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Hybrid dynamical equations of motion:

Define a discrete mapping between steps:

A gait is a solution (fixed point)

Symmetric if period-one (k = 1), asymmetric otherwise

A gait is stable or unstable based on the eigenvalues of the 
map’s linearization about the solution

Symmetrical, planar model

Gravity-powered walking   
down a shallow slope 
(no explicit motor control)

State                                        
contains joint angles/velocities 

Bifurcation diagrams show the steady-state evolution of 
gait variables as a model parameter is varied.

The symmetric solution becomes unstable and a new 
stable asymmetric solution emerges at a bifurcation point.

global minimum

Asymmetric family has the most stable gait! Asymmetric gaits are stable for fast walking

Second leg provides 14.3% more propulsion First leg provides 15% more vertical support
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Gait on 4.8° slope: asymmetric joint trajectories and ground reaction forces

M(θ)θ̈ + C(θ, θ̇)θ̇ +N(θ) = 0 for (θ, θ̇) /∈ G
(θ+, θ̇+) = ∆(θ−, θ̇−) for (θ−, θ̇−) ∈ G.

xj+1 = P (xj)

x∗ = P k(x∗), k ≥ 1

We vary the mass ratio                            between hip/leg.μ = mh/m

global minimum

Symmetric family has the most stable gait Asymmetry emerges at same speed
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Both legs provide propulsion Second leg provides vertical support
x = (θ, θ̇) ∈ R4
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Why are asymmetries between the left and right leg 
sometimes observed in able-bodied walking?

Hypothesis of functional asymmetry suggests a 
beneficial division of leg functions.

Under what conditions is an asymmetric division of 
leg function beneficial, and what are the benefits?

Conclusions

Emergence of asymmetry is due to spontaneous 
symmetry-breaking from excessive system energy.

Asymmetric gaits are the only stable solutions for fast 
walking speeds.

Passive walking requires no power from the biped, so 
asymmetry can be very energetically efficient.

An asymmetric division of leg function can be 
dynamically beneficial for stability/efficiency, but the 
role of each leg depends on the walking conditions.

Alter mechanics to reduce pathological asymmetry?
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