
Optimal Control of
Partially Observed Inventory Systems
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Partially Observed Inventory
� Transactionerrors:Unintentionalmistakes

happen
� Eg: Cashiersaskfor thenameof vegetablesat thecheckout;

Swapthesameyogurttwicewhenyoubuy two different
yogurts.

� Axsäter(2001):. . .deploymentof . . . technologyis not
alwayseconomicallyjusti�able anddoesnoteliminate
. . .errors.

� Ramanetal. (2001):inventoryrecordsfor 65%of sku's ata
publicly tradedretailerareinaccurate.

� Productquality, yield, andspoilageproblemsnot
immediatelyobserved

� Eg: Bloodcells,chemicals,batteries.
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Partially Observed Inventory
� Misplacedinventory

� Eg: Why cannotabookstoreclerk �nd abookon theshelf?
� Ramanetal. (2001):. . . signi�cant losses– asmuchas25%of

pro�ts at a leadingretailer.

� Pilferage:smallbut continuoustheft
� Eg: Furnitures,frozenfoods.
� Axsäter(2001):Apart from thelossin value,theftswill alsolead

to inaccurateinventoryrecords.

� Inventoryis countedto eliminateuncertaintyin therecords;
timebetweentwo countsin a row canbetermedas
informationdelay.

� Filtereddemand:Unmetdemandis notobserved.
� Not �nding aproducton theshelf,customersoftenquitelyleave

thestore.
� LariviereandPorteus(1999),andDing, PutermanandBisi (2002).
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SomeLiteratur e
� TreharneandSox(2002):Markovianmodulateddemand

whosestateis unobserved.
� Kök andShang(2004):Inventorylevel is unobservedfor

variousreasons;Inspectionpolicy sought.

SeeminglySimilarWork
� Kaplan(1970):Randomdelivery leadtimes.

Theinformationdelayshiftsdemandobservationsin time.
Theleadtimeshiftsorder deliveriesin time.

� Chen(1999):In amultiecheloninventorycontext,
informationleadtimeatanechelonis thetime it takesfor
anorderplacedby theechelonto reachits upstream
echelon.

� Neitherhaspartiallyobservedinventories.
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Why a FewStudies?
� Practically:Retailersdonotpublicizetheirpartial

inventoryinformation.
� Theoretically:Informationmustbeinferredfrom surrogate

measures.
- Currentinventorylevelsinferredfrom inventorylevelsin earlier
periods(InformationDelay),
- Currentinventorylevelsinferredfrom stock-outs(ZeoBalanceWalk),
- Demandinferredfrom thedemandwhenit is met(Filtered
Newsvendor).

� Inferencesyield conditionalprobabilitydistributionsfor the
inventorylevel.
- Currentinventoryconditionedon thelastobservedinventory
(InformationDelay),
- Currentinventoryconditionedon thetimeof thelaststockout (Zero
BalanceWalk),
- Demandconditionedon thedemandobservationgiventhatit is less
thantheinventory(FilteredNewsvendor),
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Why a FewStudies?
� Thestateof thesystemis aconditionaldistribution

evolving in anin�nite dimensionalspace.
� Checkif thereis a �nite dimensionalsuf�cient statistics?

- Yes,thelastinventoryobservationis asuf�cient statistic
for informationdelaycase.
- If yes,checkthevalidity of thebasestockand(s;S)
policies?
- No, thereis nosuf�cient statisticfor zerobalancewalk or
the�ltered newsvendorcase.

� In thesequel,we examinethemodelsfor

1. Informationdelay,

2. Filterednewsvendor,
3. Zerobalancewalk.
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1. Inf ormation Delay
� Informationdelaysexist whenthemostrecent

inventoryinformationavailableto theInventory
Manager(IM) is dated.

� Eg: Whenthesalesarenot reportedasthey happen.

� Doesnotmoderntechnologyfacilitatethe
informationcollection?

� Yes,but it alsomakesdecisionmakingfrequent.
� Eg: Dell ordersfor componentsaboutevery two hours.

� Still, somedecisionsaremadewithout full
knowledgeof theup-to-dateevents.
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1. SomeNotation
� I t ; qt ; D t : Inventorylevel, orderquantity, demand(in theorderof

appearance)in periodt, t = 1; 2; : : : ; T .

� � : Informationdelay, measuredin thenumberof periods.

� zt : Thesignal(surrogatevariable)observedin periodt.

zt =
n I 1 if t � � + 1

I t� � if t � � + 2

o

zt is themostrecentinventorylevel observedby periodt.

� IM knows thesignalhistoryf zj : j � tg, whichgenerates

Z t := G(f zj : j � tg)

� In classicalmodels,F t := G(f I j : j � tg) is known

� Z t � F t =) Inventoryis partiallyobserved.
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1. ProblemDe�nition
� Inventoryis backordered

I t+1 = I t + qt � Dt:

� c(I ; q) is theone-periodcostfunction.

� Objective function:

J (q) := IE
TX

t=1

c(I t ; qt):

� Find theorderquantityprocessadaptedto theobservedhistoryto
minimizeJ (q).
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1. ReferenceInventory Position
� xt : Thelatestobservedinventoryplusall theorderssincethen.

Supposet � � + 2

xt := I t� � +
�X

i=1

qt� i :

� Obtaintheinventorylevel from thereferenceinventoryposition

I t = xt �
�X

i=1

Dt� i

| {z }
=: D �

:

� Thenevolve xt insteadof I t

xt+1 = xt + qt � Dt� � : UTDallas.edu/� Metin – p. 10/45



1. Rewrite the Problem
� Single-periodcostw.r.t. referenceinventoryposition

ci (x; q) := IE c(x � D i ; q):

� Objective function

J (q) = IE
TX

t=1

ct(xt ; qt )

where

ct(x; q) =
�

ct� 1(x; q) if t � � + 1
c� (x; q) if t � � + 2

�
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1. Dynamic Program

VT+1 (x; � ) = 0;

Vt(x; � ) =

8
><

>:

inf q� 0 ct� 1(x; q) + Vt+1 (x + q; � )
for t � � ;

inf q� 0 c� (x; q) + IE Vt+1 (x + q � D; � )
for t � � + 1:

� Statex is thereferenceinventoryposition.
� Nonzerosalvagevalueanddiscountingcanbeadded.

� For policy structure,let ci (x; q) = cq+ IE h(x � D i ).
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1. BasestockPolicy
Optimalorderquantityq�

t (x) is

q�
t (x) = (u�

t (� ) � x)+ ; wherethebasestocku�
t (� ) is

u�
t (� ) :=

�
argminu cu + Vt+1 (u; � ); t � � ;
argminu cu + IE Vt+1 (u � D; � ); t � � + 1:

� Delay� dependentbasestocku�
t (� ) is computedagainstthe

referenceinventorypositionx.
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1. Monotonicity Properties
� Marginalbene�t of inventoryis morewith longerdelay;

Marginal costof inventoryis lesswith a longerdelay,

d
dx

Vt(x; � ) �
d

dx
Vt(x; � + 1)

Eitherfor [t � � + 1] or for [x � u�
t (� ) andt � � ].

� Basestocksarelargerwith a longerdelay

u�
t (� ) � u�

t (� + 1)

Eitherfor [t � � + 2] or for [t � � ].

� Comparisonof u�
� +1 (� ) andu�

� +1 (� + 1) requiresadditional
conditionson thecost.

� Costsaresmallerwith shorterdelay:V1(x; � ) � V1(x; � + 1).
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1. RandomInf ormation Delay
� Delay� is random.
� Eg: Building / repairinganinformationsystemwhichwould become

availableat theendof period� + 1.

� Delayhasprobabilitiespk := P(� = k).
� � t : Theperiodto which themostrecentinventory

observationbelongs,

� t =
n 1 if t � � + 1

t � � if t � � + 2

o
; � 1 = 1:

f � t : t � 1g is a stochasticprocessderivedfrom � .
� Eg: If [� = 2], then� 1 = � 2 = � 3 = 1 and� 4 = 2, � 5 = 3.
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1. Dynamic Program
Evolutionof thesystemstate

(xt ; � t ) 7! (xt + qt � D � t +1 � � t ; � t+1 )

where(� t +1 � � t ) demandsareobservedat thebegining of periodt + 1.

Wt(x; � ) = inf
q� 0

ct� � (x; q)
| {z }

1� period cost computedwith D t � �

+ IE

2

4 Wt+1 (x + q � D � t +1 � � ; � t+1 )
| {z }

F utur e cost with � t +1

�
�
�
�
�
�
� t = �

3

5

NotethatWt(x; � ) = Vt(x; t � � ) for � � 2.
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1. When is the delayobserved?
If theinformationsystemis notbuilt by t, it maynotbebuilt by
t + 1 either:

P(� t+1 = 1j� t = 1) = P(� � tj� � t � 1)

=
1 �

P t� 1
k=0 pk

1 �
P t� 2

k=0 pk
:

Or it is built by thebeginingof periodt + 1

P(� t+1 = 2j� t = 1) =
pt� 1

1 �
P t� 2

k=0 pk
=: � t� 1:

� Whatis P(� t+1 = 3j� t = 1)? Hint: Whatis � t if � t+1 = 3?
� t +1 = 3 =) � = t � 2. Then� t = 2. Interestingly, � t +1 � � t � 1.

� Notethat� t is thehazardratefunctionfor � .
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1. Dynamic Program : � t = 1
DP recursionwith yet to beobserveddelaybecomes

Wt(x; 1) = � cx + IE h(x � D t� 1)
+ min

w� x
[cw + � t� 1IE Vt+1 (w � D; t � 1)

+ (1 � � t� 1)Wt+1 (w; 1)] :

Therecursionimpliesa basestockpolicy with

w�
t := argmin

w
[cw + � t� 1IE Vt+1 (w � D; t � 1)

+(1 � � t� 1)Wt+1 (w; 1)] ;

q�
t (x; � ) =

�
(w�

t � x)+ if � = 1
(u�

t (t � � ) � x)+ if � � 2

�
:
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1. Mark ovian delays: f � t : t � 1g
� Delayprocessis aMarkov Chaincharacterizedby

transitionprobabilities

pt
i;j := P(� t+1 = j j� t = i ) for t � 1

and� 0 = 0:
� f � t : t � 1g is notnecessarilyaMarkov chainanymore.

� Constructa new processf � t : t � 1g by

� t := max
1� j � t

f j : � j � 1 < � j g;

� t is thecalendartimeof thelatestinventoryobservation.

� f (� t ; � t ) : t � 1g is aMarkov chainbecause

� t+1 = 1I� t +1 = � t � t + 1I� t +1 >� t (t + 1):
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1. Mark ovian delays:DP formulation
� Let � t := t � � t and� t := � � t . They arerespectively theage

of thelatestinventoryobservationandthedelayinferred
from thatobservation.

� f (� t ; � t )g is aMarkov chainonaccountof f (� t ; � t )g. Let


 t
� ;� := P(� t+1 � � + � + 1j� t � � = � ; � t � � +1 � � + 1; : : : ; � t � � + � )


 t
k;� ;� := P(� t+1 = kj� t � � = � ; � t � � +1 � � + 1; : : : ; � t � � + � )

� Basetockpolicy still holdsin view of theDP equation

Vt (x; � ; � ) = inf
q� 0

n
c� + � (x; q) + � 
 t

� ;� Vt+1 (x + q; � + 1; � )

+ �
� + �X

k=0


 t
k;� ;� V � + � +1 � k

t+1 (x + q; 0; k)
o

:
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1. Concluding Remarks
� Refereneceinventorypositionis a suf�cient statisticfor the

delayproblem.
� Basestockpoliciesareoptimalwith Constantdelays.
� State� dependentbasestockpoliciesareoptimalwith

Randomdelays.
� (s;S) policiesareoptimalif therealsoare�x edordering

costs.
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2. Filter edNewsvendor
� Many inventorymodelsassumeastaticandaknown

demanddistribution
� Thisdistribution in reality canchangeover timeandsoit is

likely to beunknown.
� Thedemandis observedonlywhenit is lessthanthe

inventorylevel, i.e.,unmetdemandis censored.
� Ding etal. (2002),demandsareiid.
� Ourmodel,demandscomefrom aMarkov process,

p(xj� ) := P(Dt+1 = xjDt = � ).
� Inventoryis decoupled;Excessinventoryis salvagedat the

endof eachperiod.
� qt is theinventoryavailableto satisfythedemandDt .
� Not thedemandbut thesalezt is observed.

zt := minf Dt ; qtg. Z t := � (f z1; : : : ; ztg)
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2. ProblemDe�nition
� L(D; q), one-periodcostfunction:

L(D; q) =
�

cq� h(q � D) if D � q
cq+ b(D � q) if q � D

�
;

h; c andbarethesalvagevalueperunit, theorderingcost
perunit, andtheshortagecostperunit. 0 � h < c < b.

� With thediscountfactor0 < � < 1 andwith qt adaptedto
Z t� 1, minimize

J (q) :=
1X

t=1

� t� 1IE L(Dt; qt):

UTDallas.edu/� Metin – p. 23/45



2. DP with Normalized Probabilities
� � t : theconditionalprobabilitydensityfunctionof D t .

� t+1 (x) = 1Izt = qt

R1
qt

� t (� )p(xj� )d�
R1

qt
� t (� )d�

+ 1Izt <qt p(xjzt):

Futurecostsshouldhave two termsdependingonwhetherthe
demandis observed.Whenthedemandis notobserved,the
futurecostsdependon the�rst termon theright-handside.
Otherwise,they dependon thesecondterm.

� Valuefunctionis:

V(� ) = min
q

( Z
L(x; q)� (x)dx + � V

 R1
q p(�j� )� (� )d�

R1
q � (� )d�

!

�

Z 1

q
� (� )d� + �

Z q

0
V(p(�j� )) � (� )d�

�
:
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2. Unnormalized Probabilities
� De�ne unnormalizedprobability� t by

� t+1 (x) = 1Izt = qt

Z 1

qt

p(xj� )� t (� )d� + 1Izt <qt p(xjzt)

with � 1(x) = � 1(x).
� Set

� t :=
Z

� t (x)dx:

� Then

� 1 = 1; � t+1 = 1Izt = qt

Z 1

qt

� t (� )d� + 1Izt <qt
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2. DP with Unnormalized Probabilities
� ValuefunctionW for unnormalizedprobabilities:

W(� ) = min
q

� Z
L(x; y)� (x)dx + � W

� Z 1

q
p(�j� )� (� )d�

�

+ �
Z q

0
W(p(�j� )) � (� )d�

�
:

� W(0) = 0 andW is homogenousof degree1, i.e.,
W(a� ) = aW(� ) for a > 0.

� Theright-handsidein theDPhaslineargrowth facilitating
thederivationof theexistenceresults.
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2. Existenceand Monotonicity Results
� De�ne themapT(W) as

T(W)( � ) := min
q

� Z
L(x; y)� (x)dx + � W

� Z 1

q
p(�j� )� (� )d�

�

+ �
Z q

0
W(p(�j� )) � (� )d�

�
:

� T is acontractionmappingwhen� is suf�ciently small.
Thus,thereexistsoneandonly onesolutionW(� ) of the
DP equation.Moreover, W(� ) is continuousateach� and
thereexistsanoptimalfeedbackpolicy.

� X (its c.d.f. � ) is lessthanX 0(its c.d.f. � 0) in hazardrate
orderingif (1 � � 0(z))=(1 � �( z)) is increasingin z.

� V (� ) � V (� 0) if � is smallerthan� 0 in thehazardrate
orderandp(�j� ) preservesthehazardrateorder.
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2. Example: A Two State Mark ov
Chain for the Demand

� Demandtakesonly two valuesx1 andx2, x1 < x2.
� Theunnormalizeddemanddistribution � = � 1� x1 + � 2� x2 .
� Thetransitionprobabilities:

p(�jx1) = � 1� x1 +(1 � � 1)� x2

p(�jx2) = (1 � � 2)� x1 + � 2� x2:

� DP equationfor thecostZ ([� 1; � 2]):

Z ([� 1; � 2]) = min
y

f � 1L 1(y) + � 2L 2(y)

+ � 1Iy� x 1 Z ([� 1� 1 + � 2(1 � � 2); � 1(1 � � 1) + � 2� 2])

+ � 1Ix 1 <y [� 1Z (� 1; 1 � � 1) + � 2Z ([1 � � 2; � 2])]g :

� Z (a[� 1; � 2]) = aZ([� 1; � 2]) for everyscalara > 0. In
particular, Z ([� 1; � 2]) = � 2Z ([� 1=� 2; 1]).
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2. Example: A Two State Mark ov
Chain for the Demand

� De�ne theunnormalizedcost�( � ) := Z([� ; 1]).

� DP equationfor unnormalizedcost�( � ):

�( � ) = min
y

n
� L1(y) + L2(y)

+ � 1Iy� x1 (� (1 � � 1) + � 2)�
�

� � 1 + 1 � � 2

� (1 � � 1) + � 2

�

+ � 1Ix1<y

�
� (1 � � 1)�

�
� 1

1 � � 1

�
+ � 2�

�
1 � � 2

� 2

���
:

where� := � 1=� 2.
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2. Example: An Approximation to
Break the Cir cle

� Computationof �( � ) canbedoneby valueiteration.

� Insteadlet � = � 1 = � 2, assume� > 1=2 andlet
� = � =(1 � � )

� � > 1=2 impliesthatthetransitionmatrixpreserveshazard
rateorder.

� Approximation:

�
�

2�
� 2 + 1

�
u �(1) u �

�
� 2 + 1

2�

�
:

� Discretize� at threepointsf 1=� ; 1; � g. Solve 3 equations
in 3 unknowns.
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2. Example: 3 Equation and Unknown

�(1) = min
y

n
L1(y) + L2(y) + � 1Iy� x1 �(1)

+ � 1Ix1<y

�
1

1 + �
�( � ) +

�
1 + �

�(1 =� )
� o

;

�( � ) = min
y

n
� L1(y) + L2(y) + � 1Iy� x1

2�
1 + �

�(1)

+ � 1Ix1<y
�

1 + �
(�( � ) + �(1 =� ))

o
;

�(1 =� ) = min
y

n 1
�

L1(y) + L2(y) + � 1Iy� x1

1 + � 2

� (1 + � )
�(1)

+ � 1Ix1<y

�
1

� (1 + � )
�( � ) +

�
1 + �

�(1 =� )
� o

:
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2. Example: 3 Equation and Unknown
Setx1 = 1, x2 = 2, � = 2, h = 1, c = 2, b = 4 and� = 0:9.
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Thetermsinsidef�g on theright-handsidesof eqsfor �(1) ,
�( � ), �(1 =� ): Solid line “ � � " for �(1) ; Dashedline “ �� " for
�( � ); Dottedline “ ���" for �(1 =� ).
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2. Example: Results
� Theright-handsidesfor �(1) , �( � ), �(1 =� ) areminimized

respectively at y = 2, y = 1 andy = 2.
� � = 1 indicatesthatdemandsx1 andx2 areequallylikely,

while a larger� impliesx1 = 1 is morelikely.
� When� = 2, theright handsideof �( � ) is minimizedat

y = 1, i.e.,whenwebelieve thatthedemandis smaller, we
orderless.

� Approximatevaluefunctionsfor expecteddiscountedcost:

V
�

1=2
1 + 1=2

� x 1 +
1

1 + 1=2
� x 2

�
=

42:43
1 + 1=2

= 28:28;

V
�

1
1 + 1

� x 1 +
1

1 + 1
� x 2

�
=

55:41
1 + 1

= 27:70;

V
�

2
1 + 2

� x 1 +
1

1 + 2
� x 2

�
=

76:49
1 + 2

= 25:50:
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2. Concluding Remarks
� Partially observeddemandleadsto aDP in in�nite

dimensionalspaces.
� TheDP is higly nonlinear.
� Unnormalizedprobabilitieslinearizethestatetransition

equations.
� This linearizationfacilitatestheproofsof existence.
� Otherapplicationareasof theseideas:

– Parameterized� , wheretheparameteris updated.
– ZeroBalanceWalk model.
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3. Zero BalanceWalk Model
� Whentheinventorylevel is uncertain,inventorycanbe

counted.
� Countingis costly. Countingis freeof chargewhen

inventoryis zero.This is becausea quickglanceat the
shelvescanindicatethatinventoryis zero.

� In zerobalancewalk,
� Theinventorylevel is observedonly whenthereis no

physicalinventory.
� Whenthereis inventory, only theeventthattheinventoryis

positive is observed.

� Signalzt := 1II t =0 for t � 0.
� Thisobservationprocessmimicswhatis known as“zero-balance

walk" (Fisheretal., 2000andRamanetal., 2001)at some
companieswhereemployeeswalk aroundtheshelvesto identify
thestocked-outitems.
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3. Zero BalanceWalk Model
� Unmetinventoryis lost: I t+1 = (I t + qt � Dt )+ for t � 1.
� Demandsarei.i.d. A genericdemandis denotedby D , which is i.i.d.

with eachDt . Let f denotethedensityandF denotethecumulative
distributionof D . Let �F = 1 � F .

� Theorderqt is adaptedto Z t := � (f zj : 1 � j � tg).
ClearlyZ t � F t := � (f I j : 1 � j � tg).

� Givenastationarycostfunctionc(I t ; qt ) with q de�ning the
admissibleorderquantities,thetotaldiscountedcostis

J (� ; � ; q) :=
1X

t=1

� t � 1IE c(I t ; qt ):

� Theinitial conditionsareapair (� ; � (x)) , where� is 1 or 0. If � is 1,
thenI 1 = 0. If � is 0, thenI 1 > 0 and� (�) is theprobability
distributionof I 1.

� Findqt to minimizeJ (� ; � ; q). UTDallas.edu/� Metin – p. 36/45



3. Towards the Evolution of � t
� Let � t (:) betheconditionalprobabilitydensityof I t given

Z t� 1 andI t > 0.

� In orderto obtaina recursive expressionfor � t in termsof � t � 1, we

begin with expressingIE(� (I t )jZ t ) in termsof conditionalexpectations

with respectto Z t � 1.

IE(� (I t )jZ t ) = 1II t =0 � (0) + 1II t > 0
IE(� (I t )1II t > 0jZ t� 1)

P(I t > 0jZ t� 1)
= 1II t =0 � (0) + 1II t > 0IE(� (I t )jZ t� 1; I t > 0):

IE(� (I t )jZ t )1II t > 0 = 1II t � 1=0

R1
0 � (z)f (qt� 1 � z)1Iqt � 1 � zdz

F (qt� 1)

+ 1II t � 1> 0

R1
0 � (z)

R1
(z� qt � 1 )+ f (y + qt� 1 � z)� t � 1(y)dydz
R1

0 F (y + qt� 1)� t � 1(y)dy
:
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3. Evolution of � t
� Let � t (:) betheconditionalprobabilitydensityof I t given

Z t� 1 andI t > 0.

� t (x) = zt� 1
f (qt� 1 � x)1Ix<q t � 1

F (qt� 1)

+(1 � zt� 1)

R1
(x� qt � 1 )+ f (y + qt� 1 � x)� t � 1(y)dy

R1
0 F (qt� 1 + y)� t � 1(y)dy

� Thiscorrespondsto theKushnerequationin our inventory
context.

� Theconditionalprobabilityevolvesaccordingto a highly
nonlinearequation.
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3. Unnormalized Probabilities
� De�ne unnormalizedprobability� t by

� t (x) = zt� 1f (qt� 1 � x)1Ix<q t � 1

+(1 � zt� 1)
Z 1

(x� qt � 1 )+
f (y + qt� 1 � x)� t � 1(y)dy;

� 1(x) = � (x):

� Normalizedandunnormalizedprobabilitiescanberelated
by

� t (x) := � t � t (x):

� Normalizationconstant� t is givenby

� t = zt� 1F (qt� 1) + (1� zt� 1)� t � 1

Z
F (qt� 1 + y)� t � 1(y)dy:
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3. SomeDe�nitions
� De�ne thevaluefunction.

V(� ; � ) := inf
q

J (� ; � ; q):

� De�ne theinnnerproductin appropriatefunctionalspaces

h�; � i =
Z 1

0
� (x)� (x)dx

� For any scalarq > 0, de�ne thelinearoperator� as

�( q; � )(x) =
Z 1

(x� q)+
f (y + q � x)� (y)dy:

� De�ne thenonlinearoperator	 as

	( q; � ) =
�( q; � )

h�( q; � ); 1i
:
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3. DP with Normalized Probabilities
� We canwrite thestateevolutionwith operators:

� t = zt� 1	( qt ; � ) + (1 � zt� 1)	( qt ; � t� 1)
� t = zt� 1�( qt ; � ) + (1 � zt� 1)�( qt ; � t� 1)

� Let v := V(1; � ) andV(� ) := V(0; � ), then

V(� ) = inf
q

n
hc(:; q); � (:)i + � v

Z
�F (y + q)� (y)dy

+ � V(	( q; � ))F (y + q)� (y)dy
o

;

v = inf
q

�
c(0; q) + � v �F (q) + � V(	( q; � ))F (q)

	
:
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3. DP with Unormalized Probabilities
� Thestudyof theDP simpli�es considerablywhenworking

with theunnormalizedprobability� .
� New valuefunctionZ(:) whereZ(� ) := V (�=� ) � .

� New systemof DP equations:

Z (� ) = inf
q

n
hc(:; q); � (:)i + � v

Z
�F (y + q)� (y)dy

+ � Z (�( q; � ))
o

;

v = inf
q

�
c(0; q) + � v �F (q) + � Z (�( q; � ))

	
:

� We have Z(0) = 0 andZ is homogenousof degree1.
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3. Existenceof a Solution
� Boundthesingleperiodcost:Supposethatpositive

constantsc;c0; c1; andh aresuchthat
cq< c(x; q) � c0 + c1q+ hx for x � 0.

� De�ne thefunctionK (q; � ; v; Z ) :=
hc(:; q); � (:)i + � v

R �F (y + q)� (y)dy + � Z (�( q; � )) .

� De�ne themap
T(v; Z (� )) := (inf q K (q; � ; v; Z ); inf q K (q; � ; v; Z )) .

� A valueiterationschemecanbedevelopedwhich
convergesto (�v; �Z ).

� ( �v; �Z ) is themaximalsolutionsatisfying(v; Z ) = T(v; Z ).
Also �Z (� ) = inf q J (0; � ; q) and�v = inf q J (1; � ; q).

� �Z (� ) and�v areinterpretedasthein�ma of thecosts.This,however,
doesnot imply theexistenceof a feedbackpolicy unlesstheorder
quantityq is bounded.
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3. BoundedOrder Quantities
� Supposethattheordersareboundedby m:

Z m(� ) = inf
q� m

n
hc(:; q); � (:)i

+ � vm
Z

�F (y + q)� (y)dy + � Z m (�( q; � ))
o

vm = inf
q� m

�
c(0; q) + � vm �F (q) + � Z m (�( q; � ))

	
:

� Z m is Lipschitzcontinuous.
� Thisadditionalsmoothnesspropertyallows usto establish

theuniquenessof asolutionto thesystemabove in the
absenceof acontractionpropertyonT.
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3. Concluding Remarks
� Partially observedinventoryleadsto a DP in in�nite

dimensionalspaces.
� TheDP is higly nonlinear.
� Unnormalizedprobabilitieslinearizethestatetransition

equations.
� This linearizationfacilitatestheproofsof existence.

Unnormalized Probabilities arevery useful in
establishingthe existenceof solutionsfor partially
observedsystems.
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