition of incompressibility

ξ · û(ξ) = 0 .

The Fourier transform û(ξ, t) gives a Lipschitz curve in C3. The fact that u(x, t) is
a weak solution implies that the Fourier transform satisfies the equation

∂tû(ξ) = −ν|ξ|2û(ξ) − iξ
√

(2π)3
Πξ

∫

û(ξ − ξ1) · û(ξ1) dξ1

:= X(u)ξ , (39)

(in the weak sense at least) where we consider X(u)ξ to be the ξ-component of the
vector field in C

2
ξ . Suppose that ‖u(·)‖L2 ≤ R and consider the vector field X(u)ξ

when the complex point satisfies |û(ξ)| = R1/|ξ|. In C2
ξ the radial component of

X(u)ξ is proportional to

re(û(ξ) · X(u)ξ) < −ν|ξ|2(R1/|ξ|)2 + (R1/|ξ|)|ξ|
R2

√

(2π)3
, (40)

where we have used the Hausdorff – Young inequality to bound the convolution
term

|Πξ

∫

û(ξ − ξ1) · û(ξ1) dξ1|ℓ∞ ≤ ‖û‖2
ℓ2 .

Therefore the LHS is negative when R2/
√

(2π)3 < νR1. This is to say that the ball
{|û(ξ)| ≤ R1/|ξ|} ⊆ C2

ξ is a future invariant set for a weak solution of the Navier

– Stokes equations. A similar argument holds when a forcing f(x, t) is present, as
long as it is relatively smooth, see [2]. But this is not discussed in the present paper.

The proof of Corollary 3.2 is similarly straightforward. The relevant fact about
the vector field X(û) is that solutions obey the identity

|û(ξ, T )|2 − |û0(ξ)|2 + 2ν

∫ T

0

|ξ|2|û(ξ, t)|2 dt

=
2

√

(2π)3
im

[

∫ T

0

û(ξ) ·
∫

û(ξ − ξ1) · ξ1 û(ξ1) dξ1dt
]

, (41)

where again we are setting f = 0 for simplicity. Writing I2(ξ) = ν
∫ T

0 |ξ|4|û(ξ, t)|2 dt,
a similar use of the Hausdorff – Young inequality gives an inequality

I2(ξ) − R2

2ν
√

(2π)3
I(ξ) − R2

1

2
≤ 0 . (42)

Therefore I(ξ) cannot exceed the largest positive root of the resulting quadratic.

6. Proof of main theorem. Our proof of Theorem 4.5 uses an argument by
contradiction. Assume that β̄x0

(u) < 1. We may thus choose r > 0 and a symbol
a ∈ S0

ρδ(Br(x0)), such that 0 ≤ a(x, ξ) ≤ 1 with volume growth β, where β̄x0
(u) <

β < 1, which has the support properties described above. Namely that with respect
to the L2 concentration of v(x, t) = ϕ(x)(u(x, t) − u(x, T )) we have

lim
t→T−

〈v|(1 − a)v〉 = lim
t→T−

〈(1 − a) |W [v(t)]〉 = 0 . (43)
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Since we know that lim supt→T− ‖v(·, t)‖2
L2 = δ2 > 0 for some δ, then there is a

sequence of times tj → T− for which

lim
tj→T−

〈v(x, tj)|a(x, D)v(x, tj)〉 = δ2 , (44)

and in particular this limit is nonzero. To be more explicit, this test of concentration
of v(·, t) is

lim
tj→T−

〈a|W [v(·, tj)]〉 = lim
tj→T−

∫

v(x, tj)a
w(x, D)v(x, tj) dx (45)

= lim
tj→T−

∫

dη
(

∫

ã(η, ξ)v̂(ξ + η/2, tj)v̂(ξ − η/2, tj) dξ
)

where ã(η, ξ) is the Fourier transform of a(x, ξ) with respect to x. This symbol is
smooth, and compactly supported in x ∈ D, therefore smooth and well localized in
η. Furthermore, for each η the volume growth in ξ is bounded by R1+β,

vol
(

πξsupp (ã(η, ·) ∩ BR(0)
)

∼ R1+β .

There is now a majorant for the integrand of (45). Indeed for each η

|ã(η, ξ)||v̂(ξ + η/2, t)||v̂(ξ − η/2, t)| ≤ |ã(η, ξ)|〈ξ + η/2〉−1〈ξ − η/2〉−1 . (46)

The RHS is now absolutely integrable over ξ ∈ R3,
∫

ξ

(RHS) dξ ≤
∫

〈r〉−2rβ dr < +∞ . (47)

where we use precisely that β < 1. The Lebesgue dominated convergence theorem
then implies that as tj → T−, the limit in (44) vanishes, contradicting the fact that
δ > 0. Thus we conclude that β̄x0

(u) ≥ 1.
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