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Partially Observed Inventory

Transactiorerrors: Unintentionalmistakes
happen

Eg: Cashiersaaskfor the nameof vegetablesatthe checlout;

Swapthe sameyogurttwice whenyou buy two different
yogurts.

Axsater(2001):...deploymentof .. .technologyis not
alwayseconomicallyusti able anddoesnot eliminate
...errors.

Ramanretal. (2001):inventoryrecordsfor 65%of sku'sata
publicly tradedretailer areinaccurate.

Productquality, yield, andspoilageproblemsnot
Immediatelyobsenred
Eg: Blood cells,chemicalshatteries.
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Partially Observed Inventory

Misplacedinventory
Eg: Why cannota bookstoreclerk nd abookontheshelf?

Ramanretal. (2001):...signi cant losses- asmuchas25% of
pro ts ataleadingretailer

Pilferage:smallbut continuougheft
Eg: Furnituresfrozenfoods.

Axsater(2001): Apartfrom thelossin value,theftswill alsolead
to inaccuratanventoryrecords.

Inventoryis countedo eliminateuncertaintyin therecords;
time betweertwo countsin arow canbetermedas

Informationdelay.
Filtereddemand:Unmetdemands notobsenred.

Not nding aproductontheshelf,customer®ftenquitelyleave
thestore.

LariviereandPorteug1999),andDing, PutermarandBisi (2002).
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SomeLiteratur e

TreharneandSox (2002): Markovian modulateddemand
whosestatels unobsered.

Kok andShang(2004): Inventorylevel is unobseredfor
variousreasonstnspectionpolicy sought.

SeeminglySimilar Work

Kaplan(1970): Randondelivery leadtimes.

Theinformationdelayshiftsdemandbservationsn time.
Theleadtimeshiftsorder deliveriesin time.

Chen(1999): In amultiechelonnventorycontext,
Informationleadtimeatanechelons thetime it takesfor
anorderplacedby theechelorto reachits upstream
echelon.

Neitherhaspartially obseredinventories.
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Why a Few Studies?

Practically:Retailersdo not publicizetheir partial
Inventoryinformation.

Theoretically:Informationmustbeinferredfrom surrogte
measures.

- Currentinventorylevelsinferredfrom inventorylevelsin earlier
periods(InformationDelay),

- Currentinventorylevelsinferredfrom stodk-outs(Zeo Balancewalk),
- Demandnferredfrom thedemandwvhenit is met(Filtered
Newswvendor).

Inferencegyield conditionalprobability distributionsfor the
Inventorylevel.
- Currentinventoryconditionedon thelastobsenredinventory

(InformationDelay),

- Currentinventoryconditionedon thetime of thelaststoclout (Zero
BalanceWalk),

- Demandconditionedon thedemandbsenrationgiventhatit is less
thantheinventory(FilteredNewsvendor),
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Why a Few Studies?

The stateof the systemis a conditionaldistribution
evolving in anin nite dimensionakpace.

Checkif thereis a nite dimensionakufcient statistics?
- Yes,thelastinventoryobsenationis a sufcient statistic

for informationdelaycase.

- If yes,checkthevalidity of thebasestocland(s;S)
policies?

- No, thereis no sufcient statisticfor zerobalancewalk or
the ltered newsvendorcase.

In the sequelwe examinethe modelsfor
1. Informationdelay

2. Filterednewsvendor
3. Zerobalancewalk.

UTDallas.edu/ Metin—p. 6/45



1. Information Delay

Informationdelaysexist whenthe mostrecent
iInventoryinformationavailableto the Inventory
Manager(IM) Is dated.

Eg: Whenthe salesarenotreportedasthey happen.

Doesnot moderntechnologyfacilitatethe
Informationcollection?

Yes,but it alsomakesdecisionmakingfrequent.
Eg: Dell ordersfor componentaboutevery two hours.

Still, somedecisionsaremadewithout full
knowledgeof the up-to-datesvents.
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1. SomeNotation

l+;¢; D¢: Inventorylevel, orderguantity demandin the orderof
appearancah periodt,t = 1;2;:::;T.

. Informationdelay measuredn the numberof periods.

Z;. Thesignal(surrogtevariable)obseredin periodt.

My e +21°
4=, ift +2

z; iIsthemostrecentinventorylevel obseredby periodt.

IM knowsthesignalhistoryfz; :jJ  tg, whichgenerates
Zi = G(fz 1] to)

In classicaimodels,F := G(fl; :] tg) isknown

Z: F¢ =) Inventoryis partially obsenred.
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1. Problem De nition

Inventoryis baclordered

|t+1: It+qf Dt:

c(l ; g) is theone-periodcostfunction.
Objectie function:

XT
J(q) = IE  clt;q):

t=1

Find the orderguantityprocessadaptedo the obseredhistoryto
minimizeJ (q).
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1. Referencelnventory Position

Xt . Thelatestobsenedinventoryplusall theorderssincethen.
Suppos« + 2

Obtaintheinventorylevel from thereferencanventoryposition

X
i = X D: i:

Lz}
=D

Thenevolve x; insteadof | ¢

Xt41 = X+ ¢ Dy
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1. Rewrite the Problem

Single-perioccostw.r.t. referencanventoryposition

c¢(x;q) := [Ec(x D';q):

Objectie function
X
J(@) = IE  &(Xt;q)
t=1
where
s = £ L
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1. Dynamic Program

Vi (X; ) = 8;
> Infq o C 1(X;CI) + Vinn(X+ Q)
Vilx: ) = for T :
A > Infq oC (X;Q) + IEVisa(X+q D; )
for T + 1.

Statex Is thereferencanventoryposition.
Nonzerosalhagevalueanddiscountingcanbe added.

For policy structurejetc' (x; d) = cg+ IEh(x D).
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1. BasestockPolicy
Optimalorderquantityg, (x) Is

g (x) = (u () Xx)"; wherethebasestocku,( ) is

0 ()= argming cu+ Vi (U; ); t
tv /- argminy cu+ IEVi(u Dj; ); t + 1.

Delay dependenbasestocki, ( ) is computecagainstthe
referencanventorypositionx.
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1. Monotonicity Properties

Marginal bene t of inventoryis morewith longerdelay;
Marginal costof inventoryis lesswith alongerdelay

—Vt(x ) d—dXVt(x; + 1)

Eitherfor [t + 1]orfor[x u,( ) andt ].
Basestockarelargerwith alongerdelay

u( ) u( + 1)

Eitherfor [t + 2] orfor [t ].

Comparisorofu , ( ) andu ., ( + 1) requiresadditional
conditionson the cost.

Costsaresmallerwith shorterdelayvi(x; ) Vi(x; + 1).
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1. Random Information Delay

Delay israndom.

Eg: Building / repairinganinformationsystemwhich would become
availableattheendof period + 1.

Delayhasprobabilitiesp, .= P( = k).

¢. Theperiodto whichthe mostrecentinventory
obsenationbelongs,

Mo +2% 0
Tt ft +2 » 17~

f {:t 1gisastochastiprocesslervedfrom .
Eg:lIf[ = 2],then 1= .= 3=1land 4=2, 5= 3.
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1. Dynamic Program
Evolution of the systemstate

(Xt; ) ' (X¢+ g D™ )
where( t+1 ) demandsreobsenedatthebeagining of periodt + 1.
Wi(x; ) = inf L
() a0 ]3_ '8

1 period cost computedwith D't

2

+ IE4Wt+1(x+ q {zD t1 t+1; t =

F utur e costwith {41

3
5

NotethatW;(x; ) = Vi(X;t ) for 2.
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1. When is the delay obsewned?

If theinformationsystems not built by t, it maynot be built by
t + 1either:

P( t+1 =1 ¢= 1)

P ti ot 1
(PJ )

t 1
_ 1 o k=0 Pk
t 2 ¢
Or it is built by thebegining of periodt + 1
: D 1
P(t+1:2Jt:1): 5 =, t 1-

WhatisP( +1 = 3 { = 1)?Hint: Whatis If 4, = 3?
t41 = 3 =) =t 2 Then ; = 2. Interestingly {+1 ¢ L

Notethat ; Isthehazardratefunctionfor .
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1. Dynamic Program: =1

DP recursionwith yetto beobserneddelaybecomes

Wi(x;1) = cx+IEh(x D'
+ minfcw+  1l[EVisqi(w Dt 1)
W X

+ (1 ¢ )W (w; 1))
Therecursionmpliesa basestoclolicy with
w, = argminjcw+  jIEViq(w D;t 1)
W

+(1 ¢ )Wear(w; )],

. )" f =1
Al ) = m(t X)) O it 2
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1. Mark ovian delays:f {:t 19

Delayprocesss a Markov Chaincharacterizetby
transitionprobabilities

pit;j =Pl =]]¢=1) fort 1
and o = O:
f {:t 1gisnotnecessarilya Markov chainanymore.

Construcianew process ; .t 1gby

‘= maxf| 1< i
t ljtJ ] 1 Jg

¢ IS the calendarttime of the latestinventoryobsenration.
f( ¢; ¢):t 1gisaMarkov chainbecause

1:]. (t+1)

— +
t+1 = t t+1 >t .
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1. Mark ovian delays: DP formulation

Let .=t (and .:= . Theyarerespectrelytheage
of thelatestinventoryobsenrationandthedelayinferred
from thatobsenration.

f( ¢; t)gisaMarkov chainonaccountoff( ; )g. Let

R

L= P + o+ 1

o= P =Kt = 50 o FLi o o+ )

Basetockpolicy still holdsin view of the DP equation

N
Vi(x; ;) = (iqnfo ct (xa+ " Vima(x+g +1)
XF t G i B ¢ 2
t k; : Vis1 (x+ g0 k) :
k=0
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1. Concluding Remarks

Referenecanventorypositionis a sufcient statisticfor the
delayproblem.

Basestoclpoliciesareoptimalwith Constantdelays.

State dependenbasestockoliciesareoptimalwith
Randondelays.

(s;S) policiesareoptimalif therealsoare x edordering
COsts.
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2. Filter ed Newswendor

Many inventorymodelsassumea staticanda known
demandlistribution

Thisdistribution in reality canchangeover time andsoit is
likely to be unknawn.

Thedemands obsenedonly whenit is lessthanthe
Inventorylevel, I.e.,unmetdemands censoed

Ding etal. (2002),demandsreiid.

Our model,demandsomefrom a Markov process,
P(x] ) = P(Dw1 = XDy = ).

Inventoryis decoupledExcesganventoryis sahagedatthe
endof eachperiod.

g Is theinventoryavailableto satisfythedemandD;.

Not thedemandout the salez; is obsened.
z: .= minfDy; 0. Z: .= (fzy;:::;7z0)
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2. Problem De nition
L(D; ), one-perioccostfunction:

_ _ h D) ifD _
L0:9 = GeuD q g D

h; c andb arethe salvagevalueperunit, the orderingcost
perunit, andtheshortagecostperunit. 0 h< c< h.

With thediscountfactorO < < 1 andwith ¢ adaptedo
Z: 1, minimize

s
J(q) = " HEL(Dy; ):
t=1
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2. DP with Normalized Probabilities

¢» theconditionalprobabilitydensityfunctionof D;.

Rl
t( )p(x] )d .
t+1(X) — :“ztzq[ L Rl ( )d + :“Zt<qtp(XJZt):
t

Gk

Futurecostsshouldhave two termsdependingpn whetherthe
demands obsered. Whenthedemands notobsered, the
future costsdependnthe rst termontheright-handside.
Otherwisethey depencontheseconderm.

Valuefunctionis:

[z ") Od
V() = min L(x;q) (X)dx+ V qF’zJ
q . . . ()d
1

q
()d + : V(p(])) ()d
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2. Unnormalized Probabillities
De ne unnormalizedrobability ; by
Z 4

1(X) = Tz=q  P(X] ) t()d + Jz<q,P(X]Z)
'

with 1(X) = 1(X).
Set 7

((X)dx:

t -

Then
yA 1
1 — 1; t+1 — ]I'Zt:q[ t( )d + ]I'Zt<qt
G
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2. DP with Unnormalized Probabilities

ValuefunctionW for unnormalizegorobabilities:
Z Z 4
W) = mint - LOG ) (dx+ W p(] ) ()d
zZ,
v W(p(] )) ()d

W (0) = OandW is homogenousf degreel, i.e.,
W(a ) = aW( ) fora> O.

Theright-handsidein the DP haslineargrowth facilitating
thedervationof the existenceresults.
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2. Existenceand Monotonicity Results

De ne themapT (W) as
Z Z,
UEEIe ) = i L) e 0 p() ) ()d
Zy
+ . W(p() )) ()d

T Is acontractionrmappingwhen is sufciently small.
Thus,thereexistsoneandonly onesolutionW ( ) of the

DP equation.Moreover, W( ) is continuousateach and
thereexistsanoptimalfeedbackpolicy.

X (itsc.d.f. )islessthanX °(itsc.d.f. 9 in hazardrate
orderingif (1 Y2))=(1 ( 2)) isincreasingn z.

V() V(9Yif issmallerthan °inthehazardrate
orderandp( | ) preseresthe hazardrateorder
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2. Example: A Two State Mark ov

Chain for the Demand
Demandakesonly two valuesx; andx,, X1 < X».

Theunnormalizeddemanddistribution = ; , + » «,.
Thetransitionprobabillities:

p(JX1) = 1, 1 1) %
p(Jx2) = (1 2) x, + 2%

DP equatiorfor thecostZ([ 1; 2]):

Z([ 1; 2]) = myinf 1La(y) + 2L2(y)

+ 1y x,Z([ 1 1+ 20 2); 10 1)+ 2 2])
+ A<y [ 120 131 1)+ 2Z([1 25 2]]g:

Z(a] 1; 2]) = aZ([ 1; »]) for everyscalara> 0. In
particular Z([ 1; 2]) = 2Z([ 1= 2;1)).
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2. Example: A Two State Mark ov

Chain for the Demand
De ne theunnormalizeccost () := Z([ ; 1]).

DP equationfor unnormalizedost (  ):
n

() = myin L1(y) + La(y)

+ 1 5
T ]'y Xl( (1 1) + 2) (11 1) + >
1 1 >

where = 1= ,.
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2. Example: An Approximation to
Breakthe Circle

Computatiorof () canbedoneby valueiteration.

Insteadet = ;= ,,assume > 1=2 andlet

= :(]_ )

> 1=2 impliesthatthetransitionmatrix presereshazard
rateorder

Approximation:

2 2+ 1
2+1u(l)u >

Discretize atthreepointsfl= ;1;, g. Solvwe 3 equations
In 3 unknawns.
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2. Example: 3 Equation and Unknown

(1

(1)

(

)

n
myin La(y) + La(y) + 1y «, (1)
O

+ Ay« 1%( ) + (1=)

1+
" 2
myin Li(y) + La(y) + 1, ST (1)

0]
+ 1x1<Y1+ (( )+ (1:)) ;
. nl 1+ Z
min —La(y) + Lo(y) + 1y &, 1+ )

(1)

T ]X1<y

( )+

1=)

1+ ) 1+
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2. Example: 3 Equation and Unknown
Setx1 =1, x,=2, =2,h=1c¢c=2b=4and = 009.
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Inventory

Thetermsinsidef g ontheright-handsidesof eqsfor (1) ,
( ), (1 =):Solidline“ "for (1) ; Dashedine* " for
( ); Dottedline“ " for (1 =).
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. Example: Results

Theright-handsidesfor (1) , ( ), (1 = ) areminimized
respectrelyaty = 2,y = 1landy = 2.

= lindicateshatdemands; andx, areequallylikely,
while alarger impliesx; = 1is morelikely.

When = 2, theright handsideof ( ) is minimizedat

y = 1, 1.e.,whenwe believe thatthedemands smaller we
orderless.

Approximatevaluefunctionsfor expecteddiscountedost:

1=2 1 42:43
+ = = 2828
1+ 1=2 ** 1+ 1=2 *? 1+ 1=2
1 1 55:41
V it i T oTi1 0 27:70;
2 1 76:49
\V + = = 2550:

1+ 27" 1+2 7% 1+ 2
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2. Concluding Remarks

Partially obsereddemandeadsto a DP in in nite
dimensionabkpaces.

TheDP s higly nonlinear

Unnormalizedorobabilitieslinearizethe statetransition
equations.

Thislinearizationfacilitatesthe proofsof existence.

Otherapplicationareasof thesedeas:
— Parameterized , wherethe parameters updated.

— ZeroBalanceWalk model.
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3. Zero BalanceWalk Model

Whentheinventorylevel is uncertainjnventorycanbe
counted.

Countingis costly Countingis free of chagewhen
Inventoryis zero.Thisis becausa quick glanceatthe
shelescanindicatethatinventoryis zero.

In zerobalancewalk,

Theinventorylevel is obsenedonly whenthereis no
physicalinventory

Whenthereis inventory only the eventthattheinventoryis
positive is obsered.
Signalz, .= 1,9 fort 0.

This obserationprocessnimicswhatis knowvn as“zero-balance
walk" (Fisheretal.,2000andRamanetal., 2001)atsome
companiesvhereemplo/eeswalk aroundthe shehesto identify
the stocled-outitems.
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3. Zero BalanceWalk Model

Unmetinventoryislost: I+ = (It + ¢ Dy)* fort 1

Demandsrei.i.d. A genericdemands denotedoy D, whichisi.i.d.
with eachD;. Letf denotethedensityandF denotethecumulatve

distributionof D. LetF = 1 F.

Theorderqg isadaptedo Z; := (fz :1 ] to).
ClearlyZ: F¢:= (fl; :1 | tg).

Givena stationarycostfunctionc(l;; ¢) with g de ning the
admissibleorderguantitiesthetotal discountedcostis

Py
J(; :q) = CHE ol g):
t=1

Theinitial conditionsareapair( ; (x)),where islorO.If is1,
thenl; = 0. If is0Q,thenl; > O0and () istheprobability
distributionof | ;.
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3. Towards the Evolution of

Let :(:) betheconditionalprobabilitydensityof |; given
Z: 1andl; > 0.

In orderto obtainarecursve expressiorfor ; intermsof ; 1, we
begin with expressindE( (1¢)jZ) in termsof conditionalexpectations

with respecto Z; 1.

EC (1)11>0)Z¢ 1)
R (e 723

= 1,0 (0)+ 1,50lE(C (I11)jZ¢ 1;1¢ > 0):

EC (11))Z+)

Rl
| 7)f z)1 1 ZdZ
IE( (It)JZt)1|t>O — ]-lt 1=0 ° ( ) (Icl(; 1)) i

R, R,
0 (Z) (bqt 1)* f(y G 1 Z) t 1(y)dde
o F(Y+a 1) ¢ 1(y)dy
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3. Evolution of
Let :(:) betheconditionalprobabilitydensityof |; given

Z: ¢andl; > 0.
f X)1x<q, .
t(X) = Zi 1 (q i:(lg)l) :
1
g TYT G 1 x) ¢ oa(y)dy
+(1 z 1)( R

o F(a 1+Y) ¢ 1(y)dy

This corresponds$o the Kushnerequationn our inventory
contet.

Theconditionalprobability evolvesaccordingo a highly
nonlinearequation.
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3. Unnormalized Probabillities
De ne unnormalizedrobability ; by

((X) = z 1f(q 1 ZX)1X<CI'[ 1

+1  z 4) (Xl . f(y+a 1 X) ¢ a(y)dy;
1(x) = (X):
Normalizedandunnormalizegrobabilitiescanberelated
9)Y
t(X) ==t t(X):
Normalizationconstant ; IS givenby

Z
=z 1F(@ 1)+ (1 z 1) 2 F(@ 1tYy) ¢ 2(y)dy:
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3. SomeDe nitions
De ne thevaluefunction.

V(; )=1Infd(; ;q):
q
De ne theinnnerproductin appropriatdunctionalspaces

yA 1
h, I = (X) (x)dx

0

For any scalarg > 0, de ne thelinearoperator as
yA 1

(g )Xx)= . f(y+ag x) (ydy:
X qQF

De ne thenonlinearoperator as

(g )

( q’ ) = h( q, ), 1I - UTDallas.edu/ Metin—p. 40/45




3. DP with Normalized Probabilities

We canwrite the stateevolution with operators:

t = Z 1(G; )+ (1 zZ 1)(a; ¢ 1)
t = Z 1(q; )+ (1 z1)(q; ¢ 1)

Letv:= V(1, )andV( ):= V(0; ),then
Z

N
V() = igf he(;q); ()i + v F(y+q (y)dy
(0)
+ V(( g ))F(y+q (y)dy ;

v = it G+ vE(@+ V(g )F(@ :

UTDallas.edu/ Metin
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3. DP with Unormalized Probabillities

Thestudyof the DP simpli es considerablywhenworking
with theunnormalizegorobability .

New valuefunctionZ (:) whereZ( ) =V (=) .

New systemof DP equations:
Z
n

Zi0 ) =l el (G0 == S el e

(0)
+ Z((q9 ) ;
ir(;f cO;9+ VF(@+ Z(( g )

Vv

We have Z(0) = 0andZ is homogenousf degreel.
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3. Existenceof a Solution

Boundthesingleperiodcost: Supposéhatpositve
constants; cy; ¢;; andh aresuchthat
cg< c(X;@ Co+ g+ hxforx O.

De ne thefunctiorﬂ( (q; ;Vv;2) =

he(Ga); ()i+ v Fly+aq (y)dy+ Z(( g )).

De ne themap

T(v; Z()) = (infgK(q ;v;2); infgK (g ;Vv;Z2)).

A valueiterationschemecanbe developedwhich
cornvergesto (v; Z).

(v; Z) is themaximalsolutionsatisfying(v; Z) = T(v;2).
AlsoZ( ) = Inf4J(0; ;q)andv=infyJ(1;, ;q).

Z( ) andv areinterpretedasthein ma of thecosts.This, however,

doesnotimply the existenceof afeedbackpolicy unlessheorder
guantityq is bounded.
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3. BoundedOrder Quantities

Supposédhatthe ordersareboundedoy m:

N
Z"() = qi”In he(:;0); ()i
Z 0
+ v F(y+q (dy+ Z™(( g ))

qinjn cO;p+ V'F(@+ ZM(( q ))

m

\Y

Z™ is Lipschitzcontinuous.

This additionalsmoothnespropertyallows usto establish
theuniquenessf a solutionto the systemabove in the
absenc®f acontractionpropertyonT.
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3. Concluding Remarks

Partially obseredinventoryleadsto a DP in in nite
dimensionabkpaces.

TheDP s higly nonlinear

Unnormalizedorobabilitieslinearizethe statetransition
equations.

Thislinearizationfacilitatesthe proofsof existence.

Unnormalized Probabilities are very usefulin
establishingthe existenceof solutionsfor partially
obseved systems.
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