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Harry Dankowicz (Illinois, USA) 
 

Degenerate discontinuity-induced bifurcations in tapping-mode atomic-force microscopy  

Abstract: In this talk, I document the existence of degenerate discontinuity-induced bifurcation scenarios in the low-

contact-velocity dynamics during tapping-mode atomic-force microscopy. Specifically, numerical analysis of a model of 

the microscope dynamics shows branch point and isola bifurcations associated with the emergence of two families of 

saddle-node bifurcation points along a branch of low-amplitude oscillations. The talk argues for the origin of the 

degenerate bifurcations in the existence of a periodic steady-state trajectory that (i) achieves tangential contact with a 

discontinuity surface in a piecewise smooth model of the cantilever response and (ii) retracts from the surface under 

variations in either direction along a line segment in parameter space. Specifically, the discontinuity-mapping technique 

is here rigorously applied to a general situation of such degenerate contact showing the codimension-two nature of 

these bifurcations for appropriately chosen parameter values. The discontinuity-mapping-based normal form derived 

here is a novel extension of that derived in Dankowicz and Nordmark (Physica D, vol. 136, no. 3-4, pp. 280-302, 2000) in 

the case that (ii) does not hold. In addition, the discussion includes a quantitative reflection on the relative importance 

of discontinuities in the attractive and repulsive force components in producing the predicted bifurcations. 

References  

[1] Dankowicz and Nordmark (Physica D, vol. 136, no. 3-4, pp. 280-302, 2000) 

Alexander Ivanov (Moscow, Russia) 
 

On the "smoothing" of discontinuous bifurcations  

Abstract: In smooth dynamical systems, hyperbolic solutions can be extended until parameters values correspond to 

one of known types of bifurcation. Systems with variable structure are described by ODE with discontinuous right-hand 

sides. In this case linearization technique can be adopted, but fundamental solution matrix is discontinuous. To avoid 

"sharp edges", one can approximate a non-smooth characteristic with splines. Then usual analytical results become 

applicable. 
 

Appropriate examples are periodic solutions to: 
 

(i) bilinear oscillator (C-bifurcation); 

(ii) impact oscillator (grazing bifurcation); 

(iii) oscillations with dry friction (grazing-sliding bifurcation). 

Sergey Kryzhevich (St Petersburg, Russia) 
 

Smale horseshoes in dynamical systems with impacts  

Abstract: The single-degree-of-freedom oscillations of a point mass with elastic impacts are studied. The conditions 

sufficient for the presence of the chaotic dynamics in such systems are established.  



 

We suppose, that the motion on free flight periods (between two neighbor impacts) is described by the Lienard 

equation with smooth coefficients. This equation is nonlinear and in general, impossible to be solved. 
 

Assume that the right hand side of the equation has exactly two simple zeroes over the period. The period is considered 

as a parameter of the equation. 
 

Suppose that the considered point mass has elastic impacts with the delimiter, corresponding to the origin of 

coordinates. We take the Newtonian model of impacts. 
 

It is proved that if the period of the right hand side of the Lienard equation is sufficiently big and the coefficients satisfy 

some explicit conditions of the general type there is a chaotic invariant set of the considered impact system. 
 

The mechanism of formation of chaos is described. The methods of the proof of the theorem may be applied for other 

types of vibro-impact systems. 

Alain Leger (Marseille, France) 
 

Dynamics of discrete systems with nonregularized impact and friction  

Abstract: We are studying the dynamics of discrete systems made of particles or rigid bodies possibly connected to each 

others or to a rigid frame by some elastic devices, and such that their trajectories may involve shocks and friction with 

some obstacles. The simplest example of such systems is given by a single particle attached by springs to a rigid frame, 

moving in the plane and constrained to remain in a half-plane. We shall keep strictly non-regularized contact and 

friction conditions, but for the sake of simplicity we shall concentrate on a simple example and just comment on the 

points which either can be extended to any finite dimensional systems or remain difficult open problems in general. 
 

The lecture will concentrate on three points. 
 

1. The first point is the foundation of the analysis: we give the convenient mathematical statement of the problem, in 

which the reaction of the obstacle and the acceleration are both measures so that the velocity of the particle is a 

function of bounded variation. The result of this part is that, given initial data, a trajectory exists as soon as the external 

forces are integrable functions but in general the Cauchy problem is ill-posed and uniqueness of the trajectory is 

recovered only if the external forces are extremely smooth.  
 

2. The second point deals with computational aspects, describing an algorithm of the time stepping type, which is 

shown to converge no matter the solution involves isolated shocks or infinitely many shocks in finite time.  
 

3. The last point is closer to classical analyses of dynamical systems, but the results are very different. Choosing external 

data such that the initial value problem is well-posed, we study the dynamics under oscillating excitation. The 

{frequency - amplitude} plane of the excitation appears to be divided into parts where there exist only equilibrium 

points, and other parts where there exist only periodic solutions among which some are of small or very small amplitude 

while others are of large amplitude. Moreover, in some transition ranges there exist inifinitely many equilibrium points 

or infinitely many periodic solutions. 

Anatoly Neishtadt (Loughborough, UK) 
 

On adiabatic perturbation theory for systems with impacts  

Abstract: The one-dimensional motion of a particle between slowly moving reflecting walls in a slowly varying potential 

is considered. It is shown that standard adiabatic perturbation theory describes dynamics in the mode with impacts with 

the same accuracy as in the mode without impacts. An asymptotic formula for the jump of adiabatic invariant due to the 

change in mode of the motion is obtained. This is joint work with I.Gorelyshev. 

 



Arne Nordmark (Stockholm, Sweden) 
 

Discontinuity mappings for the study of grazing bifurcations  

Abstract: The technique of discontinuity mappings is an approach to compute the local effect of discontinuity surfaces 

in ODE systems, and to separate that effect from that of the flow when away from such surfaces. In particular, if an orbit 

that has a quadratic tangency to a smooth discontinuity surface (a grazing orbit), then some nearby trajectories, will 

never intersect the surface, while others will, but if the latter ones quickly return to the original side, we can define a 

discontinuity mapping that encapsulates both of theses behaviours. This mapping sits in between the set of incoming 

and outgoing trajectories, which both use the same smooth flow.  
 

The discontinuity mapping itself is continuous, but has a higher order discontinuity at a set of co-dimension 1. The type 

of discontinuity is closely tied the the type of discontinuity of the original system. In the talk, some a results on a 

number of classes of discontinuities are reviewed, and what sort of bifurcations, if any, are associated with grazing 

periodic orbits. The limits of when the other side of the original system becomes very "stiff", is also treated. 

Rafael Ortega (Granada, Spain) 
 

Twist maps with non-periodic angles  

Abstract: This is joint work with Markus Kunze. Consider an annulus A with coordinates (,r),  +2π=t, r[a,b]. A map 

(,r) (1,r1) is twist if it satisfies t1/r>0. Twist maps are useful to understand the dynamics of Hamiltonian systems 

and have been extensively studied. In this talk we study twist maps on a different domain, the annulus A is replaced by a 

strip S = R×[a,b] without periodicity in t. Using a simple minimization technique for the generating function we prove 

that some orbits remain in the strip. This result finds applications in the study of forced oscillators, generalized standard 

maps or ping-pong models with a general (non-periodic) time dependence. 

Oliver Payton (Bristol, UK) 
 

Mathematical model of tapping mode AFM; comparison between theory and experiment  

Abstract: A damped oscillating mass model is developed for tapping mode atomic force microscopy (AFM) which 

includes surface interaction via both van der Waal and meniscus forces and a realistic integral control law. Varying scan 

velocity, driving amplitude, amplitude set point and driving frequency independently shows that the model can capture 

the qualitative features of what is observed in AFM experiments both on a flat sample and a calibration grid. In 

particular the model correctly captures the onset of non-periodic motion even on a lat sample as first described by Hu et 

al 2006.  
 

Experimental results confirm this onset and also confirm the qualitative features of the dynamics suggested by the 

simulations. The simulations also explain the mechanism behind this observed beating effect; that the control loop 

overcompensates for high gains or low amplitude set points.  
 

The implications of these dynamics are explored for the accurate reproduction of the calibration grid, leading to 

recommendations on the effective use of AFM in order to avoid these unwanted artefacts. 

Luca Placidi (Rome, Italy) 
 

Soft contact dynamics of an impacting bilinear oscillator: numerical simulation and hints for 

describing an impacted cantilever beam  

Abstract: This is joint work with Ugo Andreaus and Giuseppe Rega.  
 

Systems constituted by moving components that make intermittent contacts with each other can be modelled by a 

system of ordinary differential equations containing piecewise linear terms.  
 

A soft impact bilinear oscillator is considered, showing bifurcation diagrams, Lyapunov coefficients, return maps and 



phase portraits of the response.  
 

Besides Lyapunov coefficients diagrams, bifurcation diagrams are represented in terms of both (i) non-dimensional time 

instants of contact (when the mass impacts the obstacle) and (ii) portions of contact duration (the percentage-time-

interval when the material point is inside the obstacle) in terms of non-dimensional external force frequency (or 

amplitude). The second (ii) kind of diagrams is needed because the contact duration (or the complementary flight time 

duration) are quantities that can easily be measured in an experiment aiming at confirming the validity of the present 

model.  
 

Lyapunov coefficients are evaluated converting the piecewise linear system of ordinary differential equations into a 

map, the so-called impact map, where time and velocity corresponding to a given impact are evaluated as functions of 

time and velocity corresponding to the previous impact. Thus, the usual methods related to this last map are used.  
 

The trajectories are represented in terms of return maps (all points in the time-velocity plane involved in the impact 

events) and phase portraits (the trajectory-itself in the displacement-velocity plane). In the bifurcation diagrams, 

transition between different responses is evidenced and a perfect correlation between chaotic (periodic) attractors and 

positive (negative) values of the maximum Lyapunov coefficient is found. 
 

Finally, the possibility to use the considered discrete model to represent the single-mode dynamics of an impacted 

cantilever beam is discussed. Plotting resonance curves for sdof and beam impacting the elastic support allows to 

characterize the analogies between the two systems. 

Robert Szalai (Bristol, UK) 
 

Arnol'd tongues arising from a grazing-sliding bifurcation  

Abstract: It is a joint work with Hinke M. Osinga. In this talk we aim to explain the sausage shaped resonance tonges 

numerically observed in many piecewise-smooth systems. Our specific example is the normal form derived at a grazing-

sliding bifurcation which is similar to the smooth Neimark-Sacker bifurcation. The global attractor in the normal form is 

polygon-shaped and can have finite number of sides depending on the parameters. The one dimensional dynamics can 

be periodic, chaotic and quasi-periodic for certain initial conditions. In particular we focus on periodic orbits and their 

border collision bifurcations that lead to the more complicated dynamics. In most models of physical systems non-

smoothness is a simplifying approximation therefore we also relate our results to regularized systems. 

Kazuyuki Yagasaki (Niigata, Japan) 
 

Subharmonic Melnikov method and its application to bi- and tri-linear oscillators  

Abstract: In this talk I review some extensions of the subharmonic Melnikov method [1,2] and present their applications 

to bi- and tri-linear oscillators. Time-periodic perturbations of planar Hamiltonian systems are considered. Special 

attention is paid to degenerate resonance behaviour, in which the derivative of the unperturbed frequency with respect 

to the Hamiltonian energy disappears. Fundamental results required to use the method applicable only to smooth 

systems in these piecewise-smooth systems are also given. Finally, analytical results are illustrated by numerical ones via 

the computer software AUTO.  
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