J. Appl. Prob. 36, 585-592 (1999)
Printed in Israel
© Applied Probability Trust 1999

SETUPS IN POLLING MODELS: DOES IT MAKE SENSE
TO SET UP IF NO WORK IS WAITING?
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Abstract

We compare two versions of a symmetric two-queue polling model with switchover
times and setup times. The SI version has State-Independent setups, according to which
the server sets up at the polled queue whether or not work is waiting there; and the SD
version has State-Dependent setups, according to which the server sets up only when
work is waiting at the polled queue. Naive intuition would lead one to believe that the
SD version should perform better than the SI version. We characterize the difference
in the expected waiting times of these two versions, and we uncover some surprising
facts. In particular, we show that, regardless of the server utilization or the service-time
distribution, the SD version performs (i) the same as, (ii) worse than, or (iii) better than
its SI counterpart if the switchover and setup times are, respectively, (i) both constants,
(ii) variable (i.e. non-deterministic) and constant, or (iii) constant and variable. Only (iii)
is consistent with naive intuition.
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1. Introduction

The following classical polling model has been the object of recent studies: N queues are
served in cyclic order by a single server that travels from queue to queue, switching from
a queue only when that queue is empty (that is, exhaustive service). In isolation, each queue
would be an ordinary M/ G/1 queue; but linked together through the sharing of a single server,
they interact in complicated ways, and their performance measures are strongly dependent on
each other.
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In the context of modelling communications systems, the ‘dead time’ (time during which
the server is not serving any customers even though some may be waiting) required for the
server to travel from one queue to the next is called the switchover time. In the context of
manufacturing systems, this travel time might be relatively negligible, but there can be a setup
time, which is the dead time during which the server is being adjusted or prepared to begin
work at a queue. In this latter context, it is natural to assume that the server sets up at a
queue only when there is work waiting. However, because of this state dependency, polling
models with State-Dependent setups (i.e. the SD model, where the server sets up only when
it finds work waiting in the polled queue) have proven to be much harder to analyse than
their counterparts with State-Independent setups (i.e. the SI model, where the server sets up
at each queue whether or not work is waiting at that queue). Of the limited number of papers
on SD models, we refer the reader to Ferguson (1986), Bradlow and Byrd (1987), Altman et
al. (1994), Eisenberg (1995), Glinalay (1995), Lennon (1995), Gupta and Srinivasan (1996),
Olsen (1996), and Giinalay and Gupta (1997). Most of these papers give only methods for
approximation, and none gives explicit, closed-form results.

Common sense dictates that the performance of an SD model should be at least as good
as that of its SI counterpart. Consequently, the ST model, which is much easier to analyse,
has been used as a surrogate to give a conservative bound on the corresponding SD model
(see, for example, Ferguson (1986)). Strangely, this common-sense intuition is not always
correct. In fact, recent studies have shown that the apparently complicated interplay between
the dead times and the serving times in polling models can lead to rather surprising properties.
Sarkar and Zangwill (1991) showed by numerical examples that a reduction in setup times in
an SI model can actually lead to an increase in work-in-process (or expected waiting times).
Fuhrmann (1992), Srinivasan et al. (1995), and Cooper et al. (1996) showed that some SI
polling models exhibit a decomposition, according to which the effects of the dead times
‘separate’ from the ordinary effects of queueing, and Cooper et al. (1998) applied this theory
to characterize and ‘explain’ the observations of Sarkar and Zangwill.

Recently, Gupta and Srinivasan (1996) gave an algorithm for the exact calculation of the
expected waiting times in an SD model with N = 2; and they applied their algorithm to Fer-
guson’s model and showed, numerically, that his common-sense bounds can be incorrect. With
the benefit of hindsight, this is not too surprising given Sarkar and Zangwill’s observations: if
reducing setup times in an SI model can increase waiting times, then eliminating some setup
times (as in an SD model) might very well have the same counter-intuitive effect.

In this paper, we further investigate the problem of characterizing when the SD model out-
performs its SI counterpart, and vice versa. Specifically, we examine the symmetric exhaustive-
service polling model with N = 2 queues (and, for completeness, the case when N = 1,
which is essentially a vacation model); and we derive an explicit formula that characterizes the
difference in expected waiting times in the SD and the SI models. As particular consequences
of this characterization, we show that, regardless of the server utilization or the service-time
distribution, the SD model performs (i) the same as, (ii) worse than, or (iii) better than its SI
counterpart if the switchover and setup times are, respectively, (i) both constants, (ii) variable
(i.e. non-deterministic) and constant, or (iii) constant and variable. Only (iii) is consistent
with naive intuition. The formal statements of these results will be given in Section 2, and the
details of our proofs will be given in Section 3.

2. Results

Our results are for a two-queue symmetric polling model with exhaustive service. Let A
be the (Poisson) arrival rate at each queue, let b be the average service time, and let p = Ab
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be the server utilization at each queue. We assume that the arrival processes, service times,
switchover times, and setup times are all mutually independent. To guarantee stability, we also
assume that the total server utilization, 2p, is less than 1.

Consider a server-departure epoch, equally likely to be from either queue. Let R be the
ensuing switchover time, and let § be the indicator function of the event that the server sets up
when it polls the next queue at the expiration of R. In the SI model, we always have § = 1 and
hence R and § are independent. This, however, is not the case in the SD model, where § = 1
only if at least one customer is waiting at the next queue at the expiration of R. Define the
dead time X as the sum

X=R+38Z, (n

where Z denotes the potential setup time that follows R. For both models, we assume that Z
is independent of R and §. We further assume that both R and Z are not identically zero.

Let R be a switchover time during which (i.e. given that) no customers arrive at the queue
to which the server is switching; then

o0
f re M dFg(t)
0

ER)= 25—
/ e M dFg(1)
0

; @)

where Fg(-) is the distribution function of R. Let WP denote the waiting time in the two-queue
symmetric SD polling model, and let W' be its counterpart in the corresponding SI model. In
Section 3, we derive a formula for E(WP) and we combine that with a parallel formula for
E(WY to yield the following theorem (where V (-) denotes variance).

Theorem.

E(WD)—E<W‘)=c{[E(R)+E<Z)][1 E(R)}+[V(R) V(Z)“, 3)

CE®]LE®R)  EQ@)
where c is a positive number (given explicitly in equation (24) in Section 3). We note that when

N = 1, it can be shown (see Section 3) that formula (3) remains true with E (ﬁ) replaced by 0.

The theorem completely characterizes (for N = 2) the sign of E WPy — E(WY) in terms
of only the distribution of R and the first two moments of Z. In particular, it has the following
easily verified consequences.

Corollary 1. If the switchover times are constant and the setup times are constant, then
E(WP) = E(Wh). 4)

The equality (4) follows from (3) because when R is a constant, then V(R) = 0 and E (ﬁ) =
E(R); and when Z is a constant, then V(Z) = 0.

Corollary 2. If the switchover times are variable and the setup times are constant, then
E(WP) > E(Wh. )

The inequality (5) follows from (3) because ¢ > 0, V(R) > 0, V(Z) = 0, and, as is
intuitively clear (and will be proved in Section 3),

E(R) < E(R). (6)
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Corollary 3. If the switchover times are constant and the setup times are variable, then
EWP) < E(Wh. 7

The inequality (7) follows from (3) because ¢ > 0, V(R) = 0, V(Z) > 0, and E(E) =
E(R).

It is remarkable that Corollaries 1, 2, and 3 depend only on whether the switchover times
and setup times are constant or variable, and do not depend in any way on the server utilization
or the service-time distribution. Furthermore, only the inequality (7) agrees with common-
sense intuition. The explicit formula (3), together with these three corollaries, clearly demon-
strates that the relative variance-to-mean ratios of the switchover times and of the setup times,
that is, the difference

V(R) V(Z)

E(R) E2)’

is the primary determinant of the sign of E (WD) — E(WY). We believe that this observation
offers a useful qualitative insight for more general polling models as well.

3. Proofs

A very insightful analysis of the symmetric SI model (without setup times) is given in
Fuhrmann (1985). The key idea in that paper is to define every switchover time following
a server-departure epoch as a server ‘vacation’ (in contrast with the standard approach of
defining the time interval during which the server is away from a fixed ‘reference queue’ as a
vacation). Since waiting customers at different queues are stochastically indistinguishable, this
definition of vacation allows one first to aggregate the customer counts at individual queues and
then to analyse the resulting fotal number of customers in the system, using a decomposition
result for generalized vacation models obtained by Fuhrmann and Cooper (1985), Proposition
2, p. 1123. Our analysis of the symmetric SD model will also be based on this idea; that is, we
will consider each dead time, as defined in (1), as a vacation.

We note that in the symmetric SI model, the duration of a vacation is independent of the
queue length in the system immediately after the server departs from a queue. The main
complication in adapting Fuhrmann’s argument to the SD model is that this independence
does not hold in the latter model (since the term § in (1) is dependent on the queue length after
the preceding server-departure epoch).

We focus first on the SD model, and let LP be the total number of customers in the system
left behind by a randomly selected departing customer in this model. Consider a randomly
selected customer who arrives during a vacation, and call this customer the ‘tagged customer’.
Let KD be the total number of customers in the system as seen by the tagged customer. Then,
from Proposition 3 of Fuhrmann and Cooper (1985), equation (4), p. 1125, we have (g denotes
equality in distribution)

LPL gD M (8)

where LM is independent of K and is distributed as the total number of customers left behind
by a randomly selected departing customer in a (corresponding) standard M/ G/1 queue.

It is well known (Burke (1968) and Wolff (1982); see also Cooper (1981), p. 186) that
E(LP), an average taken over departure epochs, also equals the time-average total number
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of customers in the system. Therefore, an application of Little’s law yields (we now assume
N = 2, unless explicitly stated otherwise)

E(LP) =2 E(WP). 9)

Since relations parallel to (8) and (9) also hold for the ST model, we have (with similar notation
for the SI model)

EWP) —EW) = %{E(KD) — E(KY}. (10)

We now show how E(KP) is computed; results for E(K') will follow similarly.

Consider a server-departure epoch. Let 7 be the total number of waiting customers at both
queues at this epoch, and let U be the total number of customers that arrive to the entire system
during the ensuing vacation. The decomposition (8) was proved (see Fuhrmann and Cooper
(1985)) under the assumption that the queue discipline for the entire system is non-preemptive
LIFO (last-in first-out); therefore the total customer count 7' can, depending on the choice of
queue discipline, be split between the two queues. With exhaustive service, however, there are
by definition no customers remaining in the queue from which the server is switching; hence,
T is distributed as the number of waiting customers at the next queue. We also note that, in
light of (1), T and U are dependent random variables.

Next, observe that E(KP) equals the sum of (i) the expected number of waiting customers
in the system at the preceding server-departure epoch as ‘observed’ by the tagged customer,
and (ii) the expected number of customers who arrive at both queues prior to the tagged
customer but within the same vacation. In Wolff (1989), equation (76), p. 460, it is shown
that
E(TU) E[UU -1)]

EWU) 2EWU)

where the two right-hand-side terms correspond, respectively, to (i) and (ii), and both terms
have been corrected for length bias. To understand the first term in (11), one can apply a
standard ‘renewal-reward’ argument as follows. Interpret U as the size of a ‘customer batch’,
and T as the ‘reward’ given to every customer in the batch. Then, TU equals the total reward
in a batch; and therefore, E(TU)/E(U) gives the expected reward received by a customer
(the tagged customer) that is selected randomly from an infinite sequence (e.g. stationary and
ergodic) of customer batches. A similar argument yields the second term in (11) (see, for
example, Section 2-5, p. 68, of Wolff (1989)).

Let Ar and Az be the fotal numbers of Poisson arrivals (at rate 2A) during an R and a Z,
respectively. Then, in parallel with (1), we have

U=Ar+45Az, 12)

E(KP) = , (11)

where Az is independent of both Ag and § (whereas Ag and § are, of course, dependent).
Upon substitution of (12), it is easily shown, using the identities 7§ = T (with N = 2, we
have § = 1 whenever T > 0) and Az (6Az — 1) =8Az(Az — 1), that

E(TU) _ E(MIE(AR) + E(A2)]
EU) E(AR) + E®)E(Az)

13)

and
E[UWU - 1)] _ E[AR(AR — DI+ E@)E[Az(Az — D] +2EBAR)E(AZ)
2EU) 2[E(AR) + E(S)E(AZ)] ‘

(14)
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We next consider E(T). Denote by CP the duration of a cycle, defined as the time elapsed
between two successive server-departure epochs at a queue. It is well known (Kuehn (1979))
that, in general and for arbitrary N,

ZlNzl E(R; +6:Z))
1 - ZzNzl Pi

where the subscript i in p;, R;, §;, and Z; refers to queue i. Hence, for the symmetric two-
queue model, we have

E(CP) =

’

E(AR) + (1 —ag)E(Az)
(1 —2p)

E(CP) = :
where ap = 1 — E(8), the probability for the server to find the next queue empty at the expira-
tion of a switchover time. Now, observe that at any server-departure epoch, T is distributed as
the number of arrivals at the next queue during the preceding ‘half’ cycle. Therefore,

E(CP) E(Ap)+ (1 —a0)E(Az)

ET)=r—5—= 2(1 — 2p)

15)

To evaluate E(5§AR) in (14), note that the variable Ar can be broken down as the sum of
the arrival counts at the two queues. That is, let A r be the number of arrivals at the next
queue during an R; then Ag = (Ar — AR) + AR. It is important to note that Agp — AR
and Ag are dependent in general, since they correspond to arrivals during the same R; they
are independent if and only if R is a constant. Let 7 be the indicator function of the event
{T > 0}; and let 6 be the indicator function of the event {Ar > 0}. Since § = 1 if and only
if T + AR > 0, we have

§=1—(1—=387)1 —68g). (16)
Upon substitution of (16), we have
E(8AR) = E(AR) — E[(1 — d7)(1 —8r)AR]. (17)

Observe that: (i) (1—87)(1—6r) = lifand onlyif 7 = 0 and 6 = 0; (ii) the evenE{ST =0}
is independent of Ag; and (iii) the event {§g = O} is equivalent to the event {Ar = 0}.
It follows that
E[(1 =9d7)(1 =ép)ARr] = P{(1 = 87)(1 —dg) = L}E[AR | (1 = d7)(1 —ér) = 1]
= a9 E(Ag | Ag = 0). (18)

Since Ag and A R relate to the same R, therefore

E(ARe R

E(Ag | Ag =0) =

where R is a switchover time during which no customers arrive at the target queue (see (2)).
Hence, by combining (17), (18), and (19), we obtain

EBAR) = E(AR) — agrE(R). (20)
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With (13), (14), (15), and (20) in (11), we finally obtain

E(AR) + E(Az)

2(1 —2p)

" E[AR(Ag — D] + (1 — a0)E[Az(Az — D] +2[E(AR) — aorE(R)1E(Az)
2[E(AR) + (1 —ap)E(Az)] ‘

Furthermore, a similar calculation starting with § = 1 in (13) and (14) also yields, in the
corresponding SI model,
E(AR) + E(Az)  E[AR(Ag — D]+ E[Az(Az — D] +2E(AR)E(Az)

2(1 =2p) 2[E(AR) + E(A2)] '

E(KP) =

21

E(KY =

(22)
After some algebra, (21) and (22) lead to
aoE(AR)E(Az)
2[E(AR) + (1 —ag) E(AZ)I[E(AR) + E(AZz)]

2AE®} [WAR)_WAZ)“ @3
E(Ar) | LE(AR)  EAn ][

E(KP) - E(kY) =

X {[E(AR) + E(Az)][l -

Next, note that E(Ag) = 2AE(R) and V(AR) = 2AE(R) + 4A2V(R). Upon substitution of
these and similar formulas for E(Az) and V (Az), itis easily shown that (10) and (23) together
lead to (3), with

wE(R)E(Z) .
20ER) + (1 =) EDIE(R) + E(Z)]

this completes our proof of the Theorem.

Our proof can also be specialized to yield similar results if N = 1. First, replace 2A by A in
(9) (and hence (10)). Next, since N = 1, we have T = 0. It follows that the first term in (11)
equals 0. Furthermore, an ensuing setup time occurs only if there is at least one arrival during
a switchover time; thatis, § = 1 only if Ag > 0. Therefore, E(6Ar) = E(AR), and we have
(from (11) and (14))

c 24)

E[AR(AR — DI+ E)E[Az(Az — )] +2E(AR)E(AZ)
2[E(AR) + E(S)E(AZ)] ‘

Since § = 1 for the SI model, we also have

E[AR(Ar — D]+ E[Az(Az — D] +2E(AR)E(Az)
2[E(AR) + E(Az)] ‘

E(KP) =

E(KY =

It is now easily shown that the Theorem remains valid with E (R) replaced by 0. Note that
the probability g in (24) is, in this case, explicitly given by E (e_)‘R) (the evaluation of « is
difficultif N = 2).

Finally, we consider (6). Intuitively, the fact that there is no arrival at the next queue during
a randomly selected R (i.e. Ag = 0) implies that we must have sampled a ‘short’ R. Indeed,
we will now show that, forr > 0,

P{R>1t|Ag =0} < P{R > 1} (25)
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(that is, (R | A r = 0) is stochastically smaller than R), which immediately yields E (ﬁ) <
E(R). To prove (25), let Y be arandom variable, independent of R; and consider the inequality

PR>t, R>Y}>P{R>t}P{R>Y}, t>0. (26)

This clearly is true if Y is deterministic; and therefore, the general case follows immediately
by conditioning on Y. If ¥ is exponentially distributed with rate A, it is easily seen that the
events {R > ¢, R < Y}and {R > t, Ag = 0} are equivalent. Since

P(R>t, R<Y}=P{R>t}—P{R>t, R>Y}

we see that (25) is an easy consequence of (26). The strict inequality (6) now follows since
(26) holds as an equality if and only if R is a constant.
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