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Multiple Logistic Regression  
 
p covariates: (x1, x2, …, xp) = x     (some may be continuous and others categorical) 
Bernoulli response: Y; P(Y = 1 | x )  = π( x ) 
 
Model:  logit [π( x )] = pp xx βββ +++ L110  

 
This means: 
 
 
 
 
• βi = change in logit when xi increases by 1 unit keeping other covariates fixed. 
• For every c-unit increase in xi keeping other covariates fixed, the odds gets multiplied by exp(cβi).  
• βi represents the effect of xi on the logit after controlling for other covariates. 
 
Recall model comparison: 
 
Consider two nested models M0 and M1.  
 
• M1 (full model): Parameters = (β0, β1), log-likelihood = L1, Deviance = D1. 
• M0 (reduced model): Parameters = β0, log-likelihood = L0, Deviance = D0 
 
H0: β1 = 0 (i.e., reduced model = full model) 
H1: β1 ≠ 0   
 
• G2 = LR statistic = –2(L0 – L1) = D0 – D1 
• Asymptotic null distribution of G2 = χ2 with df = difference in # parameters of two models. 
• p-value = P(χ2 > G2). 
• Large p-value = reduced model fits well compared with the full model. 
 
Goodness-of-fit a model M:  
 
• Take M0 (reduced model) = M and M1 (full model) = saturated model. 
• Test valid only in the grouped data case. Otherwise use Hosmer-Lemeshow test. 
 
Example: Recall the low birth weight study with covariates AGE, RACE, LWT (weight in lbs of mother 
at the last period) and FTV (# physician visits in the first trimester).  
 
> fit1 <- glm(LOW~RACE +AGE + FTV + LWT, family=binomial, data=bwt) 
> fit2 <- update(fit1, LOW~RACE +AGE) 
 
> anova(fit2, fit1, test="Chisq") 
 
Analysis of Deviance Table 
 
Model 1: LOW ~ RACE + AGE 
Model 2: LOW ~ RACE + AGE + FTV + LWT 
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  Resid. Df Resid. Dev  Df Deviance P(>|Chi|) 
1       185    228.128                        
2       183    222.573   2    5.555     0.062 
> 
 
 
Hypotheses: 
p-value: 
Conclusion: 
 
Confounding and interaction: 
 
Consider the following hypothetical example: 
 

Response (y) Explanatory (x) 
CHD = 1, CHD present 
CHD = 0, CHD absent 

SEX = 1, male 
SEX = 0, female

 
Model 1:  logit[π(SEX)] = β0 + β1 SEX 
 
Fitted model:  Estimated logit  = -1.046 + 1.535 SEX; deviance = 123.72 
 
• RÔ (Male, Female)  =  
 
Suppose average age of males in the study was 56.45 years and the average age for females was 39.73 
years. It is likely that the apparent difference in risks for CHD among the males and the females is in part 
due to the difference in their ages.  If this is the case, we say that the effect of SEX is confounded with 
AGE, and AGE is referred to as a confounder.  
 
To investigate this, we now include AGE in the model. 
 
Model 2:    logit[π(SEX, AGE)] = β0 + β1 SEX + β2 AGE 
 
logit[π(Male, AGE)] = 
logit[π(Female, AGE)] =  
 
logit[π(Male, AGE)] – logit[π(Female, AGE)] =  
 
• OR(Male, Female | AGE) =   
• A conditional OR. Its CI? 
• Strength of association free of AGE (Homogeneous association). Why? 
• No AGE-SEX interaction. 
 
Fitted model:  Estimated logit  = -7.142 + 0.979 SEX + 0.167 AGE; deviance = 113.72 
 
p-value for H0: β2 = 0,   H1: β2 ≠ 0: 
 
 
Q: Is AGE is a confounder? 
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• RÔ (Male, Female | AGE) = 
• It statistically adjusts for difference in AGE among the Males and the Females – a better indicator of 

the difference in the risks for CHD among the two groups. 
 
 
Let us verify if no-interaction assumption is reasonable. 
 
Model 3:    logit[π(SEX, AGE)] = β0 + β1 SEX + β2 AGE + β3 AGE*SEX 
 
Male group:   logit[π(Male, AGE)]  = 
 
Female group:   logit[π(Female, AGE)]  =  
 
logit[π(Male, AGE)]  – logit[π(Female, AGE)]  =  
 
 
When β3 = 0 (i.e., no AGE – SEX interaction): 
 
• the slope of AGE is __________ in both the Male and Female groups.  
• log[OR(Male, Female | AGE)] = _________ . It doesn’t depend on AGE. 
 
When β3 ≠ 0 (i.e., AGE – SEX interaction is present): 
 
• slope of AGE for Male =  _____________ ;    slope of AGE for Female = ____________. 
• log[OR(Male, Female | AGE)] = _________.  It does depend on AGE.  
• Any estimate of OR for SEX should be made with respect to a given AGE (effect modifier).  
• CI for OR? 
 
Graphically: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fitted model:  Estimated logit[π(SEX, AGE)]  = -6.103 + 0.481 SEX + 0.139 AGE + 0.059 AGE*SEX; 
              deviance = 99.08 
 
Test for interaction: 
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Example:  Consider the Low Birth Weight Data. 
 

Response (LOW) Explanatory variabes 
LOW = 1,  Birth weight < 2500gms 
LOW = 0, otherwise 

LWD = 1, LWT < 100 lbs 
LWD = 0, otherwise. 
Here LWT = Weight of the mother at her last 
menstrual period. 

 AGE of mother 
 
 
> fit3 <- glm(LOW~LWD, family=binomial, data=bwt) 
> fit4 <- update(fit3, LOW~LWD + AGE) 
> fit5 <- update(fit4, LOW~LWD + AGE + LWD*AGE) 
 
> anova(fit3, fit4, fit5, test="Chisq") 
Analysis of Deviance Table 
 
Model 1: LOW ~ LWD 
Model 2: LOW ~ LWD + AGE 
Model 3: LOW ~ LWD + AGE + LWD:AGE 
  Resid. Df Resid. Dev  Df Deviance P(>|Chi|) 
1       187    232.258                        
2       186    229.758   1    2.500     0.114 
3       185    225.241   1    4.517     0.034 
>  
 
Conclusion:  
 
• AGE confounder? 
• AGE effect modifier? 
• Should we have both AGE and AGE*LWD in the model? 
• Report estimate of OR(LWD=1, LWD=0 |AGE) and CI at various values of AGE. 
 
 
 
 
 
 
 
 
 


