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Abstract

We show that the optimum length—v guard sequence for block transmission over a linear Gaussian—
noise dispersive channel with memory v is a linear combination of the N information symbols of the
block. A closed—form expression for the optimum guard sequence is derived subject to a total average
energy constraint on the information and guard symbols. The achievable channel block throughput
with the optimum guard sequence is compared with that achievable with two common guard sequence

types, namely zero stuffing and cyclic prefiz.
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I. INTRODUCTION

Maximizing the throughput of block—based transmission over dispersive noisy media is a common
challenge for current and future packet—based communication networks. Block—by—block processing
has gained increasing popularity recently as an effective receiver architecture for mitigating chan-
nel impairments [9, 4, 8, 6, 1]. However, the memory of a dispersive channel causes inter-block
interference (IBI) which degrades performance significantly [13]. To eliminate IBI over a channel
with memory v, a guard sequence of length v is inserted between successive length—N informa-
tion blocks at the transmitter. Guard sequences most commonly used in practice belong to one
of two types. The first type is zero stuffing [9, 1] where v zeros are inserted to clear the chan-
nel memory after each block transmission. The second type is cyclic prefiz [12] where the last v
symbols of every length—N information block are inserted at the beginning of the block (assuming
N > v). Whatever the choice of the guard sequence is, it results in a channel block through-

put loss factor of 7% which becomes negligible for N > v. As the input symbol rate increases
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(wide-band transmission), the channel memory v increases. Equalization has been proposed as
an effective channel shortening technique (see [3] and the references therein), however, it increases
the receiver complexity considerably. Moreover, using a large blocklength N to reduce the guard
sequence overhead results in increased processing delay (which could be unacceptable for voice and
real-time data applications), increased storage requirements, and increased processing power. In
addition, on slowly—time—varying channels, blocklengths on the order of the channel coherence time
or longer render the common assumption of a time—invariant channel within the block invalid. This,
in turn, calls for the use of more complex adaptive processing techniques at the receiver to track
channel variations within the block. In summary, for many short-burst transmission scenarios over
highly—dispersive channels, the assumption N > v is not valid.

Recently, it was shown in [2] that given a fixed guard sequence overhead, the channel through-
put is maximized by transmitting the information symbols in short and approximately equal-size
blocks separated by the guard symbols. This further motivates the investigation of short—block
transmission scenarios in more detail.

In this paper, we revisit the choice of the guard sequence for scenarios where 0.1 < £ < 1.0
and the channel state information (CSI) is available at the transmitter as in wireline communi-
cation systems. Our rationale is simple. The only requirement on the guard sequence is being
a length—v sequence that carries no new information (i.e. it is a deterministic function of the N
information symbols). While zero-stuffing and cyclic prefiz types of guard sequences result in simple
implementations, they unnecessarily constrain the choice of the transmitted input blocks in their
(N + v)—dimensional vector space, hence limiting the achievable channel block throughput. In this
paper, we show that part of the channel block throughput loss due to the guard sequence overhead
can be recovered by optimizing the choice of the length— guard sequence to maximize the channel
block throughput.

This paper has two main contributions. First, we prove that, under a channel block throughput
maximization criterion, we can restrict the guard sequence to be a linear combination of the infor-
mation sequence without loss of optimality. Second, we derive a new closed—form expression for the
optimum guard sequence when the auto—correlation matrix of the information symbols is fixed.

The rest of this paper is organized as follows. In Section II, we formulate the channel block
throughput maximization problem as a function of the guard sequence and the auto—correlation
matrix of the information block. In Section IIl, closed—form solutions are presented under several

transmission scenarios. Connections to Vector Coding and Discrete Multitone transmission schemes



are discussed in Section IV. Section V presents some numerical results and the paper is concluded

in Section VI.

II. PROBLEM FORMULATION

I-A. Input Output Model

We adopt the standard discrete-time representation of an additive—noise linear dispersive chan-

nel given by

Y = Z hmmk—m + ng 9 (1)

m=0

where h,, is the m'* coefficient of the channel impulse response that has a memory of v. The input
symbols {x;} and the noise symbols {n;} are assumed to be complex, zero-mean, and have Hermi-
tian positive-definite auto—correlation matrices denoted by R, and R,,,,, respectively. Furthermore,
the noise symbols are assumed Gaussian distributed and independent of the input symbols. We
consider block transmission scenarios where block—by—block processing is employed at the receiver
to detect the information—bearing blocks. Over a block of N output symbols, (1) can be written as

follows

Yh+N—-1 ho hy -+ h, 0 - 0 ThtN-1 Nk+N—1
Yk+N— 0 ho A4 -+ h, 0O .- ThtN— Nkt N—
—+ 2 _ 0 1 + 2 _|_ + 2 : (2)
L Yk ] L 0 e 0 hO hl e hl/ 1L Lh—y ] L nk ]

or more compactly

Vi+rN—1:6 = HXpy Nty + Dipgyv_tik - (3)

To eliminate IBI, thus allowing successive blocks to be processed independently, the first v symbols
in each block, denoted by X;_1.x_,, do not carry any new information. They serve as a guard sequence
that clears the channel memory after each block transmission. It is worth emphasizing that the
output symbols corresponding to these guard symbols, namely yx_1.x_,, contain interference from
the previous block and hence are discarded at the receiver, as illustrated in Figure 1.

In this paper, we consider the most general form for the redundant guard symbols where they

are expressed as a deterministic function of the information symbols. Therefore, we assume the



following mathematical model for the guard sequence

Xip—1:h—v = f(XptN-1:%) 5 (4)

where the function f(.) is at first allowed to be non—linear. In the next subsection, we show that f(.)
can be assumed linear without loss of optimality, as far as channel block throughput maximization

is concerned.

II-B. Channel Block Throughput

The performance measure to be maximized in this paper is the mutual information between the
input and output blocks which we shall also refer to as the channel block throughput and denote
by I(X;Y), where we have defined X et XpeN_1:k—y and Y et VELN_1:k-

Result 1 :

When maximizing /(X;Y), we can assume f(.) in (4) to be a linear function without loss of
optimality.

Proof : see Appendix A.

For the remainder of this paper, we assume that the guard symbols x;_1.;_, are related to the

information symbols Xz n_1.% by the linear relation

Xp—1:k—v = GXpyN-1:8 (5)
_1
where G is a v x N matrix. Multiplying both sides of (3) by the noise-whitening filter Rn.? , we get

def In

1 1 1
Yien—1x: = Rod¥Vien-1:=RumH [ ] XprN—1:% + Ror Ny n_1:k

= Hxpinv_14 + Depn_1a (6)

_1
where Iy is the identity matrix of size N and nyyn_1.% et R.ingyn_1.; is a unit—energy white—noise
" def . L I
sequence (i.e., Razz = Iy). The matrix H “R,H [ N ] is an N x N white-noise-equivalent
G

channel matrix that depends on the original channel matrix H, the noise auto—correlation matrix
R, and on the linear mapping matrix G between the information symbols and the guard symbols.

The block throughput of the white-Gaussian—noise channel in (6) is given by

N
I(X;Y) = ml(XHN_l:k_y; Vien—1:k) & including guard sequence overhead



N
= W[(XHN_M; Yi+N—1:k) © since guard symbols do not carry new information
v
N
= Ni-I-V[(XHN_M; Vitn-1:k) & since R, is assumed invertible
N
= N1 log det(Ry;) : see [5] for a proof (7)

where det(.) denotes the determinant of a matrix. The unit of I(X;Y) depends on the logarithm
base used. In this paper, we assume base 2 logarithms, hence, [(X;Y) is in bits. Using (6), we can

express Ry; as follows
def ~ ~ % 1 F*
Ry = E[Yk+N—1:kYk+N—1:k] =HR, H + 1y, (8)

where E[.] denotes the expected value and (.)* denotes the complex—conjugate transpose. Finally,

combining (7) with (8), we have

N £ o1
I(X;Y) = 5 logdet(Iy + RAHHRZ) (9)

In
G

N *
- log det(Iy + R% | Iy G* |H'R;H {

Ny } RZ:) . (10)

Our objective is to maximize the channel block throughput given in (10) above by optimizing the v
guard symbols, or equivalently the matrix G, and the auto—correlation matrix of the N information

symbols R, subject to an average energy constraint on the information and guard symbols.

III. PROBLEM SOLUTION

IHI-A. Joint R, and G Oplimization

We want to solve the constrained joint optimization problem

1
* * ” % 1 R.%r
max log det(Iy + { R2, R2G* |H'R H L) (11)
G Rag GRZ:
subject to the average energy constraint
N + Vtrace(E[Xk‘i'N—lik—VXZ-}-N—l:k—u]) =1 (12)
= trace(E kAN Lk [ X} X G* }) =1
N+ov GXpn 1t k+N—1:k  XE4N-1:k




= trace( ) =1
N+v GR,. GR,,G*
= trace(R;;) + trace(GR,,G*) = N+v. (13)

Note that the energy constraint is over the entire transmission block and therefore includes all the
well-known choices of guard sequence such as zero stuffing and cyclic prefix as special cases.

Result 2 :

Define the eigen—decomposition

* -1 A 0 *
HR  H=U u-.
0 O
Then, the jointly—optimum G and R, satisfy

L

RZ: r
1 - U V* ) (14)
GR2: 0

where V is an arbitrary orthogonal matrix. Hence (14) defines a family of solutions which achieve

the same maximum channel block throughput given by

N
Ly (X;Y) = Nio log det(Iy +T2A)

N N
=1

The N elements of the diagonal matrix I', denoted by ~;, are computed using the well-known
water-pour procedure [5].

Proof : see [1].

Remark :

Note that we deliberately decouple the effects of the two linear matrix filters Réz and G be-
cause the first acts on the information symbols while the second acts on the guard symbols. This
decoupling is in contrast to the approach taken in [1] in which the two filtering effects are lumped
together. While the two approaches are equivalent when both G and R, are jointly optimized,
decoupling the two effects is critical when only one of the two filters is optimized, as described in

the next subsection.



HI-B. G Optimization for Fized R,

In many practical scenarios, joint optimization of G and R, might not be feasible. One example
is the scenario when the information symbols are correlated by passing them through a linear time-
invartant transmit filter to generate given desirable input spectral characteristics, making R, a
fized matrix. Another scenario is when the complexity of computing and implementing the jointly—
optimum G and R, (in the form of a precoder [1]) is too high. In such scenarios, optimizing G
only offers a good performance—complexity tradeoff and is summarized by the following result

Result 3

Define the matrix partitioning

(16)

HR-TH — [RH R12]

R, Ra

where Ry is the N x N leading submatrix of H*R!'H. Furthermore, define the following matrices

G, = Ry R,RL (17)
G = G+ Gy (18)
F = Iy+RLR'RL (19)
R* = R;,; - R;;R;,R}, (20)
F — R.FR.’ =R.' +R*. (21)

Then, maximizing the channel block throughput, as defined in (10), for a fired R, is achieved by

Gopt = G - GO
= Ungy, g Oux(N—u) } U% - Go, (22)

where Up,, and Uj are the modal matrices ' of the Hermitian matrices Ry, and F, respectively.

In other words

. .
Ry, = Ug,Xg, Uy, : ofsizerv xv

F = UpX;U} : ofsize N x N.

Moreover, the v elements of the diagonal matrix g in (22), denoted by o4, are computed as the

non—negative real roots of a cubic equation given in (45). Finally, the resulting maximized channel

1 N . . .
A modal matrix is a unitary matrix of eigenvectors.



block throughput is given by
N N v
(XYmoo = (D log(X(F)) + D _log(1 + oryi05.:05,)) (23)
N +v =1 =1 ' 7
where );(.) stands for the i"* eigenvalue and or; (1 <i < v)are the v smallest singular values >
of F.
Proof: see Appendix B.

HI-C. Special Case : General FIR Channels, White Input, and High SNR

At high SNR, Equation (10) simplifies to (after ignoring the (Iy +.) term and using the matrix
identity det(I+ AB) = det(I+ BA))

N * *p—1 IN
I(X;Y)highosnr A~ N+V10gdet(Rm[1N G |H RmH[ G ])

N
= 33 lomdet(Rz) +log det(| Iy G* |H'R;H

In
a ]))- (24)

It is clear from (24) that at high SNR, the second term dominates the first term. Hence, the effect
of optimizing R, on [(X;Y) becomes negligible. For analytical convenience, we assume white
input, i.e. we set R, = E.In, where F, is the input energy per dimension.

Therefore, for the white—input case at high SNR, maximizing /(X;Y), as defined in (9), becomes

equivalent to?
~ _1 IN
2 2 2
m(iaxlog |det(H)|* = m(gxlog |det(Rn.z H [ a ])| ) (25)

Define H = R,/ H [ H, H, ], where H; consists of the first N columns of H and H, consists

of its last v columns. Then, the optimization problem in (25) can be recast as follows *

mGaxlog |det(Iy + H; 'H,G)|? wf m(gxlog |det(Iy + HG)|? = méaxlog |det(1, + GH)|*,  (26)

subject to the average energy constraint in (13). For R,, = E,Iy, this constraint simplifies to

E:N + Ejtrace(GG*) = N + v

N
= trace(GG™) = tv

~N>0. (27)

xr

2F and Ry are Hermitian matrices, hence, their singular values are equal to their eigenvalues.
3For a complex matrix H, det(I:I*:) = (det(I:I:):)*.

. . —1 .
“H, is a square full-rank matrix, hence, H;  exists.



N+v

Note that this analysis includes zero—stuffing as a special case with G = 0,45 and E, =

o
Result 4
Define the singular value decomposition of the N x v matrix H
— def i1 Yu . (1) .
H = H; H;, =U;jg Vi =UYsVy, (28)
O(N—l/))(l/

(1)

where Vg is a v x v unitary matrix and U}’ consists of the first v columns of the N x N unitary

matrix Ug. Similarly, define the singular value decomposition of the v x N matrix G

G = UG 2]G OUX(N—U) Vg = UGEGVZ?(I) 3 (29)

(1)

where Ug is a v X v unitary matrix and V' consists of the first v columns of the N x N unitary
matrix V. Then, the optimum G that solves the channel block throughput maximization problem
in (26) satisfies the relations

Ug = Vg and VO =UY . (30)
Entries of the v x v diagonal matrix X5 are computed as the v non-negative real roots ® of the v

quadratic equations

aog 04 +aogi+og; =0 @ 1<i<v, (31)

where o, are the entries of the v x v diagonal matrix ¥z and a is a constant determined from

the average energy constraint in (27) which is equivalent to the constraint >°7_; O'éﬂ» = ]\EZ” — N.
Proof : see Appendix C.
Substituting (28) and (29) in (26), we get
max log |det(I, + GH)|> = max log |det(1, + Ugﬂgvgl)Ug)EHV}I)P (32)
= maxlog |det(L, + B3 V5 UsZe Ve URSE)P
— - . 2
— max Y log |1+ A (P (33)

=1

x 1
where we defined P % E%V%Ugﬂgvgl)Ug)E%.
The v xv matrix P is generally non-Hermitian, and hence its eigenvalues are complex in general.

(1) .

However, the optimum choice Ug = Vg and Vg) = U}’ in (30) makes P equal to the diagonal

matrix XX g whose v diagonal entries (which are also equal to its eigenvalues) are positive real

5Since the singular values of a matrix are non-negative real numbers by definition.
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numbers. This is intuitively appealing since it is clear that Equation (33) is maximized when the
eigenvalues of P are real valued.
Substituting (30) in (32) we arrive at the following equivalent but simplified optimization prob-

lem
mgxlog |det(I, + GH)|* = max log |det(L, + £6X7)|* = max »_log |1 + o¢,05.,]" (34)
oG =1 7

subject to the average energy constraint Y.\_, 02, = NE"'”

— N. Using standard Lagrange multiplier

techniques, it can be easily shown that the optimum og,; are computed from (31).

HI-D. Special Case : Two-Tap Channels, White Input, and High SNR

Another interesting special case is the two—tap dispersive channel with white input and noise
at high SNR with arbitrary blocklength N. Under these assumptions, the optimization problem in

(26) simplifies to
N+1 N
E, ’

where G is now a 1 x N row vector and H is an N x 1 column vector. Using the Cauchy-Schwartz

m(iaxlog 11+ Gf{|2 subject to GG = (35)

Inequality, the optimum G is given by

N+1 H*
Gopt = 1/( E+ — )H ol : assuming white input, high SNR, and v =1, (36)
where || . || denotes the Euclidean norm of a vector. The vector H = H;y'Hj can be expressed

directly in terms of the two channel impulse response coefficients hg and h; by using the upper—
triangular Toeplitz structure of the N x N matrix H; and the special form of Hy in this case,
namely, Hy = { 0 -~ 0 hy r (where (.)" denotes the transpose). More specifically, it is easy to
show that the i* element of H which we denote by H(i) is given by

hy

H(i) = (-D¥ (V™ s i=12, N (37)
0
We define R,,, = E,Iy = ﬁIN for the white input and noise case 6. Hence, a closed—form

expression for the maximum achievable channel block throughput in this case with G optimization

8This definition arises from our input energy constraint in (13) which constrains the average energy (per dimension) of the

information and guard symbols in each block to be equal to unity.
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is given by
—ta N _
I(X; Y)iié}f—SNR = v log |det( E,V SN RH, )det(In + HG)J?
N _
= N1 (log | .V SN Rho|*™ +1log |1 + GH|?) : since det(H,) = hY
v
N N+1 - .
= m(Nlog(SNREﬂhoP) + 2log(1 + {/( o N)|HY)) :using (36).
we define ¢ = |72| > 0, then 1t 1s easy to show using Kquation that
If we define a < 22| > 0, then it i how using Equation (37) th

I H |- a_N\/“;v__ll ifa#1
N VN fa=1

IV. RELATED ISSUES

IV-A. Connection with Vector Coding and Discrete Multitone

For white noise, Vector Coding (VC) [9] follows trivially as a special case * of the general
framework in (6) by setting the guard sequence to be the all-zeros sequence, i.e., G = 0,xy.

In Discrete Multitone (DMT)[12], the length—-r guard sequence is equal to the last v symbols of
the length—V information block, hence the name cyclic prefix. Therefore, DMT follows as a special
case of the general framework of this paper by setting G = | I, 0,,(n_y) } in (6). This particular
choice of guard sequence is by far the most popular in practice nowadays for two main reasons. First,
the cyclic prefix is independent of the channel characteristics which makes it attractive for scenarios
where channel knowledge is not available at the transmitter. Second, and more importantly, the
cyclic prefix guard sequence makes the equivalent channel matrix H circulant (assuming the noise
correlation matrix to be circulant also) and hence diagonalizable by the computationally—efficient
Fast Fourier Transform (FFT). Therefore, for scenarios where v < N, DMT is clearly the preferred
choice from an implementation point of view and results in negligible channel block throughput loss
from the optimum scheme, as will be shown in the simulation results of Section V. For both VC
and DMT, only R, needs to be optimized. This optimization is carried out using the water—pour

procedure [5].

"Note that only when the guard sequence is the all-zeros sequence as in vector coding, the receiver need not discard the
last v samples of the length—(N + v) received block since no IBI is present in them. While it can be shown that processing
these additional v samples does not improve the channel block throughput for white noise, the same result does not hold in

general for colored noise.
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IV-B. Optimized Short Guard Sequences

To reduce throughput loss due to guard sequence overhead, it might be desirable in some
transmission scenarios to use a short guard sequence, i.e., one whose length N is less than the

channel memory v. If we define the following column partitioning of the channel matrix H =

[ EI,L EE/ Ef/ ] and the submatrix H = { H, H, }, then it can be shown that the channel

N Ny (v-Np)
block throughput optimization problem in (11) becomes

G7R$$

x _ _ | 1 1
max log det(Iy + RZ [ Iy G* |H'RI’H [ N ] RZ,) .

The IBI-and—noise auto—correlation matrix R, is given by

where Hs = Hj { L_n, O(—_n,)x(N-v+N,) |- Hence, we can apply our previous results simply by

replacing R,,,, and H by R, and H, respectively.

IV-C. Receiver Performance

At the receiver end, the information block x4 n_1.% 1s estimated from the output block yrin_1.%
which is corrupted by channel dispersion and noise. A popular receiver structure is the linear
minimum-mean-square—error (MMSE) detector where a soft estimate of the input block is formed
by multiplying the output block by an N x N equalizer matrix W chosen such that the average
energy of the error vector between the input block and its estimate is minimized. Using basic
principles of linear estimation theory, the optimum equalizer matrix W,,; and the corresponding

optimum error auto—correlation matrix are given by [10]

Wopt - Rg_gle]r (38)
Ree,min = Rza; - R2$RQ_Z]1R§I = (R;; + I:I*ﬁ)_l ’ (39)

where Rj, = HR,, and the last line follows from Equations (6), (8), and the matrix inversion
lemma [10].

Result 5

Define the receiver SNR as SN R, cpr = det(Re_el’mmRm)% where N < N is the effective number

of input dimensions used for transmission and is equal to the number of non—zero eigenvalues in
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the optimized R,;. Then, the normalized channel block throughput (in bits/symbol) is given by

. o I(X;Y) N
IXY) = == =5+,

log SN Ry eur - (40)

Moreover, SN R,.,, = Hﬁl(l + 012,_7 Zafm)% where o . and o, ; are the singular values of H and R..,
respectively.

Proof: See Appendix D.

V. NUMERICAL RESULTS

We start by considering the dispersive channel (D) = 0.407 + 0.815D + 0.407D? (also studied

in [11]) and normalize its energy to 1. We assume N = 8, hence, the guard sequence overhead is

14

N = 20%. Furthermore, the noise is assumed white Gaussian; hence, R,, = %Iy where SNR

SNR

denotes the input SNR level. First, we compare the optimum transmission scheme of Section I11-A
with the white-input scheme (i.e. R,, = FE.Iy) at different input SNR levels. The performance
measure adopted is the normalized percentage throughput gain (NPTG) defined as

Lopt(X5Y) — L(X;Y)

NPTG =
L.(X;Y)

x 100 | (41)

where [,,(X;Y) denotes the channel block throughput of the transmission scheme xx under con-
sideration (i.e. xx could be white-input, DMT, or VC in this paper). Figure 2 shows that the
performance of the white-input scheme approaches that of the optimum scheme at moderate-to-
high input SNR levels, as expected. The performance advantage of the optimum scheme of Section
ITI-A over DMT and VC transmission schemes (with their R, optimized) is depicted in Figure 3 as
a function of the input SNR level. It is clear that optimization of G improves channel block through-
put at all input SNR levels. Since DMT and VC are special cases of the optimum scheme, they
are always inferior to it in throughput. However, the throughput gap between the three schemes
diminishes as the blocklength increases (at a fixed v), as shown in Figure 4.

For the remainder of this section, we investigate the effect of the channel characteristics on the
performance. We generate histograms of NPTG for 1000 random channel realizations. The channel
impulse responses are generated as FIR filters with (v+1) uncorrelated taps where each tap is a zero—
mean unit—variance complex Gaussian random variable. For each realization, the channel impulse
response energy is normalized to unity. In Figures 5-7, we plot NPTG of optimum scheme of Section

ITI-A over DMT for N = 8 and an input SNR of 15 dB. The channel memory takes the values 1,
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2, and 3, corresponding to a guard sequence overhead of 11.1%, 20%, and 27.3%, respectively. It
is clear from the figures that the optimum scheme of Section III-A always outperforms DMT and
the performance advantage increases as v increases (at a fixed N). Similar trends were observed
by comparing the optimum scheme with VC and are omitted here for brevity. Finally, we show
in Figure 8 the throughput improvement of the suboptimum scheme of Section I1I-B over DMT.
The R, used in both schemes is the optimum R, of DMT. Hence, the throughput gain observed
in Figure 8 is due to G optimization. Comparing Figures 6 and 8, we find that the suboptimum
scheme achieves an appreciable portion of the performance gain of the optimum scheme. Table I
summarizes the effect of N, v, and input SNR on the choice of R,, and G that maximizes the

channel block throughput.

VI. CONCLUSIONS

We showed that the block throughput of Gaussian—noise dispersive channels can be improved by
choosing the guard symbols to be an optimized linear combination of the information symbols within
each block. The throughput improvement becomes more appreciable for short-block transmission
over channels with long memory. Vector coding and discrete multitone transmission schemes were
shown to be special cases of the proposed optimum transmission scheme.
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APPENDIX
A. PROOF OF RESULT 1

To maximize [(X;Y) for the Gaussian—noise model in (3), the input vector X = Xj4ny_1.4 must
be Gaussian distributed [5] regardless of any further constraints on its components. In particular,
when the guard sequence is assumed to have the functional dependence xi_1.4—, = f(Xp+n-1:%),
then it must also be Gaussian distributed for /(X;Y) to be maximized. Now, assume that f(.) is
nonlinear. Recall that any Gaussian random vector is completely determined by its mean and auto—

. . . .. . ~ de f
correlation matrix. Therefore, xz_1.4—, is statistically equivalent to Xi—1.6—p = fiinear(Xksn—-1:%)
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where fiinear(.) is a linear function chosen such that the Gaussian random vectors xj_j.x—, and

Xk_1:k—, have the same mean and auto—correlation matrix. O

B. ProOF OF RESULT 3

Substituting (16) in (11), we get

log det(In + Riz [ Iy G } [ 11 12 ] [ N

RL)
R}, Ry G

= logdet(F + Rng*RQQGRggg) : where G and F are defined in (18) and (19), respectively

(
— log det(F) + log det(Iy + F3RZ,G* Ry GRZF~7)
— log det(F) + log det(I, + R;,GRLF'RLG*RE,)

(F) + log det (I, + R%GF_lé*R%) . where F is defined in (21) . (42)

Since F is a constant matrix, maximizing /(X;Y) is equivalent to maximizing the second term in
(42) which can be carried out as follows
logdet(L, + RLGF'G™RE,) = > log(l + 02(RL,GF %))
i=1
< Ylog(l+0F(Riy)o (G (F77))

i=1

= > log(l+ 032272-01;712.0%72.) , (43)

i=1
where the second-to-last line above follows by repeated application of Theorem (3.3.14) part (c)
in [7] with f(z) = log(1 + %) and o;(.) stands for the i"* singular value. Define the singular value
decomposition

G =Ug [ Y6 Ouxn-v) }Vé :

Then, it is straightforward to show that the maximum in (43) is achieved by setting
Uz =Ur, ; Ve=Up,

which is the same as (22). Finally, to compute o4 ;, the trace constraint in (13) is combined with
(18) resulting in the following quadratic-equation constraint on og,

14

Z(%’Uéi + biog; +¢i) = (N +v)—trace(Rey) , (44)

=1



16

where a;, b;, and ¢; are constants that depend on the matrices H, R,,, and R,,. Then, it is

straightforward to show (

using Lagrange multiplier technique) that maximizing (43) with respect

to o5, subject to the quadratic-equation constraint in (44) results in the following cubic equation

nog,

def —
where k; = OR,, 05,

ki
2(!2']@'0'%72» + Z)ZICZ(J'%72 + 2(@2 + X)Ué’i + bZ =0 5 (45)

! and X is a Lagrange constant computed from the trace constraint in (44). O

C. ProOOF OF RESULT 4

Starting with the right handside of (26), we have the following inequalities

log |det(1, + GH)/|?

= log [] |1 + \:(GH)|?

=1

< 2log f[(1 + | X (GH)|)

< 2log ﬁ(l + 0;,(GH)) : using (3.3.23) of [7]
< 2log f[(l + 0;,(G)o;(H))

(using Theorem (3.3.14) part (c) in [7] with f(z) = log(1 + z))
de f

= > log(l +o0g,05,)".0

=1

D. PROOF OF RESULT 5

Starting from Equation (9), we have

(x;vy) @

where SN R, cor e/ det(R

I1(X:Y 1 P
( Z\} ) =N log det((R;,} + H*H)R,.,) : in bits/symbol (46)
N1 log det(Re_;mmRm)% : using Equation (39) (47)
log SN R,cor 48
N+ v °8 (48)

ee,min

—1 Rm)% is the geomelric average of the SNR’s in estimating Xz n_1.%
)

from yrin—-1.6. We can see from (48) that maximizing /(X;Y) is equivalent to maximizing SN R, c,»
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at the receiver. Now, when R,, and G are optimized to maximize /(X;Y) as shown in Subsection

ITI-A, we get

I(X;Y)op = N+ log(Iy + £222)%

N
= log H 1—|—O‘H20'1,Z )% ) (49)

Comparing (49) with (47), we can relate the receiver performance measure SN R, to the eigen-

values of the equivalent channel matrix and the input auto-correlation matrix as follows

=

SN Ryepr = ([T + 0% ,02)) 7 . O (50)

Il
—

k3
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0.1 <% <1 0<+<0.1
Low SNR joint Ryy and G set G=1, 0,,v_, | asin DMT
optimization as in Sec. III-A | optimize R,, using water—pour procedure [5]
High SNR set Ry = Foly set G= |1, 0,y | asin DMT

optimize G as in Sec. I1I-C

set R, = E, 1IN

Table 1. Effect of System Parameters on Choice of R;; and G

19
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Guard Data Guard Data Guard Data
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| - - i | | — I time
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k=14(N +v) where k =0,1,2,---

Fig. 1. Role of Guard Sequence in Block Transmission Systems
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h(D)=0.407+0.81 5D+0.407D2, N=8, nu=2
18 T T T T T T T

16 -

14} .

Joint Rxx and G optimization versus

Optimization-of G only assuming white input

10

Normalized Percentage Throughput Gain

0 I I I I I I I
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Input SNR (dB)

Fig. 2. Normalized Percentage Throughput Gain of the Optimum Scheme of Section ITI-A over the White-Input
Scheme (Ryy; = FpIn) at Different Input SNR Levels



h(D)=0.407+0.815D+0.407D"2 , N=8, nu=2
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Fig. 3. Normalized Percentage Throughput Gain of Optimum Scheme of Section III-A over VC and DMT
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h(D)=0.407+0.815D+0.407D"2 , nu =2, Input SNR = 15 dB
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—— Gain over DMT
— - Gain over VC

35
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15

Normalized Percentage Throughput Gain

10
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Block Length (N)

Fig. 4. Normalized Percentage Throughput Gain of Optimum Scheme of Section III-A over VC and DMT as a
Function of Block Length
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1000 Channel Realizations, N=8, nu=1, SNR=15 dB
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Fig. 5. Normalized Percentage Throughput Gain of Optimum Scheme of Section III-A over DMT for v =1, N = 8§,
and SNR =15dB



1000 Channel Realizations, N=8, nu=2, SNR=15 dB
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Fig. 6. Normalized Percentage Throughput Gain of Optimum Scheme of Section I1I-A over DMT for v = 2, N
and SNR =15dB
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1000 Channel Realizations, N=8, nu=3, SNR=15 dB
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mean = 12.86%
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Fig. 7. Normalized Percentage Throughput Gain of Optimum Scheme of Section ITI-A over DMT for v = 3, N = 8§,
and SNR =15dB
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1000 Channel Realizations, N=8, nu=2, SNR=15 dB
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Fig. 8. Normalized Percentage Throughput Gain of Suboptimum Scheme of Section III-B over DMT for v = 2,
N =8, and SNR = 15 dB. Both Schemes Use the Optimum R, of DMT



