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BENES’S FORMULA FOR M/G/1-FIFO
‘EXPLAINED’ BY PREEMPTIVE-RESUME LIFO

ROBERT B. COOPER,* Florida Atlantic University
SHUN-CHEN NIU** The University of Texas at Dallas

Abstract

We provide a term-by-term interpretation of Bene§’s well-known but mysteri-
ous inversion of the Pollaczek-Khintchine formula. The strategy is to recognize
the equality of waiting time in M/G/l-FIFO with remaining work in
M/G/1-LiIFo-preemptive resume. In the process, we give a new and simple
derivation of some known results for M/G/1-LIFO-preemptive resume.

POLLACZEK-KHINTCHINE FORMULA

Introduction

Benes (1957) has shown that the celebrated Pollaczek-Khintechine formula,
which gives the Laplace-Stieltjes transform of the equilibrium waiting-time
distribution function W(-) for the M/G/1 queue with service in order of arrival,
can be inverted to give the explicit formula

(1) W(r) = 2 (1= p)p (1),

where p <1 is the utilization of the server and H*/(-) is the j-fold self-
convolution of the distribution function H(-),

T

@) A=1 [ 1-HEx

where H(-) is the service-time distribution function and 7 is the mean service
time. H(-) can be interpreted as describing the forward recurrence time of
the random variable whose distribution function is H(-); if we denote
their Laplace-Stieltjes transforms by 7(-) and n(-), respectively, then (2) is
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equivalent to
- 1 1-n(s
) i(s)=1 12100

It follows from the theorem of total probability that
(4) W(t)=> Pr{N = j}P{W =¢|N =},
j=0

where N is the number of customers present when an arbitrary customer (the test
customer, whose viewpoint we adopt) arrives, and W is the test customer’s
waiting time. When the service times are exponentially distributed (M/M/1),
then

(%) P{N=jl=(1-p)p' (=0,1.2,--")
and
(6) Pr{W=t|N=j}=H*().

However, in the general case (M/G/1), neither (5) nor (6) remains valid,
although (1), of course, does.

These facts are all well known, and are discussed in detail in the textbooks by
Kleinrock (1975) and Cooper (1981). Kleinrock (1975), p. 201, calls the result (1)
‘most intriguing’, and goes on to say, “Tempting as it is to try to give a physical
explanation for the simplicity of this result [for M/G/1] and its relation to
M/M/1, no satisfactory, intuitive explanation has been found to explain this
dramatic form.” Cooper (1981), p. 219, (if one may quote oneself) calls (1)
‘mysterious’, and observes that ‘... despite its simple form, [Equation (1)] does
not seem to yield to similar [to M/M/1] term-by-term interpretation in the
general case. This provides a dramatic counterexample to the folk theorem
(often true) that simple results have simple explanations.” Gross and Harris
(1985), p. 275, also comment on the surprising form of (1).

The purpose of this note is to provide a term-by-term interpretation of (1); in
the process we provide a new and simple derivation of some known facts about
the equilibrium preemptive-resume M/G/1 queue with service in reverse order
of arrival (an arriving customer preempts the customer, if any, in service; when
the preempted customer reenters service. his service time continues from the
point of interruption).

Strategy

Let us call the ordinary M/G/1 queue with service in order of arrival,
M /G /1-FiFo; and the preemptive-resume M/G/1 queue with service in reverse
order of arrival, M/G/l-LIFO-PRes. Imagine that a ‘copy’ is made of the arrival
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times and service times that characterize the customers in the system
M/G/1-FiIrFo; and suppose this copy is submitted to the system
M/G/[1-LIFo—PRes. Then, both systems have identical busy periods. Define the
remaining work at time t, as the total amount of elapsed time from ¢, until there
would be no more work for the server, assuming that any customer who arrives
at t = t, were assigned zero service time. Therefore, if t, is an arrival epoch of a
test customer, the waiting time of the test customer in M/G/1-FIFo is identical
with the remaining work at # in M/G/1-LIFO-PRes. Our strategy, then, is to
calculate the remainining work in M/G/1-LIFO-PRes at an arrival epoch t,, and to
show that its distribution function (1) follows directly from (4), (5), and (6), where
W is now interpreted as remaining work. That is, we show that in
M /G [1-LIFO—PRes (i) the equilibirum distribution of the number of customers
present just prior to an arrival epoch t, is given by (5), and (ii) the remaining
service times of the customers present at ¢, are mutually independent, each
having the distribution function (2).

Proofs of assertions (i) and (ii) can be found buried in the literature on
insensitive generalized semi-Markov processes (see, e.g., Schassberger (1978),
Burman (1981), and Niu (1983)). Kelly (1976) has obtained these results by an
argument similar to ours, but considerably more complicated; his primary
interest was in proving that the output process from the equilibrium system
M /G /1-LIFO-PRes is a Poisson process. (However, see Exercise 7, p. 81 of Kelly
(1979), where the interpretation of Benes§’s formula is stated explicitly.) Prabhu
(1980) has interpreted Benes’s formula in terms of ladder processes. And
Fakinos (1981) has shown how these results can be extended to G/G/1,
including a similar term-by-term interpretation of the analogue of (1). Our
contribution is to give a simple, direct argument for M/G/1.

Analysis of M/G/1-LIFO-PRes

Observe that in the system M/G/1-LIFO-PRes, no customer is affected in any
way by any customer who arrives before him. Also, every customer who is
waiting in the queue has necessarily been preempted from the server at least
once; and, with respect to remaining service times, the only relevant information
is the number of times a customer has been preempted. Therefore, conditional
on a test customer arriving at time # and finding N = j >0 other customers
present, the customers who are waiting in the queue at #; all have service times
whose remaining durations are identically distributed and independent of each
other and the queue size, with distribution function H(-), say, with
Laplace-Stieltjes transform 7(-).

Let IT; = Pr{N = j} be the equilibrium probability that there are j customers
present just prior to an arbitrary arrival epoch; and let I} be the equilibrium
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probability that there are j customers present just after an arbitrary departure
epoch. Then, if the test customer (who enters service immediately upon arrival at
t, but requires zero service time) finds j other customers present, the previous
event was either (a) an arrival who found j — 1 other customers present, in which
case the test customer arrives during this previous arrival’s (ordinary) service
time, or (b) a departure who left behind j other customers, in which case the test
customer arrives during the remaining service time of the customer who
reentered service at this departure epoch. That is,

I =1I;, J: (1 —exp(— Ax))dH(x)
(7) ; A
+1I75 L (1—exp(—Ax))dH(x) (=1,2,--+),

where A is the arrival rate.
Since each departure leaves behind him exactly those customers who were
present when he arrived, therefore

(8) I, =II% (G=0,1,2,--).

Substitution of (8) into (7) yields
1-7n(A)
7(2)
where 7n(-) and 7n(-) are the Laplace-Stieltjes transforms characterizing an

ordinary and a remaining service time, respectively. It follows from (9) that

&) I, = I, G=12,-),

(10) n,=(1—%(1§i)ﬂ)' M (G=1.2.).

But I, equals the fraction of time that the server is idle (because Poisson arrivals
see time averages — see Wolff (1982)); hence

(1 1) Ho = 1 - p.
Equations (10) and (11), together with the normalization requirement Z1IT; = 1,
imply
1-n(

12 _A"Ii_) =p;
(12) ) P
and (10), (11), and (12) imply (5).

Since p = A7, it follows from (12) that

(13) Ay =1 124
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for 0<A <1/7, and therefore, by analytic continuation, for all 0= A <.
Comparison of (13) and (3) shows that %(-) = 7(-). Hence, H(-)= H(-), given
by (2), and the proof is complete.

Comments

Equation (5) shows that, remarkably, the equilibrium distribution of N in
M/G/1-LIFO-PRes is insensitive to the form of the service-time distribution
function, depending only on its mean, and is identical with the equilibrium
distribution of N in M/M/1. It follows that mean queue length (and mean
waiting time) is smaller (greater) in M/G/1-FIFo than in M /G /1-LIFO-PRes when
service times are less (more) variable than the exponential distribution. It is also
true (and easy to show) that the mean response time (total time spent waiting
and in service) for a customer in M/ G [1-LIFO-PRes is proportional to the amount
of service time required by the customer. These properties are shared by the
M/G/1 processor-sharing model. (See, for example Yashkov (1983) and Ott
(1984).)
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