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Firm Bankruptcy Prediction: Experimental
Comparison of Isotonic Separation and

Other Classification Approaches
Young U. Ryu and Wei T. Yue

Abstract—A newly introduced method called isotonic separation
is evaluated in the prediction of firm bankruptcy. Feature reduc-
tion methods are first applied to reduce the ratios used in the pre-
diction. Then, various classification methods, including discrimi-
nant analysis, neural networks, decision tree induction, learning
vector quantization, rough sets, and isotonic separation, are used
with the reduced ratios. Experiments show that the isotonic sepa-
ration method is a viable technique, performing generally better
than other methods for short-term bankruptcy prediction.

Index Terms—Bankruptcy prediction, isotonic separation, pat-
tern classification, prediction method.

I. INTRODUCTION

THE ability to have prior warnings regarding a distressed
firm is desirable because it could serve to reduce the neg-

ative impacts resulting from the fallen firm. Those benefited by
prior warnings include the creditors, shareholders, employees,
and other participants of the related firm. One major approach
of determining the health of a firm is to monitor the financial in-
formation from the firm’s financial statement. Firm bankruptcy
predictions in the past have relied on these financial indicators
to discern distressed firms from healthy firms. Over the last few
decades, there have been continuous improvements in creating
better prediction techniques [1], [48], [61], [63]. Essentially, the
problem of bankruptcy prediction is a type of the classification
problem. The principal goal is to classify distressed firms based
on a set of financial variables. Prior classification techniques
in the problem of bankruptcy prediction include discriminant
analyses [1], [11], [17], [19], [48], neural networks [61], [63],
decision tree induction methods [23], [46], and rough sets [26],
[59], to name a few. In addition, given the vast amount of finan-
cial information associated with a firm, there have been many
discussions in the past regarding the appropriate selection of the
effective financial ratios to identify a distressed firm [4], [9].

The objectives of this paper are to establish that a newly intro-
duced method called the isotonic separation method [14] is a vi-
able technique for firm bankruptcy prediction, and to understand
which financial variables are effective in bankruptcy prediction.
Isotonic separation, which was previously applied in an informa-
tion filtering problem [30] and a disease recurrence time-line pre-
diction problem [53], is a linear programming technique that can
be applied to classify data in an order restricted domain [5], [6].
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Such order restrictions may be known in advance or must be ob-
tainedfromdata.Thismethodwhenusedinbankruptcyprediction
minimizes the number of misclassified firms in prediction. Other
methods minimize impurity measures of entropy or the total dis-
tancebetweenmisclassifieddataandtheestimatorinanEuclidean
space, or maximize the conditional likelihood. We would like to
show that this direct and simple classification objective used by
isotonic separation leads to a good bankruptcy prediction system.

In order to validate the predictive capability of the isotonic
separation method, the outcome is compared against the results
of other classification methods, including discriminant analyses,
linear programming discrimination methods [10], [60], neural
networks, learning vector quantization [36], [37], decision tree
induction methods [47], [51], [52], and rough set analyses [49],
[50]. A total of 23 financial ratios from various literatures [1],
[17], [19], [23], [64] were selected in the current study. Based on
these ratios, variable reductions techniques such as sequential
elimination, stepwise discriminant analysis [20], [27], [31], and
mutual information based feature selection [7], [12], [39], were
applied to identify the best set of ratios for prediction.

Three datasets were collected to conduct one-year, two-year,
and three-year bankruptcy prediction experiments. The study
outcome indicated that it was difficult to identify a universally
best set of ratios for prediction; in fact the selection of ratios was
heavily dependent on specific prediction models. For instance,
in our study, the debt to asset and the quick asset to total asset
ratios were among the best predictors in discriminant analyses;
the liability to asset, the equity to debt, and the sales to asset ra-
tios were among the best predictors in neural network methods;
the equity to debt and quick asset to sales ratios were among the
best predictors in isotonic separation.

By comparing the isotonic separation method with other
classification methods, we observed that the isotonic separation
method offered better accuracy in identifying bankrupt firms
than all other methods for the one-year and two-year prediction
cases. For the three-year prediction case, the isotonic separa-
tion method performed as well as other methods. Though a
generalized claim of the superiority of the isotonic separation
method in firm distress prediction would be too much to say
based on one set of experiments, this study gives encouraging
indications of isotonic separation being a promising method
which deserves further investigations.

II. FIRM FAILURE STUDIES

Since Beaver’s [8] pioneering work on firm failure prediction
based on financial ratios and Altman’s [1] subsequent seminal
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study, firm bankruptcy prediction has received tremendous at-
tention in the fields of accounting, finance, and, more recently,
quantitative/computational sciences. Early bankruptcy studies
focused on the validity of using financial ratios with statistical
methods, and identified the best sets of financial ratios to pre-
dict firm bankruptcy [1], [9], [11], [17], [19]. The discussions
later extended to the discovery of more superior classifica-
tion methods. The earliest studies involved using the linear
discriminant analysis [1] developed by Fisher [22], immedi-
ately followed by the use of the logistic discriminant analysis
method [48]. Recently, nonstatistical classification methods
such as decision tree/rule induction methods [23], [46], neural
networks [61], [63], genetic algorithms [55], and rough set
methods [26], [59] were applied to categorize bankrupt firms.
Thus far, we have seen these techniques often provided better
bankruptcy predictions than linear and logistic discriminant
analyses. Decision tree induction methods [23], [46] were
shown to be promising; neural networks [61], [63] were found
to perform better than discriminant analyses, nearest neigh-
borhood methods, and decision tree induction methods. Even
a hybrid method [40], which involves discriminant analyses,
decision tree induction, and neural networks, was reported to
result in good prediction outcomes.

We have seen in the past that financial ratios used in bank-
ruptcy predictions vary from study to study. These ratios which
individually represent different aspects of the firm were dis-
covered by accounting and finance specialists to be effective in
bankruptcy prediction. Beaver [9] used liquid asset variables as
the main measuring ratios because they were known to be good
short-term predictors. These ratios were divided into common
denominator group of total assets, current debts, and net sales.
Ohlson [48] included ratios based on previously identified ra-
tios, which were similar to Beaver’s ratios. Blum [11] inves-
tigated the financial variables using the cash-flow framework
which treated the firm as a “reservoir of financial resources,”
and identified ratios that affected the reservoir state. Altman [1]
started with 22 ratios from the financial categories of liquidity,
profitability, leverage, solvency, and activity, and then narrowed
down the list to five ratios that performed best in predicting
bankruptcy from discriminant analyses. In this paper, we used
23 ratios commonly used in these and other bankruptcy predic-
tion studies [1], [9], [11], [17], [19], [23], [48], [64] for the com-
parative study of isotonic separation and nine other methods.

III. ISOTONIC SEPARATION

Isotonic separation [14] is a linear programming technique
that separates -dimensional data in an order restricted domain.
In firm bankruptcy prediction, for instance, the order restriction
can be formed by stating that a firm with a lower cash flow to
total liabilities ratio, a higher current liabilities to current as-
sets ratio, a lower net income to total assets ratio, a higher total
liabilities to total assets, and a lower working capital to total as-
sets ratio is more likely to go bankrupt [48]. This underlying
idea of the order restricted domain in isotonic separation is bor-
rowed from isotonic regression [5], [6]. For isotonic separation,
the weakest form of order relation is sufficient; such an order
relation is called the quasi order, which is a reflexive and tran-
sitive relation. It was previously applied and validated to be an

Fig. 1. Sample data.

effective method in an information filtering problem [30] and a
disease recurrence time-line prediction problem [53].

Suppose a set of data belonging to a group 0, a set of
data belonging to a group 1, and the order restriction (i.e., the
isotonic consistency condition) are given. Without using any
generality, we assume that for a pair of data points and whose
attribute vectors are and ,
respectively, if and only if for

and . For each data point , define a sepa-
ration variable such that if then is labeled as 1, and
if = 0 then is labeled as 0. Then, the separation of data in

is achieved by solving the following linear program

minimize

subject to for

for (1)

Here, is a binary variable, but it can be relaxed to a real vari-
able in the range of 0 to 1, because the constraint matrix in
“ ” is the transpose of a network type constraint
matrix. In the objective function (1), indicates
the number of data points that are mislabeled as 0;
indicates the number of data points that are mislabeled as 1; and

and are costs or penalties of misclassification.
Often we set , or and . (Note
denotes the cardinality, i.e., the number of elements, of set .)

To illustrate, consider data points in a two-dimensional at-
tribute space of Fig. 1, in which bullet data points belong to the
group 0 (i.e., ) and circle data points belong to
group 1 (i.e., ). Then, includes pairs of data
points such as (2, 2), (3, 2), (4, 3), (4, 2), etc. Here, (2, 2) is a
reflexive pair giving a constraint “ ,” which is a tau-
tology; (4, 2) giving a constraint “ ” is transitively
implied by constraints of (3, 2) and (4, 3). These reflexive and
transitively implied pairs can be safely dropped. As the result,

includes pairs of points as shown by directed arcs in Fig. 1.
Then, we have the following isotonic separation linear program
(1) with :

minimize

subject to

for
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Fig. 2. Isotonic separation (� = �) of sample data.

This linear program is optimized with the following solution:

That is, points 1, 2, and 5 are separated into the group 0, and
points 3, 4, 6, 7, and 8 are separated into the group 1, where
point 8 is incorrectly separated.

Once the separation of data in is done, the -dimen-
sionalattributespace(i.e.,theorderrestricteddomain)isseparated
as follows. Let and

, where is an optimal solu-
tion to the linear program (1). For a point whose attribute vector
is , define its distances to and

where is the attribute vector of . If
then is allocated into the group 0; otherwise it is allo-

cated into the group 1.
From the separation result of data points in Fig. 1, it can be

determined and , as shown in
Fig. 2. If a new data point lies in the area of , then
and ; thus, it is allocated into the group 0. If it lies
in the area of , then and ; thus, it is
allocated into the group 1. If it lies in the area between and

(e.g., in Fig. 2), then and
, where , and

are attribute vectors of points , 3, and 5, respectively.
Let be the dual variable of “ ” and be the

dual variable of “ ” of the linear program (1). Then,
we have the following dual formulation of (1)

minimize

subject to

for
for

for

for

which is a maximum flow network with vertices
and edges. This implies that isotonic
separation is a computationally efficient method, because the
maximum flow problem of a network with vertices and edges
can be solved with [33], [25], or more
efficient algorithms [24].

IV. OTHER CLASSIFICATION METHODS

Discriminant analyses and neural networks have been two
of the most frequently used methods in bankruptcy prediction.
Linear programming discrimination methods [10], [60] are
simple and computational efficient methods that have been
verified to be good classification methods in other areas such
as disease diagnoses. Learning vector quantization [36], [37],
which is often implemented as a two-layer perceptron for
competitive learning, captures the essence of the nearest neigh-
borhood method. ID3/C4.5 [51], [52] and OC1 [47], two of
well-known decision tree induction methods based on recursive
partitioning, are included as they have been applied in various
classification problems. The rough set theory [49], which has
been recently verified to be an effective method in firm failure
prediction [26], [59], is also tested and compared in the studies.
In this section, we briefly describe discriminant analyses,
linear programming methods, neural networks, and decision
tree induction methods, while somewhat detailed descriptions
of learning vector quantization and the rough set theory are
provided as they are relatively new in the firm failure research.

A. Discriminant Analysis Methods

Two-class linear discriminant analysis [22] is a multivariate
technique to find a linear discriminant function that converts
multivariate data in two groups into univariate data such that
means of univariate data in different groups are separated as
much as possible relative to the population variance [32]. The
linear discriminant function, then, leads to a classification rule
(or a hyperplane) that can be used to allocate new data into
proper groups. The linear discriminant analysis method assumes
that data in each group are normally distributed and the covari-
ance matrices of two groups are same. The two class logistic
discriminant analysis [3], [15], [16], based on the cumulative
logistic probability function, is a method without the assump-
tions of the normal distribution of data and the same covari-
ance matrix of two groups. Instead, it assumes the log-linearity
of the ratio of probability densities of two groups. The Probit
model is yet another variation which is based on the cumulative
normal probability function rather than the cumulative logistic
probability function. We tested all these discriminant analysis
methods in the firm failure studies.

B. Linear Programming Discrimination Methods

The idea of linear programming discrimination [10], [60] is
very similar to that of linear discriminant analysis. Multivariate
(i.e., multiattribute) data are transformed into univariate data on
which a separating point is determined; as the result, a single
linear hyperplane is drawn to separate data. The main difference
is that linear programming discrimination minimizes misclassi-
fication errors that are measured as the distance between the hy-
perplane and the misplaced data. The method proposed by Smith
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[60] sets the same misclassification error rate for both groups
while the robust method [10] adjusts misclassification error rates
by the sizes of groups. We tested both methods in the studies,
but reported the result of the robust method mainly because it
was consistently better than the result of Smith’s method.

C. Neural Networks

An artificial neural network [21], [29] is a machine learning
technique based on the intuition of the inner working of the
human brain. The network is composed of units, or neurons,
connected by directed arcs, or communication channels. An
input unit receives an external signal and passes it to connected
units. A noninput unit (such as a hidden unit or an output unit)
receives inputs and invokes an output based on the inputs and
the weights associated with arcs through which it receives
inputs. A neural network can be presented as a feedforward
network or a feedback network. In a feedforward network, data
goes from input to output. In a feedback network, data can
travel in both directions. In a popular backpropagation network,
data first travel forward. The output is then compared to the
target output to determine the error rate. This information is
transferred, or propagated, back to adjust the weights of the
arcs using the gradient decent algorithm and the chain rule. Out
studies included the result from backpropagation networks.

D. Decision Tree Induction Methods

ID3/C4.5 [51], [52] is a top-down decision tree induction
method based on the idea of entropy reduction. It induces an
axis-parallel decision tree, in which each node contains one at-
tribute variable and branches from the node have equality or in-
equality conditions on the attribute variable. OC1 [47], another
top-down decision tree induction method, generates an oblique
decision tree, in which each node contains a hyperplane sepa-
rating the attribute space and each of its subsequent nodes fur-
ther separates the half space with another hyperplane. We tested
both methods and reported the results of firm failure prediction.

E. Learning Vector Quantization

Learning vector quantization [36], [37] is a competitive
learning method for data clustering. Suppose a -dimensional
space containing data points (each of which is known to be-
long to one of two or more classes or groups) is to be separated
into clusters. Let be the codebook
vector or prototype representing (the center of) cluster , where

is the coordinate vector in the -dimen-
sional space and is the class that it belongs to. When all such
codebook vectors are obtained from the given data points, a
new data point is allocated to the class of a nearest codebook
vector. (That is, the partitioning of the -dimensional space can
be done by Voronoi tessellation.)

The learning algorithm starts with initial codebook vectors
which can be chosen randomly from the given data points or
by some simple observation of the given data [37]. Let
denote the codebook vector for cluster at time . For a data
point whose coordinate vector is , belonging to
class , find a nearest codebook vector

(2)

If the class of is same as that of (i.e., ), then move
the codebook vector toward (by a fraction of the
distance between them); otherwise, move it away from

(3)

where if if , and for

with . This process is iterated until a stopping
criterion (e.g., a number of iterations or a threshold change in
codebook vectors) is met.

The learning vector quantization method can be implemented
as a neural network with input nodes and output nodes
where the weight of the arc from input node to output node

constitutes normalized codebook vector . Since codebook
vectors in the neural network are normalized, the nearest vector
selection of (2) can be achieved by

When the output node is selected, weights (for
and ) of arcs connected to are replaced by

as shown in (3).

F. Rough Set Analyses

The rough set theory [49] is an extension of the classical set
theory used for representation of incomplete knowledge. One
of problems addressed by the rough set theory is decision anal-
ysis, especially the multicriteria sorting problem [50]. Bank-
ruptcy prediction, as a form of multicriteria sorting problem,
was studied based on the rough set theory [26], [59]. Rough set
decision analysis works as follows.

Consider a set of objects with which a set of attributes
are associated. For and , let denote ’s value of
the attribute . When , a binary relation on

IND for all

is called an indiscernability relation and IND
denotes the partition of induced by IND . For

IND Des , defined as

Des for all

where denotes the description of . Suppose .
The -lower approximation of (denoted by ) is defined
as

IND

Let a partition of be a classification
of . Then, the quality of approximation of classification
by is measured by

A set is called a -reduct of if is a minimal subset
of and . Often there exist many
reducts. Attributes belonging to all reducts are called cores.
(Kumar [38] presented a relational algebra method to find
reducts and cores.) When there exist many reducts, an attribute
sorting method can be used to select one [57]. The method
starts with the set of cores. It adds to the set of cores each
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attribute; sorts the data by the set of attributes; groups the data
points by the sorting result; and estimates the accuracy. The set
of cores and an attribute whose sorting accuracy is the highest
are chosen. This process is repeated until the set of chosen
attributes and the cores become a reduct, which is selected as
the best reduct.

Let and , where is the condition
attribute set and is the decision attribute set. (In bankruptcy
prediction, is the set of financial indicators under considera-
tion and contains the bankruptcy status variable.) Suppose
be an IND -reduct of . For every IND and

IND , if , then we have a decision rule

Des Des

The generated decision rules are merged and pruned to min-
imal (i.e., simpler and cleaner) decision rules [58]. A new data
point whose attribute values are closest to the condition of a de-
cision rule is classified to have the decision attribute values of
the closest decision rule. (The closeness measure is presented in
[56].)

A variation of the above method for bankruptcy prediction
[26] was proposed based on the notion of dominance relation.
Suppose the domain of every attribute is ordered.
Assume the decision attribute set is singleton, i.e., .
(Note that the domain attribute set can be a nonsingleton set if
the Cartesian product of domains of decision attributes is or-
dered.) Let ,
and . For , let

for all and
for all . Then, the qualify of approximation of clas-

sification by is measured by

where

Reducts and decision rules are similarly generated. However,
when dominance relations are used, conditions of decision rules
contain inequality clauses rather than equality clauses. Thus,
decision rules can be applicable in the classification of new data
points without the use of a closeness measure [26].

V. FEATURE SELECTION

Feature selection for a prediction system is a process to find
relevant features that would give the best result. Among various
approaches (e.g., [35], [39], and [43]), some are integrated
with induction processes of classification methods, some are
standalone but developed for specific classification methods,
and others are standalone and independent of classification
methods. In this paper, we use three methods selectively in
our experiments. The backward sequential elimination method
is used together with the isotonic separation and the linear

programming discrimination methods, mainly because of its
simplicity and empirical validation of its usefulness (e.g., [44]).
The stepwise discriminant analysis method [20], [27], [31] is
specifically developed for discriminant analyses. The mutual
information based feature selection method [7], [12], [39] has
often been used for neural network learning and was claimed
to be superior to the correlation based feature selection method
[41]. Considering the similarity in the use of the impurity
measure of entropy, the mutual information based feature
selection method may also improve the classification accuracy
of decision tree induction methods, especially for the ID3/C4.5
method.

A. Backward Sequential Elimination

Two instances of backward sequential elimination are imple-
mented for isotonic separation and linear programming discrim-
ination. The sequential elimination method for isotonic sepa-
ration works as follows. Let be the given set of -dimen-
sional data for training, which is partitioned to for feature
selection and for validation of selected features. The process
starts with the set of all features, with which isotonic sepa-
ration is performed on and testing is done on . Next, for

, and , using each subset of fea-
tures (where there are subsets), perform isotonic separation
on and test the accuracy on . Find that results in the
best testing accuracy and let . As the final feature
set, select, among , and , one that results in the
best testing accuracy on .

The feature elimination method for linear programming dis-
crimination has the same process, but the feature subset eval-
uation criterion differs. It starts with the set of all features.
For and , using the feature set , perform
linear programming discrimination on and test the accuracy
on . Check the coefficients (for ) of the hyperplane
“ ” resulted from the linear pro-
gramming separation to find that is closest to 0, and then
let . As the final feature set, select, among

and , one that results in the best testing accu-
racy on .

B. Stepwise Discriminant Analysis

Suppose a set of -dimensional data points partitioned into
two or more classes is given. Let be the set of all class values
and be the set of data points of class . For a set of
features and a data point , let be ’s vector of features in

; let be the mean vector of features in for all data points in
; let be the mean vector of features in for all data points in

(i.e., those of class ). Define within-class and between-class
cross product matrices ( and , respectively) of

from which Wilks’ lambda is defined as
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where denotes the determinant of a matrix, and the
-statistic is defined as

FS

The stepwise discriminant analysis process works as follows.
Let be the set of all feature variables and be an empty set.
Find

or FS

If the null hypothesis of the -test is rejected, remove from
, add it to , and iterate the same process; otherwise stop. In

the bankruptcy prediction experiments, we set the -test confi-
dence level to 0.99 (i.e., the significance level to 0.01).

C. Mutual Information Based Feature Selection

Suppose a set of -dimensional data points partitioned into
two or more classes is given. The mutual information based fea-
ture selection (MIFS) method, which has been used for feature
selection in supervised neural network learning, is a method
based on the notion of entropy reduction, i.e., mutual informa-
tion. The ID3/C4.5 decision tree induction method, which is also
based on this notion, uses probabilities of classes and features
approximated by histograms from the given dataset. The MIFS
method [39] applied in this paper uses a nonparametric kernel
density estimation approach [12] to the calculation of mutual
information. Let be a class or feature variable and for data
point , let be its value for . Then, the probability for
a data point’s having and is estimated
as

where the constant is the windows radius or bandwidth that de-
termines the degree of averaging in the estimate and the kernel
function is the quadratic kernel, known as the Epanech-
nikov kernel

Note, a kernel is a continuous, bounded, and symmetric real
function that integrates to one. The use of the quadratic kernel
instead of others such as the triangular kernel and the normal
(i.e., Gaussian) kernel is mainly due to the computational effi-
ciency. In the bankruptcy prediction experiments, we set

.
The algorithm [39] (which is a modified version of the al-

gorithm [7] based on a recursive partitioning method) works as
follows. Let denote the class variable. Let be the set of all

feature variables and be an empty set. Find

Note, . If
, then the process stops. Otherwise, re-

move from , add it to , and iterate the same process. The
set in the end of the process is the selected feature set. In the
bankruptcy prediction experiments, we set .

TABLE I
YEARLY NUMBERS OF BANKRUPT FIRMS

TABLE II
COMPUSTAT INDUSTRIAL CLASSIFICATION OF FIRMS IN THE DATASETS

VI. EXPERIMENTS

A. Data

In our experiments, we considered one-year, two-year, and
three-year bankruptcy predictions. The one-year, two-year, and
three-year prediction experiments were to assess classification
methods’ accuracy of firm bankruptcy within one year, within
two years, and within three years, respectively. Previous studies
[9], [11] found financial data of up to five years prior to firm
failure were useful for prediction. Twenty-three financial ratios
used in previous studies [1], [9], [11], [17], [19], [23], [48], [64]
were included in our experiments. (The list of financial ratios
used can be found in Table V.) It would be ideal to have data of
similar size firms in similar industries within a narrow time line.
Collecting all 23 ratios of failed firms, however, was the major
difficulty in the study.

After considering various options, we collected data on
firms of various sizes in various industries that failed in years
between 1996 and 2001. They were obtained from Standard &
Poor’s COMPUSTAT North American database. Firms with
null data entries for the selected variables were eliminated.
Eighty-eight, 109, and 104 failed firms were found in the
sample period respectively for the one-year, two-year, and
three-year bankruptcy experiments. Their bankruptcy years
and industry specifications are shown in Tables I and II. The
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TABLE III
COMPOSITION OF DATASETS

TABLE IV
NUMBER OF OVERLAPPING BANKRUPTCY DATA AMONG DATASETS

one-year dataset contained bankrupt firms’ financial ratios
of one year prior to bankruptcy. Approximately half of the
bankruptcy data in the two-year dataset were firms’ financial
ratios of one year prior to bankruptcy and the remaining half
were those of two years prior to bankruptcy. Similarly, in the
three-year dataset, approximately one third of bankruptcy data
were firms’ financial ratios of one year prior to the bankruptcy,
one third were those of two years prior to bankruptcy, and the
remaining data were those of three years prior to bankruptcy.
In each dataset, bankrupt firms were pooled together with an
equal number of randomly selected healthy firms in the same
period. (In the data source, we found approximately 2% of
firms filed bankruptcy.) The detailed composition of the data
are shown in Table III. Due to the limited number of bankrupt
firms, there were firms overlapped in the three datasets. The
numbers of overlapping data among the three datasets are listed
in Table IV. Firms sampled from the COMPUSTAT North
American database had an average asset of US $505 million, an
average liabilities of US $142 million, and an average revenue
of US $495 million.

Each dataset was randomly partitioned into similarly sized
blocks for tenfold cross validations, in which each block had
an equal number of bankrupt and healthy firms. That is, each
block of the one-year dataset partition contained eight or nine
bankrupt firms and an equal number of healthy firms; similarly

TABLE V
FINANCIAL RATIOS AND ORDER RESTRICTIONS

each block of the two-year dataset partition and the three-year
dataset partition contained ten or 11 bankrupt firms and an equal
number of healthy firms. Feature selection and data separation
(i.e., training of a classification system) were performed on nine
blocks of each dataset and the testing error was measured on the
remaining block. By this, ten sessions of training and testing
were performed on each dataset, and the averages of testing er-
rors were reported.

B. Setup

Isotonic separation experiments required an additional con-
sideration to determine order restrictions. Common sense and
previous studies [11], [48], which we call domain knowledge,
suggest order restrictions on some ratios, as shown in the second
column of Table V. For instance, a firm with a lower debt to asset
ratio (labeled with “ ”) is less likely to go bankrupt, while a
firm with a higher asset to liability ratio (labeled with “ ”) is
less likely to go bankrupt. Ratios labeled with “?” are ambiguous
in whether higher values suggest healthier firms. Especially, it
was shown in previous research [45] that a firm with higher a
net income to total asset ratio was less likely to go bankrupt, but
unusually high values of the ratio (in firms’ annual reports) were
often found among bankrupt firms. For those ratios, we had to
rely on what the data indicated, which involved considering var-
ious possibilities of order restrictions on these ratios.

We performed isotonic separation training on the datasets
with all 23 ratio values (as shown in the third to fifth columns of
Table V) and isotonic separation training with feature selection
(as shown in the sixth to eighth columns of Table V). The dis-
covery of order restrictions on these ratios was consistent over
the three different time line experiments, except on the sales to
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TABLE VI
TESTING ERROR RATES: EXPERIMENTS WITH ALL 23 RATIOS

total asset ratio for the three-year prediction case which differed
from others when all 23 ratios were considered. This ratio, how-
ever, was not chosen in the three-year prediction case when the
feature selection process was applied. The net income to total
asset ratio which was set to be unknown for isotonic separation
due to a previous study [45] was omitted by the feature selection
process, though the isotonic method performed better with the
positive order when all features were included. This indicated
that the net income to total asset ratio did not demonstrate a clear
order restriction in the dataset and thus the isotonic method per-
formed better without this feature. Similar observations were
made regarding other ratios.

In our experiments, we considered misclassification costs and
the prior probability of bankruptcy using the expected risk term
[18], [23], which is defined as

where and are the sets of bankrupt and nonbankrupt firms
in the validation data, and are the numbers of misclassifi-
cations among bankrupt and nonbankrupt firms, is the prior
probability of bankruptcy, and and are misclassification
costs of bankrupt and nonbankrupt firms. In our data source,
approximately 2% of firms filed bankruptcy, i.e., .
Altman [2] estimated that the misclassification of a bankrupt
firm would be 32 to 62 times more costly than the misclassifi-
cation of a nonbankrupt firm, i.e., . By setting

, we had

In our measure, was labeled as the Type 1 error rate,
was labeled as the Type 2 error rate, and

was the total error rate.
(Note that in our datasets, .)

C. Results and Discussion

The experiments started with tenfold cross validations of the
ten classification methods on the three datasets that consist of
all 23 financial ratios. The validation results are summarized in
Table VI. The rough set method was the top performer followed
by OC1 and the learning vector quantization methods; and
neural networks, logistic discrimination, and Probit methods
performed worse than others.

There are a number of known data characteristics that affect
specific classification methods’ performance [13], [34]. Among

TABLE VII
SELECTED FINANCIAL RATIOS

those are the density and the modality of data. By the density
of data, we mean the number of training data points relative to
the number of attributes. Previous studies showed that neural
networks performed worse than decision tree induction when
sparse data were used for training [13]. The training datasets
with all 23 financial ratios, which consist of less than 70 data
points each, were very sparse. The results of experiments with
all 23 ratios shown in Table VI agreed with the previously dis-
cussed issue on the density between neural networks and deci-
sion tree methods (OC1 and ID3/C4.5, in this paper). The rough
set method [49], [50] is affected much less by the scarcity of the
data, mainly because of the fact that the rough set process in-
volves an operation similar to feature reduction. Table VI also
confirmed this observation. The performance of isotonic sepa-
ration mainly depends on the quality of the assumed isotonic
consistency condition. When all 23 ratios were used, the best
isotonic consistency condition, as shown in the third to fifth
columns of Table V, was not good enough. Some features such
as the net income to total asset ratio made the data less isotonic.

Multimodal data can be placed with little ambiguity at mul-
tiple disjointing regions in the feature space. It was shown that
neural networks performed clearly better than axis parallel de-
cision tree methods (e.g., ID3/C4.5) with multimodal data, but
oblique decision tree methods (e.g., OC1) performed reasonably
well [13]. Nearest neighbor methods (e.g., learning vector quan-
tization) were known to perform well with multimodal data, too
[34]. We measured the modality of datasets based on the ratio
between the within-class deviation and the between-class dis-
tance [28]. The multimodality in the datasets with all 23 ratios
was not clearly observed. Thus, this factor did not appear to af-
fect the result shown in Table V.

Earlier studies [1], [11], [19], [48], [64] suggested that a rela-
tively small number of financial ratios such as four to five ratios
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TABLE VIII
TESTING ERROR RATES: EXPERIMENTS WITH SELECTED RATIOS

were normally sufficient for prediction. We applied the previ-
ously described feature selection methods. A subset of data was
sampled from each of one-year, two-year, and three-year pre-
diction datasets on which the feature selection methods were ap-
plied. Stepwise discrimination was performed using SAS Statis-
tical software, the MIFS process was programmed in C, and se-
quential elimination for isotonic separation and linear program-
ming discrimination was conducted using the AMPLF/CPLEX
system augmented with C programs. (For stepwise discrimina-
tion and MIFS, we set the confidence level to 0.99.) The results
of feature selection are summarized in Table VII.

The financial ratios selected by the stepwise discriminant
analysis largely overlapped with those of Deakin’s study [17];
the mutual information based feature selection method and
the Altman’s study [1] selected a few common ratios. While
stepwise discriminant and mutual information based methods
are based on theoretically well-established statistical measures
and were applied on the three datasets that consist of somewhat
similar statistical profiles, the sequential elimination process
works on an ad hoc basis. Thus, ratios of selected by the
stepwise discriminant method were more consistent across the
three datasets; this was also true with the mutual information
based method. On the other hand, ratios resulted from sequen-
tial elimination with the linear programming discrimination
differed across the datasets, while those from sequential elim-
ination with the isotonic separation were somewhat consistent
across the three datasets.

As discussed previously, the stepwise discriminant method’s
feature selection objective is more consistent with the data
separation objective of discriminant analyses; and mutual
information based method’s feature selection objective is more
consistent with the data separation objective of neural net-
works, learning vector quantization, and decision tree induction
methods. Thus, they are expected to reduce testing accuracies
of corresponding classification methods. On the other hand,

sequential elimination specifically is designed for isotonic
separation and linear programming discrimination, as a result,
it is expected to work best for those methods.

Subsequently, the ten classification methods were evaluated
using three datasets in the tenfold validation experiments with
each of the selected feature sets. Table VIII lists testing error
rates of all classification methods with the best sets of selected
ratios. For most cases, the use of selected ratios reduced testing
errors significantly. We believe that the improved accuracy was
attributed by two factors: the increased density of training data
due to reduced features and the factual observation made by
earlier studies [1], [11], [19], [48], [64] that a relatively small
number of financial ratios such as four to five ratios were nor-
mally sufficient for prediction. Especially, for isotonic separa-
tion, the feature selection improved the testing accuracies by
large percentages. The probabilities of -tests to evaluate the
advantage of isotonic separation over other methods, listed in
Table VIII, showed that the isotonic separation approach with
sequentially eliminated ratios outperformed other methods for
short-term (i.e., within two years) bankruptcy prediction. When
three-year prediction was considered, the isotonic separation ap-
proach performed no worse than other methods.

D. Limitations

The experimental study presented in the previous section
included the isotonic separation approach compared against
nine other classification methods with three feature selection
methods tested on three cross-industry datasets containing
23 ratios. The performance advantage of isotonic separation
over other methods was observed for short-term bankruptcy
prediction when selected features were used. There are nu-
merous classification methods applied for various detection
and learning problems [42]. The observation of this paper is
restricted to isotonic separation and nine other methods that
were used in previous studies. Our choice of MIFS and stepwise
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discriminant methods for feature selection was based on the
natures of the algorithms and previous studies. Various other
feature selection methods could affect the experiment results
presented in the previous section. Finally, the data characteris-
tics (i.e., cross-industry data of 23 ratios) are another limiting
factor of the research observation. The answer for whether the
research observation of this paper will hold for a more homo-
geneous firm dataset (gathered within an industry) or a dataset
with other financial ratios requires additional experimental
studies.

VII. CONCLUDING REMARK

The isotonic separation method and nine other popular clas-
sification techniques were evaluated with the firm bankruptcy
prediction problem. The results of experiments on three datasets
showed that the isotonic separation method a viable technique
for firm bankruptcy prediction. Part of the requirement of a good
classification system is to possess the capability to provide high
accuracy in prediction under diverse situations, and we demon-
strated that the isotonic separation technique at least partially
fulfilled this goal for short-term bankruptcy prediction.

The isotonic separation method can be extended to perform
firm bankruptcy time-line prediction, i.e., prediction of at which
point in time a distressed firm will go bankrupt. Using five year
firm data, we can create a system that predicts not only whether
a firm will go bankrupt but also when it will eventually happen.
The underlying idea is similar to the statistical survival analysis,
but the main goal is to estimate the explicit survival time-line
rather than the survival/hazard function. This type of extension
to isotonic separation method will be a worthwhile contribution
to the current bankruptcy prediction studies.
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