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S arkar and Zangwill (1991) showed by numerical examples that reduction in setup times can,
surprisingly, actually increase work in process in some cyclic production systems (that is,
reduction in switchover times can increase waiting times in some polling models). We present,
for polling models with exhaustive and gated service disciplines, some explicit formulas that
provide additional insight and characterization of this anomaly. More specifically, we show that,
for both of these models, there exist simple formulas that define for each queue a critical value
z* of the mean total setup time z per cycle such that, if z < z*, then the expected waiting time
at that queue will be minimized if the server is forced to idle for a constant length of time z* — z
every cycle; also, for the symmetric polling model, we give a simple explicit formula for the
expected waiting time and the critical value z* that minimizes it.
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Paradox; Vacation Models; Decomposition)

1. Introduction

In their paper “Variance Effects in Cyclic Production
Systems,” Sarkar and Zangwill (1991) gave numerical
examples that show that, in some cases, reduction in
setup times (or in service times) can, surprisingly, ac-
tually increase work in process in cyclic production sys-
tems (or equivalently, waiting times in polling models).
Although they offered an intuitive “explanation” for
this anomaly, they did not characterize it in precise
mathematical terms, which makes it difficult to say
more than the following: The intuitively ““obvious” fact
that reducing overhead always increases efficiency is
false.

Subsequently, Zangwill (1992) published in Interfaces
“The Limits of Japanese Production Theory,” in which
he claimed that examples like those in Sarkar and Zang-
will (1991) “expose a flaw” in Japanese production the-
ory (which stresses the benefits of reducing overhead).
This led to some heated criticism resulting in three ar-
ticles that appeared in Interfaces (Duenyas 1994, Ger-
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chak and Zhang 1994, and McIntyre 1994), together
with a rejoinder by Zangwill and Sarkar (1994). These
articles were prefaced by a statement from the Editor-
in-Chief of Interfaces saying that Zangwill’s (1992) arti-
cle “alone drew more response than all other articles
combined” during his editorship.

Other recent papers that have addressed this issue
(the effects of switchover and/or setup times on wait-
ing times in polling models) include Duenyas and Van
Oyen (1994, 1996), Federgruen and Katalan (1996a, b),
Gupta and Srinivasan (1996a, b), Olsen (1996a, b),
Righter and Shanthikumar (1995), Samaddar and Kaul
(1995), Srinivasan and Gupta (1996), and Van Oyen
(1997).

Our objective here is not to enter the debate about
Japanese production theory, but rather to cast some
light on this startling anomaly by giving some explicit
formulas that characterize it. That is, our purpose here
is to develop simple explicit formulas for the expected
waiting time as a function of the mean and variance of
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the setup (switchover) times in standard polling models
with either exhaustive or gated service discipline; this
will provide additional insight into the counterintuitive
phenomenon uncovered by Sarkar and Zangwill’s nu-
merical examples.

Our strategy is to consider the insertion of “forced
idle time” instead of the reduction of existing setup
times. Then, we explicitly show when it is possible to
reduce the expected waiting time by inserting a forced
idle time before or during a setup; and we specify the
exact amount of forced idle time to be added to the sum
of the setup times per cycle to minimize the waiting
time at a given queue. (We also observe that the amount
of this forced idle time will, in general, be different de-
pending on the queue for which it is desired to mini-
mize the expected waiting time, and that there is no
single value of this sum that will simultaneously mini-
mize the expected waiting time at every queue.)

More precisely, we give easily-computed formulas
that define for each queue a critical value z* of the mean
total setup time z per cycle such that, if z < z*, then the
expected waiting time at that queue can be minimized
by forcing the server to be idle each cycle for a time
equal to z* — z; and, for the symmetric polling model,
we give simple closed-form formulas for the expected
waiting time and the critical value z* that yields its
(global) minimum value.

In §2 we define the model, state our results, and give
some numerical illustrations; and in §3 we give the de-
tails of the proofs.

2. The Model and the Optimal

Setup Times

A single server serves in cyclic order a sequence of N
infinite-capacity M/ G/1 queues. Queue k (k=1,2,...,
N) receives Poisson arrivals at rate \, and has a service-
time distribution with mean service time b, and second
moment b,?). We assume that a setup time Z;, with mean
E[Z;] and variance V[Z,], is incurred prior to each visit
of the server to queue k. The arrival times, service times,
and setup times are all mutually independent, and the
service discipline is nonbiased (i.e., at each queue, the
next customer selected for service does not depend on
that customer’s service time).
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It may be helpful to think of Z; as the sum Z; = Ry
+ Sk, where R, is the switchover time (the time required for
the server to travel from queue k — 1 to queue k) and S
is the setup time (the time required after the server arrives
at queue k to prepare, or “setup,” before beginning to
serve any customers at queue k). In our model, we assume
that a setup time will be required whether or not there are
customers waiting when the server arrives. Then, in effect,
the switchover times and the setup times can be treated
as being the same; and because of the context of this paper,
we will henceforth refer to Z as the setup time.

We will first limit our discussion to two standard ser-
vice disciplines: exhaustive service and gated service. Ex-
tensions to more general service disciplines will be dis-
cussed in §3. With exhaustive service, the server leaves
queue k only when there are no customers remaining in
queue k; and with gated service, the server closes a
“gate” behind the waiting customers when its setup at
queue k is complete and leaves queue k upon completion
of service of all the customers in front of the gate.

Let py = My, pr = p1 + -+ + pn, and z = E[Z4]
+ -+ + E[Zy]. We assume that pr < 1 (which guar-
antees stability) and that the system is in statistical equi-
librium.

Let W; be the waiting time (from arrival epoch to start
of service) of a customer at queue k. We will show that
for each k, E[W,] is convex in z; and we will derive
explicit formulas for the optimal value of z, denoted by
z*(k), that minimizes E[W,]. We will also derive similar
results for the special case of a symmetric polling model,
where each queue has the same arrival rate, the same
service-time distribution, and the same setup-time dis-
tribution. For this latter case, we will suppress the queue
index k in our notation; thus, for instance, E[W] denotes
the expected waiting time at any queue. We now for-
mally state our main results.

THEOREM 1. If the service discipline is exhaustive, then

oy _ L Pr
z(k)—l_pk@, (1)
where g is a constant given by
N 1—‘(_k)
g=VIZJI+ ) ;2 VIZ]1. (2)

i=1 Fi

The coefficients T :1=i=N}in(Q)are defined by
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(k) g (k) (3)

where: (i) For k = 1, the constants {'yf-,lc) :1=i=N;0=c¢

< o} are determined by the recursion

N
nm _ Pi
Vie =72, [Z

ot z Vie- ]} )
j=it+1
with the initial condition 71 1 =1and 7, 1 =0forl<i
= N — 1; and (ii) for 1 < k = N, the constants {y,(-,kc) 01
=i = N; 0 = ¢ < %} are determined by the same recursion
(4) after renumbering the queues so that queue k becomes
queue 1, queue k + 1 becomes queue 2, and so on.

In the special case of a symmetric polling model, the ex-
pected waiting time is given by the explicit formula

pr®+Nwm
1_PT2b z

El_PT/N

EIWT = 2 1-p
- T

)

and the minimizing value z*(k) = z* is the same for all
queues, given by

— Pr
*=N,|VIZ 6
z 1/ []N o (6)

THEOREM 2. If the service discipline is gated, then

20 = (1 = pr)gi, )
where g is a constant given by
N

g =3 o ViZial ®)

i=1 Fi

The coefficients T :1=i=N})in(8)are defined by

=75 (92 9)

M s

c=0

where: (i) For k = 1, the constants {yf‘,lc)
< o} are determined by the recursion

(1) _ [ z ')/(1)

j=i+1

:1=i=N;0=c¢

z ]c 1:|/ (10)

with the initial condition yﬁ% =1 and yf»,l,)1 =0forl<i
= N; and (i) for 1 < k = N, the constants {yfﬁ) 1l =i
= N; 0 = ¢ < »} are determined by the same recursion (10)
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after renumbering the queues so that queue k becomes queue
1, queue k + 1 becomes queue 2, and so on.

In the special case of a symmetric polling model, the ex-
pected waiting time is given by the explicit formula
pr b® NVIZ] z1+ pr/N

— = +2 . an

E[W] =
[] 1_pT2b 2 z 21_,07*

and the minimizing value z*(k) = z* is the same for all

queues, given by
_NWW[Z]NJF or (12)

The theorems say that whenever z*(k) is larger than
z, we can minimize the expected waiting time at queue
k by inserting a deterministic value, equal to z*(k) — z,
to any of the individual setup times. Furthermore, since
the waiting-time distribution is invariant with respect
to deterministic shifts in setup times so long as the net
shift is zero (Cooper et al. 1996, Srinivasan et al. 1995,
Federgruen and Katalan 1996a, Righter and Shanthi-
kumar 1995), this additional amount may be allocated
in any manner among the individual setup times.

Finally, we note that it is easy to determine the opti-
mal value z* that minimizes =}, p,E[W,], using the
pseudo-conservation laws (Ferguson and Aminetzah
1985, Watson 1984, Boxma and Groenendijk 1987).
For a number of service disciplines, the pseudo-
conservation laws give simple closed-form formulas
that express 2L, pE[W,] in terms of the input param-
eters. In the case of exhaustive service, one has

N
(2)
2 P = %1— zxw

prEL(ZiL: Zi)?] z <
J’_
2z 2(1 — pp)

N
_ pg>. (13)
k=1

The value z* that minimizes the right-hand side of (13)
can be obtained by differentiation, which yields

N
pT(l - PT)
* = V Z —_— ., 14
: \/<;§1 [ k]> Eszlpk(l - pk) (14)

(Similar results can be easily obtained for other service
disciplines covered by the pseudo-conservation laws.)
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To illustrate our theorems, we will first consider the
2-queue example given in Sarkar and Zangwill (1991)
(p. 448). Their example assumes that the service times
are constant and the service discipline is exhaustive,
with the following parameters:

M=\ =05b =b, =002 b2 =0 =0.0004,
E[Z,] =2, E[Z,] = 3, VIZ,] = 0, V[Z,] = 3992.

(The above value of V[Z,] corrects an unimportant ar-
ithmetic error in Sarkar and Zangwill 1991.) With these
parameters, Equation (2.2.8) in Sarkar and Zangwill
(1991) yields E[W;] = 440.96 and E[W,] = 363.07. From
Theorem 1, we arrive at z*(1) = 62.407, for which the
corresponding expected waiting times are E[W;]
= 70.210 and E[W,] = 63.970. Thus, in this example, a
twelvefold increase in the sum of the mean setup times
results in reductions in (both) expected waiting times
to about a sixth of their original values. A similar cal-
culation for queue 2 yields z*(2) = 56.589, and this re-
sults in the corresponding expected waiting times E[W; ]
= 70.550 and E[W,] = 63.665, offering about the same
order of magnitude in improvements.

An important observation regarding the theorems is
that the optimal value z*(k) in both (1) and (7) are ex-
plicit nondecreasing functions of g, and hence of the
variances of the individual setup times (cf. (2) and (8)).
The theorems, therefore, can be helpful in answering the
question: When does forced idle time lead to reduced
waiting time? In the above example, the variance V[Z,]
is several orders of magnitude greater than E[Z,], and
this is the driving force behind the dramatic reduction
in the expected waiting times. To observe a reduction
in the expected waiting time, it is, in fact, sufficient to
have a much smaller value of V[Z,] (while holding
other parameters constant). For example, if V[Z,] = 30,
then the optimal value z*(1) is 5.41, resulting in a re-
duction of E[W;] from 6.11 to 6.09 (and, incidentally, a
corresponding increase for E[W,] from 5.52 to 5.55).
Thus, the counterintuitive anomaly can exist for more-
realistic values of the setup-time variances.

In the remainder of this section, we will consider the
symmetric polling model in more detail, since in this
case the formulas are much simpler; and we will also
restrict ourselves to exhaustive service. To illustrate the
effect of the insertion of a fixed forced idle time (allo-
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cated uniformly across all queues), we assume that at
each queue, the setup time is a sum of two components:
a variable amount Z, which can be thought of as the
“original” setup time, and a constant value §, which can
be thought of as an incremental forced setup time. Thus,
if we denote the overall setup time at each queue as Z;,
then

Zs=Z7Z+4. (15)

With these assumptions, we have z = NE[Z], E[Z,]
= E[Z] + 6, and V[Z;] = V[Z]; and Equation (5) can be
written as

__pr b®
e
1 VIZ] N — pr
5 [—E[Z] (2] + ) pT] . (16)

Observe that the first term on the right-hand side of
(16) is the expected waiting time that would prevail if
there were no setup times; and the second term, which
equals the incremental expected waiting time caused by
the presence of the setup times (the setup-time delay),
does not depend on the distribution of service times ex-
cept for its mean. The value of ¢ that minimizes this
setup-time delay is given by

1 _ +
5 = < viz] —2 - E[Z]> . ay
N — pr
where (2)* = max (0, a). Therefore, the anomaly (in-
serting forced idle time decreases expected waiting
time) will occur if and only if

vizl > NPT ez, (18)
1-—pr

The right-hand side of (18) is minimized when N
= 1 (in which case the polling model reduces to a va-
cation model where the “vacation” is the setup time).
Then the condition (18) becomes V[Z] > (E[Z])?; hence
in the symmetric polling model with exhaustive service,
the anomaly cannot occur unless the original setup time
Z is “more variable” than exponential. Condition (18)
clearly confirms (see (2)) that the essential factor in this
anomaly is the variance-to-mean ratio of the setup
times, and the variance of the service times is irrelevant.
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That is, the insertion of a fixed forced idle time 6 to each
setup time increases the mean setup time but not its
variance; and this reduction in the variance-to-mean ra-
tio of the setup times can, intuitively, make the cycle
times less variable relative to the mean, thus ““smooth-
ing” the cycle times and thereby reducing the waiting
times.

As a specific numerical example, suppose there are N
= 4 queues with constant service times with mean value
1 (b = b® = 1), and server utilization p; = 0.8; and
suppose that the setup times are described by (15) with
E[Z] = 0.25 and V[Z] = 4. Then (17) gives 6* = 0.25.
Therefore, if there were no setup times, the expected
waiting time would be

pr b(Z)
1- pTZ_b -

the setup-time delay caused by the variable component
Z alone is

1 [ VIZ]

> + (EZ] + 0) u} = 10;

E[Z]+ 0 1—pr
and the optimal setup-time delay, which is attained
when 6 = 6* = 0.25, is

1[ VIZ] N - pr

+ (E[Z] + 0.25) 17} = 8.

2 | E[Z] + 0.25 — pr

Therefore, if the setup times were in fact given by Z
alone, the effect of the setup times on the expected wait-
ing times could be reduced by (10 — 8)/10 = 20%, and
the overall expected waiting time could be reduced by
(12 = 10)/12 = 16.7%, by forcing the server to be idle for
No6* = 1 unit of time (that is, 1 mean service time) each cycle,
allocated arbitrarily throughout the cycle, whether or not
there are customers waiting for service!

3. Proofs

Our proofs rely on a number of results derived in sev-
eral previous papers. In the interest of brevity, we will
draw freely from these papers, and provide specific ref-
erences whenever an existing result is invoked.

We begin with the expected-value version of the de-
composition theorem for M/G/1 queues with gener-
alized vacations (Fuhrmann and Cooper 1985; Propo-
sitions 3 and 4, pp. 1125 and 1126):
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nE | EIK]
EIW = 20— 5+ =5 (19)

where the first term on the right-hand side of (19) is the
Pollaczek-Khintchine formula for the expected waiting
time in an ordinary M/G/1 queue and K| is the number
of waiting customers at queue k as seen by a randomly-
selected customer who arrives at queue k during a ““va-
cation” from queue k. If we interpret the intervisit time
(defined as the time interval from the instant at which
the server leaves queue k until the instant at which it
next completes its setup at queue k) as the vacation from
queue k, then it is easily shown (Srinivasan et al. 1995;
Equation (36), p. 163) that

E[X,(Xy — 1)] — E[Ti(T, — 1
Fi - EXX ;w;xk>y(w
k

where T is the number of waiting customers at queue
k at the start of a vacation from queue k, Uy (possibly
dependent on T}) is the number of customers that arrive
during the ensuing vacation, and X, = T, + U (the
number of waiting customers at queue k when the
server next completes its setup at queue k).

Observe that the evaluation of (20) depends only on
the marginal distributions of (T, X,). It follows that we
can (and will), for convenience, reinterpret X, and T} as
the numbers of waiting customers at the start and, re-
spectively, the end of the same visit of the server to
queue k. To unify the discussion, we will further assume
that

X

Ty = > Ay, (21)
J=|

where {A; : j = 1} is, independent of X, an ii.d. se-
quence of nonnegative integer-valued random vari-
ables. In the case of exhaustive service, A; = 0 for all j;
and for gated service, A;; is, for each j, distributed as
the number of arrivals during a single service at queue
k. Let A, denote an instance of Ay;.

By conditioning on Xj, it follows easily from (21) that

E[T«(T, — D] = (E[AD*E[ X (X, — D]
+ E[A((Ax — DIE[X]; (22)

and hence
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E[X(Xx — D] — E[T(Ty — 1)]
= [1 — (ETAD?IE[IX (X, — D]
— E[A(A, — DIE[X,]. (23)
From (21), we also have
E[U] = E[X,] — EIT] = (1 — E[IADE[X].  (24)
Substitution of (23) and (24) into (20) yields

EIK] = (1 + Ela,) 22X = Dl

2E[X:]
E[A(A— D]
201 - E[A]) (25)
and therefore, from (19),
MOE 1+ E[A] ELIX(X, — 1]
E[W,] =
W= T N 2ELX,]
1 E[A(A = D] 26)

N 201 — ELAD

It is well known (Takagi 1986; Equation (4.10a), p. 73)
that in the exhaustive case, E[X;] = MEICI(1 — pp),
where E[C,] denotes the expected cycle time with re-
spect to queue k, given by E[Ci] = z/(1 — pr), indepen-
dent of k; and for gated service, E[X,] = MEI[Ci]. Thus,
it remains for us to calculate E[ X (X, — 1)].

The term E[Xi(X; — 1)] can be calculated using the
descendant-sets method discussed in Konheim et al.
(1994). The idea behind this method is to decompose
the variable X; at a polling epoch at queue k as an infi-
nite sum of independent populations of “descendants”
generated by “‘originator customers” who arrived dur-
ing all of the past setup times. For exhaustive service,
this method leads to

E[X (X — D]
= (E[XiD* + MVIZ]
N W z
+NY L )\ibfz)—+VZ,»} 27

(Srinivasan et al. 1995; Equation (52), p. 167), where the
I'{"s are given by (3). Substituting (27) into (26) (with
Ai = 0) and rearranging terms yields
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E[W]
11 1- 1—p\" h
=— [z Pr y gk<z pk) + —x ] , (28)
21 1=pr 1 —pr 1= pr
where g is given by (2) and
N 1q(.k)
he= N0 + Y =5 Nbi. (29)
-1 Pi

(See Equations (2.2.5) and (2.2.7) in Sarkar and Zang-
will 1991 for a similar expression, in terms of the solu-
tions of a system of N linear equations.) Note that Equa-
tion (28) is convex in z. Differentiating (28) with respect
to z and equating the resulting expression to zero yields
(1).

Formula (26) appears to be new and useful. It gives
a unified representation (in terms of X;) of the expected
waiting time for any service discipline satisfying as-
sumption (21) (see Fuhrmann 1992, §5, for a related dis-
cussion of this assumption). In addition to the exhaus-
tive and gated disciplines, other examples include bi-
nomially gated (Levy 1989) (every waiting customer at
a polling epoch has a fixed probability of receiving ser-
vice during a server visit) and round-robin with expo-
nentially distributed service times and with a fixed ser-
vice quantum (Fuhrmann 1981). Our proofs in §3 can
be easily adapted to derive optimal-setup-times results
similar to Theorems 1 and 2 for other members of the
class of service disciplines defined by (21).

Formula (26) is also helpful in clarifying the “origin”
of Sarkar and Zangwill’s anomaly. Notice that the only
term in (26) that depends on the parameter z appears
in the second term as

E[X (X, — D]

2E[X,] (30)

which, interestingly, assumes the form of the expected
forward-recurrence time of a discrete-time renewal pro-
cess with its interevent times distributed as X. It is in-
tuitive (and it can be easily shown by an induction over
cycles) that X;, being the number of waiting customers
at queue k when the server next completes its setup at
queue k, is a nondecreasing function of the individual
setup times. It follows that both the numerator and the
denominator in (30) are nondecreasing functions of z.
Hence, an increase in z does not necessarily guarantee
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an increase in E[W,] (unless X is a constant); and, since
Xy is closely tied to the cycle time Cy, this observation
provides a precise formalization of Sarkar and Zang-
will’s (1991) “explanation.”

To prove (5), we will rely on a recent decomposition
theorem for polling models (Cooper et al. 1996; Equation
(1):

E[WJ] = E[W?] + = (31)
where WY is the waiting time in the “corresponding”
exhaustive service model in which the setup times are
zero and the service times have second moment

@ _ @ Nz
Xk = bk + V[Zk] . (32)
1—pr
The M/G/1 conservation law (Kleinrock 1976; Equa-
tion (3.16), p. 114) provides the following expression for
E[WY]:

(2)
N X5

PT
E[W] = =
1/Ok[ 4| 1 Zkabk

PT k=1

z

k

and since E[W}] depends on the service-time distribu-
tions only through their first two moments (e.g., Srini-
vasan et al. 1995; Equation (43), p. 165)) and hence is
the same for all k in a symmetric model, we suppress
the index k and obtain

pr x(Z)

E[W°] = L
W =22

(33)

Substitution of (32) and (33) into (31) yields (5). (For-
mula (5) was originally derived by Hashida 1972, and
again by Fuhrmann 1985 via a simple vacation-
decomposition argument; our proof requires only that
the first two moments of the service times and the var-
iances of the setup times be symmetric.)

The minimizing value of z* is easily obtained by dif-
ferentiating with respect to z in (5); then (6) gives the
positive value of z that satisfies dE[W]/dz = 0.

We now turn to the gated case. Clearly, we have E[A]
= py; and it is easily shown that

1 EAA - DI _ N
N 201 = E[AD 20 = po)

Hence, from (26),
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1+ pr E[Xi(Xi — 1]

EIWid = e 2E[X,]

(34)

(in agreement with Takagi 1986; Equation (5.47b), p.
111). Using the descendant-sets method, it can be
shown (Konheim et al. 1994; Equation (3.13), p. 1249)
that

E[Xi(Xx — D]

N 1—‘l(lk)
=@mW+Mz7{m9fi+vmu} (35)
i=1 Fi —PT

where the T'{"s are given by (9). It follows from (34)
and (35) that

1+ z z \!
E[W{] = 5 [1 — + gk<1 — PT) + hk:| ,  (36)

where g is given by (8) and

e’ o
I’lk = z 2 )\,‘b,‘ . (37)

i=1 Pi

Again, (36) is convex in z, and this immediately leads
to (7).

The proofs of (11) and (12) are similar to those of (5)
and (6), so we omit the details.
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