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Chapter 4. Context. free Grammars
4.1. Lnoduchion. I

 Context. free grammars (CFGs)

f.ﬁS‘tdnﬁtx o,f; nahu'al or Progmmmc'nj

lanquages. o o
A PG is essentially a collection
of syntax rules which can be uxd

 + derive shi "‘ﬂs ina —Qah@uage.
- Ex. Syntax of a dass gfsimp& |
“arithmehec expressions th vo&/i’ng +, x
<expr> —> Jexprd> +<ternd| O
| <termS €
< trmdy — < Fermd x KHactod | @)
R - <Aactor)> ®
< foctry —» ((Lexpr>) | ®
) | a | (&)
'S'*w'Huj with <expr) we Can gehera”t
certain arthmehc expressions using
“+he 6 ruls above.

For .examPlL ,




< expr) => Lexprd + <lern> Q)

o R L= Lexprd + <termd. x(:fac‘l'm) Q@)
i = L expr)-ﬁ-("'cf (4 T
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Fi‘Y €% mF'Ce

Cexprd =» (ée&pr> + <expr>) O]
-9 ( ((e;'ar) (exfr)) -+ <€-¢'r>) (z.
= ((._..Q.._ﬁ@&?r)) + «-cpr)) (4)

= (Col) .s"<'u,>.->) )
= (o) +(<expr>))  G)
- = (o) +(8%)) @
Ex: HW"’OQO"WW 20#1"11»032
S— 0S5 l Q)
B | | | )
- For example, |
S =5 oS = ooSu (= SSP)
=3 o st
=ty o Ik
Note Hhet %e_'qmmmar
S — AaB

A — OA | =
BmaplBlé.

aenerdiis +he ‘eamguage. ‘
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In o(e,fmmj a CFG we: need +s spec:{j
' sYym boes

o - e ( Nok ................ @) aud @) m«.zs'f’ be clisjoif)

______
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set'of rubes/produchions

(,4) SeVis s-l—;_'_,’t_"'fs"f‘]mboé




4.5

A m&. or pmduchon s a Pcur
(A,x) € Vx (VuZ)
also WHHCW as A—> . ‘

w"

- v = R a
Le,i'G (VZRS) be a CFG.

qujne ==-# and =--a=> as follows

gzg_ . G: ( j_ﬁ__}' S0l #}, §S—~oSl[=t},S)‘ |

@y For A-—-vo(el? p.Y e (Vui)
W write ,,@A\’ => Po(’o’

BAY dn:ed'&j derives oY

(or dar‘ed’lﬁ cdndds

eg. os <o ol

A 5 &

(z) Fbr Oo, 6, e(VUZ) ,-mzkoa'}m’
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we wnf'e. LRGP o |
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is Ca%d a denva:hon and
m I1s I""S KZ
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Thus , 0(===> R Lfand oneg c.f
ists q ‘derivation

‘ °G N Gr ==9 6 =F

aof L 34_‘4/ S We ______ Wﬁk’ o

LCG)

= Set o.F sentences generdiad
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Two CFés G cmd G‘ are said

L( _______ ‘) O X ¢ ‘
| A Las nﬁ que L < i ‘
. a Cbn‘kx-" 4&, l .................. e "' | =

are pvfodudwns ‘we use the short-

‘hand :  A—> o] 'd"
,Ex ® & : S—aSa [aBa
= B-— bB“’ .
L@ = § arber | nom>e]
_. a*sa*® kzo

— ,‘ak‘..‘){B alul l?O |

ﬁ k#' b‘-ﬂok&l ﬂ

@) G,: S—AB  G,:S—»aS|aB

A —>ahl|a B-sbB|e
B—>bB|s

LGY= a*b* = L@, o
G ~ Gr |
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if“‘?’ | bA
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B —
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Lt G=(V,Z,R,S) be a CFG- |

A fabd&d Ord&red fee T.‘s mW

¢y roo‘l' gi T is Labeled baj soie
nonterminal in G (SPec S)

..(z.) |;f a nodc Labeled A e N has

chcfdv:em Labeled \/., » Yie ,'H’:en
A — Y \/k € R

. The fron-her c;f is +he S‘kma |
“obtained (ij comakwa-ﬁna Hre (abels

o;f Hie Loaves g’ T in the ordor ,from

| l;a#h hq(at

4 Fronher ‘3’ is a-‘crmmaﬁ S-Irmj
--'.wm T is a derminal derivation fee

Ex: S=ap S=> aB
G/S\B ~ =aaBg, = a0 86
a” BB :aag‘sb | -baabSB
"5 b =>aabaBb aaaabaee
j\ => aaba bb '-'-'# cabab B8
! | | @ aababb

b | | din
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4.4. Desc‘gm‘ng CEGs |

] AZ-kuﬁ'ln +here s no recipe,. 401 +his p
in manﬂ Cases Wwe can 4,;,;% +he

Sl‘hon
(.') Decompose« +he avv-ew fanguage
info Slmp(er componewl's
) Promdc, a recursive dr;fcmhon
L for a Given faaajuage,
Ex. How 3&1@(6% {a B" [ny o}
| Obsexv.e. L can be dgf rec. |

| (,, Basis. se L.
..... (;)Rec.ﬁp,_ : wel => awbel—

N¢Y No-'—hmgeesz s in L,
- Row +his we obtain +he cFG
G: S— aSIo 's-_’i |
| | ( vec. %kf) > (basis)
How ‘h gevwraa’ |
L=2$§ wetabl | #(w)= #p6d}

| Cen al A rec. dgf . :-Fm' L .
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. IF x,yel , then
qxb bxa and. xy

@ Noﬂnng else sin L Y

| §>e 4444444 Cons# ___________ a CFG «for _______________________ o
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+her S §Y§ ,, in L 2 o




‘we cbtain onéy
“schewme awb’

i abtt, dbie
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In par-lwufm we got h genemf‘e_

| ftr( i=3 +he 'Jvmﬂ_ Q b4 ....... a’b®

I} we use +he scheme wb
- a® b4 f\rbm ab

I# appears that we also need -Hwe

sfrm s in L
Ning i

R : _—4

/wb | N awb®*

Laly 20 - Cely 2040
a''b | a‘b

-8 P I )

d"' bz(m) -t

 Thus , we dq. L rec. as follows:

(yBasis. a’'bel

) (z,_R_gc;_g_lgro if we L ,+hen soare

awb ancl awb®*

Hene | -Hae CFG v‘fW L is:
G': S"") qu,aSb"la

@ 5@% we Pmmde a re?@mug .

em—
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| ( Deco mposu"bbn)

L _ﬁa b" |c<Jz U{a Ult)J}

L, L

. | e RY _____ L,: ....................... B " Bb .................. B-—’ ...... BL,B ..... 4
...... R’(LA‘——DGAB A’-*CLA'G SR

Combmma +hese prod“_‘._. hons we ob.

_ ;E—és; Consk ............ QCFG {Or e e e .
R —-fa bl "l ¢.¢J or J#k}
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Snmn-(wrly'\#-r L we have :

La. = a” 2 b‘c lJ.—pk}

. can be generated b
§, = AS, A, Al I"
S, — Blc

— bBe |bB,[b

| C}\ BCg 'Cc, 'c

Addin S —>» S ,S we obtain |
&owm CFG /‘fmr' L-

”n

£ 5, l S, §S-sc Soas

S, — AlB,
A, —» aAb [aA|la |
'B,-—)' aBb | BbL[b C—cCle

g S;—’ BJC‘ | | | A,_-—% aA,"G.

p

B.— b8 [LB (b

C,— bCc | Ce |
A

where S is +he. stant S!dmbo(

a"d- i \I % ’ US Su SqulB c
| Aa' 2! &}



4.6. The corvectness Prg&m;
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aga,m ______ He CF& G:
................................................ S —p . a& 'bA T

e — A a8 ' ________ b AA‘a. ........................................ .................. .
e B ................................. BS ..... ' _________ QBB ...... ' ...... b ............................................................... e

Cecum L(G) = 3 Wﬁia 5}"" #a(w)s ﬂg(w)}
......................................................... ool= L) e

| Lb =4 weza.bs*l #, ()= #a(w)‘.ﬁ}

.E) PfO\/& Cecum R | MQ."'USh .................. +‘4 ....................... . .

# 'we [
wWe Lb
iﬂ; we L. _ o
(-H«, oney 4 dor-ed'uooa)

Bg'mduc«hon on lenqu c,f dem/a'hons ”

_5_9315 Gy Az—mbwcsqf&ngkwl Then

A s acw . Obviously ,ael,

1y B = w s grf 5“’ “
-nﬂ% Ot’ @b ‘HO’ be Lk

@) SSw me 2.

s% m.»,, ba =w . Cﬁwwl# wel_
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nesis :

odd my 1 +hdat |
ay A = w 'mp&e wel,
)y B == w nml:o&e.s wel
() S %w irplies wé;.Lz
for all odd 1 snsm.

( Note +hatl den\/whons n CC) +(2.)

have odd Hi , whereas these
in 3) have < &mg% )

| Tc (v):f Cons:der a fowger deriv.

mea

A =5 w.
There are 2 cases for Hhe fdrs'f
step in this deriv.

| Q’)A@GS =$ay...w
Since S = ==!.>5 s O,f &nﬂﬂw

bfj ind. hm) we hcwe_ |

vae L_

Thus, we L,
G.2) A => bAA%beébx%

Since A=bx A’:by nn<m

by ind. ‘nm). , xyel,

'Thus, we La

Qu,PPose. for some
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Conscdcr a eonger derivachon

B= w

As in Q) , bg simidar arﬁumen'f'
we cbtain © we L,

COV\SIdw ‘Hne de—ﬂ\ld,ho" R

 For Hhe first skp in S =3 +here
are 2 possubo-e,ches o

A»s Pr‘O\/zdﬂ'\ (z) M’ B é (d, m e i

a?" ye = Lb 'Therc*or-e', S

%a} S = bA 2 ax=w -
"d similaur- arﬂ .as.- in. (3 I) e
“have ~ we bz

 This cOhc@udes +he ind. skp avnd

N hw@ | ps Proved
| We y,ow PTOVQ- %‘

e Wz show ‘,"ﬂa:“—
) we Lo émg&%& A?

Bﬁ induchion on |w|
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D wWs=a CQQM A =>a
(2y W= b : 5 => b
(2 w=ab or w= ba,
awzﬂ’ S =>aB = ab
and S => bA => ba

Id. uppose {or some odd

ms 1 +hat

(y wel, A lwl=n
{3;} We Lgﬁ N g.wg.gx L~ ==
_ @} w & L R g ng ¥iabt B W

for all odd rEngm,

- cmd lw{ =maez,

beqms with a or with b
(@ é} w = bx. Then |xl = M+l Cmd
-#q(x) = -#BCX)-HL |
genevale bx from
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It +his is + be achieved ,+then

one should be ablk h write x
as x=y2 and y,2 €L,

éme mué‘f" be alo(e +

Fact T 4.60= #(x)-.-z. then

X can be wrien as ng-t S+ |
gee o o

- Ld'x..x X

g e @ v o Al B e aw e G g RS e &

&) =k £ e
ﬁ 2 , L P

Se Hhee evists o<, ¢ ma
st. 4F'( ivg) = |
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Leuﬂ lﬂj (d = :’. - ¥4
Qa "d 2= '“y‘i;’;ﬂ"”‘”‘"gm*"

Wcha«e Y,z e L, A X,Vé |

 Now, both 2 el and . feisn,

A ‘3 and A :‘-> =
Thus we lacwe
A = bAA = bcéﬂr*:e (oa-z.—:w-
{,é :‘zf’} W= ax., Then xeL and |x]=mu
Bla md 'mf": S =9 x.
A =»aS = ax=w.

iﬁ é} W= ax’ —ﬂ«m xeLb x| smez,
From (__z) it ,fo&ows -Hna‘f' B==>x

_nms. SaaB ==paxsw
{32} W= bx “Then xeLa , 1l =maz,

From ) it .fo(lows -l—ha'f' A-%x
T!nus, S@)bA#bx =W,

This complétes the proof of Claim
oo
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: - swbdass ej, CFGrs
+hat gwauﬁ +he reg. fargquesg |

B whcchproo(omsare Q,C -For‘m

OF A — alB
@ A —a
(::,) A —» &

Whem A, B eV and ae2..
x: D) | G S“"’ CLB !
A > aA lg, -

A dmwm bee has +he form

s | ,‘Thus
a/\B,.

AN L) = (abYa* =
‘S | # (abya*
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@ G, : S—-AB G,: S—»aS [« 8
A —» QA lﬂ B - BB 'ﬁ

LE) = a*b* = L(G)
(No+e -lrha.‘f" """ G, s rea, wher:eas
G, s no‘t) a

__..__1___._,_G:a,éi;fff]ffffffi<> show reg. aramma.rs s FAs
Proposition. L= L(M) -fcr Ssie DFA M-

'h cousfr eclu.u/ r:% gr- G2
R"v .,_c:/‘h@ns A —salB in G -

- G contains Produons
1 B 'Qo q e — 07‘

qc | —p Qﬁ’ ql’ ey !qz,_
qe e 119

Qe — Oﬂ&
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As g, is Final , compwfwh'om may enel

and aceph at q, . Hne nG we

| have +he Pmd. 9. — &

'nvus +he Compw"'wh'om

o o ° )
_ q°---b qe "‘""Q."""‘lz"""‘i&

corres ponds +v +he devivation
| Qo =P "]o = lOcl. = Ioo_c,‘@loolﬂz
= 10610q, =% 10010
 Given DFA M=(Q,%,§,q, ,F)
as follows: S

@ S =9
ey R contains the Pmdudvbng :
. 6(qa) = ﬁ’(@ Ci«—é'aq’eQ
.- for eack 94 € F .
| 3{ — B e <,




4.25

- Consnder» an NFA M without e-

(io--—»aq,,bqg!bc’.!bch e
4, —» 4 ‘]& B ""‘*Q?s lb‘b’

G b

...H,h.“_,‘._(Nd" +hie above Cowsl\'- works ‘Fﬂr NF‘As |
. wn+ho¢“’ &,‘}(ansl-":ons as Wdﬁ )

Eggm M 0“ e

: q, —> ©q, i 19

9 —> £ i
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ppesition. L=L(&) for areg. gr G
| == L=L(N) for some NFA N,

_Ei: 'nqe ndea S Scmlea,r’ +b Frc\ltous cous‘*‘
Consider eq. reg. qmmmar G :

S—» aS | aB
B— bB |z

’lfle, equuv NFA N is:

| Sup,:ose -l'haj” G adso con‘hum
S—a and B -—b
 To simudate Fhese Produc:hons we

“in kOdJJC@ an adah'honai ;fma.e s-h,l’e

¢y Q= \IuiD} @) q.=S
G) F = iAIA-—-’)&,eR}U{D}
(g} o s deJ ':?y

S(A, =8B if A-—>aBeR

S(A,a) =D - A—aeR
(|



Ex G- S— 0S8 ’.SloA
A-—-'D oB® [ ¢

B> oB[B]e

| NFA IS s

q’ = %9 ' 9

9. - “"“"‘" oﬂs _, ’?3

ﬁs-—-;&,




