STATISTICAL INFERENCE

POPULATION AND SAMPLE

Population = all elements of interest
Characterized by a distribution F
with some parameter 0

l

Sample = the data Xq,..., Xn,
selected subset of the population

n = sample size

Examples of F: Bernoulli(p), Normal(u, o),
Gamma(n, \), Poisson(}\), etc.




Statistical Inference

Statistical Inference
= inference about a population based on a
sample

e Parameter estimation

e Confidence intervals

e Hypothesis testing

e Model fitting



Statistical Inference

Parameter Estimation

Statistic = any function of data W (X1, ..., X»)

Estimator of 6 = any statistic used
to estimate 0

Estimator § is unbiased if E(8) =6

Example 1. Estimation of a mean:

Estimate the population mean 6 = u = E(X;)
by a sample mean



Parameter Estimation

Example 2. Estimation of a variance:

Estimate the population variance
0 = 02 = Var(X;)

by a sample variance

S§2 = Z (X, — X)2

Also unbiased: E(S?) = o°.



Parameter Estimation

Methods of Estimation

1. Method of Moments
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kth population moment

kth sample moment M,
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To estimate d parameters, solve the system

My = pu

Mg = pg



2. Method of Maximum Likelihood

Maximize the probability (pmf, pdf) of seeing
the really observed data

Implementation

Observe X1, ..., Xy from pdf or pmf f(x |6).

Maximize

f( X1, Xn |0) = ]] f(X;16)
i=1
in 6.

Simplification: maximize

N F(X1, 00 Xn [0) = 3 In £(X; |6)
=1

Typically, compute
i f(X1,.., Xn [0) = Enj 9 i f(X;16)
00 = 00

equate to 0 and solve in 6.



Statistical Inference

Confidence Intervals

100 (1 - o) %-confidence interval is an inter-
val that contains parameter 6 with probability

.

That is,
P{a<6<b}=1—-«
where
a=a(Xq1,...,Xpn) and b=0b(Xq,..., Xn)

are statistics. So, a and b are random, 6 is not.



Confidence intervals

Example: Xq,..., X, from Normal(u,o) with

unknown u, known o

1. Estimate § = u by its estimator X = 13" X,.

n

2. Find its distribution: Normal with
E(X) =pu

_ 1 2
Var(X) = — Var(X;) = —— = —
()= ZXVar(X) =5 ==

Therefore,
X —p

4=

is Normal(0,1)

3. Find critical values %z, such that

P{—za/Q < Z< Za/Q}
for Z ~ Normal(0,1).



Confidence intervals

4. Then we have

X — i
P{_Za/2<0/\/ﬁ<za/2}:1_a

Solve for u:
P{X—Zoi;%a<u<)_(—l—zo\‘;%a}=1—a
5. Hence,
)_(:EZT;%OZ [X_ZO\{;%O' | )_(—I—Zoi;%O]

is a (1 —«)100% confidence interval for u.



Confidence intervals

WwWhen o is unknown

Data X4q,..., X, from Normal(u, o) with
unknown p, unknown o

1

n—1

n
1. Estimate o by S = J > (X - X)°
1

2. Use t-distribution with (n — 1) degrees of
freedom instead of Normal.

For large n, use Normal approximation.

Result:
toz/Q,n—ls

X+
NG
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TESTING HYPOTHESES

Hypothesis Hgy and alternative H4 = mutually
exclusive statements about the unknown para-
meter 6.

Collect data
J

Conduct a test

U

State if there is sufficient evidence to reject
Hg in favour of Hy.

Conclusion Reject Hg Accept Hy

Hg is true Type I error correct
Hg is false correct Type II error

Control the significance level

a=P{ Typelerror }
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Hypotheses testing

Data: Xji,..., Xy from Normal(u, o) with
unknown u, known o

Test Hy:pu=pug vsS Hy : it # puo.
1. Find +z, /5. Acceptance region: [—z, 2, zq/2]-

2. Compute the test statistic
X — g

o/vn

Y

3. If Z belongs to the acceptance region, do
not reject Hp.
Otherwise, reject Hy.

If Hgy is true, Z has Normal(0,1) distribution,
and

P{ Typelerror } = P{|Z| > Za/Q} = o
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Hypotheses testing

One-sided, right-tail tests

Test Hy i u=pug VS Hpg : > ugp-.
1. Find zo. The acceptance region is (—oo, za].

2. Compute the test statistic

X _

7 ==_"H0
o/\/n

3. If Z belongs to the acceptance region, do

not reject Hy.

Otherwise, reject Hy.
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Hypotheses testing

One-sided, left-tail tests

Test Hy i u=pug VS Hy : p < ug-
1. Find zo. The acceptance region is [—zq, +00).

2. Compute the test statistic

X — o

STV

3. If Z belongs to the acceptance region, do
not reject Hp.
Otherwise, reject Hp.

14



Hypotheses testing

Ccase of unknown variance

1

n—1

n
1. Estimate o by S = J > (X - X)°
1

2. Use t¢-distribution with (n — 1) degrees of
freedom.

For large n, use Normal approximation.

15



Statistical Inference

LINEAR REGRESSION

Observe pairs (X;,Y;) fori=1,...,n.
X; = predictor
Y, = response

Fitting a linear model

Y%:CL—FXZ'b—F&‘Z'

g; = error term

Goals:

e Estimate parameters a and b

e Predict Y for a new value of X
16



Linear regression

Method of Least Squares

For each X;, the model predicts

17;;=a—l—Xib

n
Minimize G(a,b) = ) _ (YZ — Y,L->2:
i=1

( n
0C — 2% (at+Xp-Y) = 0
Ja i=1
<
n
%—C[j — QZ(CL—I-XZb—YL)XZ = 0
\ ’L:].
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Linear regression

an + bY X; > Y
oYX, + b X? = Y XY

Least squares estimates:

(a4 = Y — Xb

< po— Sxy Sy
= = = pr—

\ Sxx Sx

where
Sxy = 2(X; = X)(Y;-Y) = (n—1)Cou(X,Y),

Sxx =2(X;—X)?2=(n—-1)5%,

S%, S2 = sample variances,

_ Cov(X,Y)
-~ SxSy
coefficient

r = correlation
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Linear regression

Sample regression line:

Yy =a-+ xb

Prediction for new Xj:

Yo =a+ Xpb
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