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Abstract

Suppose m is a positive integer, and let M := {1, . . . ,m}. Suppose {Yt} is a sta-
tionary stochastic process assuming values inM. In this paper we study the question:
When does there exist a hidden Markov model (HMM) that reproduces the statistics
of this process? This question is more than forty years old, and as yet no complete
solution is available. In this paper, we begin by surveying several known results, and
then we present some new results that provide ‘almost’ necessary and sufficient con-
ditions for the existence of a HMM for a mixing and ultra-mixing process (where the
notion of ultra-mixing is introduced here).

In the survey part of the paper, consisting of Sections 2 through 8, we rederive
the following known results: (i) Associate an infinite matrix H with the process, and
call it a ‘Hankel’ matrix (because of some superficial similarity to a Hankel matrix).
Then the process has a HMM realization only if H has finite rank. (ii) However, the
finite Hankel rank condition is not sufficient in general. There exist processes with
finite Hankel rank that do not admit a HMM realization. (iii) An abstract necessary
and sufficient condition states that a frequency distribution has a realization as an
HMM if and only if it belongs to a ‘stable polyhedral’ convex set within the set of
all frequency distributions on M∗, the set of all finite strings over M. While this
condition may be ‘necessary and sufficient,’ it virtually amounts to a restatement of
the problem rather than a solution of it, as observed by Anderson [1]. (iv) Suppose
a process has finite Hankel rank, say r. Then there always exists a ‘regular quasi-
realization’ of the process. That is, there exist a row vector, a column vector, and a
set of matrices, each of dimension r or r × r as appropriate, such that the frequency
of arbitrary strings is given by a formula that is similar to the corresponding formula



for HMM’s. Moreover, all quasi-regular realizations of the process can be obtained
from one of them via a similarity transformation. Hence, given a finite Hankel-rank
process, it is a simple matter to determine whether or not it has a regular HMM in
the conventional sense, by testing the feasibility of a linear programming problem. (v)
If in addition the process is α-mixing, every regular quasi-realization has additional
features. Specifically, a matrix associated with the quasi-realization (which plays the
role of the state transition matrix in a HMM) is ‘quasi-row stochastic’ (in that its rows
add up to one, even though the matrix may not be nonnegative), and it also satisfies
the ‘quasi-strong Perron property’ (its spectral radius is one, the spectral radius is a
simple eigenvalue, and there are no other eigenvalues on the unit circle). A corollary is
that if a finite Hankel rank α-mixing process has a regular HMM in the conventional
sense, then the associated Markov chain is irreducible and aperiodic. While this last
result is not surprising, it it does not seem to have been stated explicitly. While the
above results are all ‘known,’ they are scattered over the literature; moreover, the
presentation here is unified and occasionally consists of relatively simpler proofs than
are found in the literature.

Next we move on to present some new results. The key is the introduction of
a property called ‘ultra-mixing.’ The following results are established: (a) Suppose
a process has finite Hankel rank, is both α-mixing as well as ‘ultra-mixing,’ and in
addition satisfies a technical condition. Then it has an irreducible HMM realization
(and not just a quasi-realization). Moreover, the Markov process underlying the HMM
is either aperiodic (and is thus α-mixing), or else satisfies a ‘consistency condition.’ (b)
In the other direction, suppose a HMM satisfies the consistency condition plus another
technical condition. Then the associated output process has finite Hankel rank, is α-
mixing and is also ultra-mixing. Moreover, it is shown that under a natural topology
on the set of HMMs, both ‘technical’ conditions are indeed satisfied by an open dense
set of HMMs. Taken together, these two results show that, modulo two technical
conditions, the finite Hankel rank condition, α-mixing, and ultra-mixing are ‘almost’
necessary and sufficient for a process to have an irreducible and aperiodic HMM.
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1 Introduction

1.1 General Remarks

Hidden Markov models (HMM’s) were originally introduced in the statistics literature as far

back as 1957; see [8, 22]. Subsequently, they were used with partial success in a variety of

applications in the engineering world, starting in the late 1970’s. Some of these applications

include speech processing [35, 27] and source coding. In recent years, HMM’s have also been

used in some problems in computational biology, such identifying the genes of an organism

from its DNA [30, 37, 13] and classifying proteins into a small number of families [29]. The

bibliographies of [12, 32] contain many references in this area. In spite of there being so

many applications of hidden Markov models, many of the underlying statistical questions

remain unanswered. The aim of this paper is to address some of these issues.

Without going into details (which are given in Section 2), the problem under study can

be stated as follows. Suppose m is a positive integer and letM := {1, . . . ,m}. Suppose {Yt}
is a stationary stochastic process assuming values in M. We are interested in the following

kinds of questions:

1. Suppose the complete statistics of the process {Yt} are known. Under what conditions

is it possible to construct a hidden Markov model (HMM) for this process? This is the

most general question and is referred to as the ‘complete’ realization problem.

2. Much of the complexity of the complete realization problem stems from the require-

ment that various vectors and matrices must have nonnegative entries. Is it possible

to construct at least a ‘quasi’ HMM for the process by dropping the nonnegativity

requirement? If so, what properties does such a quasi-realization have?

3. How can one construct a ‘partial realization’ for the process, that faithfully reproduces

the statistics of the process only up to some finite order?

4. Suppose one has access not to the entire statistics of the process, but merely several

sample paths, each of finite length. How can one compute approximations to the true

statistics of the process on the basis of these observations, and what is the confidence

one has in the accuracy of these estimates?

5. Suppose one has constructed a partial realization of the process on the basis of a finite

length sample path. How are the accuracy and confidence in the estimates of the
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statistics translated into accuracy and confidence estimates on the parameters in the

model?

Ideally, we would like to be able to say something about all of these questions. In a ‘practical’

application, the last three questions are the ones to which we would most like to have an

answer. However, these are also the most difficult questions to answer. In this paper, we

provide nearly complete answers to the first two questions. In a companion paper, we provide

nearly complete answers to the remaining three questions.

The subject of hidden Markov models (HMM’s) is more than forty years old. Section 2

contains a detailed historical review, but for the purposes of an introduction, the situation

can be summarized as follows:

1. Associate an infinite matrixH with the process. This matrix is usually called a ‘Hankel’

matrix (because of some superficial similarity to a Hankel matrix). Then the process

has a HMM realization only if H has finite rank. Such processes can be referred to as

‘finite Hankel rank’ processes.

2. The converse is not true in general: There exist processes with finite Hankel rank that

do not have a HMM realization.

3. If the process has finite Hankel rank (meaning that H has finite rank), and if in

addition the process is α-mixing, then a sampled version of the process has a HMM.

But in general, even with the α-mixing assumption, the full process need not have a

HMM realization.

4. It is possible to give an abstract ‘necessary and sufficient’ condition for a given fre-

quency distribution to have a HMM realization. However, as remarked by Anderson

[1], this condition is more a restatement of the problem than a solution of it.

5. Suppose a process has finite Hankel rank. Then there always exists a ‘quasi-realization’

of the process. That is, there exist a row vector, a column vector, and a set of matrices,

together with a formula for computing the frequencies of arbitrary strings that is

similar to the corresponding formula for HMM’s. Moreover, the quasi-realization can

be chosen to be ‘regular,’ in the sense that the size of the ‘state space’ in the quasi-

realization can always be chosen to equal the rank of the Hankel matrix. Hence every

finite Hankel rank stochastic process has a ‘regular quasi-realization,’ whether or not it

has a regular realization. Further, two different regular quasi-realizations of the same
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process are related through a similarity transformation. Hence, given a finite Hankel-

rank process, it is a simple matter to determine whether or not it has a regular HMM

in the conventional sense, by testing the feasibility of a linear programming problem.

6. Suppose that in addition the process to be modelled is α-mixing.1 In this case, every

regular quasi-realization has additional features. Specifically, a matrix associated with

the quasi-realization (which plays the role of the state transition matrix in a HMM)

is ‘quasi-row stochastic’ (in that its rows add up to one, even though the matrix

may not be nonnegative), and it also satisfies the ‘quasi-strong Perron property’ (its

spectral radius is one, the spectral radius is also an eigenvalue, and there are no other

eigenvalues on the unit circle). A corollary is that if a finite Hankel rank α-mixing

process has a regular HMM in the conventional sense, then the associated Markov

chain is irreducible and aperiodic. While this last result is not surprising, it does not

seem to have been stated explicitly.

7. Assuming beforehand that the process under study is generated by an irreducible (but

otherwise unknown) HMM that satisfies a few other technical conditions, it is possible

to give a synthesis procedure that produces another irreducible HMM.

In the ‘survey’ part of the paper consisting of Sections 2 through 8, we rederive many

of the above results. Though the rederived results are ‘known,’ the proofs given here are in

some cases simpler than those in the original papers. Moreover, many of the relevant results

are collected in one place for the convenience of the reader.

Then we move on to the new results. A property called ‘ultra-mixing’ is introduced,

and it plays a crucial role in the study of HMMs. Ultra-mixing is also a kind of long-term

asymptotic independence, which neither implies nor is implied by α-mixing. With the new

notion in place, two results are established. First, suppose a process has finite Hankel rank, is

both α-mixing as well as ‘ultra-mixing,’ and in addition satisfies a technical condition. Then

it has an irreducible HMM realization (not just a quasi-realization). Moreover, the Markov

process underlying the HMM is either aperiodic (and is thus α-mixing), or else satisfies a

‘consistency condition.’ In the other direction, suppose a HMM satisfies the consistency

condition plus another technical condition. Then the associated output process has finite

Hankel rank, is α-mixing and is also ultra-mixing.

1A precise definition of α-mixing is given in Section 8. In simple terms, α-mixing is a kind of long-term
asymptotic independence. Thus a process {Yt} is α-mixing if Yt and Yt+k are ‘nearly’ independent for k
‘sufficiently large.’
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Finally, we tackle the question of just how ‘technical’ the two technical conditions really

are. Using a very natural topology on the set of HMMs, it is shown that both of the

‘technical’ conditions are satisfied by an open dense set of HMMs. Thus in some sense ‘nearly

all’ HMMs satisfy these conditions. Taken together, these two results show that, modulo

two technical conditions, the finite Hankel rank condition, α-mixing, and ultra-mixing are

‘almost’ necessary and sufficient for a process to have an irreducible and aperiodic HMM.

Thus the results presented here are tantamount to nearly necessary and sufficient conditions

for the existence of a HMM, for processes that satisfy appropriate mixing conditions.

1.2 Nature of Contributions of the Present Paper

Now an attempt is made to explain the contribution of the present paper. The basic ideas of

HMM realization theory are more than forty years old. The fact that a stochastic process has

to have finite Hankel rank in order to have a HMM was established by Gilbert [22], though

his notation was slightly different. Dharmadhikari [14] gives an example of a process that has

finite Hankel rank, but does not have a regular HMM realization. Fox and Rubin [21] extend

the argument by presenting an example of a finite Hankel rank process that does not have a

HMM realization at all, regular or otherwise. In [18], Dharmadhikari and Nadkarni simplify

the example of Fox and Rubin and also, in the opinion of the present author, correct an

error in the Fox-Rubin paper. A sufficient condition for the existence of a HMM, involving

the existence of a suitable polyhedral cone, was established by Dharmadhikari [15]. An

abstract necessary and sufficient condition is given in [23] and the argument is considerably

streamlined in [34].

So what can possibly be new forty years later? In [1], Anderson says that “The use

of a cone condition, described by some as providing a solution to the realization problem,

constitutes (in this author’s opinion) a restatement of the problem than a solution of it. This

is because the cone condition is encapsulated by a set of equations involving unknowns; there

is no standard algorithm for checking the existence of a solution or allowing construction

of a solution;” In other words, the original ‘solution’ given in [23] is no solution at all in

the opinion of Anderson (and also in the opinion of the present author). He then proceeds

to give sufficient conditions for the existence of a suitable cone, as well as a procedure for

constructing it. However, in order to do this he begins with the assumption that the process

under study has a HMM; see Assumption 1 on p. 84 of [1]. As a consequence, some of the

proofs in that paper make use of the properties of the unknown but presumed to exist HMM

realization.
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In contrast, in the present paper the objective is to state all conditions only in terms of

the process under study, and nothing else. This objective is achieved. Given this background,

it is hardly surprising that many of the theorems and proofs of the present paper bear a

close resemblance to their counterparts in [1]. Indeed, it would be accurate to say that

the present paper, to a very large extent, represents a reworking of the arguments in [1]

while rephrasing any conditions that cannot be directly expressed in terms of the process

under study. The one major departure from [1] is the delineation of a property referred to

here as ‘ultra-mixing.’ This property is proved as a consequence of the various assumptions

in [1]; see Theorem 6. Here the property is a part of the assumptions on the process. It

turns out that ‘ultra-mixing’ has been introduced to the statistics literature by Kalikow

[28] under the name of the ‘uniform martingale’ property. Kalikow also shows that ultra-

mixing is equivalent to another property that he calls ‘random Markov’ property. While this

connection is interesting, this fact by itself does not assist us in constructing a HMM for a

stationary process. In the final theorem that establishes the existence of a HMM, we make

a technical assumption about the behaviour of the cluster points of a countable set, that

is suggested by a similar technical condition in the positive realization literature. See [6],

Theorem 11.

Thus, in summary, the present paper pulls together several existing ideas in the literature,

and gives conditions that are ‘almost’ necessary and sufficient for the existence of an aperiodic

and irreducible HMM for a given process. Moreover, so far as the author has been able to

determine, this is the first paper wherein all the requisite conditions for the existence of a

HMM are stated solely in terms of the process under study.

The realization problem for processes that do not satisfy any kind of mixing properties is

still open. However, in the opinion of the present author, this problem is virtually impossible

to tackle – in the absence of any kind of mixing assumptions, there is simply far too much

anomalous behaviour possible to permit the development of any kind of coherent realization

theory.

2 Historical Review

The historical beginning of the study of HMM’s can be said to be the papers by Blackwell and

Koopmans [8] and Gilbert [22]. Blackwell and Koopmans study the case where a stationary

process {Yt} is a function of a finite Markov chain, and ask when the underlying Markov

chain can be uniquely identified. Gilbert considered the case where {Xt}t≥0 is a Markov chain
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assuming values in a state space X, and observed that if f : X → R is some function, then

the stochastic process {f(Xt)} need not be Markov. He then asked the question as to when a

given stationary stochastic process {Yt}t≥0 over a finite setM := {1, . . . ,m} can be realized

as {f(Xt)} where {Xt}t≥0 is a Markov chain over a finite state space N := {1, . . . , n}. For

each output state u ∈M, he defined an integer n(u) which he called the rank of the variable

u, and showed that if {Yt} is a function of a finite-state Markov chain, then n(u) is finite

for each u ∈ M, and moreover,
∑

u∈M) n(u) ≤ n, where n is the size of the state space of

the underlying Markov chain.2 He conjectured that the condition
∑

u∈M) n(u) =: s < ∞ is

also sufficient for the given stationary process {Yt} to be a function of a finite-state Markov

chain. Further, he defined the process {Yt} to be a regular function of a finite-state Markov

chain if the state space of the Markov chain has dimension s. He then went on to study

the problem of identifying the underlying Markov chain, assuming that in fact the process

under study was a function of a Markov chain.

Subsequently, in a series of definitive papers, Dharmadhikari shed considerable light on

this question. He first showed [14] that if the process {Yt}t≥0 has finite Hankel rank and

is α-mixing, then there exists an integer r such that the ‘sampled’ process {Yrt}t≥0 has

a HMM realization. However, in general the integer r cannot be chosen as one, meaning

that the original ‘unsampled’ process may or may not have a HMM realization. In another

paper [17], he showed that if the process {Yt}t≥0 has finite Hankel rank and is exchangeable,

then it has a HMM realization. Since an exchangeable process is in some sense ‘maximally

non-mixing,’ this result is quite counter-intuitive when posited against that of [14]. In yet

another paper [15], he postulated a ‘cone condition,’ and showed that if a process satisfies

the cone condition in addition to having finite Hankel rank, then it has a HMM realization.

In [16], he showed that the class of processes that satisfy the cone condition is strictly larger

than the class of processes having a regular HMM realization.

Fox and Rubin [21] showed that the conjecture of Gilbert is false in general, by giving

an example of a process over a countable state space having the finite Hankel rank property,

whereby the underlying Markov chain cannot be over a finite state space. This example was

simplified by Dharmadhikari and Nadkarni [18], and in the opinion of the present author, an

error in the Fox-Rubin example was corrected.

If an infinite matrix has finite rank, it is clear that the elements of that matrix must satisfy

2In the statistics literature, it is common to refer to the set M as the ‘state space.’ Here we stick to the
convention in the engineering literature, and refer to the range of Y as the output space, and the range of
X as the state space.
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various recursive relationships. In [19], these recursive relationships are expressed in the form

of what we call here a ‘quasi-realization,’ which is like a HMM realization except that we do

not require all the vectors and matrices to be nonnegative. In [26], these relationships are

studied further.

In [23], an abstract ‘necessary and sufficient condition’ is given to the effect that a

frequency distribution has a HMM realization if and only if it belongs to a stable polyhedral

convex set within the set of frequency distributions on M∗, the set of all finite strings on

M. The original proof is very difficult to read, but a highly readable proof is given in [34].

Thus much of the fundamental work in this area was done nearly four decades ago.

Subsequent work has mostly refined the notation and/or clarified the arguments, but there

has not been much progress on improving on the cone condition as a sufficient condition for

the existence of a HMM.

In a recent paper, Anderson [1] starts with the assumption that the process at hand has

a HMM realization with an irreducible state transition matrix, and then gives a constructive

procedure for constructing a HMM realization where the underlying matrix A is irreducible.

Thus the paper of Anderson contains assumptions that cannot be directly stated in terms of

the properties of the output process {Yt}. Moreover, there is no guarantee that the HMM

constructed using his procedure has the same sized state space as the one that generated

the process under study. But the ideas put forward in that paper are very useful in proving

the results presented here; see Section 9.

Before concluding this historical review, we mention also the so-called ‘positive realization

problem’ from control theory, which has a close relationship to the cone condition. Consider

the linear recursion

xt+1 = Axt +But, yt = Cxt

defined over the real number system. Thus xt ∈ Rn, yt, ut ∈ R, and the matrices A,B,C

have dimensions n × n, n × 1 and 1 × n respectively. If the input sequence {ut} equals the

‘unit pulse’ sequence {1, 0, 0, . . .}, then the corresponding output sequence {yt}, known as

the ‘unit pulse response,’ equals

y0 = 0, yt+1 = CAtB ∀t ≥ 0.

Define ht := CAtB. Suppose A,B,C are all nonnegative matrices/vectors. Then clearly

ht ≥ 0 ∀t. The positive realization problem is the converse: Suppose {ht}t≥0 is a nonnegative

sequence, and that the z-transform of this sequence is a rational function. When do there

exist nonnegative matrices A,B,C such that ht = CAtB ∀t? Some results on this problem
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can be found in [25, 2, 24]. See [6] for a review of the current status of this problem. Some

ideas from positive realization theory are also used in constructing HMM’s; see Section 9.

3 Equivalence Between Several Stochastic Models

In this section, we consider three distinct-looking definitions of hidden Markov models that

are prevalent in the literature, and show that they are all equivalent when it comes to

expressive power. In other words, if a stationary stochastic process over a finite alphabet

has any one of the three kinds of HMM, then it has all three kinds of HMM. However, the

size of the state space is in general different in the three types of HMM’s. In this respect, the

‘joint Markov process’ definition of a HMM found in [1] is the most economical in terms of

the size of the state space, while the ‘deterministic function of a Markov process’ definition

introduced in [22] of a HMM is the least economical.

Let us begin by introducing the three distinct types of stochastic models. The first model

was originally introduced by Gilbert [22] in the paper that began the development of HMM

theory, and is quite popular in the statistics community.

Definition 1 Suppose {Yt} is a stationary stochastic process assuming values in a finite set

M. We say that {Yt} has a HMM of the deterministic function of a Markov chain

type if there exist a Markov process {Xt} assuming values in a finite set N := {1, . . . , n}
and a function f : N →M such that Yt = f(Xt).

Note that the existence of a HMM becomes an issue only if one insists on a finite state

space. If one allows a state space of infinite cardinality, then one can always construct a

HMM (of the deterministic function of a Markov chain type), One begins with the set of all

strings (not necessarily of finite length) over M as the state space; this is an uncountable

set. However, by taking equivalence classes it is possible to make the state space into a

countable set; see [10] for details.

Second, we introduce a model that is very popular in the engineering community. It

appears to have been first introduced in [4].

Definition 2 Suppose n is a finite integer. Then we say that {Yt} has a HMM of the

random function of a Markov chain type if there exist an integer n, and a pair of

matrices A ∈ [0, 1]n×n and B ∈ [0, 1]n×m such that the properties hold:

1. A is row stochastic; that is, the sum of every row of A equals one.
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2. B is row stochastic; that is, the sum of every row of B equals one.

3. Choose π ∈ [0, 1]n to be a row eigenvector of A corresponding to the eigenvalue one,

such that its entries add up to one. 3 Suppose {Xt} is a Markov chain assuming values

in N := {1, . . . , n} with state transition matrix A and initial distribution π. Suppose

Zt is selected at random from M according to the law

Pr{Zt = u|Xt = j} = bju.

Then this process {Zt} has the same law as {Yt}.

In such a case we refer to A and B as the state transition matrix and output matrix,

respectively, of the HMM.

Finally, we introduce a definition that is used in [1]. The antecedents of this definition

are not clear. However, for the purposes of various proofs, it is the most convenient one.

Moreover, as shown in Lemma 3.2 below, it is also the most economical in terms of the size

of the state space.

Definition 3 Suppose {Yt} is a stationary stochastic process on the finite alphabet M :=

{1, . . . ,m}. We say that the process {Yt} has a HMM of the ‘joint Markov process’

type if there exists another stationary stochastic process {Xt} over a finite state space N :=

{1, . . . , n} such that the following properties hold:

1. The joint process {(Xt,Yt} is Markov. Hence

Pr{(Xt,Yt)|Xt−1,Yt−1,Xt−2,Yt−2, . . .} = Pr{(Xt,Yt)|Xt−1,Yt−1}. (3.1)

2. In addition, it is true that

Pr{(Xt,Yt)|Xt−1,Yt−1} = Pr{(Xt,Yt)|Xt−1}. (3.2)

From the definition, it is clear that

Pr{Xt|Xt−1,Xt−2, . . .} = Pr{Xt|Xt−1}.

In other words, {Xt} by itself is a Markov process. Let us define the n×n matrices M (u), u ∈
M as follows:

m
(u)
ij := Pr{Xt = j&Yt = u|Xt−1 = i}. (3.3)

3Note that, by [7], Theorem 1.1, p. 26, such an invariant probability vector always exists. However, unless
additional conditions are imposed on A, π is not unique in general.
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Next, let us define

aij :=
∑
u∈M

m
(u)
ij , ∀i, j. (3.4)

Then it is clear that the state transition matrix of the Markov process {Xt} is precisely A.

Moreover, the condition(3.2) also implies that both Xt and Yt are ‘random functions’ of the

previous state Xt−1. We say that the HMM is irreducible or primitive if the state transition

matrix of the process {Xt} is irreducible or primitive.

Now it is shown that all these models are equivalent.

Lemma 3.1 The following statements are equivalent:

(i) The process {Yt} has a HMM of the deterministic function of a Markov chain type.

(ii) The process {Yt} has a HMM of the random function of a Markov chain type.

(iii) The process {Yt} has a HMM of the joint Markov process type.

Proof: (i) ⇒ (ii) Clearly every deterministic function of a Markov chain is also a

‘random’ function of the same Markov chain, with every element of B equal to zero or one.

Precisely, since both N and M are finite sets, the function f simply induces a partition of

the state space N into m subsets N1, . . . ,Nm, where Nu := {j ∈ N : f(j) = u}. Thus two

states in Nu are indistinguishable through the measurement process {Yt}. Now set bju = 1

if j ∈ Nu and zero otherwise.

(ii) ⇒ (iii) If {Yt} is modelled as a random function of a Markov process HMM with

{Xt} as the underlying Markov chain, then the joint process {(Xt,Yt)} is Markov. Indeed,

if we define (Xt,Yt) ∈ N ×M, then it readily follows from the HMM conditions that

Pr{(Xt+1,Yt+1) = (j, u)|(Xt,Yt) = (i, v)} = aijbju,

Now define

M (u) := [aijbju] ∈ [0, 1]n×n.

Then the process {(Xt,Yt)} is Markov, and its state transition matrix is given by M (1) M (2) . . . M (m)

...
...

...
...

M (1) M (2) . . . M (m)

 .
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Finally, note that the probability that (Xt+1,Yt+1) = (j, u) depends only on Xt but not on

Yt. Hence the joint process {(Xt,Yt)} satisfies all the conditions required of the joint Markov

process HMM model.

(iii) ⇒ (i) Suppose Xt is a Markov process such that the joint process {(Xt,Yt)} is also

Markov. Then clearly Yt = f [(Xt,Yt)] for a suitable function f . Hence this is also a HMM

of the deterministic function of a Markov chain type.

It is easy to verify that the above lemma remains valid if we add the requirement that the

associated Markov process {Xt} is irreducible. In other words, a process {Yt} is a function

of an irreducible Markov chain, if and only if Yt is a random function of Xt where {Xt} is

an irreducible Markov chain, if and only if Yt is a random function of Zt where {Zt} is an

irreducible Markov chain.4

Up to now we have considered only the ‘expressive power’ of the various HMM types.

However, this is only part of the problem of stochastic modelling. An equally, if not more,

important issue is the ‘economy’ of the representation, that is, the number of states in the

underlying Markov chain. Clearly, given a sample path of finite length, the fewer the number

of parameters that need to be estimated, the more confidence we can have in the estimated

parameter values. The next lemma summarizes the situation and shows that, so far as the

economy of the representation is concerned, the joint Markov process model is the most

economical.

Lemma 3.2 (i) Suppose a process {Yt} has a HMM of the random function of a Markov

chain type, and let {Xt} denote the associated Markov chain. Let A and B denote

respectively the state transition matrix and output matrix of the HMM. Then Yt is a

deterministic function of Xt if and only if every row of the matrix B contains one 1

and the remaining elements are zero.

(ii) Suppose a process {Yt} has a HMM of the joint Markov process type, and let {Xt}
denote the associated Markov chain. Define the matrices M (u) as in (3.3), Then Yt is

a random function of Xt (and not just Xt−1) if and only if the following consistency

conditions hold: Define

aij :=
∑
u∈M

m
(u)
ij , 1 ≤ i, j ≤ n.

If aij 6= 0, then the ratio

m
(u)
ij

aij

4All Markov chains must have finite state spaces.
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is independent of i.

Proof: The first statement is obvious. Let us consider the second statement. Suppose the

process {Yt} has a joint Markov process type of HMM, and let {(Xt,Yt)} be the associated

Markov process. Define the matrices M (u) as in (3.3). Then we already know that Yt is a

random function of Xt−1. The aim is to show that Yt is a random function of Xt (and not

just Xt−1) if and only if the stated condition holds.

‘Only if’: From (3.4), we know that the state transition matrix of the process {Xt} is

given by A =
∑

u∈MM (u). Now suppose that Yt is a random function of Xt, and not just

Xt−1, and define

bju := Pr{Yt = u|Xt = j}, ∀u ∈M, j ∈ N .

Then we must have m
(u)
ij = aijbju for all i, j, u. If aij = 0 for some i, j, then perforce

m
(u)
ij = 0 ∀u ∈M. Suppose aij 6= 0. Then it is clear that

bju =
m

(u)
ij

aij
∀i

and is therefore independent of i.

‘If ’: This consists of simply reversing the arguments. Suppose the ratio is indeed inde-

pendent of i, and define bju as above. Then clearly m
(u)
ij = aijbju and as a result Yt is a

random function of Xt.
As a simple example, suppose n = m = 2,

M (1) =

[
0.5 0.2
0.1 0.4

]
,M (2) =

[
0.2 0.1
0.1 0.4

]
, A =

[
0.7 0.3
0.2 0.8

]
.

Then
m

(1)
11

a11

= 5/7,
m

(1)
21

a21

= 1/2 6= 5/7.

Since the ratio m
(u)
ij /aij fails to be independent of i for the choice j = 1, u = 1, it follows

that Yt is a random function of Xt−1 but not a random function of Xt.

4 Preliminaries

4.1 The Hankel Matrix

Some terminology is introduced to facilitate subsequent discussion.

14



Given an integer l, the set Ml consists of l-tuples. These can be arranged either in

first-lexical order (flo) or last-lexical order (llo). First-lexical order refers to indexing the

first element, then the second, and so on, while last-lexical order refers to indexing the last

element, then the next to last, and so on. For example, suppose m = 2 so thatM = {1, 2}.
Then

M3 in llo = {111, 112, 121, 122, 211, 212, 221, 222},

M3 in flo = {111, 211, 121, 221, 112, 212, 122, 222}.

Given any finite string u ∈ M∗, we can speak of its frequency fu. Thus, if |u| = l and

u = u1 . . . ul, we have

fu := Pr{(Yt+1,Yt+2, . . . ,Yt+1) = (u1, u2, . . . , ul)}.

Since the process {Yt} is assumed to be stationary, the above probability is independent of

t.

Note the following fundamental properties of the frequency fu.

fu =
∑
v∈M

fuv =
∑
w∈M

fwu, ∀u ∈M∗. (4.1)

More generally,

fu =
∑

v∈Mr

fuv =
∑

w∈Ms

fwu, ∀u ∈M∗, (4.2)

where as usual M∗ denotes the set of all strings of finite length over M. These properties

are known as ‘right-consistency’ and ‘left-consistency’ respectively.

Given integers k, l ≥ 1, the matrix Fk,l is defined as

Fk,l = [fuv,u ∈Mk in flo,v ∈Ml in llo] ∈ [0, 1]m
k×ml

.

Thus the rows of Fk,l are indexed by an element ofMk in flo, while the columns are indexed

by an element of Ml in llo. For example, suppose m = 2. Then

F1,2 =

[
f111 f112 f121 f122

f211 f212 f221 f222

]
,

whereas

F2,1 =


f111 f112

f211 f212

f121 f122

f221 f222

 .
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In general, for a given integer s, the matrices F0,s, F1,s−1, . . . , Fs−1,1, Fs,0 all contain frequen-

cies of the ms s-tuples. However, the dimensions of the matrices are different, and the

elements are arranged in a different order. Note that by convention F0,0 is taken as the 1×1

matrix 1 (which can be thought of as the frequency of occurence of the empty string).

Given integers k, l ≥ 1, we define the matrix Hk,l as

Hk,l :=


F0,0 F0,1 . . . F0,l

F1,0 F1,1 . . . F1,l
...

...
...

...
Fk,0 Fk,1 . . . Fk,l

 .
Note that Hk,l has 1 +m+ . . .+mk rows, and 1 +m+ . . .+ml columns. In general, Hk,l is

not a ‘true’ Hankel matrix, since it is not constant along backward diagonals. It is not even

‘block Hankel.’ However, it resembles a Hankel matrix in the sense that the matrix in the

(i, j)-th block consists of frequencies of strings of length i+ j. Finally, we define H (without

any subscripts) to be the infinite matrix of the above form, that is,

H :=


F0,0 F0,1 . . . F0,l . . .
F1,0 F1,1 . . . F1,l . . .

...
...

...
...

...
Fk,0 Fk,1 . . . Fk,l . . .

...
...

...
...

...

 .

Through a mild abuse of language we refer to H as the Hankel matrix associated with the

process {Yt}.

4.2 A Necessary Condition for the Existence of Hidden Markov
Models

In this section, it is shown that a process {Yt} has a HMM only if the matrix H has finite

rank. However, the finiteness of the rank of H is only necessary, but not sufficient in general.

Theorem 4.1 Suppose {Yt} has a ‘joint Markov process’ type of HMM with the associated

{Xt} process having n states. Then Rank(H) ≤ n.

Proof: As shown in Section 3, the process {Xt} is Markov. Moreover, since it is a

stationary process, it must have a stationary distribution π that satisfies π = πA, where the
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n×n matrix A is defined in (3.4).5 Note that fu = Pr{Y1 = u}, for every u ∈M. Since the

state X0 is distributed according to π, it follows that

fu = Pr{Y1 = u} =
n∑
i=1

n∑
j=1

Pr{X1 = j&Y1 = u|X0 = i} · πi.

From the definition of the matrices M (u), it follows that

fu =
n∑
i=1

n∑
j=1

πim
(u)
ij .

Here the first summation is over the initial state X0 and the second summation is over the

subsequent state X1. This relationship can be expressed compactly as

fu = πM (u)en.

More generally, let u ∈ Ml. Suppose to be specific that u = u1 . . . ul. Then an easy

generalization of the preceding argument shows that

fu =
n∑
i=1

n∑
j1=1

. . .
n∑

jl=1

πim
(u1)
ij1
· · ·m(ul)

jl−1jl
= πM (u1) · · ·M (ul)en. (4.3)

Note that ∑
l∈M

M (l) = A, π

[∑
l∈M

M (l)

]
= π, and

[∑
l∈M

M (l)

]
en = en. (4.4)

Thus the sum of the matrices M (u) is the state transition matrix of the Markov chain, and

π and en are respectively a row eigenvector and a column eigenvector of A corresponding to

the eigenvalue 1.

Now let us return to the matrix H. Using (4.3), we see at once that H can be factored

as

H =



π
πM (1)

...
πM (m)

πM (1)M (1)

...
πM (m)M (m)

...


[en |M (1)en| . . . |M (m)en |M (1)M (1)en| . . . |M (m)M (m)en| . . .].

5Since we are not assuming that A is irreducible, A may have more than one stationary distribution.
Hence the relation π = πA need not determine π uniquely.
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In other words, the rows consist of πM (u1) · · ·M (ul) as u ∈ Ml is in flo and l increases,

whereas the columns consist of M (u1) · · ·M (ul)en as u ∈ Ml is in llo and l increases. Now

note that the first factor has n columns whereas the second factor has n rows. Hence

Rank(H) ≤ n.

We conclude this subsection by recalling a negative result of Sontag [39], in which he

shows that the problem of deciding whether or not a given ‘Hankel’ matrix has finite rank

is undecidable.

5 Non-Sufficiency of the Finite Hankel Rank Condi-

tion

Let us refer to the process {Yt} as ‘having finite Hankel rank’ if Rank(H) < ∞. Thus

Theorem 4.1 shows that Rank(H) being finite is a necessary condition for the given process

to have a HMM. However, the converse is not true in general – it is possible for a process to

have finite Hankel rank and yet not have a realization as a HMM. The original example in

this direction was given by Fox and Rubin [21]. However, their proof contains an error, in

the opinion of this author. In a subsequent paper, Dharmadhikari and Nadkarni [18] quietly

and without comment simplified the example of Fox and Rubin and also gave a correct proof

(without explicitly pointing out that the Fox-Rubin proof is erroneous). In this section, we

review the example of [18] and slightly simplify their proof. It is worth noting that the

example crucially depends on rotating a vector by an angle α that is not commensurate with

π, that is, α/π is not a rational number. A similar approach is used by Benvenuti and Farina

[6], Example 4 to construct a nonnegative impulse response with finite Hankel rank which

does not have a finite rank nonnegative realization.

Let us begin by choosing numbers λ ∈ (0, 0.5], α ∈ (0, 2π) such that α and π are non-

commensurate. In particular, this rules out the possibility that α = π. Now define

hl := λl sin2(lα/2), ∀l ≥ 1.

Note that we can also write

hl = λl
(eilα/2 − e−ilα/2)2

4
,

where (just in this equation) i denotes
√
−1. Simplifying the expression for hl shows that

hl =
λl

4
(ζ l + ζ−l − 2), (5.5)
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where ζ := eiα. Because hl decays at a geometric rate with respect to l, the following

properties are self-evident.

1. hi > 0 ∀i. Note that lα can never equal a multiple of π because α and π are noncom-

mensurate.

2. We have that
∞∑
i=1

hi =: δ < 1. (5.6)

3. We have that
∞∑
i=1

ihi <∞.

4. The infinite Hankel matrix

H̄ :=


h1 h2 h3 . . .
h2 h3 h4 . . .
h3 h4 h5 . . .
...

...
...

. . .


has finite rank of 3.

Given a sequence {hi}i≥1, let us define its z-transform h̃(·) by6

h̃(z) :=
∞∑
i=1

hiz
i−1.

Thanks to an old theorem of Kronecker [31], it is known that the Hankel matrix H̄ has finite

rank if and only if h̃ is a rational function of z, in which case the rank of the Hankel matrix

is the same as the degree of the rational function h̃(z). Now it is a ready consequence of

(5.5) that

h̃(z) =
1

4

[
λζ

1− λζz
+

λζ−1

1− λζ−1z
− 2

λ

1− λz

]
.

Hence the infinite matrix H̄ has rank 3.

The counterexample is constructed by defining a Markov process {Xt} with a countable

state space and another process {Yt} with just two output values such that Yt is a function

of Xt. The process {Yt} satisfies the finite Hankel rank condition; in fact Rank(H) ≤ 5.

6Normally in z-transformation theory, the sequence {hi} is indexed starting from i = 0, whereas here we
have chosen to begin with i = 1. This causes the somewhat unconventional-looking definition.

19



And yet no Markov process with a finite state space can be found such that Yt is a function

of that Markov process. Since we already know from Section 3 that the existence of all the

three kinds of HMMs is equivalent, this is enough to show that the process {Yt} does not

have a joint Markov process type of HMM.

The process {Xt} is Markovian with a countable state space {0, 1, 2, . . .}. The transition

probabilities of the Markov chain are defined as follows:

Pr{Xt+1 = 0|Xt = 0} = 1− δ = 1−
∞∑
i=1

hi,

Pr{Xt+1 = i|Xt = 0} = hi for i = 1, 2, . . . ,

Pr{Xt+1 = i|Xt = i+ 1} = 1 for i = 1, 2, . . . ,

and all other probabilities are zero. Thus the dynamics of the Markov chain are as follows:

If the chain starts in the initial state 0, then it makes a transition to state i with probability

hi, or remains in 0 with the probability 1 −
∑

i hi = 1 − δ. Once the chain moves to the

state i, it then successively goes through the states i − 1, i − 2, . . . , 1, 0. Then the process

begins again. Thus the dynamics of the Markov chain consist of a series of cycles beginning

and ending at state 0, but where the lengths of the cycles are random, depending on the

transition out of the state 0.

Clearly {Xt} is a Markov process. Now we define {Yt} to be a function of this Markov

process. Let Yt = a if Xt = 0, and let Yt = b otherwise, i.e., if Xt = i for some i ≥ 1.

Thus the output process {Yt} assumes just two values a and b. Note that in the interests of

clarity we have chosen to denote the two output states as a and b instead of 1 and 2. For

this process {Yt} we shall show that (i)

Rank(H) ≤ Rank(H̄) + 2 = 5,

where H is the Hankel matrix associated with the process {Yt}, and (ii) there is no Markov

process {Zt} with a finite state space such that Yt is a (deterministic) function of Zt.
The stationary distribution of the Markov chain is as follows:

π0 = g :=

[
1 +

∞∑
i=1

ihi

]−1

,

πi = g
∞∑
j=i

hj, i ≥ 1.
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To verify this, note the structure of the state transition matrix A of the Markov chain: State

0 can be reached only from states 0 and 1. Thus column 0 of A has 1− δ in row 0, 1 in row

1, and zeros in all other rows. For i ≥ 1, state i can be reached only from states 0 and i+ 1.

Hence column i has hi in row 0, 1 in row i+ 1, and zeros elsewhere. As a result

(πA)0 = g

(
1− δ +

∞∑
j=1

hj

)
= g = π0,

while for i ≥ 1,

(πA)i = hiπ0 + πi+1 = g

[
hi +

∞∑
j=i+1

hj

]
= g

∞∑
j=i

hj = πi.

To verify that this is indeed a probability vector, note that

∞∑
i=0

πi = g

[
1 +

∞∑
i=1

∞∑
j=i

hj

]

= g

[
1 +

∞∑
j=1

j∑
i=1

hj

]

= g

[
1 +

∞∑
j=1

jhj

]
= 1

in view of the definition of g.

Next, let us compute the frequencies of various output strings. Note that if Yt = a, then

certainly Xt = 0. Hence, if Yt = a, then the conditional probability of Yt+1 does not depend

on the values of Yi, i < t. Therefore, for arbitrary strings u,v ∈ {a, b}∗, we have

fuav = fua · fv|ua = fua · fv|a.

Hence the infinite matrix H(a) defined by

H(a) := [fuav,u,v ∈ {a, b}∗]

has rank one. In such a case, it is customary to refer to a as a ‘Markovian state.’

Next, let us compute the frequencies of strings of the form abla, abl, bla, and bl. A string

of the form abla can occur only of Xt = 0,Xt+1 = l, . . . ,Xt+l = 1,Xt+l+1 = 0. All transitions

except the first one have probability one, while the first transition has probability hl. Finally,

the probability that Xt = 0 is π0. Hence

fabla = π0hl, ∀l.
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Next, note that

fabl = fabl+1 + fabla.

Hence, if we define

π0γl := fabl ,

then γl satisfies the recursion

π0γl = π0γl+1 + π0hl.

To start the recursion, note that

π0γ1 = fab = fa − faa = π0 − π0(1− δ)

= π0δ = π0

∞∑
i=1

hi.

Therefore

π0γl = π0

∞∑
i=l

hi, or γl =
∞∑
i=l

hi.

Now we compute the frequencies fbl for all l. Note that

fbl = fbl+1 + fabl = fbl+1 + π0γl.

Hence if we define π0ηl := fbl , then ηl satisfies the recursion

ηl = ηl+1 + γl.

To start the recursion, note that

fb = 1− fa = 1− π0.

Now observe that

π0 =

[
1 +

∞∑
i=1

ihi

]−1

and as a result

1− π0 = π0

∞∑
i=1

ihi = π0

∞∑
i=1

i∑
j=1

hi

= π0

∞∑
j=1

∞∑
i=j

hi = π0

∞∑
j=1

γj.
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Hence

fbl = π0ηl, where ηl =
∞∑
i=l

γi.

Finally, to compute fbla, note that

fbla + fbl+1 = fbl .

Hence

fbla = fbl − fbl+1 = π0(ηl − ηl+1) = π0γl.

Now let us look at the Hankel matrix H corresponding to the process {Yt}. We can think

of H as the interleaving of two infinite matrices H(a) and H(b), where

H(a) = [fuav,u,v ∈ {a, b}∗],

H(b) = [fubv,u,v ∈ {a, b}∗].

We have already seen that H(a) has rank one, since a is a Markovian state. Hence it follows

that

Rank(H) ≤ Rank(H(a)) + Rank(H(b)) = Rank(H(b)) + 1.

To bound Rank(H(b)), fix integers l, n, and define

H
(b)
l,n := [fubv,u ∈ {a, b}l,v ∈ {a, b}n].

Note that H
(b)
l,n ∈ [0, 1]2

l×2n
. It is now shown that

Rank(H
(b)
l,n ) ≤ Rank(H̄) + 1 = 4. (5.7)

Since the right side is independent of l, n, it follows that

Rank(H(b)) ≤ 4,

whence

Rank(H) ≤ 5.

To prove (5.7), suppose u ∈ {a, b}l−1 is arbitrary. Then

fuabv = fua · fbv|ua = fua · fbv|a,

because a is a Markovian state. Hence each of the 2l−1 rows [fuabv,u ∈ {a, b}l−1] is a multiple

of the row [fbv|a], or equivalently, of the row [falbv]. Hence Rank(H(b)) is unaffected if we
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keep only this one row and jettison the remaining 2l−1 − 1 rows. Similarly, as u varies over

{a, b}l−2, each of the rows [fuabbv] is proportional to [fal−2abbv] = [fal−1b2v]. So we can again

retain just the row [fal−1b2v] and discard the rest. Repeating this argument l times shows

that H(b) has the same rank as the (l + 1)× 2n matrix
falbv

fal−1b2v
...

fablv
fbl+1v

 ,v ∈ {a, b}n.
A similar exercise can now be repeated with v. If v has the form v = aw, then

faibl+1−iaw = faibl+1−ia · fw|a.

So all 2n−1 columns [faibl+1−iaw,w{a, b}n−1] are proportional to the single column [faibl+1−ian ].

So we can keep just this one column and throw away the rest. Repeating this argument shows

that H(b) has the same rank as the (l + 1)× (n+ 1) matrix

ban b2an−1 . . . bna bn+1

al

al−1b
...

abl−1

bl


falban falb2an−1 . . . falbna falbn+1

fal−1b2an fal−1b3an−1 . . . fal−1bn+1a fal−1bn+2

...
...

...
...

...
fablan fabl+1an−1 . . . fabl+n−1a fabl+n

fbl+1an fbl+2an−1 . . . fbl+na fbl+n+1


.

The structure of this matrix becomes clear if we note that

faibjat = fai · fbjat|a

= fai · fbja|a · fat−1|a

= π0(1− δ)i−1 · hj · (1− δ)t−1. (5.8)

The strings in the last row and column either do not begin with a, or end with a, or both.

So let us divide the first row by π0(1−δ)l−1, the second row by π0(1−δ)l−2, etc., the l-th row

by π0, and do nothing to the last row. Similarly, let us divide the first column by (1− δ)n−1,

the second column by (1 − δ)n−2, etc., the n-th column by (1 − δ)0 = 1, and leave the last

column as is. The resulting matrix has the same rank as H
(b)
l,n , and the matrix is

h1 h2 . . . hn ×
h2 h3 . . . hn+1 ×
...

...
...

...
...

hl hl+1 . . . hl+n ×
× × . . . × ×

 ,
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where × denotes a number whose value does not matter. Now the upper left l×n submatrix

is a submatrix of H̄; as a result its rank is bounded by 3. This proves(5.7).7

To carry on our analysis of this example, we make use of z-transforms. This is not done

in [18], but it simplifies the arguments to follow. As shown earlier, the z-transform of the

sequence {hi} is given by

h̃(z) =
1

4

[
λζ

1− λζz
+

λζ−1

1− λζ−1z
− 2

λ

1− λz

]
=
ψh(z)

φ(z)
,

where

φ(z) := (1− λζ)(1− λζ−1)(1− λ), (5.9)

and ψh(z) is some polynomial of degree no larger than two; its exact form does not matter.

Next, recall that

γi =
∞∑
j=i

hj.

Now it is an easy exercise to show that

γ̃(z) =
δ − h̃(z)

1− z
,

where, as defined earlier, δ =
∑∞

i=1 hi. Even though we are dividing by 1 − z in the above

expression, in reality γ̃ does not have a pole at z = 1, because h̃(1) = δ. Hence we can write

γ̃(z) =
ψγ(z)

φ(z)
,

where again ψγ is some polynomial of degree no larger than two, and φ(z) is defined in (5.9).

By entirely similar reasoning, it follows from the expression

ηi =
∞∑
j=i

γj

that

η̃(z) =
s− γ̃(z)

1− z
,

where

s :=
∞∑
i=1

γi =
∞∑
i=1

∞∑
j=i

hj =
∞∑
j=1

j∑
i=1

hj =
∞∑
j=1

jhj.

7Through better book-keeping, Dharmadhikari and Nadkarni [18] show that the rank is bounded by 3,
not 4. This slight improvement is not worthwhile since all that matters is that the rank is finite.
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Here again, η̃(·) does not have a pole at z = 1, and in fact

γ̃(z) =
ψη(z)

φ(z)
,

where ψη is also a polynomial of degree no larger than two. The point of all these calculations

is to show that each of the quantities γl, ηl has the form

γl = c0,γλ
l + c1,γλ

lζ l + c2,γλ
lζ−l, (5.10)

ηl = c0,ηλ
l + c1,ηλ

lζ l + c2,ηλ
lζ−l, (5.11)

for appropriate constants. Note that, even though ζ is a complex number, the constants

occur in conjugate pairs so that γl, ηl are always real. And as we have already seen from

(5.5), we have

hl = −1

2
λl +

1

4
λlζ l +

1

4
λlζ−l.

Now the expression (5.11) leads at once to two very important observations.

Observation 1: Fix some positive number ρ, and compute the weighted average

1

T

T∑
l=1

ρ−lηl =: θ(ρ, T ).

Then it follows that

1. If ρ < λ, then θ(ρ, T )→∞ as T →∞.

2. If ρ > λ, then θ(ρ, T )→ 0 as T →∞.

3. If ρ = λ, then θ(ρ, T )→ c0,η as T →∞, where c0,η is the constant in (5.11).

If ρ 6= λ, then the behavior of θ(ρ, T ) is determined by that of (λ/ρ)l. If ρ = λ, then the

averages of the oscillatory terms (λζ/ρ)l and (λ/ρζ)l will both approach zero, and only the

first term in (5.11) contributes to a nonzero average.

Observation 2: Let T be any fixed integer, and consider the moving average

1

T

l+T∑
j=l+1

λ−jηj =: θTl .

This quantity does not have a limit as l→∞ if α is not commensurate with π. To see this,

take the z-transform of {θTl }. This leads to

θ̃T (z) =
βT (z)

φ(z)
,
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where βT (z) is some high degree polynomial. After dividing through by φ(z), we get

θ̃T (z) = βTq (z) +
βTr (z)

φ(z)
,

where βTq is the quotient and βTr is the remainder (and thus has degree no more than two).

By taking the inverse z-transform, we see that the sequence {θTl } is the sum of two parts:

The first part is a sequence having finite support (which we can think of as the ‘transient’),

and the second is a sequence of the form

c0,θλ
l + c1,θλ

lζ l + c2,θλ
lζ−l.

From this expression it is clear that if α is noncommensurate with π, then θTl does not have

a limit as l→∞.

These two observations are the key to the concluding part of this very long line of rea-

soning. Suppose by way of contradiction that the output process {Yt} can be expressed as a

function of a Markov process {Zt} with a finite state space. Let N = {1, . . . , n} denote the

state space, and let π,A denote the stationary distribution and state transition matrix of

the Markov chain {Zt}. Earlier we had used these symbols for the Markov chain {Xt}, but

no confusion should result from this recycling of notation. From the discussion in Chapter 1

of [38], it follows that by a symmetric permutation of rows and columns (which corresponds

to permuting the labels of the states), A can be arranged in the form

A =

[
P 0
R Q

]
,

where the rows of P correspond to the recurring states and those of R to transient states.

Similarly, it follows from the discussion in Chapter 4 of [38] that the components of π

corresponding to transient states are all zero. Hence the corresponding states can be dropped

from the set N without affecting anything. So let us assume that all states are recurrent.

Next, we can partition the state space N into those states that map into a, and those

states that map into b. With the obvious notation, we can partition π as [πa πb] and the

state transition matrix as

A =

[
Aaa Aab
Aba Abb

]
.

Moreover, again following the discussion in Chapter 1 of [38], we can arrange Abb in the form

Abb =


A11 0 . . . 0
A21 A22 . . . 0

...
...

...
...

As1 As1 . . . Ass

 ,
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where s is the number of communicating classes within those states that map into the output

b, and each of the diagonal matrices Aii is irreducible. Of course, the fact that each of the

diagonal blocks is irreducible does still not suffice to determine π uniquely, but as before we

can assume that no component of π is zero, because if some component of π is zero, then we

can simply drop that component from the state space.

Now it is claimed that ρ(Abb) = λ, where ρ(·) denotes the spectral radius. To show

this, recall that if B is an irreducible matrix with spectral radius ρ(B), the (unique strictly

positive) row eigenvector θ and the column eigenvector φ corresponding to the eigenvalue

ρ(B), then the ‘ergodic average’

1

T

T∑
l=1

[ρ(B)]−lBl

converges to the rank one matrix φθ as T → ∞. Now from the triangular structure of Abb,

it is easy to see that ρ(Abb) is the maximum amongst the numbers ρ(Aii), i = 1, . . . , s. If we

let θi, φi denote the unique row and column eigenvectors of Aii corresponding to ρ(Aii), it is

obvious that
1

T

T∑
l=1

[ρ(Abb]
−lAlbb → Block Diag {φiθiI{ρ(Aii)=ρ(Abb)}}. (5.12)

In other words, if ρ(Aii) = ρ(Abb), then the corresponding term φiθi is present in the block

diagonal matrix; if ρ(Aii) < ρ(Abb), then the corresponding entry in the block diagonal

matrix is the zero matrix. Let D denote the block diagonal in (5.12), and note that at least

one of the ρ(Aii) equals ρ(Abb). Hence at least one of the products φiθi is present in the

block diagonal matrix D.

From the manner in which the HMM has been set up, it follows that

ηl = fbl = πbA
l
bbe.

In other words, the only way in which we can observe a sequence of l symbols b in succession

is for all states to belong to the subset of N that map into the output b. Next, let us examine

the behavior of the quantity

1

T

T∑
l=1

ρ−lηl =
1

T

T∑
l=1

ρ−lπbA
l
bbe,

where ρ = ρ(Abb). Now appealing to (5.12) shows that the above quantity has a definite limit

as T →∞. Moreover, since πb and e are strictly positive, and the block diagonal matrix D

28



has at least one positive block φiθi, it follows that

lim
T→∞

1

T

T∑
l=1

ρ−lηl = πDe ∈ (0,∞).

By Observation 1, this implies that ρ(Abb) = λ.

Finally (and at long last), let us examine those blocks Aii which have the property that

ρ(Aii) = ρ(Abb) = ρ. Since each of these is an irreducible matrix, it follows from the

discussion in Chapter 4 of [38] that each such matrix has a unique ‘period’ ni, which is an

integer. Moreover, Aii has eigenvalues at ρ exp(i2πj/ni), j = 1, . . . , ni − 1, and all other

eigenvalues of Aii have magnitude strictly less than ρ. This statement applies only to those

indices i such that ρ(Aii) = ρ(Abb) = ρ. Now let N denote the least common multiple of all

these integers ni. Then it is clear that the matrix Abb has a whole lot of eigenvalues of the

form ρ exp(i2πj/N) for some (though not necessarily all) values of j ranging from 0 to N−1;

all other eigenvalues of A have magnitude strictly less than ρ. As a result, the quantity

1

N

t+N∑
l=t+1

Albb

has a definite limit at t→∞. In turn this implies that the quantity

1

N

t+N∑
l=t+1

πbA
l
bbe =

1

N

t+N∑
l=t+1

ηl

has a definite limit at t → ∞. However, this contradicts Observation 2, since α is non-

commensurate with π. This contradiction shows that the stochastic process {Yt} cannot be

realized as a function of a finite state Markov chain.

6 An Abstract Necessary and Sufficient Condition

In [23], Heller stated and proved an abstract necessary and sufficient condition for a given

probability law to have an HMM realization. Heller’s paper is very difficult to follow since it

adopts a ‘coordinate-free’ approach. Picci [34] gave a very readable proof of Heller’s theorem,

which is reproduced here with minor variations.

Recall thatM∗, the set of all finite strings overM = {1, . . . ,m}, is a countable set. We

let µ(M∗) denote the set of all maps p :M∗ → [0, 1] satisfying the following two conditions:∑
u∈M

pu = 1, (6.1)

29



∑
v∈M

puv = pu, ∀u ∈M∗. (6.2)

Note that by repeated application of (6.2), we can show that∑
v∈Ml

puv = pu, ∀u ∈M∗. (6.3)

By taking u to be the empty string, so that pu = 1, we get from the above that∑
v∈Ml

pv = 1, ∀l. (6.4)

We can think of µ(M∗) as the set of all frequency assignments to strings inM∗ that are

right-consistent by virtue of satisfying (6.2).

Definition 4 Given a frequency assignment p ∈ µ(M∗), we say that {π,M (1), . . . ,M (m)} is

a HMM realization of p if

π ∈ Rn
+,

n∑
i=1

πi = 1, (6.5)

M (u) ∈ [0, 1]n×n ∀u ∈M, (6.6)[∑
u∈M

M (u)

]
en = en, (6.7)

and finally

pu = πM (u1) . . .M (ul)en ∀u ∈Ml. (6.8)

Given a frequency distribution p ∈ µ(M∗), for each u ∈ M we define the conditional

distribution

p(·|u) := v ∈M∗ 7→ puv
pu
. (6.9)

If by chance pu = 0, we define p(·|u) to equal p. Note that p(·|u) ∈ µ(M∗); that is, p(·|u)

is also a frequency assignment map. By applying (6.9) repeatedly, for each u ∈ M∗ we can

define the conditional distribution

p(·|u) := v ∈M∗ 7→ puv

pu
. (6.10)

Again, for each u ∈ M∗, the conditional distribution p(·|u) is also a frequency assignment.

Clearly conditioning can be applied recursively and the results are consistent. Thus

p((·|u)|v) = p(·|uv), ∀u,v ∈M∗. (6.11)
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It is easy to verify that if p satisfies the right-consistency condition (6.2), then so do all

the conditional distributions p(·|u) for all u ∈M∗. Thus, if p ∈ µ(M∗), then p(·|u) ∈ µ(M∗)

for all u ∈M∗.

A set C ⊆ µ(M∗) is said to be polyhedral if there exist an integer n and distributions

q(1), . . . , q(n) ∈ µ(M∗) such that C is the convex hull of these q(i), that is, every q ∈ C is a

convex combination of these q(i). A set C ⊆ µ(M∗) is said to be stable if

q ∈ C ⇒ q(·|u) ∈ C ∀u ∈M∗. (6.12)

In view of (6.11), (6.12) can be replaced by weaker-looking condition

q ∈ C ⇒ q(·|u) ∈ C ∀u ∈M. (6.13)

Now we are ready to state the main result of this section, first proved in [23]. However,

the proof below follows [34] with some slight changes in notation.

Theorem 6.1 A frequency distribution p ∈ µ(M∗) has a HMM realization if and only if

there exists a stable polyhedral set C ⊆ µ(M∗) containing p.

Proof: “If” Suppose q(1), . . . , q(n) ∈ µ(M∗) are the generators of the polyhedral set C.
Thus every q ∈ C is of the form

q =
n∑
i=1

aiq
(i), ai ≥ 0,

n∑
i=1

ai = 1.

In general neither the integer n nor the individual distributions q(i) are unique, but this does

not matter. Now, since C is stable, q(·|u) ∈ C for all a ∈ C, u ∈ M. In particular, for each

i, u, there exist constants α
(u)
ij such that

q(i)(·|u) =
n∑
j=1

α
(u)
ij q

(j)(·), α(u)
ij ≥ 0,

n∑
j=1

α
(u)
ij = 1.

Thus from (6.9) it follows that

q(i)
uv =

n∑
j=1

q(i)
u α

(u)
ij q

(j)
v

=
n∑
j=1

m
(u)
ij q

(j)
v , (6.14)
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where

m
(u)
ij := q(i)

u α
(u)
ij , ∀i, j, u. (6.15)

We can express (6.14) more compactly by using matrix notation. For u ∈M∗, define

qu := [q(1)
u . . . q(n)

u ]t ∈ [0, 1]n×1.

Then (6.14) states that

quv = M (u)qv ∀u ∈M,v ∈M∗,

where M (u) = [m
(u)
ij ] ∈ [0, 1]n×n. Moreover, it follows from (6.11) that

quv = M (u1) . . .M (ul)qv ∀uMl,v ∈M∗.

If we define

M (u) := M (u1) . . .M (ul) ∀u ∈Ml,

then the above equation can be written compactly as

quv = M (u)M (v)qv ∀u,v ∈M∗. (6.16)

By assumption, p ∈ C. Hence there exist numbers π1, . . . , πn, not necessarily unique,

such that

p(·) =
n∑
i=1

πiq
(i)(·), πi ≥ 0 ∀i,

n∑
i=1

πi = 1. (6.17)

We can express (6.17) as

p(·) = πq(·).

Hence, for all u,v ∈M∗, it follows from (6.16) that

puv = πquv = πM (u)qv, ∀u,v ∈M∗. (6.18)

In particular, if we let v equal the empty string, then qv = en, and puv = pu. Thus (6.18)

becomes

pu = πM (u)en,

which is the same as (6.8).
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Next, we verify (6.7) by writing it out in component form. We have

n∑
j=1

∑
u∈M

m
(u)
ij =

∑
u∈M

n∑
j=1

m
(u)
ij

=
∑
u∈M

q(i)
u

[
n∑
j=1

α
(u)
ij

]

=
∑
u∈M

q(i)
u because

n∑
j=1

α
(u)
ij = 1

= 1, ∀i because q(i) ∈ µ(M∗) and (6.1).

Before leaving the “If” part of the proof, we observe that if the probability distribution

p ∈ µ(M∗) is also left-consistent by satisfying∑
u∈M

puv = pv ∀u ∈M,v ∈M∗,

then it is possible to choose the vector π such that

π

[∑
u∈M

M (u)

]
= π. (6.19)

To see this, we substitute into (6.8) which has already been established. This gives

πM (v)en = pv =
∑
u∈M

puv = π

[∑
u∈M

M (u)

]
M (v)en, ∀v ∈M∗.

Now it is not possible to “cancel” M (v)en from both sides of the above equation. However,

it is always possible to choose the coefficient vector π so as to satisfy (6.19).

“Only if” Suppose p has a HMM realization {π,M (1), . . . ,M (m)}. Let n denote the

dimension of the matrices M(u) and the vector π. Define the distributions q(1), . . . , q(n) by

qu = [q(1)
u . . . q(n)

u ]t := M (u)en, ∀u ∈M∗. (6.20)

Thus q
(i)
u is the i-th component of the column vector M (u)en. First it is shown that each q(i)

is indeed a frequency distribution. From (6.20), it follows that

∑
u∈M

qu =

[∑
u∈M

M (u)

]
en = en,
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where we make use of (6.7). Thus each q(i) satisfies (6.1) (with p replaced by q(i)). Next, to

show that each q(i) is right-consistent, observe that for each u ∈M∗, v ∈M we have∑
v∈M

quv = M (u)

[∑
v∈M

M (v)

]
en = M (u)en = qu.

Thus each q(i) is right-consistent. Finally, to show that the polyhedral set consisting of all

convex combinations of q(1), . . . , q(n) is stable, observe that

q(i)(v|u) =
q(i)(uv)

q(i)(u)
.

Substituting from (6.19) gives

q(i)(v|u) =
1

q(i)(u)
M (u)M (v)en

= a(i)
u M

(v)en,

= a(i)
u qv, (6.21)

where

a(i)
u :=

[
m

(u)
ij

q(i)(u)
, j = 1, . . . , n

]
∈ [0, 1]1×n.

Thus each conditional distribution q(i)(·|u) is a linear combination of q(1)(·), . . . , q(n)(·). It

remains only to show that q(i)(·|u) is a convex combination, that is, that each a
(i)
u ∈ Rn

+ and

that a
(i)
u en = 1. The first is obvious from the definition of the vector a(i). To establish the

second, substitute v equal to the empty string in (6.21). Then q(i)(v|u) = 1 for all i, u, and

qv = en. Substituting these into (6.20) shows that

1 = a(i)
u en,

as desired. Thus the polyhedral set C consisting of all convex combinations of the q(i) is

stable. Finally, it is obvious from (6.8) that p is a convex combination of the q(i) and thus

belongs to C.

7 Existence of Regular Quasi-Realizations for Finite

Hankel Rank Processes

In this section, we study processes whose Hankel rank is finite, and show that it is always

possible to construct a ‘quasi-realization’ of such a process. Moreover, any two regular quasi-

realizations of a finite Hankel rank process are related through a similarity transformation.
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Definition 5 Suppose a process {Yt} has finite Hankel rank r. Suppose n ≥ r, x is a row

vector in Rn, y is a column vector in Rn, and C(u) ∈ Rn×n ∀u ∈ M. Then we say that

{n,x,y, C(u),u ∈M} is a quasi-realization of the process if three conditions hold. First,

fu = xC(u1) . . . C(ul)y ∀u ∈M∗, (7.1)

where l = |u|. Second,

x

[∑
u∈M

C(u)

]
= x. (7.2)

Third, [∑
u∈M

C(u)

]
y = y. (7.3)

We say that {n,x,y, C(u),u ∈ M} is a regular quasi-realization of the process if n = r,

the rank of the Hankel matrix.

The formula (7.1) is completely analogous to (4.3). Similarly, (7.2) and (7.3) are anal-

ogous to (4.4). The only difference is that the various quantities are not required to be

nonnegative. This is why we speak of a ‘quasi-realization’ instead of a true realization.

With this notion, it is possible to prove the following powerful statements:

1. Suppose the process {Yt} has finite Hankel rank, say r. Then the process always has

a regular quasi-realization.

2. Suppose a process {Yt} has finite Hankel rank r, and suppose {θ1, φ1, D
(u)
1 , u ∈ M}

and {θ2, φ2, D
(u)
2 , u ∈M} are two regular quasi-realizations of this process. Then there

exists a nonsingular matrix T such that

θ2 = θ1T
−1, D

(u)
2 = TD

(u)
1 T−1 ∀u ∈M, φ2 = Tφ1.

These two statements are formally stated and proven as Theorem 7.1 and Theorem 7.2

respectively.

The results of this section are not altogether surprising. Given that the infinite matrix

H has finite rank, it is clear that there must exist recursive relationships between its various

elements. Earlier work, most notably [14, 11], contains some such recursive relationships.

However, the present formulae are the cleanest, and also the closest to the conventional for-

mula (4.3). Note that Theorem 7.1 is more or less contained in the work of Erickson [19]. In
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[26], the authors generalize the work of Erickson by studying the relationship between two

quasi-realizations, without assuming that the underlying state spaces have the same dimen-

sion. In this case, in place of the similarity transformation above, they obtain ‘intertwining’

conditions of the form D
(u)
2 T = TD

(u)
1 , where the matrix T may now be rectangular. In the

interests of simplicity, in the present case we do not study this more general case. Moreover,

the above formulae are the basis for the construction of a ‘true’ (as opposed to quasi) HMM

realization in subsequent sections.

Some notation is introduced to facilitate the subsequent proofs. Suppose k, l are integers,

and I ⊆Mk, J ⊆Ml; thus every element of I is a string of length k, while every element of

J is a string of length l. Specifically, suppose I = {i1, . . . , i|I|}, and J = {j1, . . . , j|J |}. Then

we define

FI,J :=


fi1j1 fi1j2 . . . fi1j|J|
fi2j1 fi2j2 . . . fi2j|J|

...
...

...
...

fi|I|j1 fi|I|j2 . . . fi|I|j|J|

 . (7.4)

Thus FI,J is a submatrix of Fk,l and has dimension |I|×|J |. This notation is easily reconciled

with the earlier notation. Suppose k, l are integers. Then we can think of Fk,l as shorthand

for FMk,Ml . In the same spirit, if I is a subset ofMk and l is an integer, we use the ‘mixed’

notation FI,l to denote FI,Ml . This notation can be extended in an obvious way to the case

where either k or l equals zero. If l = 0, we have that M0 := {∅}. In this case

FI,0 := [fi : i ∈ I] ∈ R|I|×1.

Similarly if J ⊆Ml for some integer l, then

F0,J := [fj : j ∈ J ] ∈ R1×|J |.

Finally, given any string u ∈M∗, we define

F
(u)
k,l := [fiuj, i ∈Mk in flo, j ∈Ml in llo], (7.5)

F
(u)
I,J := [fiuj, i ∈ I, j ∈ J ]. (7.6)

Lemma 7.1 Suppose H has finite rank. Then there exists a smallest integer k such that

Rank(Fk,k) = Rank(H).

Moreover, for this k, we have

Rank(Fk,k) = Rank(Hk+l,k+s), ∀l, s ≥ 0. (7.7)
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Proof: We begin by observing that, for every pair of integers k, l, we have

Rank(Hk,l) = Rank(Fk,l). (7.8)

To see this, observe that the row indexed by u ∈ Mk−1 in Fk−1,s is the sum of the rows

indexed by vu in Fk,s, for each s. This follows from (4.1). Similarly each row in Fk−2,s is the

sum of m rows in Fk−1,s and thus of m2 rows of Fk,s, and so on. Thus it follows that every

row of Ft,s for t < k is a sum of mk−t rows of Fk,s. Therefore

Rank(Hk,l) = Rank([Fk,0 Fk,1 . . . Fk,l]).

Now repeat the same argument for the columns of this matrix. Every column of Fk,t is the

sum of mk−t columns of Fk,l. This leads to the desired conclusion (7.8).

To complete the proof, observe that, since Hl,l is a submatrix of Hl+1,l+1, we have that

Rank(H1,1) ≤ Rank(H2,2) ≤ . . . ≤ Rank(H).

Now at each step, there are only two possibilities: Either Rank(Hl,l) < Rank(Hl+1,l+1), or

else Rank(Hl,l) = Rank(Hl+1,l+1). Since Rank(H) is finite, the first possibility can only occur

finitely many times. Hence there exists a smallest integer k such that

Rank(Hk,k) = Rank(H).

We have already shown that Rank(Hk,k) = Rank(Fk,k). Finally, since Hk+l,k+s is a submatrix

of H and contains Hk.k as a submatrix, the desired conclusion (7.7) follows.

Note: Hereafter, the symbol k is used exclusively for this integer and nothing else.

Similarly, hereafter the symbol r is used exclusively for the (finite) rank of the Hankel

matrix H and nothing else.

Now consider the matrix Fk,k, which is chosen so as to have rank r. Thus there exist

sets I, J ⊆ Mk, such that |I| = |J | = r and FI,J has rank r. (Recall the definition of the

matrix FI,J from (7.4).) In other words, the index sets I, J are chosen such that FI,J is

any full rank nonsingular submatrix of Fk,k. Of course the choice of I and J is not unique.

However, once I, J are chosen, there exist unique matrices U ∈ Rmk×r, V ∈ Rr×mk
such that

Fk,k = UFI,JV . Hereafter, the symbols U, V are used only for these matrices and nothing

else.

The next lemma shows that, once the index sets I, J are chosen (thus fixing the matrices

U and V ), the relationship Fk,k = UFI,JV can be extended to strings of arbitrary lengths.
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Lemma 7.2 With the various symbols defined as above, we have

F
(u)
k,k = UF

(u)
I,J V, ∀u ∈M

∗. (7.9)

This result can be compared to [1], Lemma 1, p. 99.

Proof: For notational convenience only, let us suppose I, J consist of the first r elements

ofMr. The more general case can be handled through more messy notation. The matrix U

can be partitioned as follows:

U =

[
Ir
Ū

]
.

This is because FI,k is a submatrix of Fk,k. (In general we would have to permute the indices

so as to bring the elements of I to the first r positions.) Now, by the rank condition and the

assumption that Fk,k = UFI,JV (= UFI,k), it follows that[
Ir 0
−Ū Imk−r

]
Hk,. =

[
FI,k FI,.
0 FMk\I,. − ŪFI,.

]
,

where

FI,. = [FI,k+1 FI,k+2 . . .], and FMk\I,. = [FMk\I,k+1 FMk\I,k+2 . . .].

This expression allows us to conclude that

FMk\I,. = ŪFI,.. (7.10)

Otherwise the (2, 2)-block of the above matrix would contain some nonzero element, which

would in turn imply that Rank(Hk,.) > r, a contradiction. Now the above relationship

implies that

F
(u)
k,k = UF

(u)
I,K , ∀u ∈M

∗.

Next, as with U , partition V as V = [Ir V̄ ]. (In general, we would have to permute the

columns to bring the elements of J to the first positions.) Suppose N > k is some integer.

Observe that FN,k is just [F
(u)
k,k ,u ∈MN−k in flo]. Hence

[
Ir 0
−Ū Imk−r

]
H.,k =

[
F

(u)
I,k ,u ∈M∗ in flo

0

]
=


FI,k
0

F
(u)
I,k ,u ∈M∗ \ ∅ in flo

0

 .
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Now post-multiply this matrix as shown below:

[
Ir 0
−Ū Imk−r

]
H.,k

[
Ir −V̄
0 Imk−r

]
=


FI,J 0
0 0

F
(u)
I,J F

(u)

I,Mk\J − F
(u)
I,J V̄ ,u ∈M∗in flo

0 0

 .
So if F

(u)

I,Mk\J 6= F
(u)
I,J V̄ for some u ∈ M∗, then Rank(H.,k) would exceed Rank(FI,J), which

is a contradiction. Thus it follows that

F
(u)

I,Mk\J = F
(u)
I,J V̄ , ∀u ∈M

∗. (7.11)

The two relationships (7.10) and (7.11) can together be compactly expressed as (7.9), which

is the desired conclusion.

Lemma 7.3 Choose unique matrices D̄(u), u ∈M, such that

F
(u)
I,J = FI,JD̄

(u), ∀u ∈M. (7.12)

Then for all u ∈M∗, we have

F
(u)
I,J = FI,JD̄

(u1) . . . D̄(ul), where l = |u|. (7.13)

Choose unique matrices D(u), u ∈M, such that

F
(u)
I,J = D(u)FI,J , ∀u ∈M. (7.14)

Then for all u ∈M∗, we have

F
(u)
I,J = D(u1) . . . D(ul)FI,J , where l = |u|. (7.15)

This result can be compared to [1], Theorem 1, p. 90.

Proof: We prove only (7.13), since the proof of (7.15) is entirely similar. By the manner

in which the index sets I, J are chosen, we have

Rank[FI,J F
(u)
I,J ] = Rank[FI,J ], ∀u ∈M.

Hence there exist unique matrices D̄(u), u ∈ M such that (7.12) holds. Now suppose v is

any nonempty string in M∗. Then, since FI,J is a maximal rank submatrix of H, it follows

that

Rank

[
FI,J F

(u)
I,J

F
(v)
I,J F

(vu)
I,J

]
= Rank

[
FI,J
F

(v)
I,J

]
, ∀u ∈M.
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Now post-multiply the matrix on the left side as shown below:[
FI,J F

(u)
I,J

F
(v)
I,J F

(vu)
I,J

] [
I −D̄(u)

0 I

]
=

[
FI,J 0

F
(v)
I,J F

(vu)
I,J − F

(v)
I,J D̄

(u)

]
.

This shows that

F
(vu)
I,J = F

(v)
I,J D̄

(u), ∀v ∈M∗, ∀u ∈M. (7.16)

Otherwise, the (2,2)-block of the matrix on the right side would contain a nonzero element

and would therefore have rank larger than that of FI,J , which would be a contradiction. Note

that if v is the empty string in (7.16), then we are back to the definition of the matrix D̄(u).

Now suppose u ∈ M∗ has length l and apply (7.16) recursively. This leads to the desired

formula (7.13). The proof of (7.15) is entirely similar.

Suppose u ∈M∗ has length l. Then it is natural to define

D̄(u) := D̄(u1) . . . D̄(ul), D(u) := D(u1) . . . D(ul).

With this notation let us observe that the matrices D(u) and D̄(u) ‘intertwine’ with the

matrix FI,J . That is,

FI,JD̄
(u) = D(u)FI,J , and F−1

I,JD
(u) = D̄(u)F−1

I,J . (7.17)

This follows readily from the original relationship

FI,JD̄
(u) = D(u)FI,J(= F

(u)
I,J ) ∀u ∈M

applied recursively.

Finally we come to the main theorem about quasi-realizations. We begin by formalizing

the notion.

Note that a regular quasi-realization in some sense completes the analogy with the for-

mulas (4.3) and (4.4).

Theorem 7.1 Suppose the process {Yt} has finite Hankel rank, say r. Then the process

always has a regular quasi-realization. In particular, choose the integer k as in Lemma 7.1,

and choose index sets I, J ⊆ Mk such that |I| = |J | = r and FI,J has rank r. Define the

matrices U, V,D(u), D̄(u) as before. The following two choices are regular quasi-realizations.

First, let

x = θ := F0,JF
−1
I,J , y = φ := FI,0, C

(u) = D(u) ∀u ∈M. (7.18)

Second, let

x = θ̄ := F0,J , y = φ̄ := F−1
I,JFI,0, C

(u) = D̄(u) ∀u ∈M. (7.19)
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This result can be compared to [1], Theorem 1, p. 90 and Theorem 2, p. 92.

Proof: With all the spade work done already, the proof is very simple. For any string

u ∈M∗, it follows from (7.14) that

F
(u)
I,J = D(u1) . . . D(ul)FI,J , where l = |u|.

Next, we have from (7.9) that

F
(u)
k,k = UF

(u)
I,J V, ∀u ∈M

∗.

Now observe that, by definition, we have

fu =
∑
i∈Mk

∑
j∈Mk

fiuj = etmkF
(u)
k,k emk = etmkUD

(u1) . . . D(ul)FI,JV emk ,

where emk is the column vector with mk one’s. Hence (7.1) is satisfied with the choice

n = r, θ := etmkU, φ := FI,JV emk , C(u) = D(u) ∀u ∈M,

and the matrices D(u) as defined in (7.14). Since D(u)FI,J = FI,JD̄
(u), we can also write

fu = etmkUFI,JD̄
(u1) . . . D̄(ul)V emk .

Hence (7.1) is also satisfied with the choice

n = r, θ̄ := etmkUFI,J , φ̄ := V emk , C(u) = D̄(u) ∀u ∈M,

and the matrices D̄(u) as defined in (7.13).

Next, we show that the vectors θ, φ, θ̄, φ̄ can also be written as in (7.18) and (7.19). For

this purpose, we proceed as follows:

θ = etmkU = etmkUFI,JF
−1
I,J = etmkFk,JF

−1
I,J = F0,JF

−1
I,J .

Therefore

θ̄ = θFI,J = F0,J .

Similarly

φ = FI,JV emk = FI,kemk = FI,0,

and

φ̄ = F−1
I,JFI,0.
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It remains only to prove the eigenvector properties. For this purpose, note that, for each

u ∈M, we have

F0,JD̄
(u) = etmkUFI,JD̄

(u) = etmkUF
(u)
I,J = F

(u)
0,J .

Now

θD(u) = F0,JF
−1
I,JD

(u) = F0,JD̄
(u)F−1

I,J = F
(u)
0,J F

−1
I,J .

Hence

θ

[∑
u∈M

D(u)

]
=
∑
u∈M

θD(u) =
∑
u∈M

F
(u)
0,J F

−1
I,J = F0,JF

−1
I,J = θ,

since ∑
u∈M

F
(u)
0,J = F0,J .

As for φ, we have

D(u)φ = D(u)FI,JV emk = F
(u)
I,J V emk = F

(u)
I,k emk = F

(u)
I,0 .

Hence [∑
u∈M

D(u)

]
φ =

∑
u∈M

D(u)φ =
∑
u∈M

F
(u)
I,0 = FI,0 = φ.

This shows that {r, θ, φ,D(u)} is a quasi-realization. The proof in the case of the barred

quantities is entirely similar. We have

θ̄D̄(u) = F0,JD̄
(u) = F

(u)
0,J ,

so

θ̄

[∑
u∈M

D̄(u)

]
=
∑
u∈M

F
(u)
0,J = F0,J = θ̄.

It can be shown similarly that [∑
u∈M

D̄(u)

]
φ̄ = φ̄.

This completes the proof.

Next, it is shown that any two ‘regular’ quasi-realizations of the process are related

through a similarity transformation.

Theorem 7.2 Suppose a process {Yt} has finite Hankel rank r, and suppose {θ1, φ1, D
(u)
1 , u ∈

M} and {θ2, φ2, D
(u)
2 , u ∈ M} are two regular quasi-realizations of this process. Then there

exists a nonsingular matrix T such that

θ2 = θ1T
−1, D

(u)
2 = TD

(u)
1 T−1 ∀u ∈M, φ2 = Tφ1.

42



Proof: Suppose the process has finite Hankel rank, and let r denote the rank of H.

Choose the integer k as before, namely, the smallest integer k such that Rank(Fk,k) =

Rank(H). Choose subsets I, J ⊆ Mk such that |I| = |J | = r and Rank(FI,J) = r. Up to

this point, all entities depend only on the process and its Hankel matrix (which depends on

the law of the process), and not on the specific quasi-realization. Moreover, the fact that

I, J are not unique is not important.

Now look at the matrix FI,J , and express it in terms of the two quasi-realizations. By

definition,

FI,J =

 fi1j1 . . . fi1jr
...

...
...

firj1 . . . firjr

 .
Now, since we are given two quasi-realizations, the relationship (7.1) holds for each quasi-

realization. Hence

FI,J =

 θsD
(i1)
s

...

θsD
(ir)
s

 [D(j1)
s φs . . . D

(jr)
s φs], for s = 1, 2.

Define

Ps :=

 θsD
(i1)
s

...

θsD
(ir)
s

 , Qs := [D(j1)
s φs . . . D

(jr)
s φs], for s = 1, 2.

Then FI,J = P1Q1 = P2Q2. Since FI,J is nonsingular, so are P1, Q1, P2, Q2. Moreover,

P−1
2 P1 = Q2Q

−1
1 =: T, say.

Next, fix u ∈M and consider the r × r matrix F
(u)
I,J . We have from (7.1) that

F
(u)
I,J = P1D

(u)
1 Q1 = P2D

(u)
2 Q2.

Hence

D
(u)
2 = P−1

2 P1D
(u)
1 Q1Q

−1
2 = TD

(u)
1 T−1, ∀u ∈M.

Finally, we can factor the entire matrix H as

H = [θsD
(u)
s ,u ∈M∗ in flo][D(v)

s φs,v ∈M∗ in llo], s = 1, 2,

where

D(u) := D(u1) . . . D(ul), l = |u|,
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and D(v) is defined similarly. Note that the first matrix in the factorization of H has r

columns and infinitely many rows, while the second matrix has r rows and infinitely many

columns. Thus there exists a nonsingular matrix, say S, such that

[θ2D
(u)
2 ,u ∈M∗ in flo] = [θ1D

(u)
1 ,u ∈M∗ in flo]S−1,

and

[D
(v)
2 φ2,v ∈M∗ in llo] = S[D

(v)
1 φ1,v ∈M∗ in llo].

Choosing u = i1, . . . , ir and v = j1, . . . , jr shows that in fact S = T . Finally, choosing

u = v = ∅ shows that

θ2 = θ1T
−1, φ2 = Tφ1.

This completes the proof.

We conclude this section with an example from [14] of a regular quasi-realization that

does not correspond to a regular realization.

Let n = 4, and define the 4× 4 ‘state transition matrix’

A =


λ1 0 0 1− λ1

0 −λ2 0 1 + λ2

0 0 −λ3 1 + λ3

1− λ1 c(1 + λ2) −c(1 + λ3) λ1 + c(λ3 − λ2)

 ,
as well as the ‘output matrix’

B =


1 0
1 0
1 0
0 1

 .
It is easy to see that Ae4 = e4, that is, the matrix A is ‘stochastic.’ Similarly Be2 = e2 and

so B is stochastic (without quotes). Let bi denote the i-th column of B, and let Diag(bi)

denote the diagonal 4× 4 matrix with the elements of bi on the diagonal. Let us define

C(1) = ADiag(b1) =


λ1 0 0 0
0 −λ2 0 0
0 0 −λ3 0

1− λ1 c(1 + λ2) −c(1 + λ3) 0

 ,

C(2) = ADiag(b2) =


0 0 0 1− λ1

0 0 0 1 + λ2

0 0 0 1 + λ3

0 0 0 λ1 + c(λ3 − λ2)

 .
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Then C(1) + C(2) = A. Note that

x = [0.5 0.5c − 0.5c 0.5]

is a ‘stationary distribution’ of A; that is, xA = x. With these preliminaries, we can define

the ‘quasi-frequencies’

fu = xC(u1) . . . C(ul)e4,

where u = u1 . . . ul. Because x and e4 are respectively row and column eigenvectors of A

corresponding to the eigenvalue one, these quasi-frequencies satisfy the consistency condi-

tions (4.1) and (4.2). Thus, in order to qualify as a quasi-realization, the only thing missing

is the property that fu ≥ 0 for all strings u.

This nonegativity property is established in [14] using a Markov chain analogy, and is

not reproduced here. All the frequencies will all be nonnegative provided the following

inequalities are satisfied:

0 < λi < 1, i = 1, 2, 3;λ1 > λi, i = 2, 3; 0 < c < 1,

λ1 + c(λ3 − λ2) > 0; (1− λ1)k > c(1 + λi)
k, i = 2, 3, k = 1, 2.

One possible choice (given in [14]) is

λ1 = 0.5, λ2 = 0.4, λ3 = 0.3, c = 0.06.

Thus the above is a quasi-realization.

To test whether this quasi-realization can be made into a realization (with nonnegative

elements), we can make use of Theorem 7.2. All possible quasi-realizations of this process

can be obtained by performing a similarity transformation on the above quasi-realization.

Thus there exists a regular realization (not quasi-realization) of this process if and only if

there exists a nonsingular matrix T such that xT−1, TC(i)T−1, Te4 are all nonnegative. This

can in turn be written as the feasibility of a linear program, namely:

πT = x;TC(i) = M (i)T, i = 1, 2;Te4 = e4;M (i) ≥ 0, i = 1, 2;π ≥ 0.

It can be readily verified that the above linear program is not feasible, so that there is no

regular realization for this process, only regular quasi-realizations.

As pointed out above, it is possible to check in polynomial time whether a given regular

quasi-realization can be converted into a regular realization of a stationary process. There is
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a related problem that one can examine, namely: Suppose one is given a triplet {x, C(u), u ∈
M,y} with compatible dimensions. The problem is to determine whether the triple product

fu := xC(u)y = xC(u1) · · ·C(ul)y ≥ 0 ∀u ∈Ml, ∀l.

This problem can be viewed as one of deciding whether a given rational power series always

has nonnegative coefficients. This problem is known to be undecidable; see [36], Theorem

3.13. Even if m = 2, the above problem is undecidable if n ≥ 50, where n is the size of the

vector x. The arguments of [9] can be adapted to prove this claim.8 Most likely the problem

remains undecidable even if we add the additional requirements that

x

[∑
u∈M

C(u)

]
= x,

[∑
u∈M

C(u)

]
y = y,

because the above two conditions play no role in determining the nonnegativity or other-

wise of the ‘quasi-frequencies’ fu, but serve only to assure that these quasi-frequencies are

consistent.

8 Spectral Properties of Alpha-Mixing Processes

In this section, we add the assumption that the finite Hankel rank process under study is

also α-mixing, and show that the regular quasi-realizations have an additional property,

namely: The matrix that plays the role of the state transition matrix in the HMM has a

spectral radius of one, this eigenvalue is simple, and all other eigenvalues have magnitude

strictly less than one. This property is referred to as the ‘quasi strong Perron property.’ As

a corollary, it follows that if an α-mixing process has a regular realization (and not just a

quasi-realization), then the underlying Markov chain is irreducible and aperiodic.

We begin by reminding the reader about the notion of α-mixing. Suppose the process

{Yt} is defined on the probability space (S,Ω), where Ω is a σ-algebra on the set S. For each

pair of indices s, t with s < t, define Σt
s to be the σ-algebra (a subalgebra of Ω) generated by

the random variables Ys, . . . ,Yt. Then the α-mixing coefficient α(l) of the process {Yt}
is defined as

α(l) := sup
A∈Σt

0,B∈Σ∞t+l

|P (A ∩B)− P (A)P (B)|.

8Thanks to Vincent Blondel for these references.
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The process {Yt} is said to be α-mixing if α(l)→ 0 as l →∞. Note that in the definition

above, A is an event that depends strictly on the ‘past’ random variables before time t,

whereas B is an event that depends strictly on the ‘future’ random variables after time

t + l. If the future were to be completely independent of the past, we would have P (A ∩
B) = P (A)P (B). Thus the α-mixing coefficient measures the extent to which the future is

independent of the past.

Remark: As will be evident from the proofs below, actually we do not make use of the

α-mixing property of the process {Yt}. Rather, what is needed is that∑
w∈Ml

fuwv → fufv as l→∞, ∀u,v ∈Mk, (8.1)

where k is the fixed integer arising from the finite Hankel rank condition. Since the process

assumes values in a finite alphabet, (8.1) is equivalent to the condition

max
A∈Σk

1 ,B∈Σ2k
l+k+1

|P (A ∩B)− P (A)P (B)| → 0 as l→∞. (8.2)

To see this, suppose that (8.2) holds, and choose A to be the event (y1, . . . , yk) = u, and

similarly, choose B to be the event (yl+k+1, . . . , yl+2k) = v, for some u,v ∈ Mk. Then it is

clear that A ∩ B is the event that a string of length l + 2k begins with u and ends with v.

Thus

P (A) = fu, P (B) = fv, P (A ∩B) =
∑

w∈Ml

fuwv.

Hence (8.2) implies (8.1). To show the converse, suppose (8.1) holds. Then (8.2) also holds

for elementary events A and B. Since k is a fixed number and the alphabet of the process is

finite, both of the σ-algebras Σk
1, Σ2k

l+k+1 are finite unions of elementary events. Hence (8.1)

is enough to imply (8.2). It is not known whether (8.2) is strictly weaker than α-mixing for

processes assuming values over a finite alphabet.

Now we state the main result of this section.

Theorem 8.1 Suppose the process {Yt} is α-mixing and has finite Hankel rank r. Let

{r,x,y, C(u), u ∈M} be any regular quasi-realization of the process, and define

S :=
∑
u∈M

C(u).

Then Sl → yx as l → ∞, ρ(S) = 1, ρ(S) is a simple eigenvalue of S, and all other

eigenvalues of S have magnitude strictly less than one.
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This theorem can be compared with [1], Theorem 4, p. 94.

Proof: It is enough to prove the theorem for the particular quasi-realization {r, θ, φ,D(u), u ∈
M} defined in (7.2). This is because there exists a nonsingular matrix T such that C(u) =

T−1D(u)T for all u, and as a result the matrices
∑

u∈MC(u) and
∑

u∈MD(u) have the same

spectrum. The α-mixing property implies that, for each i ∈ I, j ∈ J , we have∑
w∈Ml

fiwj → fifj as l→∞. (8.3)

This is a consequence of (8.1) since both I and J are subsets of Mk. Now note that, for

each fixed w ∈Ml, we have from (7.1) that

[fiwj, i ∈ I, j ∈ J ] = F
(w)
I,J = D(w)FI,J , (8.4)

where, as per earlier convention, we write

D(w) := D(w1) . . . D(wl).

It is clear that ∑
w∈Ml

D(w) =

[∑
u∈M

D(u)

]l
= Sl. (8.5)

Now (8.3) implies that∑
w∈Ml

[fiwj, i ∈ I, j ∈ J ]→ [fi, i ∈ I][fj, j ∈ J ] =: FI,0F0,J ,

where FI,0 is an r-dimensional column vector and F0,J is an r-dimensional row vector. More-

over, combining (8.4) and (8.5) shows that

SlFI,J → FI,0F0,J ,

and since FI,J is nonsingular, that

Sl → FI,0F0,JF
−1
I,J = φθ as l→∞.

So the conclusion is that Sl approaches φθ, which is a rank one matrix, as l→∞. Moreover,

this rank one matrix has one eigenvalue at one and the rest at zero. To establish this, we

show that

F0,JF
−1
I,JFI,0 = 1.
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This is fairly straight-forward. Note that F0,JF
−1
I,J = θ and FI,0 = φ as defined in (7.2). Then

taking u to be the empty string in (7.1) (and of course, substituting x = θ,y = φ) shows

that θφ = 1, which is the desired conclusion. Let A denote the rank one matrix

A := FI,0F0,JF
−1
I,J .

Then Sl → A as l → ∞. Suppose the spectrum of the matrix S is {λ1, . . . , λn}, where

n = mk, and |λ1| = ρ(S). Then, since the spectrum of Sl is precisely {λl1, . . . , λln}, it follows

that

{λl1, . . . , λln} → {1, 0, . . . , 0} as l→∞.

Here we make use of the facts that A is a rank one matrix, and that its spectrum consists

of n − 1 zeros plus one. This shows that S has exactly one eigenvalue on the unit circle,

namely at λ = 1, and the remaining eigenvalues are all inside the unit circle.

Corollary 8.1 Suppose a stationary process {Yt} is α-mixing and has a regular realization.

Then the underlying Markov chain is aperiodic and irreducible.

Proof: Suppose that the process under study has a regular realization (and not just

a regular quasi-realization). Let A denote the state transition matrix of the corresponding

Markov process {Xt}. From Theorem 7.2, it follows that A is similar to the matrix S defined

in Theorem 8.1. Moreover, if the process {Yt} is α-mixing, then the matrix A (which is

similar to S) satisfies the strong Perron property. In other words, it has only one eigenvalue

on the unit circle, namely a simple eigenvalue at one. Hence the Markov chain {Xt} is

irreducible and aperiodic.

9 Ultra-Mixing Processes and the Existence of HMM’s

In the previous two sections, we studied the existence of quasi-realizations. In this section,

we study the existence of ‘true’ (as opposed to quasi) realizations. We introduce a new

property known as ‘ultra-mixing’ and show that if a process has finite Hankel rank, and is

both α-mixing as well as ultra-mixing, then modulo a technical condition it has a HMM

where the underlying Markov chain is itself α-mixing (and hence aperiodic and irreducible)

or else satisfies a ‘consistency condition.’ The converse is also true, modulo another technical

condition.

The material in this section is strongly influenced by [1]. In that paper, the author begins

with the assumption that the stochastic process under study is generated by an irreducible
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HMM (together with a few other assumptions), and then gives a constructive procedure for

constructing an irreducible HMM for the process. Thus the paper does not give a set of

conditions for the existence of a HMM in terms of the properties of the process under study .

Moreover, even with the assumptions in [1], the order of the HMM constructed using the

given procedure can in general be much larger than the order of the HMM that generates

the process in the first place. In contrast, in the present paper we give conditions explicitly

in terms of the process under study, that are sufficient to guarantee the existence of an

irreducible HMM. However, the proof techniques used here borrow heavily from [1].

9.1 Constructing a Hidden Markov Model

We begin with a rather ‘obvious’ result that sets the foundation for the material to follow.

Lemma 9.1 Suppose {Yt} is a stationary process over a finite alphabetM. Then the process

{Yt} has a ‘joint Markov process’ HMM if and only if there exist an integer n, a stochastic row

vector h, and n × n nonnegative matrices G(1), . . . , G(m) such that the following statements

are true.

1. The matrix Q :=
∑

u∈MG(u) is stochastic, in that each of its rows adds up to one.

Equivalently, en is a column eigenvector of Q corresponding to the eigenvalue one.

2. h is a row eigenvector h of Q corresponding to the eigenvalue one, i.e., hQ = h.

3. For every u ∈M∗, we have

fu = hG(u1) · · ·G(ul)en,

where l = |u|.

In this case there exists a Markov process {Xt} evolving over N := {1, . . . , n} such that the

joint process {(Xt,Yt)} satisfies the conditions (3.1) and (3.2).

Proof: One half of this lemma has already been proven in the course of proving Theorem

4.1. Suppose {Yt} has a ‘joint Markov process’ HMM model. Let {Xt} denote the associated

Markov process. Define the matrices M (1), . . . ,M (m) as in (3.3). and let π denote the

stationary distribution of the process {Xt}. Then it is clear that the conditions of the lemma

are satisfied with h = π and G(u) = M (u) for each u ∈M.
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To prove the converse, suppose h, G(1), . . . , G(m) exist that satisfy the stated conditions.

Let {Zt} be a stationary Markov process with the state transition matrix

AZ :=

 G(1) G(2) . . . G(m)

...
...

...
...

G(1) G(2) . . . G(m)

 .
and the stationary distribution

πZ = [hG(1)| . . . |hG(m)].

To show that πZ is indeed a stationary distribution of AZ , partition πZ in the obvious fashion

as [π1 . . . πm], and observe that πv = hG(v). Then, because of the special structure of the

matrix AZ , in order to be a stationary distribution of the Markov chain, the vector πZ needs

to satisfy the relationship [∑
v∈M

πv

]
·G(u) = πu. (9.1)

Now observe that [∑
v∈M

πv

]
= h

∑
v∈M

G(v) = hQ = h.

Hence the desired relationship (9.1) follows readily. Now the stationary distribution of the

Xt process is clearly
∑

v∈M hG(v) = h. Hence, by the formula (4.3), it follows that the

frequencies of the Yt process are given by

fu = hG(u1) · · ·G(ul)en.

This is the desired conclusion.

9.2 The Consistency Condition

Before presenting the sufficient condition for the existence of a HMM, we recall a very

important result from [1]. Consider a ‘joint Markov process’ HMM where the associated

matrix A (the transition matrix of the {Xt} process) is irreducible. In this case, it is well

known and anyway rather easy to show that the state process {Xt} is α-mixing if and only if

the matrix A is aperiodic in addition to being irreducible. If A is aperiodic (so that the state

process is α-mixing), then the output process {Yt} is also α-mixing. However, the converse

is not always true. It is possible for the output process to be α-mixing even if the state
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process is not. Theorem 5 of [1] gives necessary and sufficient conditions for this to happen.

We reproduce this important result below.

Suppose a ‘joint Markov process’ HMM has n states and that the state transition matrix

A is irreducible. Let π denote the unique positive stationary probability distribution of the

Xt process. As in (3.3), define the matrices M (u), u ∈M by

m
(u)
ij = Pr{X1 = j&Y1 = u|X0 = i}, 1 ≤ i, j ≤ n, u ∈M.

Let p denote the number of eigenvalues of A on the unit circle (i.e., the period of the Markov

chain). By renumbering the states if necessary, rearrange A so that it has the following cyclic

form:

A =


0 0 . . . 0 A1

Ap 0 . . . 0 0
0 Ap−1 . . . 0 0
...

...
...

...
...

0 0 . . . A2 0

 , (9.2)

where all blocks have the same size (n/p) × (n/p) (which clearly implies that p is a divisor

of n). The matrices M (u) inherit the same zero block structure as A; so the notation M
(u)
i

is unambiguous. For a string u ∈Ml, define

M
(u)
i := M

(u1)
i M

(u2)
i+1 . . .M

(ul)
i+l−1,

where the subscripts on M are taken modulo p. Partition π into p equal blocks, and label

them as π1 through πp.

Theorem 9.1 The output process {Yt} is α-mixing if and only if, for every string u ∈M∗,

the following ‘consistency conditions’ hold:

π1M
(u)
1 e(n/p) = π2M

(u)
p e(n/p) = π3M

(u)
p−1e(n/p) = . . . = πpM

(u)
2 e(n/p) =

1

p
πM (u)en. (9.3)

For a proof, see [1], Theorem 5.

9.3 The Ultra-Mixing Property

In earlier sections, we studied the spectrum of various matrices under the assumption that

the process under study is α-mixing. For present purposes, we introduce a different kind of

mixing property.
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Definition 6 Given the process {Yt}, suppose it has finite Hankel rank, and let k denote

the unique integer defined in Lemma 7.1. Then the process {Yt} is said to be ultra-mixing

if there exists a sequence {δl} ↓ 0 such that∣∣∣∣fiufu − fiuv

fuv

∣∣∣∣ ≤ δl, ∀i ∈Mk,u ∈Ml,v ∈M∗. (9.4)

Note that, the way we have defined it here, the notion of ultra-mixing is defined only for

processes with finite Hankel rank.

In [28], Kalikow defines a notion that he calls a ‘uniform martingale,’ which is the same

as an ultra-mixing stochastic process. He shows that a stationary stochastic process over a

finite alphabet is a uniform martingale if and only if it is also a ‘random Markov process,’

which is defined as follows: A process {(Yt, Nt)} where Yt ∈M and Nt is a positive integer

(natural number) for each t is said to be a ‘random Markov process’ if (i) The process {Nt}
is independent of the {Yt} process, and (ii) for each t, we have

Pr{Yt|Yt−1,Yt−2, . . .} = Pr{Yt|Yt−1,Yt−2, . . . ,Yt−Nt}.

Observe that if Nt equals a fixed integer N for all t, then the above condition says that

{Yt} is an N -step Markov process. Hence a ‘random Markov process’ is an Nt-step Markov

process where the length of the ‘memory’ Nt is itself random and independent of Yt. One of

the main results of [28] is that the ultra-mixing property is equivalent to the process being

random Markov. However, the random Markov property seems to be quite different in spirit

from a process having a HMM.

The ultra-mixing property can be interpreted as a kind of long-term indepedence. It says

that the conditional probability that a string begins with i, given the next l entries, is just

about the same whether we are given just the next l entries, or the next l entries as well as

the still later entries. This property is also used in [1]. It does not appear straight-forward

to relate ultra-mixing to other notions of mixing such as α-mixing. This can be seen from

the treatment of [1], Section 11, where the author assumes (in effect) that the process under

study is both ultra-mixing as well as α-mixing.

9.4 The Main Result

Starting with the original work of Dharmadhikari [15], ‘cones’ have played a central role in

the construction of HMM’s. The present paper continues that tradition. Moreover, cones

also play an important role in the so-called positive realization problem. Hence it is not
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surprising that the conditions given here also borrow a little bit from positive realization

theory. See [6] for a survey of the current status of this problem.

Recall that a set S ⊆ Rr is said to be a ‘cone’ if x,y ∈ S ⇒ αx + βy ∈ S ∀α, β ≥ 0.

The term ‘convex cone’ is also used to describe such an object. Given a (possibly infinite)

set V ⊆ Rr, the symbol Cone(V) denotes the smallest cone containing V , or equivalently, the

intersection of all cones containing V . If V = {v1, . . . ,vn} is a finite set, then it is clear that

Cone(V) = {
n∑
i=1

αivi : αi ≥ 0 ∀i}.

In such a case, Cone(V) is said to be ‘polyhedral’ and v1, . . . ,vn are said to be ‘generators’

of the cone. Note that, in the way we have defined the concept here, the generators of a

polyhedral cone are not uniquely defined. It is possible to refine the definition; however, the

above definition is sufficient for the present purposes. Finally, given a cone C (polyhedral or

otherwise), the ‘polar cone’ Cp is defined by

Cp := {y ∈ Rr : ytx ≥ 0 ∀x ∈ C}.

It is easy to see that Cp is also a cone, and that C ⊆ (Cp)p.
Next, we introduce two cones that play a special role in the proof. Suppose as always

that the process under study has finite Hankel rank, and define the integer k as in Lemma

7.1. Throughout, we use the quasi-realization {r, θ, φ,D(u)} defined in (7.2). Now define

Cc := Cone{D(u)φ : u ∈M∗},

Co := {y ∈ Rr : θD(v)y ≥ 0, ∀v ∈M∗}.

The subscripts o and c have their legacy from positive realization theory, where Cc is called the

‘controllability cone’ and Co is called the ‘observability cone.’ See for example [6]. However,

in the present context, we could have used any other symbols. Note that from (7.1) and

(7.2) we have

θD(v)D(u)φ = fuv ≥ 0, ∀u,v ∈M∗.

Hence D(u)φ ∈ Co ∀u ∈M∗, and as a result Cc ⊆ Co. Moreover, both Cc and Co are invariant

under D(w) for each w ∈M. To see this, let w ∈M be arbitrary. Then D(w)D(u)φ = D(wu)φ,

for all u ∈M∗. Hence

D(w)Cc = Cone{D(wu)φ : u ∈M∗} ⊆ Cc.
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Similarly, suppose y ∈ Co. Then the definition of Co implies that θD(v)y ≥ 0 for all v ∈M∗.

Therefore

θD(v)D(w)y = θD(vw)y ≥ 0 ∀v ∈M∗.

Hence D(w)y ∈ Cc. The key difference between Cc and Co is that the former cone need not

be closed, whereas the latter cone is always closed (this is easy to show).

In order to state the sufficient condition for the existence of a HMM, a few other bits of

notation are introduced. Suppose the process under study has finite Hankel rank, and let k

be the unique integer defined in Lemma 7.1. Let r denote the rank of the Hankel matrix,

and choose subsets I, J ⊆ Mk such that |I| = |J | = r and FI,J has rank r. For each finite

string u ∈M∗, define the vectors

pu :=
1

fu
F

(u)
I,0 = [fiu/fu, i ∈ I] ∈ [0, 1]r×1, qu :=

1

fu
F

(u)
0,J = [fuj/fu, j ∈ J ] ∈ [0, 1]1×r.

The interpretation of pu is that the i-th component of this vector is the conditional proba-

bility, given that the last part of a sample path consists of the string u, that the immediately

preceding k symbols are i. The vector qu is interpreted similarly. The j-th component of

this vector is the conditional probability, given that the first part of a sample path consists

of the string u, that the next k symbols are j.

Lemma 9.2 Let ‖ · ‖ denote the `1-norm on Rr. Then there exists a constant γ > 0 such

that

γ ≤‖ pu ‖≤ 1, γ ≤‖ qu ‖≤ 1, ∀u ∈M∗.

Proof: Note that the vector [fiu/fu, i ∈ Mk] is a probability vector, in the sense that

its components are nonnegative and add up to one. Hence this vector has `1-norm of one.

Since pu is a subvector of it, it follows that ‖ pu ‖≤ 1. On the other hand, we have

[fiu/fu, i ∈Mk] = Upu, ∀u ∈M∗,

and U has full column rank. Hence ‖ pu ‖ is bounded away from zero independently of u.

Similar arguments apply to qu.

The vectors pu and qu satisfy some simple recurrence relationships.

Lemma 9.3 Suppose u,v ∈M∗. Then

D(u)pv =
fuv

fv
puv, quC

(v) =
fuv

fu
quv.

55



Proof: From Lemmas 7.2 and 7.3, it follows that

F
(v)
I,0 = F

(v)
I,k emk = D(v)FI,JV emk = D(v)φ, ∀v ∈M∗.

This shows that

pv =
1

fv
F

(v)
I,0 =

1

fv
D(v)φ.

Hence, for arbitrary u,v ∈M∗, we have

D(u)pv =
1

fv
D(u)D(v)φ =

1

fv
D(uv)φ =

fuv

fv
puv.

The proof in the case of qv is entirely similar.

Now let us consider the countable collection of probability vectors A := {pu : u ∈M∗}.
Since pu equals D(u)φ within a scale factor, it follows that Cc = Cone(A). Moreover, since

A ⊆ Cc ⊆ Co and Co is a closed set, it follows that the set of cluster points of A is also a

subset of Co.9 Finally, it follows from Lemma 9.2 that every cluster point of A has norm no

smaller than γ.

Now we state the main result of this section.

Theorem 9.2 Suppose the process {Yt} satisfies the following conditions:

1. It has finite Hankel rank.

2. It is ultra-mixing.

3. It is α-mixing.

4. The cluster points of the set A of probability vectors are finite in number and lie in the

interior of the cone Co.

Under these conditions, the process has an irreducible ‘joint Markov process’ hidden Markov

model. Moreover the HMM satisfies the consistency conditions (9.3).

Remark: Among the hypotheses of Theorem 9.2, Conditions 1 through 3 are ‘real’

conditions, whereas Condition 4 is a ‘technical’ condition.

The proof proceeds via two lemmas. The first lemma gives insight into the behaviour

of the matrix D(u) as |u| → ∞. To put these lemmas in context, define the matrix S =

9Recall that a vector y is said to be a ‘cluster point’ of A if there exists a sequence in A, no entry of
which equals y, converging to y. Equivalently, y is a cluster point if A if every neighbourhood of y contains
a point of A not equal to y.
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∑
u∈MD(u). Then by Theorem 8.1, we know that if the process {Yt} is α-mixing, then Sl

approaches a rank one matrix as l→∞. In the present case it is shown that, if the process

is ultra-mixing, then each individual matrix D(u) approaches a rank one matrix as |u| → ∞.

This result has no counterpart in earlier literature and may be of independent interest.

Lemma 9.4 Let ‖ · ‖ denote both the `1-norm of a vector in Rmk
as well as the corresponding

induced norm on the set of mk × mk matrices. Suppose the process {Yt} is ultra-mixing.

Define

bU := etmkU ∈ R1×r.

Then

‖ 1

fu
D(u) − 1

fu
pubUD

(u) ‖≤ rδ|u| ‖ F−1
I,J ‖, (9.5)

where {δl} is the sequence in the definition of the ultra-mixing property, and |u| denotes the

length of the string u.

Proof: If we substitute j for v in (9.4), we get∣∣∣∣fiufu − fiuj

fuj

∣∣∣∣ ≤ δ|u|.

For each j ∈ J , we have that fuj/fu ≤ 1. Hence we can multiply both sides of the above

equation by fuj/fu ≤ 1, which gives∣∣∣∣fiufu · fuj

fu
− fiuj

fuj

· fuj

fu

∣∣∣∣ =

∣∣∣∣fiufu · fuj

fu
− fiuj

fu

∣∣∣∣ ≤ δ|u| ·
fuj

fu
≤ δ|u|.

Now define the r × r matrix R(u) by

(R(u))ij :=
fiu
fu
· fuj

fu
− fiuj

fu
.

Then (see for example [41])

‖ R(u) ‖= max
j∈Mk

∑
i∈Mk

|(R(u))ij| ≤ rδ|u|.

Next, note that

R(u) = puqu −
1

fu
D(u)FI,J .

Hence we have established that

‖ 1

fu
D(u)FI,J − puqu ‖≤ rδ|u|. (9.6)
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Therefore

‖ 1

fu
D(u) − puquF

−1
I,J ‖≤ rδ|u| ‖ F−1

I,J ‖ .

Thus the proof is complete once it is shown that

quF
−1
I,J =

1

fu
bUD

(u).

But this last step is immediate, because

fuquF
−1
I,J = F

(u)
0,J F

−1
I,J = etmkUF

(u)
I,J F

−1
I,J == etmkUD

(u)FI,JF
−1
I,J = bUD

(u).

This completes the proof.

The reader may wonder about the presence of the factor 1/fu in (9.5). Obviously, in any

reasonable stochastic process, the probability fu approaches zero as |u| → ∞. Hence, unless

we divide by this quantity, we would get an inequality that is trivially true because both

quantities individually approach zero. In contrast, (9.6) shows that the matrix (1/fu)D(u)

is both bounded and bounded away from zero for all u ∈M∗.

Thus Lemma 9.4 serves to establish the behaviour of the matrix D(u) as |u| → ∞.

Whatever be the vector x ∈ Rr, the vector (1/fu)D(u)x approaches (1/fu)pubUD
(u)x and

thus eventually gets ‘aligned’ with the vector pu as |u| → ∞.

Lemma 9.5 Suppose the process under study is ultra-mixing, and that the cluster points of

the probability vector set A are finite in number and belong to the interior of the cone Cc.
Then there exists a polyhedral cone P such that

1. P is invariant under each D(u),u ∈M.

2. Cc ⊆ P ⊆ Co.

3. φ ∈ P.

4. θt ∈ Pp.

Remark: In some sense this is the key lemma in the proof of the main theorem. It is

noteworthy that the hypotheses do not include the assumption that the process under study

is α-mixing.

Proof: First, note that, given any ε > 0, there exists an L = L(ε) such that the

following is true: For each w ∈ M∗ with |w| > L, write w = uv with |u| = L. Then
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‖ pw − pu ‖≤ ε. To see this, given ε > 0, choose L such that δL ≤ ε/mk. Then (9.4) implies

that ‖ pu − pw ‖≤ ε.

By assumption, the set of probability vectors A := {pu : u ∈Mk} has only finitely many

cluster points. Let us denote them as x1, . . . ,xn. By assumption again, each of these vectors

lies in the interior of Co. Hence there exists an ε > 0 such that the sphere (in the `1-norm)

centered at each xi of radius 2ε is also contained in Co.
Next, note that there exists an integer L such that every vector pu with |u| ≥ L lies

within a distance of ε (in the `1-norm) from at least one of the xi. In other words, there

exists an integer L such that

min
1≤i≤n

‖ pu − xi ‖≤ ε, ∀u ∈Ml with l > L.

To see why this must be so, assume the contrary. Thus there exists a sequence puj
such

that ‖ puj
− xi ‖> ε for all i, j. Now the sequence {puj

} is bounded and therefore has a

convergent subsequence. The limit of this convergent subsequence cannot be any of the xi

by the assumption that ‖ puj
− xi ‖> ε for all i, j. This violates the earlier assumption that

x1, . . . ,xn are all the cluster points of the set A.

Now choose a set z1, . . . , zr of basis vectors for Rr such that each zj has unit norm. For

instance, we can take zj to be the unit vector with a 1 in position j and zeros elsewhere.

With ε already defined above, define the unit vectors

y+
i,j :=

xi + 2εzj
‖ xi + 2εzj ‖

, y−i,j :=
xi − 2εzj
‖ xi − 2εzj ‖

, 1 ≤ i ≤ n, 1 ≤ j ≤ s.

With this definition, it is clear that every vector in the ball of radius 2ε centered at each xi

can be written as a nonnegative combination of the set of vectors {y+
i,j,y

−
i,j}.

Now define the cone

B := Cone{y+
i,j,y

−
i,j}.

We begin by observing that pu ∈ B whenever |u| ≥ L. This is because each such pu lies

within a distance of ε from one of the xi whenever |u| ≥ L. In particular, pu ∈ B whenever

|u| = L. Moreover, by (4.1) and (4.2), every pv with |v| < L is a nonnegative combination

of pu with |u| = L. To see this, let s := L− |v|, and note that

fvpv = F
(v)
I,0 =

∑
w∈Ms

F
(vw)
I,0 ,

and each vector F
(vw)
I,0 belongs to B. Hence pu ∈ B whenever |u| < L. Combining all this

shows that pu ∈ B for all u ∈M∗. As a result, it follows that Cc ⊆ B.
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While the cone B is polyhedral, it is not necessarily invariant under each D(u). For the

purpose of constructing such an invariant cone, it is now shown that B is invariant under

each D(u) whenever |u| is sufficiently long. By Lemma 9.4, it follows that for every vector y,

the vector (1/fu)D(u)y gets ‘aligned’ with pu as |u| becomes large. Therefore it is possible

to choose an integer s such that

‖ ‖ pu ‖
‖ D(u)y ‖

D(u)y − pu ‖≤ ε whenever |u| ≥ s,

whenever y equals one of the 2nr vectors y+
i,j,y

−
i,j. Without loss of generality it may be

assumed that s ≥ L. In particular, the vectors D(u)y+
i,j and D(u)y−i,j, after normalization,

are all within a distance of ε from pu, which in turn is within a distance of ε from some xt.

By the triangle inequality, this implies that the normalized vectors corresponding to D(u)y+
i,j

and D(u)y−i,j are all within a distance of 2ε from some xt, and hence belong to B. In other

words, we have shown that

D(u)B ⊆ B ∀u with |u| ≥ s.

Now we are in a position to construct the desired polyhedral cone P . Define

Bi := {D(u)B : |u| = i}, 1 ≤ i ≤ s− 1.

Thus Bi is the set obtained by multiplying each vector in B by a matrix of the form D(u)

where u has length precisely i. It is easy to see that, since B is polyhedral, so is each Bi.
Now define

P := Cone{B,B1, . . . ,Bs−1}.

For this cone, we establish in turn each of the four claimed properties.

Property 1: By definition we have that D(u)Bi ⊆ Bi+1 ∀u ∈M, whenever 0 ≤ i ≤ s−2,

and we take B0 = B. On the other hand, D(u)Bs−1 ⊆ B as has already been shown. Hence

P is invariant under D(u) for each u ∈M.

Property 2: We have already seen that pu ∈ B for all u ∈ M∗. Hence Cc = Cone{pu :

u ∈ M∗} ⊆ B ⊆ P . To prove the other containment, note that by assumption, the sphere

of radius 2ε centered at each cluster point xi is contained in Co. Hence B ⊆ Co. Moreover, Co
is invariant under D(u) for each u ∈ M. Hence Bi ⊆ Co for each i ∈ {1, . . . , s − 1}. Finally

P ∈ Co.
Property 3: Note that each pu belongs to B, which is in turn a subset of P . In

particular, φ = p∅ ∈ P .
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Property 4: Since P ⊆ Co, it follows that (P)p ⊇ (Co)p. Hence it is enough to show that

θt ∈ (Co)p. But this is easy to establish. Let y ∈ Co be arbitrary. Then by the definition of

Co we have that

θD(u)y ≥ 0 ∀u ∈M∗ ∀y ∈ Co.

In particular, by taking u to be the empty string (leading to D(u) = I), it follows that

θy ≥ 0 ∀y ∈ Co. Since y is arbitrary, this shows that θt ∈ (Co)p.
Proof of Theorem 9.2: The proof of the main theorem closely follows the material

in [1], pp. 117-119. Let us ‘recycle’ the notation and let y1, . . . ,ys denote generators of the

polyhedral cone P . In other words, P consists of all nonnegative combinations of the vectors

y1, . . . ,ys. Note that neither the integer s nor the generators need be uniquely defined, but

this does not matter. Define the matrix

Y := [y1| . . . |ys] ∈ Rmk×s.

Then it is easy to see that

P = {Y x : x ∈ Rs
+}.

Now we can reinterpret the four properties of Lemma 9.5 in terms of this matrix. Actually

we need not bother about Property 2.

Property 1: Since P is invariant under D(u) for each u ∈ M, it follows that each

D(u)yi is a nonnegative combination of y1, . . . ,ys. Hence there exist nonnegative matrices

G(u) ∈ Rs×mk

+ , u ∈M such that

D(u)Y = Y G(u), ∀u ∈M.

Property 3: Since φ ∈ P , there exists a nonnegative vector z ∈ Rs
+ such that

φ = Y z.

Property 4: Since θ ∈ Pp, we have in particular that θyi ≥ 0 for all i. Hence

h := θY ∈ Rs
+.

Moreover, h 6= 0, because θφ = hz = 1, the frequency of the empty string.

With these observations, we can rewrite the expression for the frequency of an arbitrary
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string u ∈M∗. We have

fu = θD(u1) · · ·D(ul)φ

= θD(u1) · · ·D(ul)Y z

= θD(u1) · · ·D(ul−1)Y G(ul)z = · · ·

= θY G(u1) · · ·G(ul)z

= hG(u1) · · ·G(ul)z (9.7)

The formula (9.7) is similar in appearance to (7.1), but with one very important difference:

Every matrix and vector in (9.7) is nonnegative. Therefore, in order to construct an irre-

ducible HMM from the above formula, we need to ensure that the matrix Q :=
∑

u∈MG(u)

is irreducible and row stochastic, that h satisfies h = hQ, and that z = es. This is achieved

through a set of three reductions. Note that these reductions are the same as in [1], pp.

117-119.

Now for the first time we invoke the assumption that the process {Yt} is α-mixing. From

Theorem 8.1, this assumption implies that the matrix S =
∑

u∈MD(u) has the ‘strong Perron

property,’ namely: The spectral radius of S is one, and one is an eigenvalue of S; moreover, if

λ is any eigenvalue of S besides one, then |λ| < 1. We also know that φ and θ are respectively

a column eigenvector and a row eigenvector of S corresponding to the eigenvalue one.

Now let us return to the formula (9.7). Define Q :=
∑

u∈MG(u) as before. Observe that

Q is a nonnegative matrix; hence, by [7], Theorem 1.3.2, p. 6, it follows that the spectral

radius ρ(Q) is also an eigenvalue. Moreover, ρ(Q) is at least equal to one, because

hQ = θ
∑
u∈M

Y G(u) = θ

(∑
u∈M

D(u)

)
Y = θY = h.

Here we make use of the fact that θ is a row eigenvector of
∑

u∈MD(u) corresponding to the

eigenvalue one.

In what follows, we cycle through three steps in order to arrive at a situation where Q

is irreducible and row stochastic. In each step we will be replacing the various matrices by

other, smaller matrices that play the same role. To avoid notational clutter, the old and new

matrices are denoted by the same symbols.

Step 1: If Q is irreducible, go to Step 3. If Q is reducible, permute rows and columns if

necessary and partition Q as

Q =

[
Q11 Q12

0 Q22

]
,
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where Q11 is irreducible and has dimension (s− l)× (s− l), and Q22 has dimension l× l for

some l < s. (It is not assumed that Q22 is irreducible, since an irreducible partition of Q

may have more than two ‘blocks.’) Since Q =
∑

u∈MG(u) and each G(u) is nonnegative, if we

partition each G(u) commensurately, then the block zero structure of Q will be reflected in

each G(u). Now there are two possibilities: Either ρ(Q11) = 1, or it is not. If ρ(Q11) = 1, go

to Step 2. If ρ(Q11) 6= 1, proceed as follows: Let λ1 = ρ(Q11) 6= 1. Choose a positive vector

x1 ∈ Rs−l
+ such that Q11x1 = λ1x1. (Note that, by [7], Theorem 2.2.10, p. 30, it is possible

to choose a strictly positive eigenvector of Q11 corresponding to the eigenvalue ρ(Q11), since

Q11 is irreducible.) Then clearly Qx = λ1x, where x = [xt1 0t]t. Since λ1 6= 1, it follows

that hx = 0. (Recall that a row eigenvector and a column eigenvector corresponding to

different eigenvalues are orthogonal.) So if we partition h as [h1 h2], then h1 = 0 since x1

is a positive vector. Now observe that each G(u) has the same block-triangular structure as

Q. Hence, by a slight abuse of notation, let us define, for every string u ∈M∗,

G(u) =

[
G

(u)
11 G

(u)
12

0 G
(u)
22

]
.

Let us partition z commensurately. Because the first block of h is zero, it is easy to verify

that, for every u ∈M∗, we have

fu = hG(u)z = h2G
(u)
22 z2,

where z2 consists of the last l components of z. Hence we can partition Y as [Y1|Y2] where

Y2 ∈ Rr×l and make the following substitutions:

s← l, Y ← Y2, G
(u) ← G

(u)
22 ∀u ∈M,h← h2, z← z2.

In this way, we have reduced the number of columns of Y from s to r, and (9.7) continues

to hold. Now go back to Step 1.

Step 2: If we have reached this point, then Q is reducible, and if it is partitioned as

above, we have ρ(Q11) = 1. Choose a positive vector x1 such that Q11 = x1. Then Qx = x,

where as before x = [xt1 0t]t. Next, note that

SY x =

(∑
u∈M

D(u)

)
Y x = Y

(∑
u∈M

G(u)

)
x = Y Qx = Y x.

Hence Y x is a column eigenvector of S corresponding to the eigenvalue one. However, from

Theorem 8.1, the α-mixing property implies that S has a simple eigenvalue at one, with

63



corresponding column eigenvector φ = FI,0. Hence FI,0 equals Y x times some scale factor,

which can be taken as one without loss of generality (since both vectors are nonnegative).

Partition Y as [Y1 Y2] where Y1 ∈ Rr×(s−l). Then

FI,0 = [Y1 Y2]

[
x1

0

]
= Y1x1.

Moreover, since each G(u) inherits the zero structure of Q, we have that

D(u)[Y1 Y2] = [Y1 Y2]

[
G

(u)
11 G

(u)
12

0 G
(u)
22

]
.

In particular, we have that D(u)Y1 = Y1G
(u)
11 . This means that FI,0 lies in the cone generated

by the columns of Y1, and that this cone is invariant under D(u) for each u ∈ M. So if we

define h1 := θY1, then because of the zero block in x it follows that

fu = θD(u)FI,0 = h1G
(u)
11 x1.

So now we can make the substitutions

s← s− l, Y ← Y1, G
(u) ← G

(u)
11 ,h← h1, z← x1.

With these substitutions we have the relationship (9.7) continues to hold. In the process,

the number of columns of Y has been reduced from s to s− l. Moreover, the resulting matrix

Q is the old Q11, which is irreducible. Now go to Step 3.

Step 3: When we reach this stage, (9.7) continues to hold, but with two crucial additional

features: Q is irreducible and ρ(Q) = 1. As before, let s denote the size of the matrix Q,

and write z = [z1 . . . zs]
t, where each zi is positive. Define Z = Diag{z1, . . . , zs}. Now (9.7)

can be rewritten as

fu = hZZ−1G(u1)Z · Z−1G(u2)Z . . . Z−1G(ul)Z · Z−1z.

Thus (9.7) holds with the substitutions

G(u) ← Z−1G(u)Z,h← hZ, z← Z−1z.

In this process, Q gets replaced by Z−1QZ. Now observe that

Z−1QZes = Z−1Qz = Z−1z = es.
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In other words, the matrix Z−1QZ is row stochastic. It is obviously nonnegative and irre-

ducible. Moreover, we have that hz = 1 since it is the frequency of the empty string, which

by definition equals one. Hence the row vector hZ−1 is row stochastic in that its entries add

up to one. Hence, after we make the substitutions, (9.7) holds with the additional properties

that (i) Q :=
∑

u∈MG(u) is row-stochastic, (ii) h is row-stochastic and satisfies h = hQ,

and (iii) z = es. Now it follows from Lemma 9.1 that the process {Yt} has a ‘joint Markov

process’ HMM. Moreover, the matrix Q is irreducible.

Thus far it has been established that the stochastic process {Yt} has an irreducible HMM.

Moreover, this process is assumed to be α-mixing. So from Theorem 9.1, it finally follows

that either the corresponding state transition matrix is aperiodic, or else the consistency

conditions (9.3) hold.

Theorem 9.2 gives sufficient conditions for the existence of an irreducible HMM that

satisfies some consistency conditions in addition. It is therefore natural to ask how close

these sufficient conditions are to being necessary. The paper [1] also answers this question.

Theorem 9.3 Given an irreducible HMM with n states and m outputs, define its period p.

Rearrange the state transition matrix A as in Theorem 9.1, permute the matrices M (u), u ∈
M correspondingly, and define the blocks M

(u)
i in analogy with the partition of A. Suppose

in addition that there exists an index q ≤ s such that the following property holds: For

every string u ∈ Mq and every integer r between 1 and p, every column of the product

M
(u1)
r M

(u2)
r+1 . . .M

(uq)
r+q−1 is either zero or else is strictly positive. In this computation, any

subscript Mi is replaced by i mod p if i > p. With this property, the HMM is α-mixing and

also ultra-mixing.

For a proof, see [1], Lemma 2.

Thus we see that there is in fact a very small gap between the sufficiency condition

presented in Theorem 9.2 and the necessary condition discovered earlier in [1]. If the sufficient

conditions of Theorem 9.2 are satisfied, then there exists an irreducible HMM that also

satisfies the consistency conditions (9.3). Conversely, if an irreducible HMM satisfies the

consistency conditions (9.3) and one other technical condition, then it satisfies three out of

the four hypotheses of Theorem 9.2, the only exception being the technical condition about

the cluster points lying in the interior of the cone Cc.
We conclude this section by discussing the nature of the ‘technical’ conditions in the

hypotheses of Theorems 9.2 and 9.3. The idea is to show that, in a suitably defined topology,

each of the conditions is satisfied by an ‘open dense subset’ of stochastic processes. Thus,
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if the given process satisfies the condition, so does any sufficiently small perturbation of it,

whereas if a given process fails to satisfy the condition, an arbitrarily small perturbation will

cause the condition to hold.

Let us begin with the fourth hypothesis of Theorem 9.1. We follow [33] and define a

topology on the set of all stationary stochastic processes assuming values in M. Suppose

we are given two stochastic processes assuming values in a common finite alphabet M.

Let fu, gu,u ∈ M∗ denote the frequency vectors of the two stochastic processes. This is

equivalent to specifying the joint distribution of l-tuples of each stochastic process, for every

integer l. If we arrange all strings u ∈ M∗ in some appropriate lexical ordering (say first

lexical), then each of [fu,u ∈ M∗], [gu,u ∈ M∗] is a vector with a countable number of

components, and each component lies between 0 and 1.10 Let the symbols f ,g, without any

subscript, denote these vectors belonging to `∞. We might be tempted to compare the two

stochastic processes by computing the norm ‖ f −g ‖∞. The difficulty with this approach is

that, as the length of the string u approaches infinity, the likelihood of that sequence will in

general approach zero. Thus, in any ‘reasonable’ stochastic process, the difference fu − gu
will approach zero as |u| → ∞, but this tells us nothing about how close the two probability

laws are. To get around this difficulty, for each u ∈ M∗, we define the vector p|u ∈ [0, 1]m

as follows:

p|u =
1

fu
fuv,v∈M =

[
fuv
fu
, v ∈M

]
.

Thus p|u is just the conditional distribution of the next symbol, given the past history u.

The advantage of p|u is that, even as |u| becomes large, the elements of this vector must still

add up to one, and as a result they cannot all go to zero. With this convention, let us list

all strings u ∈M∗ in some appropriate lexical ordering (say first lexical), and for each u let

us define the conditional distribution vectors p|u corresponding to {fu}, and the conditional

distribution vectors q|u corresponding to the vector {gu}. Finally, let us define the vectors

p̃ := [p|u,u ∈M∗], q̃ := [q|u,u ∈M∗].

Thus both p̃, q̃ have a countable number of components, sinceM∗ is a countable set. Thus

the `∞ norm of the difference p̃− q̃ is a measure of the disparity between the two stochastic

processes. This is essentially the distance measure introduced in [33]. With this measure, it is

easy to see that the fourth hypothesis of Theorem 9.1 is truly technical: If a given stochastic

10Note that there is a lot of redundancy in this description of a stochastic process because, as we have
already seen, the joint distribution of l-tuples can be uniquely determined from the joint distribution of
s-tuples if s > l.
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process satisfies the condition about the cluster points, then so will any sufficiently small

perturbation of it, while if a given stochastic process fails to satisfy this condition, any

sufficiently small perturbation of it will cause the condition to be satisfied.

Now let us turn to the condition in Theorem 9.3. Given two HMMs over a common state

space, a natural metric is ∑
u∈M

‖M (u)
1 −M (u)

2 ‖,

where ‖ · ‖ is any reasonable matrix norm. Again, it is easy to see that the condition in

Theorem 9.3 about the various columns being either identically zero or strictly positive is

‘technical.’ In fact, if for a HMM some elements of the matrices M
(u1)
r M

(u2)
r+1 . . .M

(uq)
r+q−1 are

zero, then by simply making an arbitrarily small perturbation in the matrices we can ensure

that every entry is strictly positive.

10 Conclusions and Future Work

In this paper, we have reviewed a considerable body of literature pertaining to the complete

realization problem for hidden Markov models. In addition, we have also presented some

significant new results. In particular, a new notion called “ultra-mixing” has been introduced.

It has been shown that if a finite Hankel rank process is both α-mixing and ultra-mixing,

and if an additional technical condition is satisfied, then the process has an irreducible

HMM and satisfies a consistency condition. There is a near converse: If a finite Hankel

rank process has an irreducible HMM and satisfies a consistency condition, and also satisfies

another technical condition, then the process is both α-mixing as well as ultra-mixing. By

introducing suitable topologies on the set of all stochastic processes, and the set of all HMMs,

it has been established that each of these additional conditions is truly ‘technical,’ in the

sense that the condition holds on an open dense set of processes/HMMs.

Much work remains to be done. All of the work here is based on the assumption that the

complete statistics of the process under study are known. In a practical application, such as

in speech recognition or in computational biology, a much more likely scenario is that one is

given a finite length sample path of the process under study, and is expected to construct a

model for it. Since only a finite length sample path is available, one can only approximate

the true probabilities of various strings via their frequencies of occurence. Hence it does not

make sense to insist that a model should match these observed frequencies exactly. It would

be much more sensible to match the observed frequencies only approximately, and use the
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freedom so afforded to reduce the size of the state space. However, the theory for doing this

is not as yet available. It should be noted that in the literature (see e.g., [3, 27]), one begins

with a HMM of known fixed order, and tries to find the best estimate of the parameters of

the HMM to fit the observed data. The much more natural approach of choosing the model

order based on the data has not attracted much attention.

Even in the case where the complete statistics are known, there are some interesting

problems that are still open. For instance, suppose one is given a stochastic process that

satisfies all the hypotheses of Theorem 9.2. What is the minimum number of states needed to

realize this process? Or, suppose one is given a HMM where the underlying state transition

matrix is reducible. Is it possible to replace this HMM by another equivalent HMM (meaning

that the output frequencies are preserved), where the new HMM has an irreducible state

transition matrix? These are problems for future study.
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