CAPITAL AND TIME: VARIATIONS ON A HICKSIAN THEME
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l. INTRODUCTION

John Hicks has written extensvely on capitd. In addition to his three very influentid books
which have cepitd in ther titles (1946, 1965, 1973b) he has published numerous articles. He was a
scholar who returned many times in his life to the same questions, sometimes with different answers. In
Value and Capital (1946, first edition 1939) he criticaly consdered Bohm-Bawerk’ s average period
of production. His Capital and Growth (1965) was a series of exercises in growth theory. But, as
with dl of Hicks's work, this book contains much discusson of an informa nature. These extended
discussons show that he was thinking carefully about the implications of time for the theory of capitd.
We se it in hisintroductory remarks on methodology, particularly his discusson of equilibrium; we see
it in his survey modds of Smith and Ricardo and we see it in his concern about how to portray the
transition from one equilibrium steady state growth to another, the problem of the ‘traverse’. And then
in a series of contributions in the 1970's, including his book Capital and Time (1973b, also 1976,
1979a and 1979b), he becomes very concerned with time as a topic in economics. Along with this
concern came arevived interest in the Audtrian theory of capital.

Hicks cdled his new approach to capita a Neo Austrian gpproach. This labd does not seem
to have been auspicious for the acceptance of his gpproach. The modern Austrians did not embrace it
(Lachmann 1973), and the mathematicd Bohm-Bawerkians (Faber 1979) criticized it for other reasons.
In this paper | reexamine this new approach. | find that it is quite reveding in away that perhagps Hicks
himsdf did not fully redize. Many of the traditiona issues in capitd theory come together nicdly in
Hicks sfind trestment.

Il. HICKS AND TIME

Hicks had an abiding interest in and a fascination with the implications for economics of the
passage of time. His trestment is ambiguous however. Hicks' s dtitude to time pardlds in many ways
his relationship to the Audtrians (particularly of the market process variety) and the radica subjectivigts.
Few economists have been more influentid. Yet few defy categorization as he did. He was a once
Keynesan, Neoclasscd and in his verbd remarks, if not in his forma modds, he made important
concessions to the Audrians. His critics thus had an easy target, being adle to find numerous
inconsstencies. From the one sde he was criticized for being too forma and mechanigtic. From the
other he faced technical chdlenges to hisforma modds. He continualy waked atightrope.

1 Capital (I am not the first to discover) is avery large subject, with many aspects; wherever one starts, it is hard to
bring more than a few of them into view. It isjust as if one were making pictures of a building; though it isthe same
building, it looks quite different from different angles. As| now realize, | have been walking round my subject, taking
different views of it” (Hicks 1973b, p. v).



We see this in his treetment of time. He beieved in the importance of the “irrevershility of
time’. Time was not drictly andogous to space. Concerning this redization he says “I have not dways
been faithful to it, but when | have departed from it | have found mysdlf coming back to it” (1976, p.
263). One cannot escape the fact that the future is not determined in the same way as the padt is.
“How easy it is [however] to forget, when we contemplate the past, that much of what is now past was
then future’. This has profound implications for the meaning of any time sries. “Action is dways
directed towards the future; but past actions when we contemplate them in their places in the stream of
past events, lose their orientation toward the future which they undoubtedly possessed at the time when
they were taken. We arrange past data in time-series, but our time series are not fully in time. The
relaion of year 9 to year 10 looks like its relation to year 8; but in year 9 year10 was future while year
8 was past. The actions of year 9 were based, or could be based, upon knowledge of year 8; but not
on knowledge of year 10, only on guesses about year 10. For in year 9 the knowledge that we have
about year 10 did not yet exist (Ibid., p. 264, italics added).”

One of the far reaching implications of this concerns the theory of capitd. Consder changes in
the value of the capitad stock. “The value that is set upon the opening stock depends in part yoon the
vaue which is expected, at the beginning of the year, for the closing stock; but that was then the future,
while at the end of the year it is dready present (or past). There may be things which were included in
the opening stock because, in the light of information then available, they seemed to be vauable; but a
the end of the yeer it is clear that they are not valuable, so they have to be excluded. This may well
mean that the net investment of year 1, caculated at the end of year 1, was over-vaued - at lesdt it
seems to be over-vaued from the standpoint of year 2" (1bid., p. 265).

We see here much with which Lachmann, for example, would agree. And smilar Satements are
to be found throughout Hicks' s work, particularly in this latter period. Y et when he reviewed Hicks's
Capital and Time Lachmann focused criticdly on Hickss more formd ‘out of time€ anayss
(Lachmann 1973). Lachmann dl but ignores the potentid of the first two chapters and much of Part 111
for a more subjectivist gpproach, one that incorporates aspects of the connection between time and
knowledge that he had worked out.? In what follows | examine the essentials of Hicks's conceptual
framework (from Capital and Time) and attempt to draw out some of the implications and indghts that
emerge when interpreted from a subjectivist point of view. This framework is a convenient and efficient
organizing device in which dl of the various influences on the capital formation process come together.

. A SIMPLE CONCEPTUAL FRAMEWORK

2|t isclear that Hicks was sensitive to Lachmann’ s criticisms:

Most of my critics have been ... equilibrists; but there is one, for whom | have the greatest respect, who has
opened fire from the other flank. Professor Ludwig Lachmann, ... is (like Professor Hayek) a chief survivor of
what | distinguished as the Mengerian sect of the Austrian school. It is clear that his view of me is like
Menger's view of Bohm Bawerk. He cannot of course abide the steady state. Even the modest uses of it
which | have made ... fill him with dismay. Even the explanations which | have now been giving (and which
are meant, incidentally, to assure him that | am more on his side than on the other) will, | fear, fail to placate
him. Hisideal economicsis not so far away from my own ideal economics, but | regard it as a target set up
from heaven. We cannot hope to reach it; but we must just get as near as we can (Hicks 1976, p. 275,

footnote omitted).



Hicks begins by noting the different kinds of capita and different kinds of capital processesin
which they are found.

There are different theories of capital because there are varieties of capital. The capital, the real capital, of

any economy extends the whole way from very durable instruments - almost land, and some would say that

land itself should be included - to goods that are in the pipeline, goods in process of production (Hicks
19733, p. 97).

The old Austrian theory (of Menger and the Mengerian dements of Bohm-Bawerk) is a ‘goods in the
pipeline gpproach’ while the production function approaches are of ‘a quas land, fixed capita’ variety.
A satisfactory theory of capital should be able to encompass both. Bohm-Bawerk’ s attempt to capture
Menger's vison used a flow-input-point-output approach and Wicksell extended this to a point-
input-point-output (aging wine) approach. These models are models of time. They characterize the
production processin terms of time (or, asin the case of Wicksdll, in terms of a capita quantity derived
usng time units - quantities of dated inputs). Hicks is concerned to provide a theory of capital that isin

time. Such atheory would have to be a flow-output theory.
Goods that are produced by the use of fixed capital arejointly supplied. It is the same capital good whichis
the source of the whole stream off outputs- outputs at different dates (1bid., p. 98).
If it were not for joint supply we could, on the whole, get on very well with a cost of production theory of
value. So it is here. If it were not for the joint supply that isimplied in the use of fixed capital, we could get
on very well with the BéhmBawerkian model, in which we associated with every unit of final output a
sequence of previous inputs which have ‘led to’ that output; so that the cost of the final output is
representable as a sum of the costs of the associated inputs, accumulated for each by interest for the
appropriate length of time. In an economy which uses fixed capital such imputation is not possible (Ibid., p.
99).°

So Hicks proposes the abandonment of the *period of production’ approach. There is no measure of

roundaboutness,
What we must not abandon are BéhmBawerk’s (and Menger’'s) true insights - the things that are the
strength of the Austrian approach. Production is a process in time....the characteristic form of production is

a sequence, in which inputs are followed by outputs. Capital is an expression of sequential production.
Production has atime structure so capital has atime structure (Ibid., p. 100).

Thus, we define a production process as a stream of inputs, giving rise to a stream of outputs. A
production process may be thought of adso as a technique (for converting inputs into outputs) or a
project. It may take many concrete forms, like the building of a factory, or the condruction of a
machine, or the exploration for ail, etc. followed by the flow of a particular output (or set of outputs).
Many (most? al?) production processes can be characterized in this way. Inputs and outputs are to be
thought of in terms of value (or expected value), so outputs could be negative, but it is hardly
conceivable that outputs should precede inputs a the start. Hicks asks a fundamenta motivating
question: “What, in generd, are the conditions that must be satisfied in order that the process should be
viable?’ (Ibid., p. 100)*.

%n afootnote to this Hicks notes: “The point, it may be remarked..., iswell understood by the intelligent accountant.
He is well aware that in the case of products that are jointly supplied, the allocation of overhead costs is arbitrary;
and he is also aware that the depreciation allowances which he makes are arbitrary, for they similarly involve an
alocation of common costs to the jointly produced outputs at different dates” (Ibid., p. 99n).

* Interestingly he does not say “optimal.” Of course the implication is that the producer will choose the highest
capital value from among the imagined alternatives (given any scale of operation). But, as we shall note, in the
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Congdered in this way the question can be answered by the use of some smple and familiar
arithmetic which, though smple, has some important implications. We gart by looking a the Stuation
faced by the individual decison maker ex ante. So the input and output vaues are prospects. In this
way we are atempting to uncover certain generd principlesthat are implicit in any production plan.

Every process (or project) has a capital vaue (familiar as the net present value, NPV). Thisis
the discounted flow of the sum of the net vaues yidded by the project over its life. Hicks shows that a
necessary condition for the viability of any process as awhole is that its capitd vaue should be postive
(or a leest non negative) at every stage in its life (Hicks 1973a, p. 17, 1973b, p. 100). In other
words, the NPV should be pogtive whatever the date for which we make the cdculation. The
capitaized vadue of the output flow must aways be at least as great as the capitaized vaue of the flow
of inputs. If this were not the case then the process should be abandoned at the point at which the NPV
ceased to be pogtive. At every stage in the life of the project the question of its continuation may be
raised. At each point thisis essentidly an investment decision. So the project should not be continued if
the value of what remains (the remainder) at any date, and as if contemplated from that date, is not
positive (non negative). In other words, contemplated at the date of inception it is possible to caculate a
capitd vaue at each imagined future date in the life of the project. Each and every such capita vaue, as
contemplated by the decison maker, must be non negative. If even one of them were negdtive that
would indicate that the project should terminate & that date. In fact that defines the termination date.

While this generd principle must be true as an implication of rationd planning, as of the point in
time of the decison, it may of course happen that in the execution (as digtinct from the contemplation)
of the project the capitd vaue a some point before planned termination unexpectedly becomes
negative. This does not imply that the project should be immediately abandoned (although in retrogpect
it would seem that it should not have been started). The principle of the irrelevance of sunk costs applies
and one would have to condder it as a new project where the ‘costs of abandonment (long term
contractua cogts for example) have to be compared againg the ‘costs of continuing. That is to say
though one or more of the origind capital vaues, including al of the origind ements, may turn out to be
negative, because historical flows are irrdevant the capital value as contemplated (recaculated) in the
present may neverthdess be positive. Similarly the capita vaues a any point may during the execution
of the project turn out to be unexpectedly high. Thus we may define a successful plan as one whose
capital values turn out as expected (or better).

Of course present vaue criteria are well known and are implied in dl discussons of capital.
What Hicks makes explicit here is the way in which present vaue appraisds change over time,
specificaly over the life of the project. He addresses the intertemporal value structure of a project,
the logic within a sngle human plan concerning the rdationship of the capitd vaues a various
contemplated dates to one another. So when Lachmann asks: “What can we say about the firm's
production plan in generd and the pattern of use prescribed to its capita combination in it?” and
answers, “We might say of course that the firm will act in such a manner as to maximize the present
vaue of its expected future income stream, but such a description of the equilibrium of the firm is of very

execution, in the unfolding of the plan, unexpected outcomes will cause the capital values to deviate from their
planned contemplated levels. The continued viability of aplan thus depends on the considerations under discussion,
whether or not it is considered optimal from some point of view. And the composition of the capital stock at any
point of time will reflect the unfolding of these plans.
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little use to us” (Lachmann 1986: 64) he may be underestimating the usefulness of thinking in terms of
the influences on the (present) capita vaue of any plan.

Hicks examines other ways of evauating capital projects. Each plan (or capita project) will
have an implicit yidd, better known as the internd rate of return (IRR). If the capitdization process is
conducted using this rate then the initid vaue will be zero; it is the rate thet causes the NPV at the
inception date to be zero. If the same rate, the IRR, is used to caculate the capita values at dl other
dates, they will become positive, rise to a peak (or perhaps a series of peeks) and eventudly fal again
to zero at the termination point. Hicks aso shows that for projects defined in thisway the IRR is unique
(Hicks 1973b: 22, but see footnote 7 below). The foregoing can be greetly clarified with some basic
algebra.

V. FORMALIZATION

We denote input values and output values at time t (contemplated at time 0) as a and by. Also,
a = Si\wiaj, where w; is the price and a; isthe quantity of input i a timet, assumingaset of (i =1, ...
m) inputs.® For convenience we will suppress the i subscript, assuming only one type of input, and write
a = wa. without loss of generdity (dternaively a and w may be thought of as vectors). Similarly, we
write b = pb,, where p is the price and b the quantity of the output.® For convenience we define, g, =
b, - &, asthe net output value a any date t. We denote the capital value a timet by k.

1) ke = G+ QuaR™ + g oR% + ... + R
=q+ Rk = (b - &)+ R K1

whereR=1+r, and r is the per period rate of interest, or more accurately, rate of discount. This says
that the capitd vaue at the beginning of any subperiod t (k;), which is the discounted value of dl of the
remaining net outputs, can aso be calculated as the net value of the output of that period (g = b - &)
plus the capita value of the remainder, for subperiods after t, R*k.1. And this holds for any vaue of t.
Hicks now offers what he cals the “Fundamentd Theorem”: it is dways true that a fdl in the
rate of interest (rate of discount) will raise the capita vaue of any project throughout (that is as
cdculated a any date t), while a rise will lower it. The proof follows from equation (1) and it is
ingructive to reproduce it here a some length.
[S]uppose that the g's are unchanged but that r falls, so that the discount factor rises. We see at once ...
that k is bound to rise, provided that k., is positive; and provided that k., is not reduced by the fall in
interest. But a similar argument applies to k.;. Thus we may go on repeating, up to the end of the process,
where k, = g,. Thus k, is unaffected by the fall in r; so k,.; must be raised, and therefore k,,, must be raised;

and so on, back to k.. Solong as all thek,' s are positive (as we have seen that they must be, in order that the
process should be viable), every k; (0ton-1) must be raised by thefall in the rate of interest.

°0One may think here of a production function like Q, = f(ay, @, -... , am¢) a €ach point in timet. The meaning of the a;,
will depend on the context. Where we think of all factor inputs as reducible to the original inputsin asort of ‘ macro’
context then they are of the form of ‘labor’ and ‘land’. Considered as a component of an individual production plan
the a;; must include produced inputs, that is capital goods. See equation (4) in the text below.

®For amultiproduct firm, b, - S;p;b;, wherej = 1, ..., z isthe set of outputs.
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...We have taken it for granted that the duration of the process remains at (n+1) weeks [subperiods], even
though the rate of interest falls. But it is immediately clear that even if the duration isvariable, it cannot be
shortened. For since we have shown that with unchanged duration, every k; (t < n) will beraised, it must still
be advantageousto go on for at least the same duration, at alower rate of interest. All that is possibleis that
the process may be lengthened.

But the process will only be lengthened if k.., (which was zero at the higher rate of interest) becomes
positive at the lower. That can happen, if the lengthening requires some net input (repairs, for instance,
which only become profitable when the rate of interest falls). If it happens, however, al earlier ki must be
raised, a fortiori. So the Theorem continues to hold when duration is variable (Hicks 1973b, pp. 20-21).

This characterization of a capita plan thus shows, in the first instance, how the planner’s
gopraisad will be affected by changes in the discount rate he gpplies. But it is equdly clear that this
appraisa will depend on dl of the other conditions that characterize the project. For example, if the
prices of the inputs w were to rise (or be expected to rise) the capital vaues would fal. Smilarly arise
(expected rise) in the price of the product would raise dl k. Changes in technology may affect these
prices, by affecting processes elsawhere in the economy, or they may change the pattern of inputs, a,
required.

The vdue of r for which ky = 0 isthe IRR. This can be thought of as the yidd of the project. It
represents the minimum that would have to be earned on any dternative project if this one were to be
abandoned in its favor. If ‘wages w were to rise (uniformly) al of the k would be reduced. This
impliesthat the yield of the project, its IRR, would fal. Thus for a given project (or set of projects) there
is a trade off between changes in w and r, other things congtant. This is the sense in which the Neo
Ricardians percelve the existience of a‘factor price frontier’ defining different equilibrium digtributions of
income between the factors of production. Consdering hypothetical changes in w and changes in r
necessary to ‘compensate’ for these changes (by keeping ko = 0), one can imagine Stuations in which
one technique, while dominant a a given levd of r, loses its dominance asr fdls and then regains it again
as r continues to fall with rises in w. The dgnificance of this hypothetical tradeoff is far from clear
however, given that any pattern of inputs a. is, in principle, possible. Also, there is no unambiguous way
in which we can decide which project, or technique, is more ‘capitd intensve'.

Moreover, it is important to note that in the context we have developed above, r cannot be
taken to be the price or rate of earnings (profits) of capital. r is the rate of discount applied to the
ovedl earnings of the project a different dates. In fact the identification of w as ‘wages is a
amplification that assumes that al of the inputs are reducible to labor. Had we wished, we could have
included produced means of production among the a; inputs. None of our conclusons would be
affected by this. w; would then refer to wages on labor and rents on capital goods.

V. LOOKING FORWARD AND LOOKING BACKWARD

It should be emphasized that this view of the capita process presented above is a forward
looking one. All of the vaues are prospective. We may even think of each project as a capital
prospect. As such there is an unavoidable, but often suppressed speculative lement to it. There is a
least one other possible way to look at capital processes in time, that is retrospectively, as aresult of
capital invested. From equation (1),

(2) ko =Qo t qu_l + qu_Z + ...+ qt_lR_(t_l) + ktR_t



for any vauet between 0 and n. Using the IRR iR, ky = 0, s0,
3  k=(@R + QR+ ..+ (-q1)R

Looked at this way k; isthe sum of the net inputs, -q = a-b, from 0 to t -1, accumulated by interest up
to week t. This captures the idea of inputs maturing at a rate equa to the IRR and emerging as a find
output.

For plans that are successful, in the sense that the capital values k; turn aut to be exactly equa
to what they were expected to be, when discounted or accumulated using the IRR, it should be clear
that the two ways of looking at capitd (prospective and retrospective) are exactly equivdent, they
describe an ongoing and, in an essentid sense, unchanging process. This is what the assumption of a
seady state buys us, namely that the process, dl processes, look the same at dl points of time and for
dl points of time. In the seady dtate, Snce dl plans are successful in this sense, the interest rate on loans
must be equd to the (known) yield on projects, and the latter must be uniform (for any given investment
period) across projects. We arein a Ricardian world.

We note in passing that the Neoclassical production function gpproach is a Steady State
gpproach in this sense. Write:

4 Q: = ADf(K,Ly) using time subscripts to indicate an ongoing processin time

or Qi = Aua()f(Kia,Lea) if we dlow for time lags,
where Q isoutput and K and L are inputs of capita and labor respectively.
We thus have an identica series of inputs (proportional to the stocks of factor of production) and
outputs in every period t. Changes in the inputs will cause changes in the outputs once and for dl. The
process looks the same from al points of time.

Hicksiscritica of the Steady date:

| am very skeptical of the importance of such ‘steady state’ theory. The real world (perhaps fortunately) is

not, and never is, in a steady state....A ‘steady state’ theory is out of time; but an Austrian theory isin time
(Hicks 1973b, p. 109).

And he goes on to explain that atheory that is in time would have to take note of history, would have to
include inherited higtory, including the inevitably less than optima capitd stock, as a ‘cause of
subsequent events.

For atheory that isin time, perspective matters, things look very different from different points
of time. Mogt specificaly, any process with a yield that is greater than the market rate of interest on
loans, which it would have to have to be undertaken in the first place, would have the property that the
capita vaue measured forward (prospectively) will be greater than the backward (retrospective)
messure. And this will be true even a point O where k = 0 measured forward. This is a basic
implication of rationd planning. If a process is successfully being carried out, and if its yidd is greater
than the interest rate, a capital gain will accrue at each stage of the process. Surdly thisis the redl
meaning of profit. The existence of profit, in this sense, absolutely depends on a disequilibrium between
the yied and the interest rate. And this can persst only if there is no Steedy date, if there is no uniform
(zero by this definition) rete of profit. The existence of profits implies different (varying) expectations.
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Technica progress will imply that the yield on new processes (embodying the new knowledge)
will be above that on old processes (those processes that do not). Old processes will, if there is enough
time, be replaced by new ones. The capital stock, the stock of tangible things, will, a any point of time,
reflect the accumulated results of passed gains in knowledge. Although thisisinimica to the Seady sate
everything that has been sad above with regard to the characterization of projects, techniques,
processes, that make up capita, remains vaid.

Socid accounting, however, can only be done consstently in a steady state. Out of the steady
date (alimiting case of which is the Ricardian dationary state) it is drictly impossible to derive aggregate
vaues for capital and therefore for output (since the value of output depends on the vaue attributed to
capital maintenance). Hicks explains this and then proceeds to assume a steady state in order to explore
aspects of socid accounting and trangitions between such states. This, perhaps, is the reason for the less
than warm reception that Lachmann accorded this work. Nevertheless his smple arithmetic framework
reveds a lot even for those who believe that the market process should be analyzed as a disequilibrium
phenomenon.

VI. CONCLUSION: CAPITAL PLANS AND MACROECONOMICS

Hicks's framework presented above is a convenient way to think about capitd. It is
fully consstent with a modern Austrian approach as developed for example by Lachmann and Kirzner.
According to this gpproach capita must be thought of in terms of intertempora plans. We must make a
distinction between capita goods and capitd as an abstract category. The latter refers to the value to
be attributed to a particular plan or set of production plans. The profits or losses to be atributed to a
production plan are the result of changes (or the absence thereof) in the capital values atributed to it
over time. These appreciations (or deprecations) in vaue are, in turn, the result of (are derived from)
changes in consumers evauation of find production.

The meaning and the value of any particular capita good derives from its position in a particular
production plan. “The identification of a ‘resource’ as didtinct from other physical things, cannot be
made without reference to human purposes (Kirzner 1966, p. 38)”. All capital goods are, in effect, an
expression of “unfinished plans’ (Ibid.: chapter 1). As such, these capita goods can be valued by what
they add to the vaue of the plan. The vadue of any income source is derived from the income it is
expected to produce; so the vaue of any capitd good is familiarly thought of as being equd to the
discounted vaue of the estimated income it adds to any production plan - the discounted vaue of its
margina product.

All production plans are affected by, among other things, changes in the rate of discount that is
pertinent to the plan. A fdl in the discount rate will increese its value, arise will decreaseit. Thusif
rates of discount are affected generaly by macro economic changes, notably changes in interest rates,
these may be expected to have a generd effect on the expected vaue of existing and planned capita
projects. In particular, those projects with the longest time horizon will be mogt affected. (Thisis well
known and expressed in the proposition that the eadticity of present vaue is higher the higher the time
horizon). Certain familiar macro economic scenarios thus follow from any generd change in rates of
discount that follow upon generd changes in interest rates and (more importantly) expected interest
rates. Thus, for example, producers percelving afdl in the “socid” rate of time preference (as trandated
in market rates of interest) will be led to the adoption of planswith longer time horizons as suggested by
the Audtrian theory of the business cycle. As explained, however, it isimportant to remember that the
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discount rate is only one of the variables that affects the capital values of any and dl projects. Hicks's
gpproach has the virtue of providing us with a particularly clear framework in which the various
influences may be reveded. So we might write agenera capita value (vector) function as
k; = ke(w,a,p,b,r, n),

indicating that r is only one the determinants of k. r is perhaps especialy important because of its
macroeconomic significance as the indicator of the relationship between present and future prices of
consumption goods. However, the structure of prices and wages in general may affect the project
(through p and w) and technology obvioudy matters (a and b). Hicks approach gives a comprehensive
picture.

APPENDIX

Hicks presents arguments for the existence and uniqueness of the IRR. Any viable process must be viable for r =0,
“if itsinputs and outputs are undiscounted, its ko must either be zero (in which caser = O isitsinternal rate of return)
or it must be positive. But in the latter case, if the rate of interest rises ... kq steadily diminishes, and must finally be
reduced to zero - savein one special case ... when bg - & is positive (or zero)” which is a case of “production without
capital”. If b, - a9 is negative, and k; is positive (asit must beif kqis not to be negative), it isinevitable that

ko=1Do - 3+ Rk;

should ultimately be reduced to zero by arisein therate of interest. So an IRR exists. The IRR is unique because the
Fundamental Theorem applies as much to kyas to any other k.. “If we start from arate of interest which is such that ko
is zero (the other k’ s being positive), any reduction in the rate of interest must increase ko. So k, cannot be zero again
at any lower rate of interest” (Hicks 1973a, pp. 140 and 140n).

It seemsthat Hicks obtains this result because of the way he defines a project as a series of positive yields
over time (for each period except the first). Thus a negative yield (positive outlay) can be used to demarcate the start
of anew project. From amore general perspective the IRR need not be unique. From

k= 0o+ ;R + qoR?+ ... +q,R"=0

n

o] ’
=d gR'=0
i=0
[] . [¢} .
gt Rk=d gR'=a g.R=0
i=0 i=0

or 0= 0o+ GniR+ GuoR+ ... R
The last line can be written,

® 0=Qn+Quar+ Qn-zr2 +...Qr"

Where the Q; are linear combinations of the g;and r, and, it will be remembered R = (1 + r). Equation (5) is an nth order
polynomial, with the roots equal to the IRR(s). Generally there will be more than one root, the number of rootswill be
equal to the number of changesin sign of the coefficients (Q;) at most (I owe this approach to the lecture notes of
Professor L Sjaastad of the University of Chicago). Since Hicks has assumed one changein sign thereisonly one
IRR.

Theuse of an IRR is at bottom a matter of convention. It depends not only on how one divides up a project
over time, but also on assuming that the “internal” yield isthe same for each subperiod. It seemsintuitively clear,
however, that the individual planner must have in mind some benchmark against which to (subjectively) test the
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attractiveness of a project in comparison, for example, with investing in the market. Each planner will define his own
boundaries.
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