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The problem of minimizing average inventory costs in a distribution system consisting of one warehouse and multiple retailers subject
to fill rate service constraints is studied. An effective algorithm to evaluate the optimal base-stock policy and cost under local control
is provided. Properties of the optimal base-stock levels at each location are established. In addition, heuristics and closed-form
approximations that yield insights into the drivers of system performance are also provided. An extensive numerical study to gain
insight into the optimal solution, stock positioning and when to use the heuristics and approximations is presented. An example of
how logistics postponement and fill-rate constraints affect the distribution system’s performance is quantified. A discussion on how
to study and allocate stocks across an arborescence system with more than two echelons is presented.
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1. Introduction and literature review

Designing efficient distribution systems to meet uncertain
customer demand while minimizing inventory holding cost
and satisfying service requirements is a fundamental opera-
tions management problem. Managers often use customer
fill rate as their number-one metric for inventory manage-
ment (Chain Store Age, 2002). Estimating the costs asso-
ciated with backordering and loss of customer goodwill is
also difficult. Hence, service-constrained inventory prob-
lems receive considerable attention. Muckstadt (2000) and
Cohen et al. (2003) provide various examples from semi-
conductor to military supply chains to illustrate the impor-
tance of multi-echelon inventory control subject to service
constraints.

Consider a distribution system in which items arrive first
to the warehouse. The warehouse replenishes multiple re-
tailers. Demands are stochastic and occur at the retailers.
Unmet demands are backordered. Inventory in each loca-
tion is reviewed continuously and managed locally. Each
shipment requires a lead time but no fixed costs. Each lo-
cation incurs a holding cost per product inventory. The re-
tailers are subject to fill-rate-type service level constraints,
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e.g., the fraction of demand for a particular product met
from its on-hand inventory. The objective is to minimize
the total average holding cost subject to these fill rate con-
straints. This distribution system structure is fundamen-
tal to many supply chains. For example, the GM service
parts distribution center manages 4000 000 parts for over
8000 dealers. Cohen et al. (2003) provide the example of
Teradyne, a semiconductor equipment manufacturer. The
company manages 10 000 different types of spare parts.
For such two-level distribution systems, continuous-review
base-stock policy with local control is known to be an ef-
fective control policy (Gallego et al., 2007). In particular,
each location monitors its own inventory position. The re-
tailers order replenishments from the warehouse, following
base-stock policies. The warehouse fills these requests on
a first-come first-served basis. The warehouse orders from
the outside source, following a base-stock policy.

In this paper we first provide an efficient algorithm to
compute optimal base-stock levels and costs for two-level
distribution systems under local control. We also estab-
lish monotonicity results and bounds on the optimal base-
stock levels. These results help improve the efficiency of
the algorithm. Next we develop two heuristics and two ap-
proximations that are inspired by recent developments in
the literature. The computational method used for the op-
timization algorithm is intricate, and requires time, data
and advanced knowledge. Some of our heuristics and ap-
proximations, however, call for solving newsvendor-type
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1142 Özer and Xiong

problems per stage and are easy to compute and describe.
They provide simple and transparent formulae that shed
light on the relationship among service levels, costs and
base-stock levels. With an extensive numerical study, we
evaluate the performance of the heuristics. We also show
that the approximations accurately reflect the sensitivity of
the system behavior to changes in the system parameters.
Using these methods, we provide insights into stock posi-
tioning and quantify, for example, how logistics postpone-
ment and fill rates affect the distribution system’s perfor-
mance. Later in Section 6 we discuss explicitly when to use
each of these methods and how they can collectively enable
better inventory management. We also discuss how to allo-
cate stocks across an arborescence system with more than
two echelons.

Since the 1970s two streams of inventory research have
evolved: backorder cost and service-constrained inventory
problems. Axsäter (1993) and Federgruen (1993) provide a
comprehensive review of the earlier backorder cost inven-
tory models. Diks et al. (1996) provide a comprehensive
review of the service-constrained inventory models.1 Re-
searchers have been studying service-constrained and back-
order cost models separately for two reasons: First, the
service constrained systems have significant practical rel-
evance; yet they are computationally and analytically dif-
ficult systems to solve. Second, an obvious one-to-one re-
lationship between the two does not exist for multi-echelon
inventory systems. However, these two streams of research
are related in that advances in one stream of research can
help develop solutions for the other. For a recent survey,
we refer the reader to Özer (2006). Next we briefly review
the literature on service-constrained models and provide
passing reference to their counterparts in the backorder
cost model literature. We focus primarily on papers that de-
velop heuristic and approximate solutions for one-for-one,
continuous-review, multi-location inventory replenishment
policies, which are often used for spare parts distribution.
Muckstadt (2000) and Zipkin (2000) provide several moti-
vations for this class of problems.

A group of researchers study multiple locations in which
only the last location faces a service constraint. Boyaci and
Gallego (2001) and Axsäter (2003a) develop optimal algo-
rithms to determine effective base-stock levels for a serial
system. These algorithms are computationally complex for
a system with more than two stages. Hence, Boyaci and Gal-
lego (2001) provide efficient heuristics and Shang and Song
(2006) provide closed-form approximations. Sobel (2003)
presents formulas for the fill rate of a periodic-review serial
system that follows base-stock policies. Cohen et al. (1989),
and Cheng et al. (2002) consider assembly systems. They
provide algorithms and approximations that are used to

1In addition to these two streams of research, there is another
stream of research based on guaranteed service that does not
trade-off backorder costs or service requirement with holding
costs (Graves and Willems, 2000).

allocate inventory across the systems to satisfy the service
constraints for the final products. Several authors study se-
rial systems with backorder costs and provide algorithms to
obtain optimal policy parameters for this system (Clark and
Scarf, 1960; Chen and Zheng, 1994; Gallego and Zipkin,
1999). Gallego and Zipkin (1999) also provide effective
heuristics. Recently, Gallego and Özer (2005) provide a new
formulation based on the cost of subsystems with fewer
stages. They provide a heuristic and closed-form solutions
that require solving one newsvendor problem per stage to
effectively allocate inventory across a serial system. See also
Shang and Song (2003) and Watson and Zheng (2005).

Relatively little work exists on distribution systems sub-
ject to service constraints at various demand points. Rosen-
baum (1981) provides one of the earliest works. She devel-
ops a heuristic to determine the service level a customer
receives given a combination of warehouse and retailer ser-
vice levels. Schwarz et al. (1985) approximate the retailer
fill rates and expected warehouse delay and maximize sys-
tem fill rate subject to an investment constraint on system
safety stock. In contrast to service-constrained problems,
several authors study distribution systems with backorder
costs under local control. The literature starts with the sem-
inal paper of Sherbrooke (1968), who introduces the MET-
RIC methodology. Muckstadt (1973) develops the MOD-
METRIC methodology to incorporate multi-indenture sys-
tems. Several other researchers also provide optimal, heuris-
tic and approximate solutions for these systems (Graves,
1985; Axsäter, 1990; 2003b; Gallego et al., 2007, and ref-
erences therein). Also another group of researchers study
the distributions systems under central control, in which
the warehouse allocates shipments based on retailers’ in-
ventory positions (see, Federgruen and Zipkin, 1984; Özer,
2003; Gallego et al., 2007, and references therein).

In Fig. 1, we classify some of the multi-echelon inventory
research. The present paper falls into the fourth quadrant,
representing papers in distribution systems subject to ser-
vice constraints.

The rest of the paper is organized as follows. In Sec-
tion 2, we describe the model, characterize some properties
of the optimal base-stock levels and propose an algorithm
to obtain them. In Section 3 and Section 4, we propose
heuristics and approximations for the base-stock levels and
the expected cost of managing the system. In Section 5, we
conduct an extensive numerical study. In Section 6, we draw
conclusions.

2. The model

We consider a distribution system with a warehouse replen-
ishing J retailers. The warehouse is indexed by j = 0, and
the retailers are indexed by j = {1, . . . , J}. All locations are
allowed to carry inventory. The local holding cost at retailer
j is hj per unit of on-hand inventory. Due to value-added
operations, holding inventory at the retailers is more expen-
sive than holding it in the warehouse; i.e., hj ≥ h0. Stochastic
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Stock positioning for distribution systems 1143

Backorder-Cost Inventory Models Service-Constrained Inventory Models
Serial and Assembly Systems (Single Demand Point)

Clark and Scarf (1960), Axsater and Rosling

(1993), Chen and Zheng (1994), Glasserman and

Tayur (1996), Gallego and Zipkin (1999), Shang

and Song (2003), Gallego and Özer (2005),

Watson and Zheng (2005).

Cohen, Kleindorfer, Lee (1989), van Houtum and

Zijm (2000), Boyaci and Gallego (2001), Cheng

et al. (2002), Sobel (2003), Axsater (2003a),

Shang and Song (2006).

Distribution Systems (Multiple Demand Points)

Sherbrooke (1968), Muckstadt (1973), Axsater

(1990, 2003b), Graves (1985, 1996), Federgruen

and Zipkin (1984), Lee Billington, Carter (1993),

Aviv and Federgruen (2001), Özer (2003), Axsater

(2003a), Gallego, Özer, Zipkin (2007).

Rosenbaum (1981), Schwartz et al. (1985).

Fig. 1. Representative multi-echelon inventory models.

demands arrive at the retailers. Demand is satisfied through
on-hand inventory, if there is any. Otherwise, unsatisfied
demand is backordered at each location. Only the retailers
are subject to service level constraints. Inventory is reviewed
and replenished continuously. Each location follows a local
base-stock policy. The warehouse replenishes from a source
with ample supply. Whenever the inventory position2 at lo-
cation j ≥ 0 falls below sj, each location orders from its
immediate upstream location to bring its inventory posi-
tion back to sj. The warehouse satisfies retailers’ orders on
a first-come first-served basis. Shipments from an upstream
location arrive at the downstream location after time Lj. De-
mand at each retailer j is independent and follows a Poisson
process {Dj(t), t ≥ 0} with rate λj. Hence, the warehouse’s
demand process is Poisson with rate λ0 = ∑

j>0 λj.
The state of this system is defined by the stochastic pro-

cesses {Bj(t), t ≥ 0}, the backorders, and by {Ij(t), t ≥ 0},
the on-hand inventory at each location j = {0, . . . , J}. We
let {B0j(t), t ≥ 0} denote the stochastic process describing
the number of backorders for retailer j at the warehouse.
Under the Poisson demand arrival assumption, the limit-
ing distribution for these processes exists. Following a top-
down approach, in equilibrium, we have:

B0 = [D0 − s0]+, I0 = [s0 − D0]+,

Bj = [(B0j(s0) + Dj) − sj]+, Ij = [sj − (B0j(s0) + Dj)]+,

where D0 and Dj are lead time demand at the warehouse
and retailer j. B0j + Dj can be interpreted as the effective
demand at retailer j. Because B0j and Dj are independent,
B0j | B0 is binomial with parameters B0 and θj ≡ λj/λ0. We
obtain the distribution of B0j by binomial disaggregation;
that is

Pr(B0j(s0) = n) =
∞∑

m=n

(
m
n

)
(θj)

n(1 − θj)m−nPr(B0 = m),

where B0 has a truncated Poisson distribution.

2Inventory position equals on-hand inventory plus inventory on
order minus inventory backorders.

The objective is to minimize the total average inventory
holding cost subject to fill rate constraints:

min
s0,s1,...,sJ

h0E[s0 − D0]+ +
∑
j>0

hjE[sj − (B0j(s0) + Dj)]+,

subject to

Pr(B0j(s0) + Dj < sj) ≥ βj, ∀j ∈ {1, . . . , J}. (1)

Here, βj represents a pre-specified fill rate for retailer j. We
omit the pipeline inventory holding cost because it is the
constant h0

∑
j>0 λjLj. Given a base-stock level s0, one can

obtain the distribution of B0j. The distribution system then
separates into J single location problems subject to the ser-
vice level constraints. For all j ∈ {1, . . . , J},

min
sj

hjE[sj − (B0j(s0) + Dj)]+,

subject to

Pr(B0j(s0) + Dj < sj) ≥ βj.

The optimal base-stock level at retailer j is the smallest one
that satisfies its service level constraint:

s∗
j (s0) ≡ min{sj : Pr(B0j(s0) + Dj < sj) ≥ βj}. (2)

2.1. Properties of optimal base-stock levels

Here we characterize some bounds on the optimal base-
stock levels. These bounds help develop a computationally
efficient algorithm and heuristic to obtain the optimal cost
and base-stock levels at each location. We defer all proofs
and auxiliary results to Appendix A.

First, we define two extreme base-stock levels at the retail-
ers. Let sl

j denote the minimum base-stock level necessary
to satisfy the fill rate at retailer j when the warehouse has
infinite supply:

sl
j ≡ s∗

j (∞) ≡ min{sj : Pr(Dj < sj) ≥ βj}. (3)
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1144 Özer and Xiong

Similarly, su
j is the minimum base-stock level necessary to

satisfy the fill rate at retailer j when the warehouse holds
zero inventory:

su
j ≡ s∗

j (0) ≡ min{sj : Pr(B0j(0) + Dj < sj) ≥ βj}, (4)

where B0j(0) is Poisson with mean λjL0.
Hence, B0j(0) + Dj has Poisson distribution with mean

λj(L0 + Lj). Finally, we define:

s∗
0 (s1, . . . , sJ) = min{s0 : Pr(B0j(s0)+Dj<sj) ≥ βj, ∀j > 0}.

(5)
We have the following properties and bounds for the op-

timal base-stock levels.

Proposition 1. For all j ≥ 1, we have

1. s∗
0 (s1, . . . , sj + 1, . . . , sJ) ≤ s∗

0 (s1, . . . , sj, . . . , sJ).
2. s∗

j (s0 + 1) ≤ s∗
j (s0),

3. sl
j ≤ s∗

j (s∗
0 ) ≤ su

j ,

4. s∗
j (s0) ≤ s∗

j (s0 + 1) + 1.
5. For the warehouse, we have s∗

0 ≤ su
0 , where:

su
0 ≡ min

{
s0 : Pr

(
B0j(s0) + Dj < sl

j

) ≥ βj, ∀j > 0
}
. (6)

2.2. An algorithm to compute optimal solution

Let c∗ be the optimal total average holding cost and s∗ =
(s∗

0 , s∗
1 , . . . , s∗

J ) be the corresponding base-stock levels; i.e.,
solution to the problem in Equation (1). The following al-
gorithm is used to obtain c∗ and s∗:

SET c∗ = large number
FOR s0 = 0 to su

0
SET c ← h0E[I0]
FOR j = 1, . . . , J

s∗
j (s0) ← min{sj ∈ [sl

j , s∗
j (s0 − 1)]:

Pr(B0j(s0) + Dj < sj) ≥ βj}
c ← c + hjE[s∗

j (s0) − (B0j(s0) + Dj)]+

END
IF c∗ > c THEN c∗ ← c; s∗

0 ← s0; s∗
j ← s∗

j (s0)
END

The computational complexity of this algorithm is O(J2)
because the algorithm requires J convolutions to compute
B0j for each base-stock level s0, and the search over this
base-stock level is also proportional to J. Proposition 1 im-
proves the computational efficiency of the above algorithm
by limiting the search for the optimal base-stock levels. The
objective function is not convex in s0. Hence, without an
upper bound on the warehouse base-stock level, we are un-
aware of a method that can be used to obtain a solution to
the optimization problem in Equation (1). These bounds on
optimal base-stock levels are reasonably tight. We discuss
more on their performance in Section 5.

2.3. Connection with the backorder cost model

The backorder cost models are closely related to the
service-constrained models. For a single location prob-
lem with holding cost h, the backorder cost b, and
random demand D, the objective is to minimize the
newsvendor cost; i.e., mins hE[s − D]+ + bE[s − D]−. We
have s∗ ≡ min{s : C(s + 1) − C(s) ≥ 0} = min{s : Pr(D <

s + 1) ≥ b/(b + h)}. Hence, a service-constrained single-
location model can be equivalently written as a backorder
cost model by setting the penalty cost b = (β/(1 − β))h.
For multi-location inventory systems, however, such a re-
lationship does not exist (see Boyaci and Gallego (2001)
for serial systems and Van Houtum and Zijm (2000) for
general inventory systems). Nevertheless, given the obser-
vation for single-location problems, one plausible approach
that might be considered is to set the backorder cost bj at
retailer j as bj = (βj/(1 − βj))/hj and convert the service
constraints to backorder costs at the retailers and solve the
backorder cost model:

min
s0,s1,...,sj

h0E[s0 − D0]+ +
∑
j>0

hjE[sj − (B0j(s0) + Dj)]+

+
∑
j>0

bjE[(B0j(s0) + Dj) − sj]+.

We refer to this approach as the backorder cost method.
An efficient algorithm for solving this backorder cost prob-
lem is given by Graves (1985) and Axsäter (1990). We con-
ducted an extensive numerical study to test the perfor-
mance of these heuristics. The specific results are listed in
the Appendix. Here we highlight two important observa-
tions and shortcomings with the backorder cost method.
First, this method leads to insufficient fill rates and hence
infeasible solutions in the majority of the numerical exper-
iments. Second, even when this approach provides feasible
solutions, it results in significantly higher inventory costs.
Hence, the backorder cost method is not appropriate for
service-constrained distribution systems. In other words,
these observations also support the need for developing
and testing methodologies to allocate inventory across a
distribution system subject to service constraints.

3. Heuristics

Next we present heuristics and approximations for the op-
timization problem in Equation (1). The heuristics provide
efficient computational methods to obtain close-to-optimal
and feasible solutions. On the other hand, the approxima-
tions yield closed-form expressions using less data than the
optimization algorithm. They enable us to carry out sim-
ple yet accurate analyses to study the effect of system design
parameters on the optimal cost and policy. Both the heuris-
tics and approximations are easier to compute than the op-
timization algorithm. We start by presenting two heuristics
followed by two approximations.
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Stock positioning for distribution systems 1145

3.1. Triple-search heuristic (TSH)

This heuristic considers three feasible solutions to allocate
base-stock levels to each locations and chooses the one that
yields the lowest cost. The first feasible solution is obtained
by setting s0 = 0. Recall from the discussion after Equa-
tion (4) that B0j(0) + Dj has a Poisson distribution with
mean λj(L0 + Lj). Hence, the resulting single-location op-
timization problems are of the newsvendor type. Their so-
lutions yield the base-stock levels at the retailers. Note that
this feasible solution stocks all inventory at the retailers and
no inventory at the warehouse. The second feasible solution
is obtained by setting s0 = E[D0]. This solution allocates
zero safety stock to the warehouse and simply keeps enough
inventory to satisfy the expected total replenishment orders
from all retailers.3 The third feasible solution is obtained
by setting s0 = su

0 , which is defined in Equation (6). Recall
from Proposition 1 part 5 that this base-stock level is the
maximum quantity ever needed at the warehouse. In other
words, this third feasible solution allocates the maximum
inventory to the warehouse and the minimum necessary in-
ventory to the retailers to satisfy the fill rate requirements.4

One can consider each of the above three feasible solu-
tions to be a heuristic on its own. However, our numeri-
cal study shows that these individual feasible solutions do
not always perform well. It is the overall heuristic (TSH)
that performs very well. The TSH requires one convolution
per retailer due to the second feasible allocation. Hence, its
computational complexity is O(J).

3.2. Newsvendor heuristic (NVH)

This heuristic allocates inventory to all locations by solving
newsvendor-type problems. To do so, we first decompose
the distribution system into J two-location serial systems
by restricting the warehouse to keep separate safety stocks
for each retailer. We let D0j and s0j denote the demand and
the base-stock level at the subwarehouse in the resulting jth
two-location serial system. Next, we define a backorder cost
bj ≡ hjβj/(1 − βj) for each retailer j and convert the two-
location serial systems with service constraints into those
with backorder costs at the retailers. We obtain the opti-
mal echelon base-stock levels for the serial systems by solv-
ing the following recursive algorithm (Gallego and Zipkin,
1999):

Cj(s) = E{(hj − h0)(s − Dj)+ + (bj + h0)(s − Dj)−]}, (7)
se

j ≡ arg min
s

Cj(s),

C0j(s) = E
{
h0(s − D0j)+ + Cj

(
min

[
s − D0j, se

j

])}
, (8)

se∗
0j ≡ arg min

s
C0j(s).

3Graves (1996) suggests allocating most of the safety stock at the
retailers. However, he does not test its performance.
4Gallego et al. (2007) propose a similar method for the backorder
cost model.

The last location’s optimal echelon base-stock level is ob-
tained by solving the newsvendor problem in Equation (7).
However, obtaining the upstream location’s echelon op-
timal base-stock level requires one to solve the recursive
equation in Equation (8). Instead, we solve a newsvendor-
type problem. To do so, instead of charging the holding
cost rate h0 to excess inventory in the first stage and adding
the cost of the second stage Cj, we charge the approximate
holding cost rate:

h0j ≡ L0

L0 + Lj
h0 + Lj

L0 + Lj
hj.

This idea is based on adding the holding cost as the product
goes through the warehouse and the retailer without delay
and then dividing by the total time that it spends in the
system before reaching the end customer. We charge this
approximate holding cost to any excess inventory in the
upstream echelon that faces demand uncertainty over the
lead time L0 + Lj, and the penalty cost bj to the warehouse.
These weights are known to perform very well for serial
systems with backorder costs (Gallego and Özer, 2005). The
resulting problem has the following newsvendor-type cost
structure:

C̃0j(s) = min
s

E[h0j(s − D̃j)+ + bj(s − D̃j)−], (9)

se
0j ≡ arg min

s
C̃0j(s)= min

{
s : Pr(D̃j < s) ≥ bj

bj + h0j

}
,

(10)

where D̃j is Poisson with rate λj(L0 + Lj). Substituting bj
and h0j we obtain:

se
j = min

{
s : Pr(Dj < s) ≥ 1 − 1 − βj

1 + (h0/(hj − h0))

}
,

(11)
and

se
0j = min

{
s : Pr(D̃j < s)

≥ 1
1+((1/βj) − 1)(1 − L0/(L0 + Lj) × 1/(1 + h0/(hj − h0)))

}
.

(12)

Given these echelon base-stock levels, one can obtain
the local base-stock levels5 at the subwarehouse j as s0j =
max(se

0j − se
j , 0). Similarly, the base-stock level at retailer j

is sNVH
j = min(se

0j, se
j ).

In summary, the newsvendor heuristic sets the warehouse
base-stock level as sNVH

0 = ∑
j>0 s0j and the retailer base-

stock levels as sNVH
j . Note that the base-stock levels sNVH

j
are solutions of simple newsvendor problems. Hence, the
heuristic can be implemented with a simple spreadsheet.

5See, for example, Chen and Zheng (1994) for a discussion of local
and echelon base-stock polices for a serial system.
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1146 Özer and Xiong

We have the following result showing that the NVH allo-
cates some safety stock to retailers to hedge against possible
inventory shortage at the warehouse.

Proposition 2. sNVH
j ≥ sl

j for j > 0.

4. Approximations

Next we provide two approximations that yield closed-form
solutions for the base-stock levels and cost. The approxi-
mations do not require the user to know anything about
convolutions, optimization or the Poisson distribution. The
only advanced knowledge required to obtain these results is
the concept of the “bell-shaped” demand distribution (nor-
mal distribution), which is taught in any level operations
courses. The approximations reveal in a transparent way
how stock positioning in a distribution system is affected
by system parameters. They enable us to quantify the effect
of changes in parameters on the system performance.

4.1. Newsvendor approximation (NVA)

We simplify the newsvendor heuristic by approximating de-
mand at each retailer with a normal distribution. In partic-
ular, we approximate Dj in Equation (7) with a normal dis-
tribution having mean λjLj and standard deviation

√
λjLj

to obtain the following echelon base-stock level at retailer
j:

sNe
j = λjLj + �−1

(
1 − 1 − βj

1 + (h0/(hj − h0))

) √
λjLj. (13)

Similarly, we approximate D̃j in Equation (9) with a normal
distribution having mean λj(L0 + Lj) and standard devia-
tion

√
λj(L0 + Lj) to obtain the echelon base-stock level at

subwarehouse j:

sNe
0j = λj(L0 + Lj) + �−1

([
1 +

(
1
βj

− 1
)

(14)

×
(

1 − L0

L0 + Lj

1
1 + (h0/(hj − h0))

)]−1)√
λj(L0 + Lj).

The resulting total average inventory holding cost for the
distribution system is

c =
∑
j>0

[
1

1 − βj
hj − L0

L0 + Lj
(hj − h0)

]
φ(zj)

√
λj(L0 + Lj),

(15)
where

zj = �−1
([

1 +
(

1
βj

− 1
)

×
(

1 − L0

L0 + Lj

1
1 + (h0/(hj − h0))

)]−1)
.

The approximate local base-stock level at the ware-
house is sNVA

0 = ∑
j>0 max(sNe

0j − sNe
j , 0). The local base-

stock level at retailer j is sNVA
j = min(sNe

0j , sNe
j ).

4.2. Distribution-free approximation (DFA)

We set bj = hjβj/(1 − βj) for j > 0 and b0 = ∑J
j=1 θjbj. We

model the warehouse as a single location with Poisson de-
mand of rate λ0L0, unit overage cost h0 and unit underage
cost b0. Similarly, we model retailer j as a single location
with Poisson demand of rate λjLj, unit overage cost hj and
unit underage cost bj. Applying a distribution-free bound
(Gallego and Moon, 1993) to these single-location prob-
lems, we obtain closed-form expressions for the base-stock
levels at each location:

sj = λjLj + 1
2

√
λjLj

(√
βj

1 − βj
−

√
1
βj

− 1

)
for j > 0,

s0 = λ0L0 + 1
2

√
λ0L0

⎛
⎝

√
b0

h0
−

√
h0

b0

⎞
⎠ .

Furthermore, we obtain a closed-form solution for the total
average holding cost:

c∗ =
√

λ0L0

√√√√h0

J∑
j=1

θjhj
βj

1 − βj
+

∑
j>0

hj
√

λjLj

√
βj

1 − βj
.

Note that none of the above equations require one to esti-
mate demand distributions. Hence, it is robust as compared
to the newsvendor approximation. However, it is not as ac-
curate as the newsvendor approximation in estimating the
effects of system parameters on the base-stock levels as we
discuss in the following section.

5. Numerical study

We report the performance of the heuristics and approxi-
mations and provide insights into stock positioning issues.
We test the heuristics for 530 problem instances that cover
all cases critical for a distribution system, such as balanced
and imbalanced system, short and long lead times, low and
high holding costs and low and high customer service levels.

5.1. Performance of heuristics

We compare the optimal solution to those of our heuris-
tics and report the percentage error εi% = (ci − c∗)/c∗ for
i = {TSH, NVH}. To do so, we study three sets of experi-
ments with hj = 1 for j > 0. In the first set of experiments,
the retailers are identical, hence, the system is balanced.
Within this group, we consider L0 ∈ {0.10, 0.90} with Lj =
1 − L0 for j > 0 to address systems with different degrees
of risk pooling at the warehouse. The 80 instances include
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Stock positioning for distribution systems 1147

Table 1. Comparison of the optimal and heuristic solutions: identical retailer cases with λ0 = 16

L0 = 0.1, Lj = 0.9 L0 = 0.9, Lj = 0.1

Optimal TSH NVH Optimal TSH NVH

J s0, sj c∗ s0, sj cTSH(†) % s0, sj cNVH % s0, sj c∗ s0, sj cTSH(†) % s0, sj cNVH %

2 1,12 9.04 1,12 9.04 (2)† 0.00 2,12 9.64 6.64 18,3 5.32 18,3 5.32(3) 0.00 22,3 6.68 25.56
4 1,7 13.12 1,7 13.12(2) 0.00 0,8 16.13 22.94 18,2 7.32 18,2 7.32(3) 0.00 28,2 10.51 43.58
8 0,5 24.18 0,5 24.18(1) 0.00 0,5 24.18 0.00 13,2 12.61 13,2 12.61(3) 0.00 32,2 19.69 56.15
16 0,3 32.37 0,3 32.37(1) 0.00 0,3 32.37 0.00 21,1 16.41 21,1 16.41(3) 0.00 32,2 35.68 117.43
32 0,2 48.52 0,2 48.52(1) 0.00 0,2 48.52 0.00 14,1 29.31 14,1 29.31(3) 0.00 64,1 45.32 54.62

βj = 90%, h0 = 0.3
2 1,12 9.17 1,12 9.17(2) 0.00 0,13 10.13 10.47 15,4 6.98 18,3 7.71(3) 10.46 18,4 9.64 38.11
4 1,7 13.24 1,7 13.24(2) 0.00 0,8 16.13 21.83 18,2 9.71 18,2 9.71(3) 0.00 20,3 15.44 59.01
8 0,5 24.18 0,5 24.18(1) 0.00 0,5 24.18 0.00 13,2 13.14 13,2 13.14(3) 0.00 16,3 23.77 80.90
16 0,3 32.37 0,3 32.37(1) 0.00 0,3 32.37 0.00 21,1 20.42 21,1 20.42(3) 0.00 16,2 31.78 55.63
32 0,2 48.52 0,2 48.52(1) 0.00 0,2 48.52 0.00 14,1 30.09 14,1 30.09(2) 0.00 0,2 48.52 61.25

βj = 90%, h0 = 0.9
2 1,14 12.9 1,14 12.9(2) 0.00 2,14 13.52 4.81 19,4 7.63 19,4 7.63(3) 0.00 24,4 9.27 21.49
4 0,9 20.05 0,9 20.05(1) 0.00 0,9 20.05 0.00 18,3 11.24 18,3 11.24(3) 0.00 28,3 14.48 28.83
8 0,6 32.05 0,6 32.05(1) 0.00 0,6 32.05 0.00 19,2 15.64 19,2 15.64(3) 0.00 32,3 27.68 76.98
16 0,4 48.07 0,4 48.07(1) 0.00 0,4 48.07 0.00 14,2 29.13 14,2 29.13(2) 0.00 48,2 40.48 38.96
32 0,3 80.06 0,3 80.06(1) 0.00 0,3 80.06 0.00 9,2 57.01 9,2 57.01(3) 0.00 64,2 77.28 35.56

βj = 97.5%, h0 = 0.3
2 1,14 13.02 1,14 13.02(2) 0.00 0,15 14.03 7.76 19,4 10.54 19,4 10.54(3) 0.00 20,5 13.43 27.42
4 0,9 20.05 0,9 20.05(1) 0.00 0,9 20.05 0.00 18,3 13.63 18,3 13.63(3) 0.00 20,4 19.43 42.55
8 0,6 32.05 0,6 32.05(1) 0.00 0,6 32.05 0.00 19,2 18.54 19,2 18.54(3) 0.00 24,3 31.04 67.42
16 0,4 48.07 0,4 48.07(1) 0.00 0,4 48.07 0.00 14,2 29.92 14,2 29.92(2) 0.00 16,3 47.76 59.63
32 0,3 80.06 0,3 80.06(1) 0.00 0,3 80.06 0.00 9,2 57.06 9,2 57.06(3) 0.00 32,2 78.24 37.12

βj = 97.5%, h0 = 0.9

†The numbers refer to one of the three feasible solutions of TSH that yields the lowest cost: (1) zero inventory; (2) zero safety stock; (3) maximum
needed at the warehouse.

J ∈ {2, 4, 8, 16, 32}, λ0 = {16, 64}, βj ∈ {90%, 97.5%} and
h0 ∈ {0.3, 0.9}, which corresponds to adding 30% and 90%
of the value to the item at the warehouse. Table 1 reports
some instances with λ0 = 16.

In the second set of experiments, the retailers are non-
identical. We consider L0 ∈ {0.10, 0.25}, h0 ∈ {0.3, 0.9}, J ∈
{2, 4, 8, 16, 32} and λ0 ∈ {16, 64}, which yield 40 possible
combinations. For each combination we generate ten in-
stances by randomly generating Lj and βj according to inde-
pendent uniform distributions. The ranges for these two pa-
rameters are Lj ∈ [0.10, 0.25] and βj ∈ [90%, 97.5%]. Note
that unequal lead times have the same effect as unequal
demand rates at each retailer. Similarly, the relative impor-
tance of holding costs at each retailer is different because of
the randomly generated service level requirements. We also
test the heuristics for ten cases with zero-value-added retail-
ers, that is h0 = hj = 1.0 with L0 = 0.10. In total, we study
410 instances. Table 2 summarizes the results and Table 3
provides some instances with J = 2.

In the third set of experiments, we address the impact
of different service levels on the optimal and heuristic solu-
tions. To do so, we consider 48 experiments with identical re-
tailers,βj ∈ {20%, 30%, 50%, 90%, 95%, 99.9%}, J ∈ {2, 4},

L0 ∈ {0.10, 0.90} with Lj = 1 − L0 for j > 0, λ0 = {16} and
h0 ∈ {0.3, 0.9}. Specific results for this set are deferred to
Appendix B.6

For the TSH, the average error over 530 experiments is
1.18% and the standard deviation is 4.87%. It provides op-
timal solutions for 378 experiments. The performance of
the TSH is better under shorter lead times and lower hold-
ing costs at the warehouse. The average error term is 0.37%
for L0 = 0.1 among 270 experiments. Keeping everything
else equal, either increasing the number of retailers J or de-
creasing the demand rate λ0 reduces the percentage errors.
In addition, the percentage error decreases in the retailer
service levels. We also report in Table 1 which of the three
feasible solutions yields the lowest cost. Note that carrying
zero inventory or zero safety stock at the warehouse does
not always yield the lowest cost. However, the TSH yields
close-to-optimal solutions. These observations are similar
across all experiments.

6Note that it makes little practical sense to operate or optimize a
distribution system having less than 90% fill rates at each retailer.
Nevertheless, this set of experiments is used to test the heuristics’
sensitivity to fill rates.
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1148 Özer and Xiong

Table 2. Summary statistics for the heuristic solutions: non-
identical retailer cases

TSH NVH

Number of
experiments

Mean
(%)

STDEV
(%)

Mean
(%)

STDEV
(%)

J = 2 80 1.25 2.86 10.08 5.30
J = 32 80 0.53 0.81 14.29 5.76
λ0 = 16 200 0.47 1.61 11.83 6.53
λ0 = 64 200 0.98 1.84 15.73 6.07
L0 = 0.10 200 0.44 1.31 10.43 5.09
L0 = 0.25 200 1.02 2.05 17.13 6.21
h0 = 0.30 200 0.52 1.46 12.91 4.14
h0 = 0.90 200 0.94 1.97 14.65 8.27

For the NVH, the average percentage error and the stan-
dard deviation of percentage error are 18.16% and 17.76%,
respectively. The NVH provides close-to-optimal solutions
when the warehouse lead times are small. When L0 = 0.1,
the average error over 270 experiments is 9.85%. By mak-
ing the warehouse hold inventory separately for each re-
tailer, the NVH disregards the risk-pooling effect and car-
ries extra safety stock. In a way, this outcome enables the
heuristic to provide feasible solutions, but this is not guar-
anteed. We encountered only one infeasible case out of the
530 experiments.

5.2. Performance of approximations and bounds

To measure the performance of the approximations, we in-
vestigate whether changing the system parameters under

Table 4. Costs for the approximations (λ0 = 16)

J c∗ cNVA cDFA L0 c∗ cNVA cDFA

2 8.02 7.96 18.00 0.10 9.09 9.55 18.78
3 9.64 9.75 20.70 0.20 8.88 9.16 18.97
4 11.64 11.26 22.97 0.30 8.69 8.77 18.85
6 14.89 13.79 26.78 0.40 8.49 8.37 18.51
8 16.41 15.92 30.00 0.50 8.02 7.96 18.00

10 20.12 17.80 32.83 0.60 7.45 7.54 17.31
12 23.38 19.50 35.39 0.70 7.26 7.12 16.39
14 27.42 21.06 37.75 0.80 7.07 6.68 15.18
16 25.10 22.51 39.94 0.90 6.11 6.23 13.42

R2 = 96.69% 96.68% R2 = 96.32% 92.48%
βj = 0.90, h0 = 0.50, L0 = 0.50 βj = 0.90, h0 = 0.50, J = 2

the proposed approximations has the same effect on the sys-
tem cost as under the optimal base-stock policy. To do so,
we use regression analysis to compare the approximate cost
to actual optimal cost. We vary parameters one at a time
and report the coefficient of determination R2 in Tables 4
and 5. We observe that the resulting R2s are all close to unity.
Hence, the approximate costs obtained by using NVA and
DFA are consistent with the optimal costs in the sense that
the approximate solutions change in the same direction and
relative magnitude as the optimal solutions when changing
a system parameter. In Tables 6 and 7 we report the optimal
base-stock levels s∗

j , their bounds s l
j , su

j and the approx-
imate systemwide total inventory, e.g., SNVA = ∑

∀j sNVA
j .

Two observations are worth noting. First, the bounds are
reasonably tight. These bounds help reduce the computa-
tional time required for the optimization algorithm. Sec-
ond, NVA and DFA are complementary in predicting the

Table 3. Instances for non-identical retailer cases with J = 2

L β Optimal TSH NVH

L1,L2 β1,β2 s0,s1,s2 c* s0,s1,s2 cTSH %ε s0,s1,s2 cNVH %ε

0.231, 0.209 0.966, 0.955 4, 6, 6 7.96 4, 6, 6 7.96 0.00 7, 6, 5 8.33 4.65
0.243, 0.239 0.972, 0.969 5, 6, 6 8.18 5, 6, 6 8.18 0.00 7, 6, 6 8.99 9.90
0.181, 0.121 0.940, 0.911 4, 5, 4 6.09 4, 5, 4 6.09 0.00 6, 5, 4 7.06 15.93
0.169, 0.135 0.935, 0.918 6, 4, 4 6.06 6, 4, 4 6.06 0.00 6, 5, 4 7.05 16.34
0.229, 0.131 0.965, 0.916 4, 6, 4 6.62 4, 6, 4 6.62 0.00 6, 6, 4 7.59 14.65
λ0 = 16, h0 = 0.30, L0 = 0.25
0.122, 0.242 0.911, 0.971 7, 8, 15 11.88 6, 9, 15 11.92 0.34 4, 10, 17 12.97 9.18
0.121, 0.236 0.911, 0.968 5, 9, 15 11.22 8, 8, 14 12.05 7.40 3, 10, 17 12.25 9.18
0.204, 0.145 0.952, 0.923 5, 13, 10 10.49 8, 12, 9 11.31 7.82 2, 15, 12 11.51 9.72
0.164, 0.111 0.932, 0.905 8, 10, 7 9.73 8, 10, 7 9.73 0.00 2, 13, 10 9.93 2.06
0.245, 0.202 0.972, 0.951 5, 16, 13 13.31 8, 15, 12 14.13 6.16 2, 18, 15 14.33 7.66
λ0 = 64, h0 = 0.90, L0 = 0.10
0.100, 0.185 0.900, 0.942 1, 4, 5 6.15 1, 4, 5 6.15 0.00 0, 4, 6 6.17 0.33
0.129, 0.221 0.914, 0.961 1, 4, 6 6.63 1, 4, 6 6.63 0.00 0, 5, 7 7.62 14.93
0.188, 0.172 0.944, 0.936 1, 5, 5 6.56 1, 5, 5 6.56 0.00 0, 6, 6 7.54 14.94
0.153, 0.234 0.926, 0.967 1, 5, 6 7.33 1, 5, 6 7.33 0.00 0, 5, 7 7.34 0.14
0.223, 0.212 0.962, 0.956 1, 6, 6 7.94 1, 6, 6 7.94 0.00 0, 7, 6 7.94 0.00
λ0 = 16, h0 = 1.0, L0 = 0.10
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Stock positioning for distribution systems 1149

Table 5. Regression analysis for the approximations (λ0 = 16)

βj c∗ cNVA cDFA h0 c∗ cNVA cDFA

0.860 6.94 7.27 14.87 0.1 7.60 6.36 14.68
0.875 7.64 7.51 15.87 0.2 7.77 6.78 15.79
0.900 8.02 7.96 18.00 0.3 7.95 7.19 16.65
0.915 8.29 8.27 19.69 0.4 7.99 7.58 17.37
0.930 8.90 8.63 21.87 0.5 8.02 7.96 18.00
0.945 9.53 9.06 24.87 0.6 8.06 8.33 18.57
0.960 10.21 9.61 29.39 0.7 8.09 8.68 19.10
0.975 11.97 10.36 37.47 0.8 8.13 9.02 19.59
0.990 13.95 11.71 59.70 0.9 8.16 9.36 20.05

R2 = 99.01% 95.37% R2 87.27% 93.09%
L0 = Lj = 0.5, h0 = 0.50, J = 2 βj = 0.90, L0 = Lj = 0.5, J = 2

changes in systemwide inventory as a function of param-
eters. NVA performs well for all parameters except h0 and
DFA for all parameters except L0. In summary, both NVA
and DFA can safely be used for estimating the effects on op-
timal cost. However, they are complementary in predicting
the changes in inventory levels. To summarize, the approx-
imations can safely be used to estimate the effect of system
parameters on the optimal cost and policy (but not to ob-
tain the optimal solutions).

5.3. Computational complexity

The algorithm for obtaining optimal base-stock levels and
the backorder cost heuristic take the longest time (less than
60 minutes) followed by the TSH (less than 1 minute) using
a Pentium IV processor. The time required for the NVH
requires the shortest time (less than a few seconds), and
this time is negligible for the NVA and DFA. The most
time-consuming operation is the convolutions that are re-
quired to compute distributions. The algorithm for ob-
taining optimal solutions requires us to compute J con-
volutions to obtain the distribution of B0j for each base-
stock level s0, and the search over this base-stock level
is also proportional to J. Hence, the computational com-
plexity of this algorithm is O(J2). On the other hand, the
TSH requires one convolution per retailer. Hence, the com-
putational complexity is O(J). The TSH does not yield
closed-form solutions. The NVH does not require con-
volutions and yields solutions in less than a few seconds.
Its computational complexity is independent of the num-
ber of retailers in the system. The complexity of both ap-
proximations is negligible and they both yield closed-form
solutions.

5.4. System design issues

The simplicity and consistency of the closed-form ap-
proximations allow one to evaluate different system de-
sign strategies without solving an optimization problem
or applying an optimization algorithm. Here, we illustrate

how a distribution system manager can apply the closed-
form approximations to accurately evaluate system design
strategies.

5.4.1. Demand aggregation
Suppose that a distribution system manager is able to ag-
gregate demand from several retailers. She is interested in
evaluating how the aggregation reduces the total system in-
ventory costs. Consider a distribution system with eight re-
tailers and the following system parameters: h0 = 0.5, hj =
1, L0 = 0.5 and Lj = 1 for j > 0. Using the NVA,7 the re-
sulting inventory holding cost is 15.92. When the demand
can be aggregated to two retailers, the approximate sys-
tem inventory holding cost reduces to 7.96. The percentage
decrease is 50%. If we carry out this same analysis using
the optimization algorithm of Section 2.2, the cost reduces
from 16.41 to 8.02, corresponding to a 51.13% decrease.
Note that this percentage reduction is almost the same as
the one suggested by the approximation. Hence, the man-
ager can accurately quantify the cost benefits of demand
aggregation by using the closed-form approximations in-
stead of solving the optimization algorithm in Section 2.
Figure 2 depicts the sensitivity of the benefits of demand
aggregation with respect to the changes in various system
parameters.

5.4.2. Logistics postponement
A manager can also estimate the cost benefits of a logistics
postponement strategy using the approximations. Consider
a distribution system with J = 2, λ0 = 16, h0 = 0.50, hj =
1.0. Suppose the manager is interested in quantifying the
inventory cost reduction as a result of logistics postpone-
ment initiative; i.e., locating the warehouse closer to the
retailers, and hence changing L0 = 0.1 to L0 = 0.9 while
keeping L0 + Lj = 1. Using the NVA, the average inventory
holding cost reduces from approximately 22.39 to 14.27,
which is a 36.27% cost reduction. Figure 3 reports the sen-
sitivity of the benefits of logistics postponement to other
system parameters. We observe that the cost benefit of lo-
gistics postponement increases with the fill rates and num-
ber of retailers. Consider another distribution system with
two retailers. Retailer 1 has a fill rate of 95%, and retailer 2
has a fill rate of 99%. Before the postponement strategy is
implemented, L0 = 0.10 and L1 = L2 = 0.90. Suppose two
options exist to implement logistics postponement. One is
to locate the warehouse closer to retailer 1, in which case
L1 = 0.10 and L2 = 0.40, and the resulting cost reduction is
25.96%. The other option is to locate the warehouse closer
to retailer 2, in which case L1 = 0.40 and L2 = 0.10, and the
resulting system cost reduction is 49.97%. This observation
suggests that when the retailers have different service level

7Recall from Table 4 that NVA and DFA yield similar regression
results for cost analysis. Hence, they provide the same insights
regarding the effect of system design parameters on costs.
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Table 6. Base-stock levels, bounds, and regression analysis for approximations (λ0 = 16)

J s∗
0 , su

0 s∗
j sl

j , su
j SNVA SDFA L0 s∗

0 , su
0 s∗

j sl
j , su

j SNVA SDFA

2 6,9 9 8,13 19.32 28 0.10 1,1 12 12,13 23.31 23
3 8,8 6 6,9 19.33 29 0.20 3,3 11 11,13 22.34 23
4 8,8 5 5,8 19.83 30 0.30 5,5 10 10,13 21.35 23
6 7,7 4 4,6 21.16 32 0.40 7,7 9 9,13 20.34 23
8 9,9 3 3,5 22.53 30 0.50 6,9 9 8,13 19.32 23

10 6,6 3 3,4 23.84 34 0.60 10,10 7 7,13 18.27 23
12 3,3 3 3,4 25.09 38 0.70 12,18 6 5,13 17.18 23
14 1,1 3 3,4 26.26 42 0.80 14,18 5 4,13 16.02 23
16 1,10 2 2,3 27.37 30 0.90 18,18 3 3,13 14.72 23

R2 = 72.13% 84.73% R2 = 73.01% 10%
βj = 0.90, h0 = 0.50, L0 = 0.50 βj = 0.90, h0 = 0.50, J = 2

requirements, it is more cost-effective to locate the ware-
house closer to the retailers with higher service level re-
quirements. As for the warehouse holding cost, we observe
that the cost benefit of logistics postponement decreases in
h0 while keeping hj = 1.0. This result suggests that logistics
postponement is most cost-effective when the relative value
added at the warehouse is low.

5.4.3. Delaying value-added operations to retailers
A manager can shift value-added activities from the ware-
house to the retailers through process redesign or re-
engineering (see, for example, Lee et al. (1993) for the HP
distribution process redesign case). Next, we illustrate how
the approximations can be used to quantify the benefits
of such strategies. To do so, we fix hj = 1.0 and change h0
from 0.90 to 0.50. Figure 4 plots the results using NVA.
We observe that, as the fill rates increase, the cost re-
duction due to delaying value-added operations increases
from 2.95% for βj = 0.86 to 3.72% for βj = 0.99. The man-
ager can also quantify the impact of logistics postpone-
ment on the strategy of shifting value-added operations to
the retailers. The cost reduction due to postponement is
higher for a system that delayed value-added operations to
retailers.

5.4.4. Increasing service levels at the retailers
We perform a sensitivity analysis on the total average cost
when one increases customer fill rates from 95% to 99%.
We plot the results in Fig. 5 and highlight two observations.
First, system total average cost increases in retailer service
level requirements. Second, locating the warehouse closer
to the retailers reduces the impact of high service levels on
the resulting inventory cost.

5.4.5. Comparing system design strategies
Finally, we illustrate how one can apply the approxima-
tions to compare system design alternatives under budget
constraints. Consider a scenario when a manager needs to
increase customer fill rates from 95% to 99.5% for a dis-
tribution system with J = 8, λ0 = 16, h0 = 0.5, hj = 1.0,
βj = 95%, L0 = 0.1 and Lj = 0.90. The manager would like
to keep the total holding cost at least the same while increas-
ing the fill rates. She has an option of locating the ware-
house closer to the retailers while keeping L0 + Lj = 1.0.
The NVA suggests a postponement strategy with L0 = 0.69
and Lj = 0.31 to achieve a 99.5% fill rate at the retailers.
That is, the manager should reduce retailer lead times from
0.90 to at least 0.31 by locating the warehouse closer to
them.

Table 7. Base-stock levels, bounds, and regression analysis for approximations (λ0 = 16)

βj s∗
0 , su

0 s∗
j sl

j , su
j SNVA SDFA h0 s∗

0 , su
0 s∗

j sl
j , su

j SNVA SDFA

0.860 7,10 8 7,12 18.44 22 0.1 9,9 8 8,13 19.14 29
0.875 8,12 8 7,12 18.75 23 0.2 9,9 8 8,13 19.15 26
0.900 6,9 9 8,13 19.32 23 0.3 9,9 8 8,13 19.18 25
0.915 9,9 8 8,13 19.72 24 0.4 6,9 9 8,13 19.24 24
0.930 10,10 8 8,13 20.18 26 0.5 6,9 9 8,13 19.32 23
0.945 8,13 9 8,14 20.73 27 0.6 6,9 9 8,13 19.45 23
0.960 9,9 9 9,14 21.41 30 0.7 6,9 9 8,13 19.61 23
0.975 12,12 9 9,15 22.36 36 0.8 6,9 9 8,13 19.88 22
0.990 12,12 10 10,16 24.03 47 0.9 6,9 9 8,13 20.35 22

R2 = 97.12% 94.90% R2 = 35.39% 72%
L0 = Lj = 0.5, h0 = 0.50, J = 2 βj = 0.90, L0 = Lj = 0.5, J = 2
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Fig. 2. Sensitivity analysis on the impact of demand aggregation.
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Fig. 4. Sensitivity analysis on the impact of delaying value-added operations to retailers.
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Fig. 5. Sensitivity analysis on the impact of fill rate requirements.
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6. Conclusions and some extensions

We provide an algorithm to determine optimal base-stock
levels and cost for a distribution system with fill rate con-
straints at each retailer. We also establish bounds, heuristics
and approximations. These heuristics provide efficient com-
putational means to obtain close-to-optimal solutions. The
approximations are robust and easy to use, and can pro-
vide insights into system design issues. Given the computa-
tional requirements for optimization algorithms, heuristics
plus simple approximations can enable better management
of distribution systems. Strategic evaluation of distribution
system design requires evaluation of alternatives to iden-
tify the one that creates the greatest value. Our methods
also provide an effective way to quantify the system perfor-
mance with respect to factors such as logistics postpone-
ment, risk pooling, lead times, fill rates and so forth. Next
we clarify separately the contribution of each of the heuris-
tics and approximations. We conclude with a discussion on
some extensions.

6.1. When to use the heuristics and approximations?

A heuristic or an approximation is appealing if it meets
some of the following criteria.

1. Is it close to optimal?
2. Is it computationally easy?
3. Is it simple to describe and use?
4. Can it be used to test system design issues accurately?
5. Is it robust?

Focusing only on the first criterion overlooks other im-
portant aspects. For example, the computational methods
used for exact solutions can be intricate and may require
voluminous data. They may require advanced knowledge.
They may not provide explicit information regarding the
key factors that drive performance. Systems and people
have limitations. Data fed to these tools may not always
be available or accurate. Therefore, knowing how heuristics
and approximations perform under these five criteria can
collectively enable better management of distribution sys-
tems. The present paper takes a step along this direction.
Our heuristics and approximations are complementary and
together they cover the above criteria.

The TSH is an accurate heuristic with an average error of
less than 1.2%. This result suggests that considering three
base-stock levels at the warehouse and selecting the best one
yields close-to-optimal solutions. This result also suggests
that the distribution system with local control is robust. The
longest computational time required to solve a problem in-
stance was less than a minute. Its complexity is significantly
less than the optimization algorithm. It requires some ad-
vanced knowledge such as convolutions and uses the same
data as the optimization algorithm. The NVH yields an av-
erage error of 18%, which is not as small as that of the TSH.
However, it is computationally much faster than the TSH

(e.g., less than a few seconds) because it is based on solving
2J newsvendor problems. It does not require convolutions,
hence it is easier to describe and can be implemented on
a simple spreadsheet. This heuristic also provides a step
towards establishing a closed-form approximation.

Finally, NVA and DFA are closed-form approximations
that require less data and reveal important relationships re-
garding cost, stock positioning and fill rate requirements.
They can be used to address system design issues. These
approximations are easy to describe and use. The only ad-
vanced knowledge required for NVA is a normal distri-
bution, which is taught in any production and operations
management course. The DFA does not require one to es-
timate demand distributions, which are difficult to obtain
for a system without a demand history. Hence, it is robust.
Both NVA and DFA can be safely used to estimate the ef-
fects on optimal cost. They are complementary in predict-
ing the changes in inventory levels. These approximations
help us to understand the drivers of system dynamics in a
transparent way.

6.2. Other demand distributions

Suppose demand at retailer j arrives at rate λj as be-
fore but the quantity demanded is of random size Qj.
Hence, the demand process has an independent incre-
ment with possibly a non-unit demand size. Consider the
analysis in Section 2. It is easy to obtain the distribu-
tion of B0 and I0 because the demand at the warehouse
over its lead time, i.e., D0, can be obtained. Note that
D0(t) = ∑J

j=1 Dj(t) is compound Poisson with rate λ0 and
the demand size Q0 is a mixture of distributions Qj with
mixing weights θj = λj/λ0. However, it is not easy to ob-
tain B0j. The binomial disaggregation does not work in
this case because inventory position at the warehouse may
overshoot the base-stock level s0. Graves (1996), for exam-
ple, suggests using two-moment approximations to charac-
terize its distribution. Here, we provide one such possible
approximation.

Let τ = min{τ ′, L0}, where τ ′ = inf{t : D0(t) ≥ s0}. Note
that B0 is equal to the overshoot D0(τ ) − s0 plus the de-
mand at the warehouse over the time interval (τ, L0].
Let D0(τ, L0] denote the demand over this interval. Thus,
B0 = ∑J

j=1 B0j = D0(τ, L0] + D0(τ ) − s0. One can charac-
terize the moments of Dj(τ, L0] in terms of D0(τ, L0]. We
can use the same characterization to approximate the mo-
ments of B0j from B0. In a way, we distribute the overshoot
among the retailers in the same way as we distribute de-
mand over (τ, L0]. This approximation yields the following
moments: E[B0j] = πjE[B0], and

V [B0j] = π2
j V [B0] + [

θjE
[
Q2

j

] − π2
j E

[
Q2

0

]] E[B0]
E[Q0]

,

where πj = θjE[Qj]/
∑J

i=1 θiE[Qi]. These equations are ob-
tained by conditioning on the total number of arrivals
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during (τ, L0] and using the conditional variance formula.
These moments can be used to update the optimization al-
gorithm and the TSH. The NH, NVA and DFA do not
require any update except for using the correct mean and
variance for the lead time demand distribution at each lo-
cation. This approximation is accurate only when the over-
shoot is a small part of B0.

6.3. General distribution system

Consider a multi-echelon distribution system which has the
form of an arborescence; i.e., each location j = {0, . . . , J}
has a unique supplier and location 0 replenishes from an
outside supplier with ample supply (Federgruen, 1993). Let
Suc(i) be the set of immediate successors of location i.
Let Ret = {i > 0 : Suc(i) = ∅} be the set of locations which
have no successors; i.e., retailers. As before, demand is Pois-
son with rate λj and occurs only at location j ∈ Ret and each
location follows a base-stock policy with sj. Hence, demand
at each location j ≥ 0 is Poisson with rate �j = λj if j ∈ Ret
and �j = ∑

i∈Suc(j) �i otherwise. The top down analysis in
Section 2 can be extended to this system. The distributions
of B0 and I0 are easy to obtain. Note for j ∈ Suc(0) de-
mand Dj at location j is Poisson with �j and independent
of B0j. Hence, B0j|B0 is binomial with parameters B0 and
θj = �j/

∑
i∈Suc(0) �i. Thus, we can obtain the distribution

of B0j by binomial disaggregation from B0. From the dis-
tribution of B0j and Dj we can obtain the distribution of
Bj and Ij for j ∈ Suc(0). Now suppose we know the distri-
bution of Bi for some location i ∈ {k : k > 0 and k ∈ Ret}.
For j ∈ Suc(i) let Bij denote the backlog at location i due to
replenishment orders from location j. Note again that for
j ∈ Suc(i) demand Dj at location j is Poisson with rate �j
and it is independent of Bij. Hence, Bij|Bi is binomial with
parameters Bj and θj = �j/

∑
k∈Suc(i) �k. Similarly we can

obtain Bj and Ij for j ∈ Suc(i).
The above results provide a recursive algorithm to com-

pute the backlogs and inventory distribution at all locations.
These distributions can be used to update the optimization
algorithm using a breadth-first computation: compute dis-
tributions for locations at the lowest echelon followed by
the higher echelons. Such an algorithm requires computing
M iterative convolutions, where M is the number of eche-
lons in the system. Hence, the computational complexity of
this algorithm would be O(J2M), which could be excessive.
The TSH can be modified to consider the three ways of
allocating base-stocks to each location j ∈ Ret . The com-
putational complexity would be O(JM). The modification
for DFA would require using the correct mean and variance
for the lead time demand distribution at each location. The
NVH and NVA can be modified through decomposing the
large-scale system into serial systems by judiciously allocat-
ing decoupling inventories. This depends on the nature of
the network structure. Note also that by allocating decou-
pling inventories, more complex supply chain structures can

be decomposed into fundamental structures, such as serial
and distribution systems. What is the best (if not the effi-
cient) way to decompose a complex structure into smaller
problems is an open research question.

6.4. Multi-product distribution systems with aggregate
service measures

Consider a multi-echelon distribution system that manages
multiple products. The inventory-related costs are incurred
and service levels are specified for each product separately.
Such an inventory system can be managed by decompos-
ing and solving the problem for each product separately.
The exact solution, heuristics, bounds and approximations
developed for a single-product system can be used to solve
the multi-product system without any modification: sim-
ply study the problem for each product separately. The
story is different, however, when locations or products are
subject to aggregate level service constraints or when the
system incurs inventory cost in aggregate terms. A few re-
searchers have developed heuristics for such systems. For
example, Hopp et al. (1999) and Caglar et al. (2004) con-
sider two-level distribution systems with multiple products.
The objective is to minimize systemwide inventory holding
costs while keeping the sum of the expected total time de-
lays across all products’ shipments to each retailer below
a threshold. Because of such aggregate service constraints,
the problem is not decomposable across products. The op-
timization problem becomes very complex. Hence, Hopp
et al. (1999) develop an approximation that uses Graves’
two-moment approximation (Graves, 1985) and a heuris-
tic developed in their previous paper (Hopp et al., 1997).
Caglar et al. (2004) develop heuristics that use the METRIC
approximation. Another approximate method to manage
such systems could be obtained by collecting product level
cost information (such as holding cost). If this information
is difficult to obtain, it can be approximated from the aggre-
gate cost measures. The manager can also impose product
level service measures, such as fill rate for a given product.
If the current system imposes aggregate service measures,
the product level service measures can be approximated us-
ing these aggregate measures. Next, the system can be de-
composed by product level and the results of this paper
can be employed for managing each product’s distribution
separately.

The area of developing effective heuristics and approx-
imations for service-constrained systems is a fertile av-
enue for future research. One possibility is to develop sim-
ple methods to investigate alternative control schemes. The
present paper’s focus is on distribution systems in which the
upstream location allocates shipments on a first-come first-
served basis and the replenishments are made following a
base-stock policy. This control strategy is also known as lo-
cal control, under which each location’s decision is based on
its local inventory information. Hence, local control has the
advantage of decentralized management over others that
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may require the warehouse to know the inventory status
at the retailers. However, allocation schemes that use more
information may perform better. In general, such alloca-
tion schemes do not easily lend themselves to analytical
analysis and instead require extensive simulation analysis.
Hence, developing heuristic and approximate methods for
other allocation schemes is an interesting avenue for future
research.
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Appendices

Appendix A: Proofs and some auxiliary results

The following lemma helps us to establish Proposition 1.

Lemma 1. For all j > 0, we have:

1. Pr(B0j(s0) + Dj < sj) ≤ Pr(B0j(s0 + 1) + Dj < sj),
2. Pr(B0j(s0) + Dj < sj + 1) ≥ Pr(B0j(s0 + 1) + Dj < sj).

Proof of Lemma 1. We first show that Pr(B0j(s0) <

sj) ≤ Pr(B0j(s0 + 1) < sj). We have Pr(B0j(s0 + 1) < sj) =
ED0 [Pr(B0j(s0 + 1) < sj) | [D0 − (s0 + 1)]+] = Pr (D0 ≤ s0)
+ Pr(D0 = s0 + 1) + ED0 [Pr(B0j(s0 + 1) < sj) | D0 > s0 +
1] = Pr(D0 ≤ s0) + Pr(D0 = s0 + 1) + ∑∞

i=1 Pr(
∑i

j=1 Xj <

sj)Pr(D0 = s0 + 1 + i) = Pr(D0 ≤ s0) + Pr(D0 = s0 + 1)Pr
(X1 < sj) + ∑∞

i=1 Pr (
∑i+1

j=1 Xj < sj)Pr(D0 =
s0 + 1 + i) = Pr(D0 ≤ s0) + Pr(D0 = s0 + 1)Pr(X1 < sj) +∑∞

m=2 Pr(
∑m

j=1 Xj < sj)Pr(D0 = s0 + m)ED0 [Pr(B0j(s0) <

sj) | [D0 − s0]+] = Pr(B0j(s0) < sj), where Xj repre-
sents an independent Bernolli random variable with
parameter θj. The first and second equalities are by
definition of a conditional expectation. The third
equality results from the relation between a binomial
random variable and a Bernoulli random variable.
The inequality follows because Pr(X1 < sj) ≤ 1 and
Pr(

∑i
j=1 Xj < sj) ≥ Pr(

∑i+1
j=1 Xj < sj). Given this result,

we write Pr(B0j(s0) + Dj < sj) = EDj [Pr(B0j(s0) + Dj <

sj) | Dj] = ∑sj

i=0 Pr(B0j(s0) < sj − i)Pr (Dj = i) ≤ ∑sj

i=0
Pr(B0j(s0 + 1) < sj − i)Pr(Dj = i) = Pr(B0j(s0 + 1) + Dj <

sj). The inequality follows from the above.
To prove part 2, we first show that Pr(B0j(s0) < sj + 1) ≥

Pr(B0j(s0 + 1) < sj). Let B′ ≡ B0(s0), B ≡ B0(s0 + 1),
and Xj represents an independent Bernolli random
variable with parameter θj. We have Pr(B0j(s0) <

sj + 1) = EB′Pr(sj + 1 − ∑B′
j=1 Xj > 0 | B′) = Pr(B′ = 0)

+ Pr(B′ = 1) + ∑∞
i=2 Pr(sj + 1 − ∑i

j=1 Xj > 0)Pr(B′ =
i) = Pr(B = 0) + ∑∞

i=2 Pr(sj − ∑i−1
j=1 Xj + 1 − Xi > 0)Pr

(B′ = i) ≥ Pr (B = 0) + ∑∞
i=2 Pr(sj − ∑i−1

j=1 Xj > 0)Pr(B′ =
i) = Pr(B = 0) + ∑∞

i=2 Pr(sj − ∑i−1
j=1 Xj > 0) Pr(B = i − 1)∑∞

m=0 Pr(sj − ∑m
j=1 Xj > 0)Pr(B = m) = Pr(B0j(s0 + 1) <

sj). The first equality follows because B0j | B′ has a
binomial distribution. The second equality is by definition

of a conditional expectation. The third equality is from
Pr(B = 0) = Pr(D0 − s0 − 1 < 0) + Pr(D0 − s0 − 1 = 0) =
Pr(B′ = 0) + Pr(B′ = 1). The inequality is by the definition
of Bernoulli random variables. The fourth equality is be-
cause for i ≥ 2, Pr(B′ = i) = Pr([D0 − s0]+ = i) = Pr(D0 =
s0 + i) = Pr(D0 − s0 − 1 = i − 1) = Pr([D0 − s0 − 1]+ =
i − 1) = Pr(B = i − 1). Given this result, we write
Pr(B0j(s0) + Dj < sj + 1) = EDj [Pr(B0j(s0) + Dj < sj + 1)
| Dj] = ∑sj

i=0 Pr(B0j(s0) < sj + 1 − i)Pr(Dj = i) ≥∑sj

i=0 Pr(B0j(s0 + 1) < sj − i)Pr(Dj = i) = Pr(B0j(s0 + 1) +
Dj < sj). The inequality follo ws from the above. �
Proof of Proposition 1. For a particular j and base-
stock levels sj, let s−j

0 = min{s0 : Pr(B0i(s0) + Di < si) ≥
βi, ∀i = j}, s0j = min{s0 : Pr(B0j(s0) + Dj < sj) ≥ βj}, and
s ′

0j = min{s0 : Pr(B0j(s0) + Dj < sj + 1) ≥ βj}. Clearly,
s0j ≥ s ′

0j. By the definition of s∗
0 in Equation (5),

s∗
0 (s1, . . . , sj + 1, . . . sJ) = max{s−j

0 , s ′
0j} ≤ max{s−j

0 , s0j} =
s∗

0 (s1, . . . , sj, . . . , sJ).
To prove part 2, we first note that Pr(B0j(s0 + 1) + Dj <

s∗
j (s0)) ≥ Pr(B0j(s0) + Dj < s∗

j (s0)) ≥ βj. The first inequal-
ity follows from Lemma 1 Part 1. The second inequality is
by definition of s∗

j (s0) given in Equation (2). Again, from the
definition of s∗

j (s0 + 1) and the above inequalities, it must be
true that s∗

j (s0 + 1) ≤ s∗
j (s0). Otherwise, s∗

j (s0 + 1) > s∗
j (s0),

which contradicts the definition of s∗
j (s0 + 1).

Part 3 follows directly from part 2. Recall that s l
j ≡ s∗

j (∞)
and su

j ≡ s∗
j (0).

We prove part 4 by a contradiction argument. As-
sume that s∗

j (s0) > s∗
j (s0 + 1) + 1. From the definition

of s∗
j (s0), we have Pr(B0j(s0) + Dj < s∗

j (s0 + 1) + 1)) < βj.

From Lemma 1 part 2, we have Pr(B0j(s0) + Dj < s∗
j (s0 +

1) + 1) ≥ Pr(B0j(s0 + 1) + Dj < s∗
j (s0 + 1)) ≥ βj, the sec-

ond inequality is by definition of s∗
j (s0). These inequalities

contradict the earlier inequality, concluding the proof.
To prove part 5 note the following. From part 1, the ware-

house needs to carry more inventory when the retailers carry
less. Hence, by setting the base-stock level sj at each retailer
j equal to its lower bound s l

j , we obtain part 5. �

Proof of Proposition 2. We first prove that se
j ≥ s l

j . This
relation follows by the way se

j is set in Equation (11) and by
the definition of s l

j in Equation (3) because

1 − 1 − βj

1 + (h0/(hj − h0))
≥ 1 − (1 − β0) = βj.

The inequality holds in equality only when h0 = 0, that
is, when the warehouse is used for rerouting of incoming
inventory. Next we show that se

0j ≥ su
j . Similarly, this rela-

tion follows by the way se
0j is set in Equation (12) and by the

definition of su
j in Equation (4) because:

1
1 + (1/βj − 1)(1 − ((L0/C(L0 + Lj)) × 1/(1 + (h0/(hj − h0))))

≥ 1
1 + (1/βj − 1)

= βj.
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Table A1. Comparison of the optimal and heuristic solutions: identical retailer cases with λ0 = 64

L0 = 0.1, Lj = 0.9 L0 = 0.9, Lj = 0.1

Optimal TSH NVH Optimal TSH NVH

J s0, sj c∗ s0, sj cTSH % s0, sj cNVH % s0, sj c∗ s0, sj cTSH % s0, sj cNVH %

2 6,37 15.92 6,37 15.92 0.00 6,38 17.77 11.62 64,7 9.16 64,7 9.16 0.00 72,7 11.92 30.13
4 8,20 23.21 8,20 23.21 0.00 4,21 24.42 5.21 67,4 12.34 67,4 12.34 0.00 76,5 19.13 55.02
8 2,12 34.83 2,12 34.83 0.00 8,12 39.1 12.26 61,3 17.79 61,3 17.79 0.00 88,3 26.81 50.70

16 2,7 51.14 2,7 51.14 0.00 0,8 64.54 26.20 61,2 25.83 61,2 25.83 0.00 112,2 42.06 62.83
32 0,5 96.72 0,5 96.72 0.00 0,5 96.72 0.00 48,2 48.51 48,2 48.51 0.00 128,2 78.76 62.36

βj = 0.90, h0 = 0.3
2 6,37 16.4 6,37 16.4 0.00 0,40 16.47 0.43 61,8 12.8 57,10 13.05 1.95 64,9 17.36 35.63
4 3,21 23.62 8,20 24.43 3.43 0,22 24.59 4.11 60,5 15.87 57,6 17.01 7.18 64,6 23.33 47.01
8 2,12 34.84 2,12 34.84 0.00 0,13 40.53 16.33 61,3 20.82 61,3 20.82 0.00 72,4 38.57 85.25

16 2,7 51.15 2,7 51.15 0.00 0,8 64.54 26.18 61,2 28.86 61,2 28.86 0.00 80,3 61.77 82.02
32 0,5 96.72 0,5 96.72 0.00 0,5 96.72 0.00 48,2 48.71 48,2 48.71 0.00 64,3 95.28 95.61

βj = 0.90, h0 = 0.9
2 4,42 23.97 7,41 24.15 0.75 6,42 25.5 6.38 70,8 13.22 70,8 13.22 0.00 78,8 15.73 18.99
4 8,23 34.7 8,23 34.7 0.00 4,24 35.98 3.69 63,6 18.52 75,5 18.83 1.67 84,6 25.53 37.85
8 3,14 51.13 3,14 51.13 0.00 8,14 54.69 6.96 62,4 26.05 62,4 26.05 0.00 96,4 37.13 42.53

16 0,9 80.2 0,9 80.2 0.00 0,9 80.2 0.00 59,3 40.44 59,3 40.44 0.00 112,3 57.93 43.25
32 0,6 128.19 0,6 128.19 0.00 0,6 128.19 0.00 64,2 58.98 64,2 58.98 0.00 128,3 110.72 87.72

βj = 0.975, h0 = 0.3
2 4,42 24.07 7,41 24.95 3.66 0,45 26.06 8.27 63,10 18.42 57,14 20.77 12.76 70,10 24.75 34.36
4 3,24 35.12 8,23 35.92 2.28 0,25 36.12 2.85 63,6 22.42 57,8 24.79 10.57 72,7 34.55 54.10
8 3,14 51.17 3,14 51.17 0.00 0,15 56.12 9.67 62,4 29.5 62,4 29.5 0.00 80,5 53.76 82.24

16 0,9 80.2 0,9 80.2 0.00 0,9 80.2 0.00 59,3 42.72 59,3 42.72 0.00 80,4 77.76 82.02
32 0,6 128.19 0,6 128.19 0.00 0,6 128.19 0.00 64,2 63.35 64,2 63.35 0.00 96,3 124.16 95.99

βj = 0.975, h0 = 0.09

The inequality holds in equality only when L0 = 0, that
is, when the warehouse is located close to the outside sup-
plier with sufficient supply. Finally, sNH

j = min(se
0j, se

j ) ≥
min(se

0j, s l
j ) ≥ min(su

j , s l
j ) ≥ s l

j . The first two inequalities fol-
low from our previous proofs. �

Appendix B: The results for the third set of experiments

Some problem instances discussed in Section 5 were de-
ferred to this appendix. Table A1 reports some results

for the first set of experiments for identical retailers with
λ0 = 64. Table A2 reports some instances for the second
set of experiments with non-identical retailers. Table A3
reports results for the third set of experiments. We also
report the performance of the backorder cost method of
Section 2.3 using the second set of experiments with non-
identical retailers (described in Section 5.1 second para-
graph). Table A4 reports the summary statistics for the
percentage error (cBCM − c∗)/c∗. We observed that the

Table A2. Instances for non-identical retailer cases with J = 4

L β Optimal TSH NVH

L1,L2, L3,L4 β1, β2, β3, β4 s0,s1,s2, s3,s4 c∗ s0,s1,s2,s3,s4 cTSH %ε s0,s1,s2,s3,s4 cNVH %ε

0.190, 0.158, 0.210, 0.191 0.945, 0.929, 0.955, 0.946 6, 3, 3, 4, 3 10.5 6, 3, 3, 4, 3 10.5 0.00 7, 4, 3, 4, 4 12.85 22.38
0.186, 0.154, 0.123, 0.134 0.943, 0.927, 0.911, 0.917 6, 3, 3, 3, 3 10.1 4, 4, 3, 3, 3 10.11 0.10 8, 3, 3, 3, 3 10.81 7.03
0.164, 0.220, 0.178, 0.248 0.932, 0.96 , 0.939, 0.974 6, 3, 4, 3, 4 11.25 6, 3, 4, 3, 4 11.25 0.00 7, 3, 4, 3, 5 12.62 12.18
0.213, 0.152, 0.125, 0.199 0.956, 0.926, 0.913, 0.949 4, 4, 3, 3, 4 10.74 4, 4, 3, 3, 4 10.74 0.00 8, 4, 3, 3, 4 12.43 15.74
0.174, 0.11 , 0.205, 0.176 0.937, 0.905, 0.952, 0.938 6, 3, 2, 4, 3 9.85 6, 3, 2, 4, 3 9.85 0.00 8, 3, 3, 4, 3 11.54 17.16
λ0 = 16, h0 = 0.30, L0 = 0.25
0.166, 0.135, 0.187, 0.18 0.933, 0.917, 0.943, 0.94 8, 6, 5, 7, 7 15.84 8, 6, 5, 7, 7 15.84 0.00 2, 8, 7, 9, 9 18.01 13.70
0.194, 0.124, 0.176, 0.244 0.947, 0.912, 0.938, 0.972 7, 7, 5, 7, 9 16.76 7, 7, 5, 7, 9 16.76 0.00 0, 9, 7, 9, 11 17.91 6.86
0.204, 0.239, 0.128, 0.15 0.952, 0.969, 0.914, 0.925 7, 8, 9, 5, 6 17.01 7, 8, 9, 5, 6 17.01 0.00 0, 1,0 1,1 7, 8 18.17 6.82
0.127, 0.249, 0.169, 0.25 0.913, 0.975, 0.934, 0.975 4, 6, 10, 7, 10 17.97 9, 5, 9, 6, 9 18.7 4.06 0, 7, 1,2 9, 12 20.98 16.75
0.115, 0.194, 0.114, 0.166 0.907, 0.947, 0.907, 0.933 5, 5, 8, 5, 7 14.29 8, 5, 7, 5, 6 15.09 5.60 1, 7, 9, 7, 8 16.3 14.07
λ0 = 64, h0 = 0.90, L0 = 0.10
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Table A3. Impact of fill rates: identical retailer cases with λ0 = 16

L0 = 0.1, Lj = 0.9 L0 = 0.9, Lj = 0.1

Optimal TSH NVH Optimal TSH NVH

βj s0, sj c∗ s0, sj cTSH % s0, sj cNVH % s0, sj c∗ s0, sj cTSH % s0, sj cNVH %

20% 1,6 0.94 1,6 0.94 0.00 0,7 1.33 41.49 9,2 0.59 13,1 0.73 23.73 14,1 0.95 61.02
30% 0,7 1.33 0,7 1.33 0.00 0,8 2.23 67.67 11,2 1.09 15,1 1.19 9.17 14,2 2.08 90.83
50% 1,8 2.69 1,8 2.69 0.00 0,9 3.42 27.14 14,2 2.08 14,2 2.08 0.00 18,2 3.5 68.27
90% 1,12 9.04 1,12 9.04 0.00 2,12 9.64 6.64 18,3 5.32 18,3 5.32 0.00 22,3 6.68 25.56
95% 1,13 10.95 1,13 10.95 0.00 2,13 11.56 5.57 17,4 6.83 24,3 7.29 6.73 22,4 8.65 26.65
99.9% 1,18 20.86 1,18 20.86 0.00 2,18 21.49 3.02 21,6 12.32 21,6 12.32 0.00 28,6 14.48 17.53

h0 = 0.3, J = 2
20% 0,3 1.39 0,3 1.39 0.00 0,3 1.39 0.00 9,1 0.9 9,1 0.9 0.00 12,1 1.7 88.89
30% 4,3 2.54 4,3 2.54 0.00 0,4 3.13 23.23 11,1 1.4 11,1 1.4 0.00 16,1 3.03 116.43
50% 3,4 4.28 3,4 4.28 0.00 0,5 5.64 31.78 15,1 2.69 15,1 2.69 0.00 20,1 4.33 60.97
90% 1,7 13.12 1,7 13.12 0.00 0,8 16.13 22.94 18,2 7.32 18,2 7.32 0.00 28,2 10.51 43.58
95% 1,8 16.96 1,8 16.96 0.00 4,8 18.37 8.31 16,3 10.34 16,3 10.34 0.00 28,3 14.48 40.04
99.9% 0,12 32 0,12 32 0.00 0,12 32 0.00 23,4 16.96 23,4 16.96 0.00 32,5 23.68 39.62

h0 = 0.3, J = 4
20% 1,6 1.06 1,6 1.06 0.00% 0,7 1.33 25.47 9,2 0.64 13,1 1.26 96.88 8,3 1.02 59.38
30% 0,7 1.33 0,7 1.33 0.00% 0,7 1.33 0.00 4,5 1.18 0,7 1.33 12.71 10,3 1.83 55.08
50% 1,8 2.81 1,8 2.81 0.00% 0,9 3.42 21.71 11,3 2.36 14,2 2.87 21.61 12,3 2.97 25.85
90% 1,12 9.17 1,12 9.17 0.00% 0,13 10.13 10.47 15,4 6.98 18,3 7.71 10.46 18,4 9.64 38.11
95% 1,13 11.07 1,13 11.07 0.00% 0,14 12.06 8.94 17,4 8.75 14,6 9.92 13.37 18,5 11.62 32.80
99.9% 1,18 20.98 1,18 20.98 0.00% 0,19 22 4.86 21,6 16.33 21,6 16.33 0.00 24,7 21.04 28.84

h0 = 0.9, J = 2
20% 0,3 1.39 0,3 1.39 0.00 0,3 1.39 0.00 91 0.95 9,1 0.95 0.00 4,2 1.08 13.68
30% 0,4 3.13 0,4 3.13 0.00 0,4 3.13 0.00 111 1.6 11,1 1.6 0.00 8,2 2.44 52.50
50% 3,4 5.19 3,4 5.19 0.00 0,5 5.64 8.67 102 3.49 15,1 3.79 8.60 8,3 5.12 46.70
90% 1,7 13.24 1,7 13.24 0.00 0,8 16.13 21.83 182 9.71 18,2 9.71 0.00 20,3 15.44 59.01
95% 1,8 17.08 1,8 17.08 0.00 0,9 20.05 17.39 163 11.81 16,3 11.81 0.00 20,4 19.43 64.52
99.9% 0,12 32 0,12 32 0.00 0,12 32 0.00 234 22.14 23,4 22.14 0.00 32,5 34.24 54.65

h0 = 0.9, J = 4

percentage errors are negative for almost all instances; i.e.,
the method yields a solution with a cost that is lower than
the optimal cost. This is because the backorder-cost method
does not provide feasible solutions. The realized fill rates at
each retailer are lower than the specified fill rates.

Table A4. Summary statistics for the backorder cost method: non-
identical retailer cases

Fill rate constrained model
Number of

experiments Mean (%) STDEV (%)

J = 2 80 19.07 19.27
J = 32 80 −30.35 9.47
λ0 = 16 200 −14.98 21.17
λ0 = 64 200 −0.41 16.42
L0 = 0.10 200 −14.69 14.95
L0 = 0.25 200 −0.69 22.42
h0 = 0.30 200 −10.89 17.71
h0 = 0.90 200 −4.49 22.14
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