MATH 2419 FINAL EXAM REVIEW
31 March 2008

Complex Numbers

DeMoivre's Theorem: If z =r(cos@ +isin#) and n is a positive integer then
2" =[r(cos@+isin@)]" =r"(cosnd +isinnd)

The n roots of z =r(cos@ +isin @) are given by

u, = Q/F(coseJer” +isin 9+2k”j for k=01..,n-1

n n
1. Compute the indicated power by using DeMoivre's Theorem
. 3
| \d
a) | — b) (V3-i
(@ (mj () (V3-i)

2. Find the cube roots of 27i
3. Find the fourth roots of 3+ 3i

Chapter 8, Section 8

1. Evaluate the improper integral or determine that it diverges.

3 6
X
@) .([mdx (b) -([Xz_4 dx  (c)
Jac
1
(d) _(.;tanx dx (e) !de

Chapter 9, Sequences and Series

1. Determine whether the series is absolutely convergent, conditionally convergent, or divergent.

(a) i[tan ij (b) ZW
Z( D' - ©

@) —2 n’+1 1 e"
1)"n?|
© Z( L (n 23(2”,)'
=1 3"(n!)?

2. Find the 5th degree Maclaurin polynomial of f(x) = xcosx.

3 Find the interval of convergence of the power series.

o0

J

0

2
x?+9

dx

(c)Z(l)”

M > Y

o2 Inn

N 5-8-11---(3k +2)
0 ;37.11 -(4k -1)
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S (D (x=5)" S ()" (x=2)"
® 2 S50 0) 2

4. Let f be the function f (X) = i M Find the interval of convergence forj f(x)dx.
= 4"Jn

5. Find a power series centered at ¢ = -2 for the function f(x) = TBX and identify the interval of
convergence.

6. Find a power series centered at ¢ =1 for the function f (x) = 2 3_2 and identify the radius of
convergence.

X—5
7. Let f(x)= 7 x_2

(@) Find the partial fraction decomposition of f .
(b) Find the power series centered at zero for each term of the decomposition.
(c) Write the power series for f and identify the interval of convergence.

) 0 1 n X on-1 X3 X5 X7
8. Given the Maclaurin series SIN X = & =X-—4+———
o (2n-1)! 3 51 71
for X in (- ,©)
(a) Find the Maclaurin series for Sin x2
0.3

(b) Use the first 4 terms of the series found in part (a) to approximate j sin x? dx
0

(c) Find the Maclaurin series for COS X
1+ cos 2x

(d) Given the identity cos” X = T and the series in part (c), determine the validity of the

® _1 n22n—lX2n
following statement; C€0s® X =1+ Z D
n=1 (Zn)l

Chapter 10

1. Let C be the curve represented by the parametric equations X =+t +1 and y =3 -t

(a) Find the corresponding rectangular equation for C by eliminating the parameter.
(b) Sketch the curve C, indicate the orientation of the curve.
(c) Find the domain of the rectangular function.

2. A curve is defined by the parametric equations
x=t?+t—-2, y=t*-2t-1. Find

(a) all value(s) of t where the curve has horizontal tangents.
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(b) all value(s) of t where the curve has vertical tangents.
(c) an equation of the line tangent to the curve at the point (4,3).
(d) the concavity of the curve at the point (4,3).
. Find and classify any relative extrema for the curve given by the parametric equations

Xx=t*+2t-1and y=t>—t+5,
. Calculate the arc length of the curve:

X = %tm .y = 2t —t?; on the interval [1,3]

w

o

5. Letr=1-sinéd
(a) Find the area of the region bounded by the polar function.
(b) Find the length of the curve.
(c) Find the slope of the tangent to the curve when 6 = /4.

6. Calculate the area outside the graph of r = sin @ and inside the graph of r = 2sin 6 .
7. Calculate the area inside the graph of r = 5cos ¢ and outside the graph of r =2 + cos 6 .
Chapter 11

1. Letu=5i+j+k, v=3i—-2k, and w=—-i+2j+3k
(a) Determine if any pair of the three vectors are orthogonal.
(b) Findall Asuchthat r =4Ai+ Aj—12K is orthogonal to v.

(c) Find the projection of w onto v.
(d) Find the vector component of w orthogonal to v.
(e) Determine the angle between u and the negative x-axis.

(f) Find s« u if [s|=4 and the angle between s and u is 57/6

2. Find two unit vectors orthogonal to u =i+ 2jand v =3i—K.
3. Letu=—-i+2j-k, v=2i+j+k, and w=3i-k.
(@) compute (UxXV).W
(b) Is the result in part (a) equivalentto (U X W) « V?
(c) describe the geometric significance of the triple scalar product in part (a).
Determine the area of the triangle with vertices (3, -1, 2), (2, 1, 5), and (1, -2, -2).
Write parametric equations for the line through the point (-2, 1, 3) that is perpendicular to the plane
2Xx-3y+z-7=0.
6. Find numbers x and y such that the point (x, y, 1) lies on the line passing through the points
(2,5, 7)and (0, 3, 2).

o s

y-1 z+1

7. Find an equation of the plane that contains the line x = 5 = and is perpendicular to the line
x=1-17t,y=-5+t,z=3+7t. Express your result in the form ax+by+cz+d =0.
. . . . . X+2 y-3 z-1
8. Find the point of intersection of the line = 3 = and the plane 2x+3y+z-3=0
9. Calculate the distance from the point (-1, 2, 3) to
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(@) theline x=2-t, y=1, z=1+t
(b) the plane x—-3+2(y+1)—-4z=0

10. Find an equation of the plane with axes intercepts (-3,0,0), (0,5,0) and (0,0,6). Express your result in

the form ax+by+cz+d =0

Chapter 12 Vector Valued Functions

=

Let r(t) =e (i + j+ k). Find the unit tangent vector.
3ti+j-2k
\Ot* +5

(@) Find N(t)
(b) 1f r(0) =(6,-1,5) find r(t)
Let a space curve be given by r(t) =e‘costi+e'sint j+e' k.

(a) Find a set of parametric equations for the line tangent to the curve at the point (1, 0, 1).
(b) Find the length of the space curve on the interval [0, In 8]
V6

The position of a particle moving along a space curve is given by r(t) =ti+ thj +t2k,

Let T(t) = be the unit tangent vector of a space curve r(t).

(@) find the tangential component of acceleration a; .

(b) find the normal component of acceleration @,
(c) find the curvatureat t =1

rt) =t%i+t%j.
(@) Find T(2)
(b) Find N(2)
(c) Find the length of the curve on the interval [0, 2

E]

Chapter 13 Real Valued Functions of more than one variable.

1.

Find the indicated partial derivatives:
@ f(xy)=e"""; f,, f,00)

x—at 822 822 822
ot?’ ox?’ otox

(b) z=sin(x+at)+e

(c) Let w=xy?+xz°, x=t?-3s?, y:ts, and z=2-st.

Find @and @ att=2 and s =-1.
0S ot
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2.

3.

Use implicit differentiation to find the first partial derivative of z with respect to x:
Xy+yiz+2°x =11

The length, width, and height of a rectangular chamber are changing at the rate of 3 feet per minute, 2
feet per minute, and 0.5 feet per minute, respectively. Find the rate at which the volume is changing
at the instant the length is 10 feet, the width is 6 feet, and the height is 4 feet.

The width of a rectangle is increasing at a rate of 0.2 meters per second while the height is increasing
at a rate of 1 meter per second. At what rate is the area increasing when the height is 10 meters and
the width is 5 meters?

Directional derivative and gradient

5.

10.

11.

12.

13.

14.

Let f(x,y)=e"arctany. Let points P(0, 1) and Q(3, 5) be given.

(a) Find the gradient of f at P.

(b) Find the directional derivative of f at P in the direction PTQ

Let f(x,y,z)=1z%".

(@ Find Vf(-1,0,3).

(b) Calculate the directional derivative of f(x,y,z) = z*e" at the point (-1, 0, 3) in the direction of

the vector v = 2i +3 j - 6K..
(c) Find the maximum value of the directional derivative of f at the point (-1, 0, 3).

Find all unit vectors u such that the directional derivative of f(x,y)=x%y® —xy at the point (1, -1) is
zero.

A bird is flying through a forest fire at 6 m/sec. in the direction <2,2,—1>. The temperature as a
function of position is T(x,y, z) = xy + 2z°. At what rate is the temperature changing when the bird
passes the point (5, 20, 10)? Is the bird a dove?

A surface is given by the function f(x,y)=xtany.

(a) Find an equation of the tangent plane to the surface at the point (2, /4,2).

(b) Find parametric equations of the line normal to the surface at (2,7/4,2).

Consider the surface given by xy® + zy? + 4y —xz® =18 and the point P(-2, 0, 3) on the surface.

(a) Find the gradient at the point P.

(b) Find an equation of the tangent plane to the surface at the point P.

(c) Find symmetric equations for the normal line to the surface at the point P.

Find symmetric equations for the tangent line to the curve of intersection of the surfaces

givenby z=x*+y?and x+2y—z+5=0 at the point (2, 3, 13).

Find the point(s) on the surface x* + y2 +2X—-4y+ 2? +1=0 where the tangent plane is

horizontal.
Determine any relative extrema or saddle points of

@ f(xy)=x>+y>+3y°>-3x-9y+2
) f(x,y)=x*+y>-5y—-32x-8

Find the absolute extrema of f(X,y) = y* —3x? — 2y + 6X on the square with vertices (0, 0), (2, 0),
(2, 2), and (0, 2).
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15. Use the method of Lagrange multipliers to maximize the function f (X, Y) = X+ 2Xy+ 2Y subject to
the constraint X+2y =80.

16. Use the method of Lagrange multipliers to find the extrema of f (X, Y)=3Xy subject to the
constraint 4x° +y* =200.

17.  Maximize f(X,Y,z)=32Xyz subject to the constraints X+Yy+2Z=4 and Z—x—-Yy=3.

Chapter Chapter 14, Double Integrals

1. Evaluate the iterated integral.
2 el-x Jr o py?

(a) L J; (4—y)dydx (b) JO L/SZyCOSXdX dy
Sketch the region of integration and reverse the order.

1 f(x,y)dyd
[ ] f0cy)dydx
. Calculate the iterated integral by first reversing the order of integration.

1 1
. 3

J'O J.W(smnx )dxdy

. Write the integral in polar coordinates and evaluate.

@ [, LJQVX”VZ dy dx o [, L@emz dy dx

5. Prove that A(0, 0,1), B(2, 0,4), and C(5,6,2) are the vertices of a right triangle.
Find the area of the triangle by (a) elementary means, and (b) as a double integral.

no

w

SN

6. LetR be a closed and bounded region in the xy plane over which Z = In(x2 + y2) and
Z= arctan(%) are defined. Show that these surfaces have the same area over R.

7. Find the surface area of the portion of the sphere x° + y2 +2% =a’ thatis inside the cylinder

x> +y?=ax.
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Solutions
Complex Numbers

1. (a) ;—%+A i =L (cos%+isin%), (ﬁ] =(A)-1+i) (b) (-8)a+~/3i)

+i
2. z=27(cosm+isinz) U, =3(cos% +isinz), u, =3(cos®% +isins%), and
U, =3(Cos3% +isin37,)
3. Uy = E{/E(cos%wisin ”e) Uy = 8/18(Ccos 97, + isin °74,) , u, = 8/18(cos 177, + isin 77/,
=8/18(c0s 2574, + i sin %57;)
Chapter 8, Section 8

7 3

1. (@ div (b) div (©) 5 (d) div (e) T
Chapter 9, Sequences and Series
1. (@ («/E)k (Div Geo) (b) Div; (Integral Test) (c) abs conv (ratio test)

(d) Cond conv (e) absconv () Cond conv

(9) Abs conv (h) div (ratio test) (i) Abs conv (ratio test)
3 (@ (7] (b) [-15]
4. [-44] 5. ;) 3("5;12) _7<x<3 ;)3(—1)k(2)“(x—1)k; radius =1/2

o0 1 )
7. f(x)= z [2—n+ 2(-1)" } X <1 8.(b) 0.009 (d) The statement is true.
Chapter 10
1. @ y=4- x? (b) half a parabola opening downward, vertex (0,4), (c) x>0
2. (@) t=+42/3 (b) t=-1/2 (c) occursat,t=2;eq:y —3=2(x—4)
3. Relative minimum, (1/8, 19/4)
4, 12
5. (a) 37/2 (b) 8 © ~2-1
6. 3z/4
7. \3+87/3
Chapter 11
-9,,. 40 , 57

1. @ Uu.w=0 (b)) A=-2 (c) 1—3?(3| K) (d) < ’E> (e) 164.21° (f) -18

26 (Ux V). w =14 (b) No, (Ux W) 14

—F 3. UXV)eW= , (UxW) o v=-

Ja (a) (b) No

(c) Volume of the parallelepiped determined by the three vectors.

4. 5\6/2 5. x=-2+2t, y=1-3t, z=3+t 6. x=-2/5, y=13/5
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7 17x—y-7z-6-0 8. (‘—Nﬁﬂj 9. (8) +3/2 (b) 10/+21

7 14’14
-X Yy z .
L —+Z4+2-1=0 .
10 3 7516 or equivalent
Chapter 12 (Vector Valued Functions)
1. T(t):%(i+j+k).
5i-3tj—6tk _ .
2. (@ N()= (0) r(t)=3t?/2+6)i+(t-1)j+(5-2t)k
N (t) = (3t*/2+6)i+ (t-1)j+( )
3. (@) x=1+s;y=5;2=1+5 (b) 743
4. (a) ar =6t (b) ay =6 (©) %,

> @ T(2):<%/170’%/170> ®) N(2)=<_%/13‘%/1F> R
Chapter 13 Real Valued Functions of more than one variable.

1. @ f (x,y)=e*"siny; fy(l,O):eXS‘”yxcosy‘ =1

L0

x—at

(b) z,=-a’sin(x+at)+a’ ™, z, =-sin(x+at)+e*™, z, =-asin(x+at) —ae

© M _11 W g
0S|t=2 Ot |t=2
s=-1 s=-1
5 oz —-(3x*y+17°)
Coox y*+3z%
B . . v e dA o

3. V =LWH all variables are time dependent. E_182 sec 4, E_7 /&ac
5. @ (Z2) ) 20
' 42 20

(o)}

. (3) VF(-10,3)=(0,-96) (b) D,f(-103)=-9 (c) 117

~

Vi@-1)=(-22);u = iz(i +1])

N

D,T(5,20,10) =10/3, Is the bird a dove? Who knows, regardless of species, it should change course!

© ®

Let F(x,y,z)=z—xtany then VF(x,y,2) = <— tan y,—xsec’ y, 1>.

@ -(x=-2)-4(y-nl4)+(z-2)=0(b) x=2—-t, y=xl4-4t, 2=2+t

10. Consider the surface given by xy? + zy? + 4y — xz° =18 and the point P(-2, 0, 3) on the surface.
X+2 y z-3

@ (-9412) (b) -9(x+2)+4y+12(x-3)=0  (c) o "4 D1
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11. The point is in the zero level surface of both functions f(x,y,z)=z-x*-y? and

g(x,y,z2)=x+2y—-z+5. Adirection vector of the tangent line is Vf (2,3,13) x Vg(2,313).

Xx-2 y-3 1z-13

16 -5 6

12. Let F(X,Y,2) = X* +y* + 2Xx—4y+2? +1=0 and assume horizontal means parallel to the xy
plane. The desired points must satisfy the vector equation VF =k, ans: (-1, 2, +1)

13. (a) fhas saddle points at (-1,1,-1) and (1,-3,27), a rel max of 31 at (-1,-3) and a rel min of -5 at (1,1).
(b) fhas a saddle point at (1,-1,-35) and a rel min of -43 at (1,1)

14. f has a saddle point on the interior of the square at (1,1,2) hence the absolute extrema occur on the

boundary of the square. The absolute maximum of f is 3 and occurs at the points (1,0) and (1,2). The
absolute minimum of f is -1 and occurs at (2,1) and (0,1).

15. The constrained critical point is (40,20). You can verify that f has a maximum here by simply
substituting 80-2y for x in f then use the techniques of calculus 1.

16. Critical points (5, 10), (5, -10), (-5, 10), (-5, -10). the extrema of f are 150 and -150.
17. f(x,y,2) =32xyz, let g(X,y,z) =x+y+z-4 and h(x,y,z)=z—-x-y-3.

Solve the systemVf = AVg + xVh, g =0, and h=0 (5 equations and 5 unknowns). The
constrained critical point is (1/4,1/4,7/2) which gives a value of 7 for f.

Chapter 14, Double Integrals

T 4 4y
1. () 92 (b) 2—5 2. jo IO f(x,y)dxdy
442
3. 2[37 4@ b) =(e-1)
3 2
5. Hint: the Pythagorean theorem is an if and only if statement.
7. 2(r-2)a’
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