
J. Parallel Distrib. Comput. 69 (2009) 623–637
Contents lists available at ScienceDirect

J. Parallel Distrib. Comput.

journal homepage: www.elsevier.com/locate/jpdc

On neighbor discovery in cognitive radio networks
Neeraj Mittal ∗, Srinivasan Krishnamurthy, R. Chandrasekaran, S. Venkatesan, Yanyan Zeng
Department of Computer Science, The University of Texas at Dallas, Richardson, TX 75080, USA

a r t i c l e i n f o

Article history:
Received 3 February 2008
Received in revised form
29 January 2009
Accepted 23 March 2009
Available online 8 April 2009

Keywords:
Cognitive radio network
Multiple channels
Neighbor discovery
Adaptive algorithm
Termination detection
Collision-awareness

a b s t r a c t

A cognitive radio node is a radio device capable of operating over multiple channels. As a result, a
network consisting of one or more cognitive radio nodes can adapt to varying channel availability
in its geographical region by dynamically changing the channel (or channels) nodes are using for
communication.
We investigate the problem of designing a fast deterministic algorithm for neighbor discovery in an

undirected network consisting of one or more cognitive radio nodes when different nodes may have
different subsets of channels available for communication at their location. We say that a neighbor
discovery algorithm is fast if its time-complexity is polynomial in actual network-size. We prove that
it is impossible to devise a fast algorithm to solve the neighbor discovery problem if nodes are neither
size-aware nor collision-aware.
When nodes are collision-aware, we present a fast algorithm for neighbor discovery with time-

complexity ofO(pm log n), where p denotes the actual number of nodes present in the network, n denotes
the size of space used for assigning labels to the nodes, andm denotes the number of channels over which
nodes can operate. Our algorithm has the desirable property that every node knows when the neighbor
discovery has completed and, moreover, all nodes terminate at the same time. When nodes are size-
aware, we use a gossiping algorithm for a single-channel network with large labels that was proposed
recently to derive a fast adaptive algorithm for neighbor discovery. We also investigate the neighbor
discovery problem when the network may be directed. Finally, we describe a way to speed up neighbor
discovery when nodes are collision-aware and channel availability sets of neighboring nodes do not vary
significantly.

© 2009 Elsevier Inc. All rights reserved.
1. Introduction

With the unprecedented proliferation of wireless communica-
tion devices in recent times, it is generally believed that there will
be an acute shortage of bandwidth in the near future. This belief is
supported by the observation that most of the available frequency
bands have already been allocated to various applications (e.g. tele-
vision transmission, microwave communication, cellular commu-
nication, etc.) [8]. However, it has been noted that a significant
portion of the allocated spectrum is under-utilized [9,3]. For ex-
ample, in several rural areas many of the television channels in the
VHF and UHF bands are unassigned.
Cognitive Radio (CR) technology [18] allows wireless devices to

dynamically adapt to spectrum availability in their geographical
region. The owner of a licensed channel is referred to as primary
user and all other users of the channel as secondary users [3]. CR
technology enables secondary users to scan and identify unused
channels in a frequency spectrum. A channel is said to be available
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if the secondary user can send and receivemessages on the channel
without interfering with the primary user(s). A communication
infrastructure based on CR technology has applications in defense
and relief & rescue operations. Since the spectrum usage varies
widely from one region to another [9], communication among
users (soldiers in a platoon or relief personnel in a disaster-
prone area) must rely on a dynamic channel assignment scheme.
When a secondary user (hereafter, referred to as a node in the CR
network) independently scans the spectrum usage and maintains
the set of locally available channels, which may be different for
different nodes, the following layer-2 auto-configuration issue
arises [2]: How do nodes detect their neighbors and collectively
form a communication infrastructure in the absence of a central
authority? This gives rise to the neighbor discovery problem, also
referred to as the neighbor gossip problem in the literature. We
say that two nodes are neighbors if they are within wireless
transmission range of each other.
Neighbor discovery is an important problem in radio networks

(especially, static radio networks) because it can be used as a
primitive for solving other important communication problems,
such as broadcasting a message [4,5,13,14,7,12,15], finding a
globally common channel [16] or computing a deterministic
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transmission schedule [21], in a more efficient manner. For
instance, if each node in the network knows its neighbors, then
broadcasting and gossiping problems can be solved in almost
linear time using almost linear time leader election and linear
time DFS traversal [11]. Clearly, it is desirable to first perform
neighbor discovery if several messages have to be broadcast one
after another and the neighborhood itself is not expected to change
significantly during this duration.
In this paper, we investigate the neighbor discovery problem

under the following system model: There is a synchronous radio
network consisting of p cognitive radio nodes capable of operat-
ing over m channels. Different nodes may have different subsets
of channels available for communication at their location at any
given time. Time is slotted and all nodes run a deterministic algo-
rithm. Each node is assigned a unique label selected from the range
[0, n− 1]. All nodes know n andm but not p. For convenience, we
assume that n is a power of two. Unless otherwise stated, the net-
work is assumed to be undirected; that is, all links are bidirectional.
We are interested in designing a fast neighbor discovery algorithm
whose time-complexity is polynomial in actual network-size and
only poly-logarithmic in maximum network-size; that is, its time-
complexity is O(poly(p)polylog(n)m).
Extensive research has been conducted over the last few

decades on devising deterministic solutions to several important
communication problems in single-channel ad hoc radio networks,
including broadcasting [4,13,14,7,22,12,15], gossiping [5,11,22]
and global function computation [10], under a variety of assump-
tions. The gossiping problem is a natural extension of the broad-
casting problem in which every node has a message to send to all
other nodes in the network [5,11,22]. The global function computa-
tion is a generalization of the gossip problem in which every node
holds a value and some function (e.g., maximum or average) has to
be computed using the values held by all of the nodes [10]. Some
of the algorithms that have been proposed even solve the neighbor
discovery problem as a part of solving the original problem (e.g.,
[4,22]). However, all the algorithms for solving these problems
have been developed under a system model that is different from
the system model considered in this paper. Specifically, the sys-
tem model typically assumed in the literature is that nodes know
neither p nor n but n is assumed to be O(p)[4,5,13,14,7,12,15].
Further, the entire network operates on the same channel. In most
cases, although the algorithm itself is guaranteed to terminate
within O(poly(p)) time-slots, no node may know that the algo-
rithm has actually terminated. Chlebus et al. [4], in fact, show that
termination of a broadcasting algorithm cannot be detected in gen-
eral unless nodes can detect collisions. Uchida et al. [22] show that
it is possible to solve the terminating versions of broadcasting and
gossiping problems even if nodes cannot detect collisions as long
as the network contains at least two nodes.
In our system model, nodes know n but not p, and no

relationship is assumed to exist between p and n except that p
is at most n. In particular, p may be much smaller than n, or,
in other words, the label space size may be much larger than
the number of nodes in the network. For example, if nodes are
assigned 32-bit identifiers, then label space size is 232 but the
network may contain only hundreds of nodes. Furthermore, in our
model, nodes can operate over multiple channels. This introduces
an additional level of complexity. For two neighboring nodes to
communicate successfully, both of them should be tuned to the
same channel at the same time in addition to the requirement that
the sending node’s transmission should not collide with another
node’s transmissionwhich is alsowithin the communication range
of the receiving node. Since different nodes may have different
sets of channels available at their respective locations, nodes may
have to perform neighbor discovery on more than one channel
in their availability sets. Therefore it is important for all nodes
to be able to detect the completion of neighbor discovery on
one channel simultaneously and switch to the next channel in
a coordinated manner. This is especially hard to achieve in an
adaptive algorithm in which a step of a node may depend on
the knowledge it has gained so far because the sub-network
induced on one channel may be different from the sub-network
induced on another channel. Moreover, even if the network as
a whole is connected, the sub-network induced on a channel
may not be, and may consist of several connected components of
vastly different sizes. As a result, different nodes may have quite
different views of the network when restricted to their respective
channel availability sets. Note that, in this paper, we use the
word ‘‘adaptive’’ in two different ways. A cognitive radio network
is adaptive because it can operate over multiple channels. An
algorithm is adaptive because next step of a process may depend
on the knowledge the process has gained so far.
We make the following contributions in this paper. First, we

prove that it is impossible to devise a fast algorithm to solve
the neighbor discovery problem if nodes are neither size-aware
(that is, they know a polynomial upper-bound on the actual
number of nodes present in the network) nor collision-aware (that
is, they can distinguish between background noise and collision
noise). This lower-bound result can be seen as an extension of
the lower-bound result in [16], which was proved under the
assumption that the neighbor discovery algorithm is collision
free. Second, we present a fast adaptive algorithm for neighbor
discovery when nodes are collision-aware (but not size-aware).
Our algorithm has time-complexity of O(pm log n), and has the
desirable property that every node knows when the neighbor
discovery has completed. Moreover, all nodes terminate at the
same time. For the sake of completeness, we use the gossiping
algorithm for large labels proposed by Ga̧sieniec et al. [11] to
obtain a fast algorithm for neighbor discovery when nodes are
size-aware. Third, we present a fast neighbor discovery algorithm
when the network may be directed (that is, some links may be
unidirectional) and nodes are collision-aware. The algorithm has
time-complexity of O(p Dm log n), where D is the diameter of the
network. Finally, when nodes are collision-aware, we show that
the time-complexity of our neighbor discovery algorithms can be
reduced if there is a known bound b on the divergence in the
channel availability sets of neighboring nodes and b <

√
m.

In many ad hoc radio networks, no explicit neighbor discovery
algorithm is used [17]. Rather, nodes transmit heartbeat messages
periodically; nodes discover their neighbors by constantly listen-
ing for these heartbeatmessageswhen not transmitting (e.g., [20]).
This approach, besides being simple, is quite suitable when nodes
are mobile and neighborhood relationships may not last for a long
time. However, when nodes are relatively static, it is more efficient
to explicitly discover neighborhood relationships [17]. Further, the
performance of the approach based on periodic heartbeat mes-
sages degrades progressively as the network becomes more dense
due to increased collisions in heartbeat messages.
Neighbor discovery algorithms in [1,16], which use a round-

robin schedule, have high asymptotic time-complexity that is
linear in n and are therefore slow according to our classification.
The neighbor discovery algorithms proposed by Vasudevan et al.
in [23] assume a single-channel network in which nodes have
directional antennas. Borbash et al. describe a stochastic neighbor
discovery algorithm for a single-channel asynchronous wireless
sensor network in [2]. Their algorithm, however, requires every
node to know a good estimate of the size of its neighborhood a
priori. The performance of the algorithm degrades if the estimate
is inaccurate. Zheng et al. propose a neighbor discovery algorithm
in [24] under the assumption that nodes can simultaneously send
and receive on the same channel, which is difficult to achieve in
practice.
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Table 1
Comparison of various neighbor discovery algorithms for cognitive radio networks.

Assumptions Time-complexity Reference
Network is undirected Nodes are collision-aware Nodes are size-aware Channel divergence is bounded

Yes No No No nm [16]
Yes No No Yes n(b+ 1)2 [16]
Yes Yes No No O(pm log n) [this paper]
Yes Yes No Yes O(p(b+ 1)2 log n) [this paper]
Yes No Yes No O(pm log2 p log2 n) [this paper]
No Yes No No O(pDm log n) [this paper]
No Yes No Yes O(pD(b+ 1)2 log n) [this paper]

p: number of nodes in the network; n: size of space used for assigning unique labels to nodes;m: number of channels over which nodes can operate; b: bound on divergence
in channel availability sets of two neighboring nodes; D: diameter of the network.
Our work in this paper is, therefore, different from the existing
work in many ways. First, we investigate the neighbor discovery
problem under a different system model: nodes know n and
m but not p, no relationship is assumed to exist between p
and n, and m ≥ 1. Second, nodes can not only operate over
multiple channels but different nodes may have different channel
availability sets. Third, the neighbor discovery algorithm proposed
in this paper provides strong termination guarantees. This is a
desirable property to have in a multi-channel radio network if
the results of neighbor discovery are to be used subsequently to
perform other more complex communication tasks. Fourth, nodes
may not have directional antennas. We are not aware of any
prior work on designing a fast deterministic neighbor discovery
algorithm in a multi-channel network with termination detection
capability for the above-described system model. The only other
work somewhat related to our work is by Ga̧sieniec et al. [11],
in which the gossiping problem is solved when the label space
is large and known to all nodes but all nodes operate on the
same channel and no node can detect termination of the gossiping
algorithm. Alternatively, strong and simultaneous termination can
be achieved if the nodes are size-aware. Observe that we are able
to provide strong termination guarantees because we assume a
stronger model in which nodes can detect collisions. Ga̧sieniec
et al. [11], on the other hand, assume a weaker model in which
nodes cannot detect collisions. Table 1 compares various neighbor
discovery algorithms for multi-channel networks that have been
proposed so far to our knowledge, including the ones proposed in
this paper.
To summarize, we make the following contributions in this

paper:

• Weshow that it is impossible to devise a fast neighbor discovery
algorithm for an undirected network unless nodes are either
collision-aware or size-aware.
• We present fast neighbor discovery algorithms when the
network is undirected and nodes are either collision-aware or
size-aware.
• We present a fast neighbor discovery algorithm when the
network is directed and nodes are collision-aware.
• We describe a way to speed up neighbor discovery when nodes
are collision-aware and channel availability sets of neighboring
nodes do not differ significantly.

The rest of the paper is organized as follows. We describe the
system model formally in Section 2, and prove the lower-bound
in Section 3. We present fast neighbor discovery algorithms when
nodes are collision-aware in Section 4. We present a fast neighbor
discovery algorithm when nodes are size-aware, which is based
on the gossiping algorithm by Ga̧sieniec et al. [11] for large labels,
in Section 5. We investigate the neighbor discovery problem for
directed networks in Section 6. Finally, we present our conclusions
and outline directions for future research in Section 7.
2. Systemmodel

Unless otherwise indicated, we assume a multi-hop bidirec-
tional (or symmetric) wireless network consisting of one or more
cognitive radio nodes, referred to as a cognitive radio network.
Each cognitive radio node has a single transceiver (that is, trans-
mitter–receiver pair), which is capable of operating over multiple
channels. However, at any given time, a transceiver can operate
(either transmit or receive) only over a single channel. Further, a
transceiver cannot transmit and receive at the same time.
We assume that the network is homogeneous in the sense

that all radio nodes are capable of operating over the same set
of channels, referred to as the universal channel set. However, the
set of channels available at a node may be different at different
nodes. The exact set of channels available at a node depends on the
channel usage by other nodes (external to the network) present in
the vicinity of that node.We useUCS = {c1, c2, . . . , cm} to denote
the universal set of channels.
We assume that each cognitive radio node is assigned a unique

label selected from the range [0, n−1]. This in turn implies that the
network can contain at most n nodes. Hereafter, unless otherwise
stated, assume thatn is a power of two. For a node r , we use label(r)
to refer to the unique identifier assigned to r . Note that the size of
a label is logarithmic in n. The actual number of nodes present in
the network is denoted by p. Hereafter, we use the terms ‘‘node’’
and ‘‘cognitive radio node’’ interchangeably.
We say that a node is size-aware if it knows a polynomial upper-

bound on the actual number of nodes present in the network;
otherwise, it is size-unaware. Further, we say that a node is
collision-aware if it can distinguish between background noise
and noise due to a collision; otherwise, it is collision-unaware.
Hereafter, unless otherwise stated, we assume that nodes are size-
unaware. Later, we study the neighbor discovery problem when
nodes are size-aware.
We assume that an execution of the system is divided into time-

slots. In each time slot, a node can be in one of the following three
modes: (1) transmit mode on some channel in its availability set,
(2) receive mode on some channel in its availability set, or (3) quiet
modewhen the transceiver is shut-off.
For convenience, we assume that the network is ‘‘connected’’

in the sense that there is a path between every pair of nodes
where different edges in the path may be operating on different
channels. Otherwise, neighbor discovery is simply performed in
each ‘‘connected’’ component of the network. Note that the sub-
network induced on any one channel may not be connected.

2.1. The neighbor discovery problem

We assume that, when the system starts, different nodes do
not know about each other; that is, each node only possesses
knowledge about itself and what is common knowledge among
nodes. Specifically, a node r initially knows about: (1) the universal
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channel set:UCS, (2) the size of theUCS: m, (3) the range from
which labels have been chosen: [0, n − 1], (4) the unique label
assigned to r: label(r), and (5) the subset of channels available
at r .
To learn about their respective neighbors, nodes execute a

special algorithm referred to as the neighbor discovery algorithm.
Neighbor discovery is said to have finished locally at a node if
the node has learned about all its neighbors and all its neighbors
have learned about it. Neighbor discovery is said to have finished
globally if it has finished locally at every node in the network.
Any neighbor discovery algorithm should satisfy the following
properties:

• No false discovery: a node considers another node to be its
neighbor only if the two nodes are neighbors of each other.
• Eventual discovery: every node eventually discovers all its
neighbors.
• Termination: neighbor discovery at every node eventually
terminates.

The termination condition can be defined in several ways. A
node is said to haveweakly terminated if it knows that the neighbor
discovery algorithm has finished locally at the node. A node is said
to have strongly terminated if it knows that the neighbor discovery
algorithm has finished globally. Note that it is preferable to use the
weaker definition of termination for the lower-bound proof and
the stronger definition of termination for the actual algorithm.
In this paper, we focus on designing a deterministic neighbor

discovery algorithm that is fast; that is, its time-complexity is
polynomial in actual network-size (which is given by p) and only
poly-logarithmic in maximum network-size (which is given by n).

3. Lower-bound in the absence of collision awareness

We now show that it is impossible to devise a fast deterministic
neighbor discovery algorithm even under a weak termination
condition if nodes are neither size-aware nor collision-aware. First,
we explain the main idea behind our lower-bound proof. Next,
we define some concepts and notations needed to describe and
understand the proof. Finally, we present the lower-bound proof.

3.1. The main idea

The lower-bound on the time-complexity of neighbor discovery
is based on the notion of exclusive channel set. The exclusive
channel set of a node in the network is the subset of channels in
its availability set that are ‘‘exclusive’’ to that node in the sense
that the node does not share any of those channels with any of its
neighbors. We show that neighbor discovery for a node cannot be
complete until the node has tuned its receiver to each channel in its
exclusive set at least once for each node not present in the network.
Otherwise, we can construct two different network configurations
such that: (1) the node has different sets of neighbors in the two
configurations, and (2) the node cannot distinguish between the
two configurations. This violates the correctness of the neighbor
discovery algorithm.
Let x denote the maximum size of an exclusive channel set

among all exclusive channel sets in the network. It follows from
the above-mentioned result that any deterministic algorithm for
neighbor discovery has to use at least (n− p)× x time-slots before
it can terminate. Clearly, for any configuration for which p = o(n),
n−p = Θ(n). As a result, the time-complexity of any deterministic
neighbor discovery algorithm in theworst case isΩ(nm)whenever
x is Θ(m) even when p is much smaller than n. We now describe
some concepts and notations used in our lower-bound proof.
3.2. Network configuration

We model a cognitive radio network using a configuration. A
configuration C is a 3-tuple 〈P ,N ,A〉, where:

• P denotes the set of nodes present in the network,
• N denotes the neighborhood function that maps each node in
the network to a subset of nodes in the network; that is,

N : P −→ 2P ,

• A denotes the channel availability function that maps each
node in the network to a non-empty subset of channels of the
universal channel set; that is,

A : P −→ 2UCS
\ ∅.

Intuitively, the neighborhood function captures the set of nodes
that are within communication range of each node in the network.
Further, the channel availability function captures the set of
channels that are currently available for use at each node in the
network. We assume that the neighborhood function is symmetric.
Specifically, for two nodes r and s in P :

s ∈ N (r) ⇐⇒ r ∈ N (s).

Observe that, even if two nodes arewithin communication range of
each other, they can communicate only if their channel availability
sets contain at least one common channel. Therefore, for a node r ,
we define the effective neighborhood function, denoted by Ne(r),
as follows:

Ne(r) , {s|s ∈ N (r) andA(r) ∩A(s) 6= ∅}.

Observe that the effective neighborhood function is symmetric
if the neighborhood function is symmetric. We assume that the
communication graph induced by the effective neighborhood
function is connected. Hereafter, unless otherwise stated, we use
the term ‘‘neighbor’’ to refer to an ‘‘effective neighbor’’.

3.3. Network execution

A state of a node captures the knowledge that the node has
gained about the network so far. Further, a node can be in any of the
threemodes (transmit, receive, or quiet) during a time-slot. A state
assignment (respectively, mode assignment) is an assignment of
state (respectively,mode) to every node in the network. Intuitively,
a network execution is an alternating sequence of state assignment
and mode assignment, starting with the initial state assignment.
For a node r , execution α and time-slot t , we use state(r, α, t) to
denote the state of node r at the end of time-slot t in execution
α. Likewise, we use mode(r, α, t) to denote the mode (transmit,
receive or quiet) of node r during time-slot t in execution α. Note
that state(r, α, 0) denotes the initial state of node r in execution α.
In this paper, we focus on deterministic algorithms in which the
mode of a node during a time-slot is only a function of its state in
the previous time-slot.
When a node is listening on some channel during a time-slot,

then either of the following two possibilities can occur: (1) the
node hears a clearmessage, or (2) the node does not hear anything.
We define the view of a node during a time-slot as what it hears
during the time-slot in case itsmode is to receive (on some channel
in its availability set) during that time-slot and⊥ otherwise. For a
node r , execution α and time-slot t , we use view(r, α, t) to denote
the view of node r during time-slot t in execution α. Note that, in
a deterministic algorithm, the state of a node at the end of a time-
slot depends only on its state at the beginning of the time-slot and
its view during the time-slot.
We show in [16] that any deterministic neighbor discovery

algorithm has a unique execution for every network configuration.
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Fig. 1. A derived configuration for a node r and a channel c in its exclusive channel
set.

Theorem 1 (Determinism ⇒ Uniqueness [16]). Any deterministic
algorithm for neighbor discovery has a unique execution for every
network configuration.

For an execution α and time-slot t , we use α|t to denote the
prefix of the execution α up to and including the time-slot t .

3.4. Indistinguishable executions

Central to our lower-bound proof is the notion of indistinguish-
able executions. Intuitively, two executions are said to be indistin-
guishable by a node until a time-slot if it has the same initial state
and the same sequence of views up to and including that time-slot
in both executions. Formally, two executions α and β are indistin-
guishable by node r up to time-slot t , denoted by α r

⇐==⇒
t

β ,
if the following two conditions hold:

• the initial state of node r in execution α is same as that in
execution β; that is,

state(r, α, 0) = state(r, β, 0),

• the sequence of views of node r in execution α is same as that
in execution β at least until time-slot t; that is,

〈∀u : u ≤ t : view(r, α, u) = view(r, β, u)〉.

3.5. The lower-bound proof

Consider a configuration C = 〈P ,N ,A〉. For a node r in the
network, its exclusive channel set, denoted byX(r), is defined as

X(r) , {c ∈ A(r)|∀s : s ∈ N (r) : c 6∈ A(s)}.

Now, consider a channel c in the exclusive channel setX(r). Let
Q be a subset of nodes not present in the network. (More precisely,
Q is a subset of labels from the range [0, n− 1] that are ‘‘missing’’
from the network.) We construct another configuration derived
from the base configurationC inwhich all nodes inQ are neighbors
of node r (and only node r) on channel c (see Fig. 1). Formally,
the derived configuration, denoted by D〈r, c,Q〉, is given by the
3-tuple 〈P ∪Q,M,B〉, withM defined as

M(s) ,

{
N (s) : s ∈ P \ {r}
N (s) ∪Q : s = r
{r} : s ∈ Q

andB defined as

B(s) ,
{
A(s) : s ∈ P
{c} : s ∈ Q.

Fix a deterministic neighbor discovery algorithm NDA. We use
α to denote the unique execution of the algorithm NDA for the
configuration C. Further, we use β〈r, c,Q〉 to denote the unique
execution of the algorithm NDA for the derived configuration
D〈r, c,Q〉.
LetQ0 denote the set of all nodes not present in the network. Let

w = n− p. Note that p = |P | and w = |Q0|. We show that there
exists a sequence of subsets of nodes not present in the network,
given by Q0,Q1, . . . ,Qw , and a sequence of time-slots, given by
t0, t1, . . . , tw , such that: (P1) node r cannot distinguish between
executions α and β〈r, c,Qi〉 up to time-slot ti, and (P2) the prefix
of the execution α up to and including time-slot ti contains at least
i time-slots during which node r is in receive mode on channel c.
We construct the two sequences inductively. The two proper-

ties clearly hold forQ0 and t0 if t0 is defined to be 0. We now show
how to inductively compute Qi+1 and ti+1 given Qi and ti with
i < w satisfying the two properties. During our construction, we
maintain the following invariants: (I1) Qi+1 ⊆ Qi and ti+1 > ti
for each i < w, and (I2) |Qi| ≥ w − i for each i ≤ w. Note that
the second invariant trivially holds forQ0. Further, it follows from
the second invariant that, whenever i < w, |Qi| ≥ 1. This implies
that node r has at least one additional neighbor in the configura-
tionD〈r, c,Qi〉when compared to the configuration C whenever
i < w. In other words, the two configurations are different with
respect to node r .
For ease of exposition only, we fix node r and channel c ,

and use D(Qi) and β(Qi) to refer to D〈r, c,Qi〉 and β〈r, c,Qi〉,
respectively. Consider executions α and β(Qi) for configurations
C and D(Qi), respectively, where i < w. By the two properties
(P1) and (P2), node r cannot distinguish between execution α and
β(Qi) up to time-slot ti. However, as argued before, configurations
C and D(Qi) are different with respect to node r . Note that node
r has not yet weakly terminated in α|ti. Otherwise, it implies that
node r has weakly terminated in β(Qi)|ti as well, thereby violating
the correctness of neighbor discovery algorithm. Likewise, we can
show that node r has not yet weakly terminated in β(Qi)|ti.
Observe that, by our construction ofD(Qi), for node r to be able

to distinguish between executions α and β(Qi), execution β(Qi)
should contain a time-slot, which is after time-slot ti, such that
node r is in receive mode on channel c during that time-slot. Let
ti+1 be the first such time-slot. Clearly, ti+1 > ti. It can be easily
verified that

α
r

⇐==⇒
ti+1−1

β(Qi).

We now show how to construct Qi+1 such that the two
properties, namely (P1) and (P2), and the two invariants, namely
(I1) and (I2), are satisfied.
Note that node r hears a clear message during time-slot ti+1 if

and only if exactly one node inQi is in transmitmode on channel c .
Otherwise, node r does not hear anything during time-slot ti+1, in
which case it cannot distinguish between executions α and β(Qi)
after time-slot ti+1 as well. Therefore, in the second case, we set
Qi+1 = Qi.
Now, consider the first case in which exactly one node in Qi,

say s, is in transmit mode on channel c. Clearly, the view of node
r during time-slot ti+1 in execution α is different from that in
execution β(Qi). We refer to such a time-slot during which node
r is in receive mode on channel c and exactly one node from
Qi is in transmit mode on channel c as a critical time-slot. To
maintain indistinguishability, we have to remove node s from Qi.
However, removing node s may cause some earlier time-slots in
the execution β(Qi) to turn critical. The nodes transmitting during
such critical time-slots have to be removed from Qi as well. This
may again cause some other time-slots (before the time-slot ti+1)
to turn critical, and so on. Note that this process of removing nodes
from Qi has to eventually terminate because Qi contains only
finitely many nodes. Let Ri denote the set of nodes that have to
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be removed fromQi. It can be shown using induction on u that, for
each time-slot u ≤ ti+1,(
view(r, α, u) = view(r, β(Qi \Ri), u)

)
∧〈

∀s : s ∈ Qi \Ri : view(s, β(Qi), u) = view(s, β(Qi \Ri), u)
〉
.
(1)

We setQi+1 = Qi \Ri. From (1), it follows that

α
r

⇐==⇒
ti+1

β(Qi+1).

Observe that the invariant (I1) is clearly satisfied by our choice
of Qi+1 and ti+1. It remains to be shown that invariant (I2) also
holds. To establish (I2), we actually prove a stronger invariant. Let
ψ(Qi, ti) denote the number of time-slots in the sub-execution
β(Qi)|ti during which node r is in receive mode on channel c
and a non-empty subset of nodes of Qi are in transmit mode
on channel c. Note that the subset size has to be at least two
by our construction. Clearly, ψ(Q0, t0) = 0. We prove that our
construction satisfies the following invariant:

|Qi| ≥ w − i+ ψ(Qi, ti). (I3)

The invariant (I2) follows from the invariant (I3) because
ψ(Qi, ti) ≥ 0 for each i ≤ w. We next show that our construction
satisfies the invariant (I3).

Lemma 2. Consider the sequencesQ0,Q1, . . . ,Qw and t0, t1, . . . , tw
constructed as described above. For each i ≤ w, Qi and ti satisfy the
invariant (I3).

Proof. The proof is by induction on i. For i = 0, we have

|Q0| = w

= w − 0+ 0
= w − 0+ ψ(Q0, t0).

Now, assume that the invariant holds for Qi and ti for i < w.
We have to show that the invariant holds for Qi+1 and ti+1. There
are two cases to consider:

• Case 1 (Qi+1 = Qi): In this case, ψ(Qi+1, ti+1) ≤ ψ(Qi, ti)+ 1.
We have

|Qi+1| = |Qi|

≥ w − i+ ψ(Qi, ti)
= w − (i+ 1)+ (ψ(Qi, ti)+ 1)
≥ w − (i+ 1)+ ψ(Qi+1, ti+1).

• Case 2 (Qi+1 = Qi \Ri, for some non-emptyRi): Let a = |Ri|.
Let b denote the number of time-slots that turn critical (directly
or indirectly) due to the removal of the first node from Qi.
Clearly, ψ(Qi+1, ti+1) = ψ(Qi, ti) − b. Every node removed
fromQi except the first node reduces the value of ψ by at least
one. Therefore, a− 1 ≤ b. We have

|Qi+1| = |Qi| − a
≥ w − i+ ψ(Qi, ti)− a
= w − i+ ψ(Qi+1, ti+1)+ b− a
≥ w − i+ ψ(Qi+1, ti+1)− 1
= w − (i+ 1)+ ψ(Qi+1, ti+1).

Therefore the invariant holds in both cases. �

It follows from our construction that:

Lemma 3. The execution α contains at least w time-slots during
which node r is in receive mode on channel c before the algorithm
NDA can terminate locally at node r.
Anode has a single transceiver. This implies that the set of time-
slots duringwhich a node is in receivemode on channel c is disjoint
with those during which it is in receive mode on channel d, where
c 6= d. As a result, we have:

Theorem 4. Let ro denote a node with the largest exclusive channel
set among all nodes in the network, and let x = |X(ro)|. Then node ro
has to be in receive mode during at least (n− p)× x time-slots before
any deterministic neighbor discovery algorithm can terminate locally
at ro.

Finally, we have the following theorem:

Theorem 5. Consider a trivial configuration consisting of a single
node whose channel availability set is the universal channel set. Then
any deterministic neighbor discovery algorithm has to use at least
(n − 1) × m time-slots before the algorithm can terminate locally
at the node.

Note that the lower-bound proof can be potentially simplified
by only considering star configurations (nodes are arranged in the
form of a star). However, the lower-bound proof presented here
is stronger in the sense that it establishes the minimum number
of time-slots that a deterministic neighbor discovery algorithm
has to use for any configuration. Also, note that, as long as n −
p = Θ(n), the time-complexity of any deterministic neighbor
discovery algorithm cannot be sublinear in n.

4. Fast neighbordiscovery algorithmswhennodes are collision-
aware

In this section,wedescribe two fast deterministic algorithms for
neighbor discovery that satisfy the strong termination condition
when nodes can detect collisions. Specifically, nodes can not only
detect that the neighbor discovery has completed at all nodes, but
they also terminate simultaneously.

4.1. The main idea

The core of our neighbor discovery algorithm is a verification
algorithm that allows nodes to test that the network-size is upper-
bounded by a certain value. Specifically, all nodes independently
estimate an upper-bound for the network-size – using some
deterministic rule – and attempt to verify that it is correct.
The verification algorithm satisfies the following two properties:
agreement and integrity. The agreement property ensures that all
nodes agree onwhether their current estimate for an upper-bound
on the network-size is correct. The integrity property ensures that
a node believes its estimate for an upper-bound on the network-
size to be correct if and only if the number of nodes in the network
is indeed upper-bounded by the estimated value. Observe that n
is a trivial upper-bound on network size p. However, to obtain a
fast algorithm, nodes need to know a tighter upper-bound on the
network-size since pmay be much smaller than n.
The execution of the neighbor discovery algorithm is divided

into phases of geometrically increasing length. In each phase, nodes
execute an instance of the verification algorithm. The next phase is
executed only if the current instance of the verification algorithm
indicates that the estimate of the upper-boundon thenetwork-size
is incorrect.
For ease of exposition, we first describe the verification

algorithm assuming that the entire network operates on a single
channel. We later describe how our algorithm can be extended
when the network may operate on multiple channels and,
moreover, different nodes may have different channels in their
availability sets.
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4.2. Verifying the network-size assuming a single channel

In our verification algorithm, we make extensive use of
information by silence [5]. If a node does not receive any signal for
a certain number of time-slots, then it can use this fact to make
certain deduction. Suppose nodes wish to verify that there are at
most x nodes in the network. The verification algorithm consists of
three stages. In the first stage, we run a leader election algorithm.
Since all nodes participate in the verification algorithm and no
node knows the actual network diameter, we do not guarantee
a unique leader in the network. However, we ensure that any
two leaders are sufficiently apart so that their activities in the
remaining two stages do not interfere with each other. We do
ensure that there is a unique leader in the network if there are at
most x nodes in the network. In the second stage, a leader explores
its neighborhood using a token-based traversal scheme. The token
keeps track of the number of nodes that it has visited so far during
the neighborhood traversal. At any time, if a node currently holding
the token detects that there are more than x nodes in the network,
then it immediately aborts the traversal. Otherwise, the traversal
completes successfully and the token returns to the initiating
leader. Finally, in the third stage, if the neighborhood traversal in
the second stage completed successfully, then the leader informs
all nodes in the network about the successful completion. On the
other hand, if the traversal was unsuccessful, that is, it was aborted
by some node, then no transmission occurs in the third stage. This
ensures that a non-leader node receives a signal – either a clear
message or collision noise – if and only if there are at most x nodes
in the network. We now describe each stage in more detail. We
refer to the set of nodes that are at a distance of at most h hops
from a node as its h-hop neighborhood.

4.2.1. First stage: Leader election
Chrobak et al. [5] describe a deterministic algorithm for electing

a leader in a radio network when the label space size is within a
linear factor of the network-size. However, in our system model,
the label space size may be much larger than the network-size
and no node knows the network-size. As a result, it is hard,
if not impossible, to elect a unique leader in the network in
O(poly(p)polylog(n)) time. We use a leader election algorithm
that does not guarantee a unique leader in the network but,
nevertheless, ensures that any two leaders are separated by at least
2x+2 hops. This, in turn, guarantees that neighborhood traversals
undertaken by two leaders concurrently in the second stage do not
interfere with each other.
Our leader election algorithm consists of log n rounds and each

round consists of 2x+ 2 time-slots. Each node is in either an active
or passive state. All nodes are active initially. Once a node becomes
passive, it stays passive. Intuitively, a node is a candidate for a
leader as long as it is active and is no longer a candidate once it
becomes passive. We ensure that, after round i, there are at most
n
2i
active nodes in any connected sub-network whose diameter is

at most 2x+2 hops. Clearly, after log n rounds, any connected sub-
network with diameter at most 2x + 2 hops contains at most one
active node which then elects itself as a leader.
Wemaintain the property that if two nodeswithin a distance of

2x+2 hops fromeach other are still active at the end of round i then
they have the same i most significant bits in their labels. Clearly, the
property holds at the beginning. Assume that the property holds
after i− 1 rounds with 1 ≤ i < log n. Consider a node r that is still
active at the beginning of round i. Letmsb(r, i) denote the ith most
significant bit in the label of node r . There are two cases depending
on whether msb(r, i) is 1 or 0. If msb(r, i) is 1, then r stays active
at the end of round i. Further, it informs all nodes in its (2x + 2)-
hop neighborhood about its existence using simple flooding. On
the other hand, if msb(r, i) is 0, then r stays active at the end of
round i if and only if there is no active node s in its (2x + 2)-hop
neighborhood withmsb(s, i) as 1.
Flooding. The flooding works as follows. Let r be a node that is
active at the beginning of round i such that msb(r, i) is 1. Node r
broadcasts a message in the first time-slot of round i. If a node s
receives some signal – a clear message or collision noise – in time-
slot t , where 1 ≤ t ≤ 2x + 1, then s broadcasts a message in
time-slot t+1 provided s has not transmitted earlier during round
i. It can be verified that every node in (2x+2)-hop neighborhood of
node r , except possibly r , receives a signal during some time-slot
of round i.
A formal description of the first stage is given in Fig. 2.

Let neighbor-set(r, h) denote the set of nodes that are within a
distance of h hops from node r . Let prefix(r, i) denote the prefix
of length i in the label of node r . We define prefix(r, 0) to be the
empty prefix. Finally, let active-set(r, h, i) denote the subset of
nodes in neighbor-set(r, h) that are still active at the end of round
i. Since all nodes are active initially, we define active-set(r, h, 0) =
neighbor-set(r, h). We have:

Lemma 6. Let r0 be a node with the largest label among all nodes in
neighbor-set(r0, 2x+ 2). For each i with 0 ≤ i ≤ log n, we have

r0 ∈ active-set(r0, 2x+ 2, i)
and
r ∈ active-set(r0, 2x+ 2, i) ⇒ prefix(r, i) = prefix(r0, i).

Proof. The proof is by induction on i. �

It follows that:

Lemma 7. After the end of the first stage, the distance between any
two leaders is at least 2x+ 2 hops.

Proof. Consider a node r and let r0 be the node with the largest
label among all nodes in neighbor-set(r, 2x+2). If node r is elected
as a leader, then r ∈ active-set(r0, 2x + 2, log n). From Lemma 6,
this implies that prefix(r, log n) = prefix(r0, log n). In other words,
nodes r and r0 have the same label, implying that r = r0.
Now, assume that nodes r and s are elected as leaders after log n

rounds and, on the contrary, distance between r and s is less than
2x+2 hops. As argued before, nodes r and s have the largest labels
among all nodes in their respective (2x + 2)-hop neighborhoods.
Since r ∈ neighbor-set(s, 2x + 2), this implies that nodes r and s
have the same labels. �

The diameter of a network is bounded by its size. Therefore, it
follows from the previous lemma that:

Corollary 8. If the network contains at most x nodes, then there is
exactly one leader in the network.

4.2.2. Second stage: Neighborhood traversal
In this stage, each node elected as a leader in the first stage

explores its neighborhood in a depth first manner using a token-
based traversal scheme. Kowalski and Pelc [14] describe a token-
based depth first traversal algorithm for a radio network when
nodes are not collision-aware and the label space size is within a
linear factor of the network-size. However, in our system model,
nodes are collision-aware and the label space size may be much
larger than the network-size. The main idea behind depth first
traversal is as follows [6,14]. The leader holds the token initially.
A node currently holding the token tries to locate a neighbor that
has not been visited so far. If no suchneighbor exists, then it returns
the token to the node from which it received the token in the first
place. Otherwise, it transfers the token to one of its neighbors that
has not been visited by the token yet. A token contains an integer
that keeps track of the number of nodes it has visited so far and
the traversal is aborted as soon as the value of the integer exceeds
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Fig. 2. Leader election in the first stage.
x. It is convenient to view depth first traversal as consisting of
multiple steps, where, in each step, the token either moves forward
to an unvisited node or backward to an already visited node. Each
step consists of at most 2 log n + 4 time-slots. Although different
steps may contain different number of time-slots, it is convenient
to assume that all steps contain exactly 2 log n+ 4 time-slots.
Wenowdescribe a step. If a node has already been visited by the

token, then we say that the node is tagged; otherwise, we say that
the node is untagged. Suppose the token is currently being held by
node r . In the first time-slot of the step, r broadcasts a message to
determine if it has any untagged neighbor. A neighbor of node r , on
receiving such a message, transmits a message in the second time-
slot of the step if it is untagged. There are three cases to consider
depending onwhat node r hears during the second time-slot of the
step:

• Case 1 (r does not hear anything): In this case, node r has no
untagged neighbor. Therefore, in the third time-slot of the step,
node r returns the tokenback to thenode fromwhich it received
the token.
• Case 2 (r hears a clear message): In this case, node r has exactly
one untagged neighbor. In the third time-slot of the step, node
r sends the token to that untagged neighbor.
• Case 3 (r hears collision noise): In this case, node r has two or
more untagged neighbors. In the third time-slot of the step, it
informs all its untagged neighbors that there are many of them
and contention between them has to be resolved. We describe
a contention resolution scheme that node r can use to select an
untagged neighbor with the largest label. Once the contention
is resolved, node r sends the token to the selected neighbor in
the next time-slot.
Contention resolution. We resolve contention between untagged
neighbors of node r using 2 log n time-slots. There are two types
of time-slot: normal and feedback. Contention resolution consists
of alternating sequence of normal and feedback time-slots. In a
normal time-slot, a certain subset of untagged neighbors transmit
whereas node r listens. In a feedback time-slot, the reverse
happens; that is, node r transmits and its untagged neighbors
listen. Intuitively, the contention resolution between untagged
neighbors of node r is similar to that between nodes during leader
election. For convenience, we refer to a pair of normal time-slot
followed by a feedback time-slot as a round.
Each untagged neighbor is in either competing or quiescent

state. Initially, all untaggedneighbors are in competing states. Once
a neighbor becomes quiescent, it stays quiescent. Intuitively, an
(untagged) neighbor is in contention as long as it is in competing
state; the node is eliminated from contention once it is becomes
quiescent. The rules governing transition from competing to
quiescent state are similar to those governing transition from
active to passive state used in leader election algorithm. One of
the differences is that the round now consists of only two time-
slots instead of 2x + 2 time-slots. In the first (normal) time-slot
of round i, all those untagged neighbors of node r that are still in
competing state at the beginning of round i transmit if their ith
most significant bit is 1. Node r transmits in the second (feedback)
time-slot of round i if it hears some signal during the first time-slot.
At the end of round i, all those untagged neighbors of node r that
were still in competing state at the beginning of round i become
quiescent if they hear a transmission during the second time-slot
and their ith most significant bit is 0.
A formal description of the second stage is given in Figs. 3 and

4. Observe that, since a traversal is aborted as soon as more than x
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Fig. 3. Depth first traversal in the second stage.
nodes are detected, the traversal involves only nodes in the x-hop
neighborhood of a leader.We define the distance between two sets
of nodes as the smallest distance between nodes from the two sets.

Lemma 9. Neighborhood traversals initiated by two different leaders
involve mutually exclusive sets of nodes. Further, the two sets of nodes
are separated by at least two hops.

Proof. A token during depth first traversal travels a distance of at
most x hops from its initiating leader. Further, from Lemma 7, two
leaders are separated by at least 2x+ 2 hops. �
Observe that the x-hop neighborhood of a leader contains more
than x nodes if and only if the network containsmore than x nodes.
Therefore, we have:

Lemma 10. The neighborhood traversal by a leader completes
successfully if and only if the network contains at most x nodes.
Proof. Neighborhood traversal initiated by a leader is aborted if
and only if its x-hop neighborhood containsmore than x nodes. �
As far as time-complexity of neighbor traversal is concerned,

there are at most x forward steps and at most x backward steps.
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Fig. 4. Depth first traversal in the second stage (continued).

Therefore the second stage consists of atmost 2x·(3+2 log n+1) =
4x(log n+ 2) time-slots.

4.2.3. Third stage: Result dissemination
If the neighborhood traversal initiated by a leader in the second

stage completes successfully (that is, the token returns to its
initiating leader), then it follows from Lemma 10 that there atmost
x nodes in the network. Further, it follows from Corollary 8 that
there is exactly one leader in the network. Therefore this (unique)
leader can safely infer that its current estimate for an upper-bound
on the network-size is indeed correct. However, this knowledge
still has to be disseminated to the rest of the nodes in the network.
This can be accomplished in x− 1 time-slots using simple flooding
similar to the one described in the first stage. Only x − 1 time-
slots are required because the network contains at most x nodes
and, as a result, every node can be reached from the leader using at
most x− 1 hops. On the other hand, if the neighborhood traversal
initiated by a leader in the second stage is aborted, then the leader
can safely infer that its current estimate for an upper-bound on
the network-size is incorrect and does not transmit any message
in the third stage. It can be easily verified that a non-leader node
receives a signal – either a clearmessage or collision noise – during
some time-slot in the third stage if and only if its current estimate
for an upper-bound on the network-size is correct. Combining this
with Lemma 10, we obtain the following two lemmas; a formal
description of the third stage is given in Fig. 5.

Lemma 11. Assume that the network contains at most x nodes. Then,
at the end of third stage, all nodes believe their current estimate for an
upper-bound on the network-size to be correct.

Lemma 12. Assume that the network contains more than x nodes.
Then, at the end of the third stage, all nodes believe their current
estimate for an upper-bound on the network-size to be incorrect.

4.2.4. Complexity of verification
We analyze the time-complexity of the verification algorithm.

The time-complexity of the first stage is (2x + 2) log n time-slots,
the second stage is 4x(log n + 2) time-slots and the third stage
is x − 1 time-slots. Therefore, the overall time-complexity of the
verification algorithm is 6x log n + 9x + 2 log n − 1 = O(x log n)
time-slots.
Fig. 5. Result dissemination in the third stage.

4.3. Neighbor discovery

As discussed earlier, the neighbor discovery algorithm consists
of multiple phases. In phase k with k ≥ 0, all nodes execute
an instance of the verification algorithm with an estimate value
of 2k. The algorithm terminates once the current instance of
the verification algorithm indicates that the estimate is correct.
Clearly, there are dlog pe + 1 phases. Neighbor discovery itself can
be done during the second stage of the verification algorithmwhen
neighborhood traversal is performed. Clearly, in the last phase,
exactly one node is elected as a leader, implying that there is
exactly one token in the network. Recall that, in the first time-
slot of a step, only the node holding the token is in transmit
mode and all other nodes are in receive mode. During this time-
slot, all neighbors of the node holding the token will receive its
transmission successfully. Since, in the last phase, the token visits
each node at least once, each node eventually discovers all its
neighbors. The overall time-complexity of neighbor discovery is
therefore given by
dlog pe∑
k=0

(6 · 2k · log n+ 9 · 2k + 2 · log n− 1)

= 6 · (2dlog pe+1 − 1) · log n+ 9 · (2dlog pe+1 − 1)
+ 2 · (dlog pe + 1) · log n− (dlog pe + 1)
= (12 log n+ 18) · 2dlog pe + (2 log n− 1)dlog pe
− (4 log n+ 10)
= O(p log n). (2)

We denote our neighbor discovery algorithm described in this
section by NDA_SC.

Theorem 13. NDA_SC satisfies no false discovery, eventual discovery
and simultaneous termination properties. Further, its time-complexity
is O(p log n).
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Fig. 6. Variation in the time-complexity with the (a) network-size, and (b) label size.
4.4. Handling multiple channels

We use NDA_SC, which assumes that all nodes in the network
have a single channel in their channel availability sets, to solve the
neighbor discovery problem when different nodes in the network
may have different channel availability sets. The main idea is
to simulate each action of NDA_SC as if the entire network is
operating over some single virtual channel c0 such that:
Nodes r and s are neighbors on virtual channel c0 in the
simulated network if and only if nodes r and s are neighbors
on some channel inUCS in the real network.

The simulation involves replacing each time-slot t in NDA_SC
with a frame consisting of m time-slots, denoted by frame(t);
the ith time-slot in the frame corresponds to the channel ci. Any
transmit (respectively, listen) action by a node r during a time-slot
t in NDA_SC is mapped to multiple transmit (respectively, listen)
actions by r as follows: r transmits (respectively, listens) during the
ith time-slot of frame(t) if the channel ci is in its availability set. The
view of node r at the end of frame(t), if r is in receive mode, for the
purpose of simulating NDA_SC is given by
• silence: if node r neither receives a clear message nor hears
collision noise during any time-slot of frame(t),
• clear transmission: if node r receives a clear message from
exactly one node during all time-slots of frame(t) and,
moreover, does not hear collision noise during any time-slot of
frame(t),
• collision: if node r either hears collision noise during at least one
time-slot of frame(t) or receives a clear message from at least
two different nodes during two different time-slots of frame(t).

We refer to the algorithm obtained after replacing each time-
slot by a frame as explained above by NDA_MC. Intuitively, if
all nodes in the network were indeed operating on the single
channel c0 and NDA_SC was being used for neighbor discovery,
then the state of a node at the end of time-slot t in NDA_SC
will be ‘‘same’’ as the state of the node at the end of frame(t) in
NDA_MC. From the discussion in Section 4.3, for every node in the
network, there exists at least one time-slot during the execution of
NDA_SC in which the node transmits and all other nodes listen.
This implies that, for every node in the network, there exists at
least one frame during the execution of NDA_MC in which the
node transmits and other nodes listen. It is during this frame that
a node is guaranteed to be discovered by each of its neighbors on
their mutually common channels. Clearly, the time-complexity of
NDA_MC ism times that of NDA_SC, and is given by{
(12 log n+ 18) · 2dlog pe + (2 log n− 1) · dlog pe

− (4 log n+ 10)
}
·m. (3)

Therefore, we have
Theorem 14. NDA_MC satisfies no false discovery, eventual dis-
covery and simultaneous termination properties. Further, its time-
complexity is O(pm log n).

4.5. Experimental results

We simulated the neighbor discovery algorithm NDA_MC in
Java to evaluate its performance experimentally. Note that we do
not need to use simulation tools such as NS-2 since our algorithms
are deterministic and there is no randomness. Thus, for a given
scenario consisting of node placements, node label assignments
and node channel assignments, there is only one outcome, and
the behavior of all nodes will be the same even if we run the
experiment many times. For the evaluation, we used the following
parameters:

• Deployment area: 400 m× 400 m
• Size of universal channel setm: 20
• Size of label space n: 216
• Communication range: 100 m.

When generating networks for a given network-size, we only
considered those networks that were connected.Wemeasured the
time-complexity of the neighbor discovery algorithm in terms of
number of frames as the number of nodes in the network increased
from 1 to 400. The results are shown in Fig. 6(a).
The time-complexitymeasured experimentally exactlymatches

the time-complexity computed analytically in (3). The graph re-
sembles a step function because the time-complexity actually
depends on dlog pe rather than log p. For example, the time-
complexity for p = 10 is exactly same as the time-complexity for
p = 16 because dlog 10e = d3.32e = 4 = dlog 16e. The time-
complexity of the neighbor discovery algorithm only depends on
three factors (p, n and m), and the time-complexity does not de-
pend on factors such as dimensions of deployment area, network
density, network degree and communication range of a node. Our
experiments verified this.
We then measured the relationship between the label size

and the number of frames needed, and the results are shown in
Fig. 6(b). The relationship between the label size and the number
frames has beenmeasured for three different values of p. When the
value of p goes up, the frame size goes up as well, and this is shown
Fig. 6(b).
The simulation experiments were also used to experimentally

verify the correctness of the algorithm. For each execution,
the correctness was verified by manually checking and by a
simple centralized software that has global knowledge. This step
experimentally shows that the algorithm is error free and the
implementation is bug free.
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4.6. Speeding up neighbor discovery with bounded channel
divergence

We have so far assumed that the channel availability sets of
nodes may vary arbitrarily. However, in practice, the channel
availability sets of two neighboring nodes should be ‘‘close’’ to each
other. If nodes know a bound on divergence in channel availability
sets of neighbors and the bound is small (specifically, less than
√
m − 1), then we can speed up neighbor discovery using the
ideas described in our earlier paper [16]. Assume that channel
availability sets of two neighboring nodes differ by at most b.
Formally, for all nodes r and s, we have

s ∈ N (r) ⇒ |A(r)−A(s)| ≤ b.

For a node r , letF (r) denote the subset of first b+1 channels from
A(r) (channels are ordered by their index). IfA(r) contains fewer
than b+1 channels, thenF (r) = A(r). It can be easily proved that
the following property holds [16]:

(r and s are neighbors) ∧
(
A(r) ∩A(s) 6= ∅

)
⇒

F (r) ∩ F (s) 6= ∅.

To speed up neighbor discovery under the bounded divergence
assumption, we change the structure of a frame used when
transforming the single channel algorithm NDA_SC to the multi-
channel algorithm NDA_MC. A frame now consists of b + 1
segments, and each segment consists of b + 1 time-slots. Any
transmit action by a node r during a time-slot t in NDA_SC is
mapped tomultiple transmit actions by r as follows: during the ith
segment of frame(t), r transmits on the ith channel in F (r) b + 1
times. Likewise, any listen action by a node r during a time-slot t
in NDA_SC is mapped to multiple listen actions by r as follows:
during the ith segment of frame(t), r listens on each channel in
F (r) one-by-one.
As an example, suppose b = 2. A frame consists of three

segments and each segment consists of three time-slots. Consider
a node r withA(r) = {c3, c7, c8, c9, c11}. Then F (r) = {c3, c7, c8}.
A transmit action by node r in NDA_SC is transformed as follows.
During the first segment of the frame, node r transmits on channel
c3 three times. During the second segment of the frame, it transmits
on channel c7 three times. Finally, during the third segment of
the frame, it transmits on channel c8 three times. On the other
hand, a listen action by r in NDA_SC is transformed as follows.
Node r listens on channels c3, c7 and c8 one-by-one during the
first segment. The samebehavior is repeated during the second and
third segments as well.
The above-described scheme for transmitting and listening

during a frame ensures the following property. Consider two
neighboring nodes r and swithA(r)∩A(s) 6= ∅. If, during a frame,
r transmits and s listens as per the scheme, then there is at least one
time-slot in the frame during which r transmits and s listens on
the same channel. Now, the view of a node at the end of frame(t)
(silence, clear transmission, or collision), if the node is in receive
mode, is defined in the same way as was defined for NDA_MC. We
refer to the algorithm obtained after replacing each time-slot by a
frame as described in this section by NDA_BD.

Theorem 15. NDA_BD satisfies no false discovery, eventual dis-
covery and simultaneous termination properties. Further, its time-
complexity is O(p (b+ 1)2 log n).

Clearly, NDA_BD is much faster than NDA_MC if b�
√
m.
4.7. Discussion

Our neighbor discovery algorithms can be easily modified to
solve the gossiping problem without changing the asymptotic
time-complexity. To solve the gossiping problem, the third stage
in the verification algorithm can be replaced with another
neighborhood traversal. The leader can collect messages of nodes
during the neighborhood traversal in the second stage, and can
disseminate them during the neighborhood traversal in the third
stage. Clearly, in the last phase, the leader is able to collect
messages of all nodes and also disseminate them to all nodes.
Our neighbor discovery algorithms implicitlymake the assump-

tion that all nodes start executing the algorithm at the same time.
This can be achieved by periodically initiating the neighbor discov-
ery algorithm at pre-determined instants of time (e.g., every hour
starting at 10:00 am). This also helps in dealing with dynamism in
the network which can be of two types: (1) nodes may join and/or
leave the network during run-time, and (2) channel availability
sets at nodes in the networkmay change over time. Periodically ex-
ecuting the neighbor discovery algorithm helps to deal with both
types of dynamism.
Our neighbor discovery algorithms assume that a listening node

fails to receive amessage from its transmitting neighbor (assuming
that both of them are tuned to the same channel) only due to a
collision. In practice, a node may fail to receive a message due to
other reasons as well, such as interference from other wireless
devices in the vicinity. To deal with such channel failures, we
propose using retransmissions, which is a common approach for
handling unreliable channels in general. Specifically, we propose
replicating each frame possibly multiple times to minimize the
possibility of a listening node failing to receive a message from its
transmitting neighbor even in the absence of a collision.
Observe that it may appear that there is a gap between the

lower-boundwe have proved and the running time of the neighbor
discovery algorithmwehave proposed. However, the lower-bound
is applicable when nodes are size-unaware as well as collision-
unaware, whereas the proposed neighbor discovery algorithm
assumes that nodes are collision-aware.

5. A fast neighbor discovery algorithm when nodes are size-
aware

In this section, we describe a fast deterministic algorithm for
neighbor discovery that satisfies the strong termination condition
when nodes know a polynomial upper-bound on the network-size.
As in the case of the previous algorithm, nodes can not only detect
that the neighbor discovery has completed at all nodes, but also
terminate simultaneously.

5.1. The main idea

We use the gossiping algorithm proposed by Ga̧sieniec et al.
[11] for large labels as a subroutine to derive a neighbor discovery
algorithm with the above-described properties. Their algorithm
assumes the entire network operates on a single channel and nodes
cannot detect collisions. When nodes know the network-size (or a
‘‘good’’ upper-bound on the network-size), one can compute the
worst-case running time of the gossiping algorithm – expressed as
the number of time-slots – and simply terminate once that much
time has elapsed. For ease of exposition, assume that all nodes
in the network know an upper-bound on the network-size that
is within a constant factor of the actual network-size. The time-
complexity of their gossiping algorithm is (φ p log2 p log2 n) for
some known constant φ. For convenience, let GA_SC denote the
gossiping algorithm proposed by Ga̧sieniec et al. [11].
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The neighbor discovery algorithm consists ofm phases—one for
each channel in the universal channel set. In the ith phase, nodes
that have the channel ci in their availability sets discover their
neighbors on channel ci. Neighbor discovery on a single channel, in
turn, consists of two stages. In the first stage, we run an instance of
the gossiping algorithmusing p as anupper-boundon thenetwork-
size. In the second stage, we use a deterministic transmission
schedule consisting of p time-slots to actually perform neighbor
discovery.Wenowdescribe neighbor discovery on a single channel
in more detail.

5.2. Neighbor discovery on a single channel

Suppose we want to perform neighbor discovery on channel
ci. Let P 〈ci〉 denote the set of nodes in the network that
have channel ci in their availability sets. In the first stage, all
nodes in the set P 〈ci〉 run an instance of GA_SC on channel ci
with p as an upper-bound on the network-size. The algorithm
runs for (φ p log2 p log2 n) time-slots, where φ is some known
constant. Observe that the sub-network induced on the nodes
in P 〈ci〉 may not be connected. However, the gossiping problem
is guaranteed to be solved within (φ p log2 p log2 n) time-slots
in each connected component because each component contains
at most p nodes. Further, communication among nodes in one
connected component does not interfere with that in another
connected component. In the rest of the section, unless otherwise
stated, ‘‘a node’’ refers to ‘‘a node in the setP 〈ci〉’’. At the end of the
first stage, each node knows about all the nodes in its connected
component. It then arranges them in the increasing order of their
labels. For a node r , let rank(r) denote the position of r ’s label
in the total order. The second stage consists of p time-slots. A
node r transmits during time-slot j if and only if j = rank(r).
Otherwise, it listens during time-slot j. Clearly, at most one node
from any connected component transmits during any time-slot in
the second stage. This ensures that, when a node transmits, each of
its neighbors (on channel ci) receives its transmission successfully.
Finally, a node r considers another node s to be its neighbor on
channel ci if and only if r receives a clear message from s during
some time-slot in the second stage.

5.3. Neighbor discovery on all channels

To perform neighbor discovery on all channels, clearly, it is
sufficient to execute the above-described neighbor discovery al-
gorithm on a single channel for each channel in the universal
channel set one-by-one. The time-complexity of neighbor discov-
ery on all channels ism times the time-complexity of neighbor dis-
covery on a single channel, and is given by O(pm log2 p log2 n). The
transformation for bounded channel divergence cannot be applied
here directly because the transformation assumes that nodes are
collision-aware to simulate the execution of the algorithm for the
single virtual channel.

5.4. Discussion

Strictly speaking, our objective in this section is to show the
existence of a fast neighbor discovery algorithm when nodes
are size-aware but not collision-aware. Combining this with our
previous results, it implies that it is necessary as well as sufficient
for nodes to be either size-aware or collision-aware for a fast
deterministic neighbor discovery algorithm to exist.
6. Neighbor discovery in directed networks

So far, we have assumed that the communication graph is
undirected (that is, the neighborhood relation is symmetric). In
wireless communication, the transmission range of a nodedepends
on the amount of power it uses for transmission. As a result, nodes
with more battery power may have longer transmission range as
compared to nodes with less battery power. This may cause some
of the links in the network to be unidirectional as a result of which
the communication graph may become directed. We describe a
neighbor discovery algorithm when the network may be directed
under the following assumptions. First, the network is strongly
connected. Second, every node in the network knows the diameter
of the network. It is sufficient for nodes to know a ‘‘good’’ upper-
bound on the diameter of the network; knowledge of the exact
diameter is not required.
Note that, even if every node knows the diameter of the

network, the lower-bound result of Section 3 still holds as long
as the diameter of the network is at least two. Therefore, to
obtain a fast neighbor discovery algorithm, nodes need to be either
collision-aware or size-aware. We assume the former because we
consider it to be more interesting. Not surprisingly, our neighbor
discovery algorithm for a directed network has higher asymptotic
time-complexity than for an undirected network. Let D denote the
diameter of the network. As in the case of undirected network, we
first describe the neighbor discovery algorithm assuming that the
entire network operates on a single channel.

6.1. Neighbor discovery assuming a single channel

The algorithm consists of the two stages. In the first stage, every
node discovers its incoming neighbors. In the second stage, nodes
exchange their knowledge about incoming neighbors to determine
their outgoing neighbors.

6.1.1. First stage: Incoming neighbors discovery
This stage consists of p epochs. Each epoch consists of three

phases: leader election, leader discovery and termination detection. In
the leader election phase, only those nodes compete to become the
leader that have not yet become the leader in the epochs executed
so far. We call such nodes latent nodes. We use the leader election
algorithm described in Section 4.2.1 for this purpose. Basically, the
algorithm consists of log n rounds, and each round consists of D
time-slots. It can be verified that, after the end of D rounds, exactly
one latent node (if at least one such node exists) is elected to
become the leader. A node remembers the epoch number in which
it became the leader. This knowledge is used in the second stage. In
the leader discovery phase, the leader node transmits and all other
nodes listen. Clearly, in this phase, all outgoing neighbors of the
leader node discover the leader node. Finally, in the termination
detection phase, all nodes determine if there are any latent nodes
left in the network. Specifically, all latent nodes transmit in the
first time-slot. If a (non-latent) node hears some transmission – a
clear message or collision noise – during a time-slot, it transmits
in the next time-slot if it has not already transmitted. Clearly, after
D time-slots, the following two properties hold. First, if there is
at least one latent node left in the network, then all nodes hear a
transmission during some time-slot of this phase. Second, if there
is no latent node left in the network, then no node hears any
transmission during this phase. In the first case, all nodes enter the
next epoch. In the second case, all nodes terminate the first stage
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and enter the second stage. It can be easily verified that, at the end
of first stage, every node knows all its incoming neighbors. Further,
every node also knows the network-size. Each epoch consists of
D log n + 1 + D time-slots. Therefore the first stage consists of
O(p D log n) time-slots.

6.1.2. Second stage: Outgoing neighbors discovery
The second stage consists of D rounds. Each round consists of

p time-slots. In the ith time-slot of a round, the node that was
elected as the leader in the ith epoch of the first stage transmits and
all other nodes listen. Clearly, in each time-slot, exactly one node
transmits and therefore there are no collisions. If a node transmits
the entire knowledge it has gained so far during its designated
time-slot in a round, then, after k rounds, every node learns about
its k-hop incoming neighborhood. Therefore, after D rounds, each
node learns about the entire network and can easily determine its
outgoing neighbors. The second stage consists of p D time-slots.
As a result, the neighbor discovery algorithm has overall time-
complexity of O(p D log n) time-slots.

6.2. Handling multiple channels

The approaches described in Sections 4.4 and 4.6 can also
be used to derive neighbor discovery algorithms for a directed
network when nodes can operate on multiple but possibly
different sets of channels. For the general case, the algorithm
obtained has the time-complexity of O(p Dm log n) and, for the
bounded divergence case, the algorithm obtained has the time-
complexity of O(p D (b + 1)2 log n). As can be observed, the time-
complexity of the neighbor discovery algorithm for a directed
network is higher than that for an undirected network by a factor
ofO(D). This is not surprising as unidirectional links are, in general,
known to be expensive in wireless networks [19].

7. Conclusion and future work

In this paper, we proved that it is impossible to devise a
fast algorithm for neighbor discovery if nodes are neither size-
aware nor collision-aware. We also presented fast algorithms for
neighbor discovery in multi-channel radio networks that provide
strong termination guarantees under certain combinations of
the following conditions: (1) the network is undirected, (2) the
network is directed, (3) nodes are collision-aware, (4) nodes are
size-aware, and (5) divergence in channel availability sets of
neighboring nodes is bounded. Our neighbor discovery algorithm
for a directed network has two undesirable characteristics. First, it
assumes that nodes know the diameter (or a ‘‘good’’ upper-bound
on the diameter) of the network. Second, messages in the second
stage (outgoing neighbors discovery) may be large. In the future,
we plan to develop a neighbor discovery algorithm for directed
networks that does not suffer from these limitations.
Randomized algorithms have been used in the past in

wireless networks to obtain algorithms that have lower expected
running time than their deterministic versions. As opposed
to deterministic algorithms, randomized algorithms do not
provide strict guarantees but nevertheless may work well in
practice. (Randomized algorithms typically provide probabilistic
guarantees.) We intend to investigate the use of randomization in
solving several problems such as neighbor discovery, broadcasting
and gossiping in multi-channel cognitive radio networks.
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