330 4/ Induction and Recursion

3. Use mathematical induction to showthat1-2° +2.2! 4
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. Use mathematical induction to show that
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whenever » is a positive integer.

. Use mathematical induction to show that 2" > n? +n
whenever 7 is an integer greater than 4.

Use mathematical induction to show that 2" > »3 when-
ever n is an integer greater than 9.

. Find an integer N such that2” > n* whenever 7 is greater
than N. Prove that your result is correct using mathemat-
ical induction.

. Use mathematical induction to prove thata — b is a factor
of a® — b" whenever 7 is a positive integer.

. Use mathematical induction to prove that 9 divides n® +
(n + 1) + (n + 2)° whenever n is a nonnegative integer.

Use mathematical induction to prove this formula for the
sum of the terms of an arithmetic progression.
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Suppose that a; = b; (mod m) for j =1,2,...,n. Use
mathematical induction to prove that
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Show that if # is a positive integer, then
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. For which positive integers # is n + 6 < (n? — 8n)/16?
Prove your answer using mathematical induction.
(Requires calculus) Suppose that f(x) = ¢* and g(x) =
xe*. Use mathematical induction together with the
product rule and the fact that f'(x) = ¢* to prove that
g™ (x) = (x + n)e* whenever 7 is a positive integer.

. (Requires calculus) Suppose that f(x) = ¢* and g(x) =
e°*, where ¢ is a constant, Use mathematical induction
together with the chain rule and the fact that f'(x) =
€* to prove that g = c"e® whenever 7 is a positive
integer.

. Determine which Fibonacci numbers are even, and use a
form of mathematical induction to prove your conjecture.

*18. Determine which Fibonacci numbers are divisible by 3.
Use a form of mathematical induction to prove your
conjecture.

*19, Provethat f; fy + fe+1Sot1 = futitr for all nonnegative
integers n, where & is a nonnegative integer and f; denotes:
the 7th Fibonacci number.

The sequence of Lucas numbers is defined by ly = 2,1, =

andl, =0, 1+, oforn=2,3,4,....

20. Show that f, + f,+2 = l,41 Whenever # is a positive in-
teger, where f; and J; are the ith Fibonacci number and
ith Lucas number, respectively.

21. Show that 12 + 12 + - + 12 = I,l,4; + 2 whenever
is a nonnegative integer and /; is the ith Lucas
number.

Use mathematical induction to show that the product of
any n consecutive positive integers is divisible by n!.
[Hint: Use the identity m(m + 1)---(m +n — 1)/n!
m—-Dmm+1).---(m+n—-2)/nl+m@m+1)---(m
+n—=2)/(n—1)]

Use mathematical induction to show that (cosx -+
isinx)" = cosnx + i sinnx whenever 7 is a positive in-
teger. (Here i is the square root of —1.) [Hint: Use
the identities cos(a + b) = cosacosd — sinasinb and
sin(a + b) = sina cosb + cosa sinb.]

Use mathematical induction to show that Zj.zl oS jx
cos[(n + 1x /2] sin(nx /2)/ sin(x /2) whenever # is a pos-
itive integer and sin(x /2) # 0.

. Use mathematical induction to prove that 3__, j*2/
n22mtl — p27t2 13,271 _ 6 for every positive inte-
ger n.

. (Requires calculus) Suppose that the sequence
X1,X2, .0+, Xy, ... 18 recursively defined by x; = 0 and
Xp4+1 = A/ Xy + 6.

a) Use mathematical induction to show that x; < x; <
-ee < X, < ---,thatis, the sequence {x,} is monoton-
ically increasing.

b) Use mathematical induction to prove that x, < 3 for
n=1,2,....

¢) Show that lim,,_, o X, = 3.

Show if 7 is a positive integer with n > 2, then

X": 1 (n—1DBn+2)

= 2=1" da(@m+1).
Use mathematical induction to prove Theorem 1 in Sec-
tion 3.6, that is, show if b is a positive integer, » > 1, and
n is a positive integer, then n can be expressed uniquely :
in the form n = a;b* + a1 1 4 - - - + a1b + ay.

. A lattice point in the plane is a point (x, ) where bothx

and y are integers. Use mathematical induction to show
that at least » + 1 straight lines are needed to ensure
that every lattice point (x, y) with x > 0, y > 0, and
x + y < n lies on one of these lines.

30. (Requires calculus) Use mathematical induction and the
product rule to show that if # is a positive integer and




